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Abstract

For a sequence of coupled fields {(¢y, ¥, )} from a compact Riemann surface M with smooth boundary to a general compact
Riemannian manifold with uniformly bounded energy and satisfying the Dirac-harmonic system up to some uniformly controlled
error terms, we show that the energy identity holds during a blow-up process near the boundary. As an application to the heat flow
of Dirac-harmonic maps from surfaces with boundary, when such a flow blows up at infinite time, we obtain an energy identity.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

This paper is a contribution to the study of coupled field equations on Riemann surfaces, merging the theory
of harmonic maps from surfaces with a mathematical version of the nonlinear supersymmetric of quantum field
theory. The corresponding action functional couples a term involving what is called the energy of a map from a
surface to some Riemannian manifold with a Dirac action for a nonlinear spinor field. The solutions of the resulting
Euler—Lagrange equations are called Dirac-harmonic maps [4]. While they share many properties with harmonic
maps, their analysis is much more subtle, because the Dirac action is not bounded from below. Therefore, standard
variational methods do not apply to show the existence of solutions under general conditions. As an alternative, a new
type of mixed parabolic—elliptic partial differential equations has been introduced [5] and further investigated [14] in
order to develop new tools for the existence problem. The existence problem is still not fully solved. In order to make
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progress, results about the behavior at singularities that are known and classical for harmonic maps need to be extended
to the Dirac-harmonic case. This is where the contribution of the present paper lies. We study the blow-up process and
show a so-called energy identity, that is, all the energy that is removed from the map gets transferred to the bubbles
that represent the singularity. In fact, we study this at the boundary, because boundary value problems currently offer
the situation where the existence theory is best developed and most promising. In order that our results be applicable to
the parabolic case, we have to consider approximate solutions, that is, fields that satisfy the Euler—Lagrange equations
up to some controlled error term. This naturally makes the analysis more difficult.

We now fix the technical setting to describe our results in more precise terms. Let (M, k) be a compact connected
Riemann surface with smooth boundary d M, equipped with a Riemannian metric /2 and with a fixed spin structure,
3 M be the spinor bundle over M and (-, -)x3s be the metric on ¥ M induced by the Riemannian metric /. Choosing a
local orthonormal basis ey, @ = 1,2 on T M, the usual Dirac operator is defined as # := e, - Ve, Where V is the spin
connection on XM, - is the Clifford multiplication, which satisfies the skew-adjointness property

(XY, ¥2)sm=—(V1, X -¥2)sm

forany X e I'(TM), y; e T(EM),i =1,2.

Let ¢ be a smooth map from M to another compact Riemannian manifold (N, g) with dimension n > 2. Let
¢*T N be the pull-back bundle of TN by ¢ and then we get the twisted bundle XM ® ¢*T N. Naturally, there is a
metric (-, ) spMee TN 0N M @ ¢*T N which is induced from the metrics on XM and ¢*T N. Also we have a natural
connection V on XM ® ¢*T N which is induced from the connections on XM and ¢*T N. Let ¢ be a section of the
bundle XM ® ¢*T N. In local coordinates, it can be written as

V= ®d,(9),
where each ¥/ is a usual spinor on M and d,: is the nature local basis on N. Then V becomes
Vy =vy' ® dyi (@) + (T chb’)lﬁ ® i (¢), (1.1)

where I"j « are the Christoffel symbols of the Levi-Civita connection of (N, g). The Dirac operator along the map ¢
is defined by Dy := e - Vo, .

An important factor that will enable us to utilize tools from complex analysis is that the usual Dirac operator dona
surface can be seen as the Cauchy—Riemann operator. Consider R? with the Euclidean metric dx> +dy?. Let e; = de
and ey = 5 be the standard orthonormal frame. A spinor field is simply a map v : R> — A, = C?, and the action of
e1 and e on spinors can be identified with multiplication with matrices

(0 1 (0 i
“4={-1 0) 27\ o)

Ify:= (5;) R? — C? is a spinor field, then the Dirac operator is

o 1\ (F) (o i\ (7 e

— 0ox y _ Z

aw_<_1 0)<3_‘/’2>+<i o><m>—2<_m>’ (12)
dx dy dz

where

0 0 0 0
R Y- . v i),
dz 2 0x  dy 0z 2 0x  dy

For more details on spin geometry and Dirac operators, one can refer to [18,1,9].
We consider the following functional

L(g.¥) = / (14812 + (w. BV suoprw )dvol

M

/ (g,,«p)h“ﬁ i 3¢ g (@), DY) zM)dvoz
M
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The functional L(¢, ¥) is conformally invariant (see [4]). That is, for any conformal diffeomorphism f: M — M,
setting

p=¢of and Y=1""yof,

here A is the conformal factor of the conformal map f, i.e. f*h = A*h. Then L((}?, @) = L(¢, ). Critical points
(¢, ¥) of L are called Dirac-harmonic maps from M to N.
The Euler-Lagrange equations of the functional L are

; ; ; ad
(46 + TunPolsh) 5 @) = R@. ). (1.3)
Dy =0, (1.4)
where R(¢, V) is defined by
0
oy

Here Rfl?j stands for the Riemann curvature tensor of the target manifold (N, g). One can refer to [3,4].

1 . .
R, ¥) = SR @)W, Vo' YT) = (¢ (x)).

Using Nash’s embedding theorem, we embed N isometrically into some Euclidean space RX. Then, the critical
points (¢, ) satisfy the Euler—Lagrange equations

—A¢ = A(p)(d¢,dp) — Re(P(A(dd(ea), ea - ¥); V), (1.5)

I = Adp(eq), eq - V), (1.6)

where  is the usual Dirac operator, A is the second fundamental form of N in RX, and

Adp(ea), ea - ¥) = (V¢ - ¥)) ® Adyi, ),
Re(P(A(d(eq), eq - ¥); ¥)) := P(AQ@Dy1, 9,)); 0y ) Re((', g’ - y)) e RK.

Here P(&;-) denotes the shape operator satisfying (P(§; X),Y) = (A(X,Y),&) forany X,Y € I'(TN) and Re(z)
denotes the real part of z € C. We refer to [3,4,34,6,28,13] for more details.
Before we state our main results, let us recall a definition of approximate Dirac-harmonic map in [17]. Denote

W22(M, N) = { b € W2(M, RX) with ¢ (x) € N for a.e. x € M } :
W3 (M, SM @ ¢*TN) :={ v e W3 (M, =M @ R¥) with ¥ (x) € EM ® ¢*TN
forae.xeM }

A pair of fields (¢, V) € W22(M,N) x Wl’%(M, YM x ¢*T N) is called an approximate Dirac-harmonic map
from M to N with boundary data (¢(x), x (x)), if there exists a pair of fields (t (¢, ¥), h(¢, ¥)) € L'(M) such that

(¢, ¥) = Ap + A(dp,d¢) — Re (P(A(dd(ea), e - V)5 V), (L.7)
h(¢.v) =y — A(dg(ea), ea - V), (1.8)
with the boundary data
¢ (x) =g (x), on M; (1.9)
By (x) =By (x), on 0M,
where B = B* is the chiral boundary operator defined by
BY:L*>(OM, XM ® ¢*TN|ym) — L>(OM, =M ® ¢*T N|yum) (1.10)
wH%(ldiW-G)-w, (1.11)

where 77 is the outward unit normal vector field on M, G = ie) - e; is the chiral operator defined using a local
orthonormal frame {eo[}g(:1 on T M and satisfying:
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G’=Id, G*=G, VG=0, G-X=-X-G, (1.12)

forany X € I'(T'M). See e.g. [6,5] for the notion of chiral boundary condition.

Therefore, (¢, V) is a Dirac-harmonic map if and only if 7 (¢, ¥) = h(¢, ) =0.

Dirac-harmonic maps were introduced in [3,4]. They are motivated by a model from quantum field theory, the
supersymmetric sigma model [7,12]. This subject generalizes the theory of harmonic maps and harmonic spinors.
Similarly to the case of two dimensional harmonic maps, the conformal invariance of the energy functional L leads
to non-compactness of Dirac-harmonic maps in dimension 2 and hence one needs to study their blow-up theory, as in
[3,32,33,23]. For the blow-up theory of a more general model, whose critical points are called Dirac-harmonic maps
with curvature terms, see [13]. For approximate harmonic maps in dimension two, one can refer to e.g. [27,11,24,
25,8,26,21,22,19,30,29] for the interior blow-up case and [15,16,10] for the boundary blow-up cases under various
boundary constraints.

In order to study the blow-up behavior of the Dirac-harmonic map flow from surfaces with boundary considered
in [5,14], we introduced the notion of approximate Dirac-harmonic maps in [17] and proved the energy identity and
no neck result in the interior blow-up case for a sequence of such maps. In general, this sequence might blow up at
a boundary point. In this paper, we shall consider the case that the sequence blows up at the boundary and hence
complete the blow-up picture of the Dirac-harmonic map flow.

Denote the energy of ¢ on 2 C M by

E(¢; 9)=/|V¢|2dM,
Q
the energy of ¢ on 2 C M by

E<w;9>=/|w|4dM,
Q

and the energy of the pair (¢, ¥) on Q C M by

E@. v 9)=/<|V¢|2+ W Hdu.
Q

We shall often omit the domain M from the notation and simply write E(¢) = E(¢; M), E(¥) = E(y; M) and
E@,v)=E(},y; M).

Based on the interior blow-up results for approximate Dirac-harmonic maps studied in [17], we state our first main
result in this paper concerning the boundary blow-up case:

Theorem 1.1. Consider a sequence of approximate Dirac-harmonic maps (¢n, V) € C2(M,N) x C'(M, M ®
¢*T N) from a compact Riemann surface M with smooth boundary dM to a compact Riemannian manifold N satis-
fying

E(@n ¥n) + 1T @n, Yl 2 + 10 (P, Yl s < A,

and with boundary data

Onlom =@, BYloy =Bx,

where ¢ € CTH* (M, N), x € CH* (M, SM @ ¢*T N) for some 0 < o < 1. We assume (¢, Yp) — (¢, V) weakly
in Wh2(M, N) x L*(M, M ® ¢*T N). Define the blow-up set

S :=N,>0{x € M|liminf / (Idenl? + [¥al*) = €}, (1.13)
n—>oo
D(x,r)

where € > 0 is the constant as in (3.3). Then S is a (possibly empty) finite set {p1, ..., pq, ..., p1}, where 1 < g <1,
{P1,.... g} €M\ OM, {pgi1, ..., pr} € OM. Moreover, a subsequence, still denoted by {(¢r, V¥i)}, converges weakly
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in WZZD’E(M \S) x Wll)’cz(M \S) to (¢, ¥) and for each i = 1, ..., I, there is a finite set of Dirac-harmonic spheres
(gi’, 51.1) :S2 > N,Il=1,..., L;, such that

I L;

Jim E(ge) =E@)+) ) E(0)), (1.14)
i=11=1
I L;

Jim EGpo =EW) +) Y EE), (1.15)

i=1[l=1

and the image ¢ (M \ 9M) U U;’Zl UIL:’1 (Uil(Sz)) is a connected set.

Remark 1.2.In Theorem 1.1, for those Dirac-harmonic spheres splitting off at the interior blow-up points, i.e.
(al.l,él.[) :82 5 N,i=1, ...q;1=1,..., L;, we know that the image of the map parts Uil, i=1,...,q;1=1,..,Lj,
are connected to the map part ¢ of the base field (¢, ) in the target manifold; this is proved in [17], the refined
bubble tree can be constructed by applying similar arguments as in the harmonic map case given by [2, Section 3]
and [20, Appendix]. However, for those Dirac-harmonic spheres splitting off at the boundary blow-up points, i.e.
(al.l, sl.l) :S2 5 N,i= qg+1,..,1;1=1, ..., L;,itis not clear whether the images of the map parts al.l, i=qg+1,..1;
I =1, ..., L; have the same property.

To prove the energy quantization result near the boundary in Theorem 1.1, we shall follow the general blow-up
scheme developed for harmonic map type problems, however, the proofs in this case are subtle and there are new
difficulties arising when carrying out the neck analysis. Firstly, the method of the three circle type theorem used in
the interior case in [17] can not be applied to the boundary case and we need to apply certain integration argument
to show the no neck energy property. Secondly, we need to establish a new Pohozaev type identity for approximate
Dirac-harmonic maps from surfaces with boundary (see Lemma 2.2) which requires some algebraic property for the
spinors, see (2.10). Moreover, we need to derive a new Pohozaev type estimate (see Corollary 2.3) by carrying out
some exponential decay estimates, which are crucial in the proof of the above theorem. Finally, we would like to
remark that the bubbling analysis at the boundary is more complicated than in the interior case and here we follow the
scheme developed for approximate harmonic maps in [15,16].

With the help of Theorem 1.1, we can now study the asymptotic behavior at infinite time for the Dirac-harmonic
map flow in dimension 2.

The notion of Dirac-harmonic map flow was introduced in [5]. In this flow, one seeks a pair of fields (¢, V) :
M x [0,00) = N x (XM ® ¢*T N) that solves

d¢ =1(¢) — Re(P(Add(ea), e - ¥); V),  in M x (0, 00); (1.16)

Iy = Adg(ea), ea - V), in M x (0, 00), .
with the following boundary-initial data:

¢(x,t) = @), on oM x [0, 00);

¢(x,0) = ¢o(x), in M; (1.17)

By (x,t) =By (x), on dM x [0, 00); ’

$o(x) = @(x), on 9OM,

where t(¢) := A¢ + A(¢p)(V¢, V@) is the tension field of ¢, M is a compact spin Riemannian manifold with smooth
boundary d M and of dimension dim M > 2 and ¢g € W'->(M, N), ¢ € C>T4(@M,N), x € CT*(OM, =M R@¢*TN)
are given data. The short-time existence for the above flow (1.16) (1.17) was proved in [5].

When M is a surface, it was shown in [14] that there exists a unique global weak solution defined in [0, c0) X M to
(1.16) with initial-boundary data (1.17) under some smallness assumption for ||¢o|| ;1 + [[Bx || 2, which has at most
finitely many singular times and enjoys the following property:

E<¢<t>,w(r>;M>+f|at¢|2dxdrSC<M,E<¢o>,||Bx||Lz<aM>), VO<1<oo. (1.18)
MY
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It follows from (1.18) that there exists a sequence #, 1 oo such that
(bns Yn) = (B C, 1), Y (-, 1)) € CPF(M, N) x C'F(M, ZM x ¢*TN)

is a sequence of approximate Dirac-harmonic maps with boundary-data (¢, x) and satisfying

h(‘f’m 1pn) =0

and

T(Pn, Yn) == 0:¢ (. 1n) With [|T(@n, Yn)ll 12 = 0.

When such a flow blows up at infinite time and at interior points, it was proved in [17] that an energy identity and
no neck property hold during the blow-up process. In this paper, as an immediate corollary of Theorem 1.1 and as a
complement of the blow-up picture at infinite time of such a flow given in [17], we obtain

Theorem 1.3. Ler M be a compact spin Riemann surface with smooth boundary dM. Let ¢g € H' (M, N), ¢ €
C** @M, N), x € CT*(OM, =M Q ¢*TN). Let (¢, ) : M x [0,00) = N x (EM ® ¢*TN) be a global weak
solution of (1.16) and (1.17), which has finitely many singular times and satisfies (1.18). Then there exist t, 1 00,
a Dirac-harmonic map (¢oo, Yoo) € C>T4(M, N) x C'T¢(M, =M ® ¢X T N) with boundary data ¢oc|lyym = ¢ and
BYroolam = By, nonnegative integer I and a possibly empty set with at most finitely many points {p1, ..., pq, ..., p1} C
M, where 1 <q <I,{p1,..., pg} € M\ OM, {py41, ..., p1} € OM such that

(D) (Pn, ) := (P 10), Yo 1)) = (¢oos Yoo) in WM, N) x LY(M, M x ¢, TN);

@) (Bn. Yn) = (Poos Woo) in WM\ {p1. .cc. pr}) x L, (M\{p1. ... pr});

(3) For 1 <i <1, there exist a positive integer L; and L; nontrivial Dirac-harmonic spheres (crl.l, El.l) - S2 > N,
i=1,...1;1=1,..., L; such that

I L

lim E@y) = E(po) + ) ) E(@)), (1.19)
i=11=1
I L

Jlim E@n) = E(Woo) + )Y EE) (1.20)

i=11=1
and the image ¢oo(M \ M) U U,'q:1 UIL:’l (Uil(Sz)) is a connected set.
This paper is organized as follows. In Section 2, we extend some basic lemmas to the boundary case, such as small

energy regularity, Pohozaev’s identity and removable singularity. Then, we recall some known results which will be
used in this paper. In Section 3, we prove our main Theorem 1.1.

Notations: We denote R%. = {(x, y) € R*[y > 0}, D, (x) = {y e R?||ly —x| <r}, D} (x) = D,(x) NRZ, 3t D} (x) =
dD,(x) NRZ, 3D (x) = D, (x) N 9R?.
For simplicity, we also denote D,(0), D;7(0), D1(0), D} (0) as D, D;, D, DT respectively.

2. Some basic lemmas

In this section, we will prove some basic lemmas and recall some known results which will be used in this paper.
By standard elliptic theory, there exists a unique solution u € C2*%(M, RX) of

Au = 0, inM,
u = ¢, ondM,
satisfying

lull c2vepry < Cla, M)N@llc24e g pr-
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For simplicity of notation, in the sequel, we will also denote this solution as ¢.

Firstly, we prove a small energy regularity theorem for the boundary case. For similar results for approximate
harmonic maps, one can refer to the main estimate 3.2 in [27] and Lemma 2.1 in [8] for the interior case and one can
also refer to Lemma 4.1 in [15], Lemma 2.4 in [16] for various boundary cases.

Theorem 2.1. There is a small constant €y > 0 depending only on p,q and N, such that if (¢, ) € W»P(Dt, N) x
Wl4(D+, 2Dt ® ¢*TN) is an approximate Dirac-harmonic map from the upper unit disc D¥ C R? to a compact
Riemannian manifold (N, g) C RX with ©(¢, ¥) € L? and h(¢p, V) € L4 for some 1 < p <2 and some % <qg <2,
and with boundary data (1.9), satisfying

E<¢,w;D+>=/<|d¢|2+|w|4)dx<(eo)2, @2.1)
D+

then
16 = @llwerpty = CUABNLrD+) + IVl 20 ) + MTllliLr ) + IV @lw 1P D)
2
W llwiapty = CAY e+ + llLap+) + 1B X Iwi-1/a.q@0p+))s
2

where ¢ 1= faoDT/z ¢ € RX and C > 0 is a constant depending only on p, q, N, lellcz, Ixlicr-
Moreover, by the Sobolev embedding W*P(R?) ¢ C%(R?), we have

1Pl osepfy = sup 1¢0x) =¢WMI=CUVSl2p4) + IT@lLre) +IVEllwrp+)- (2.2)

x‘yeDlJr/2

Proof. Without loss of generality, we assume | W0pt = 0.

2
Choosing a cut-off function n € C8°(D+) satisfying 0 <n <1, )7|D;f/4 =1,|Vn|+|V?y| < C, by standard theory
of first order elliptic equation, for any 1 < g < 2, we have )

Y lwiap+y < CUAFOY | Lap+y + I1BY lwi-1/0.0 50 p+))
<CUVn-¥ +ndVliLap+) + I1BY lwi-1a.a0p+))
< C(I¥lapty + Ndln¥lliLapty + Il Lapry + IBY lwi-1/0.a 50 p+))
< C||d¢||L2(D+)||7H”“L7q . + CU¥liLap+) + 1Rl Lap+) + 1BY lwi-1/0.4 30 p+))

2
2—q (D
<Celn¥ll 24 + CUIYllLap+y + 1hllLap+y + IBY lwi-1/g.q 30 p+y)-
L2-q (D+)
Taking €o > O sufficiently small, by Sobolev embedding, we get
”m//”uzqu(m) =¥ llwiap+y < CUIWNLap+y + 1l Lapty + I1BY lwi-1/a.050 p+)- (2.3)
Computing directly, we obtain
|A(m@)| = InA¢p +2VnVe + ¢ A

= C (181 + 1dg| + |dlinde| + v P 1ndg| + I7])
= C(dg|+ [y Dldm)] +C (Ig] + ldg| + v 2 +]z]).

By standard elliptic estimates and Poincaré’s inequality, for any 1 < p < 2, we have
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Inllw2rp+y < ClAdDl+ 1Y D@D Lrp+) + CUdDl Loty + 1Y Pl
+llzlliLe oty + l@llw2.rp+))
2

<

< C”d(n(»b)||L%(D+)(I|d¢||L2(D+) 1Y 74 p+y) + CUdSl LoD+
+ ||¢||izp(D+) +lzlliLr oty + l@llw2.rp+))

2

< C€0||d(ﬁ¢)||L%(D+) +CUldpliLr oy + ¥ N2 py + Tl

+1IVelwirp+)-

Taking €¢p > O sufficiently small, we have
IV 2 < Clnéllw2rp+
L2-p (D‘*’)

=CldoliLrp+) + ||¢||izp(D+) +lllzllize oty + IVellwiep+)- 2.4

So, we have proved the theorem in the case 1 < p <2,4/3 < g < 2.
For the case p =2,4/3 < q < 2, taking p = ﬁ €(1,2)and p= ‘3—‘ in (2.4), by Sobolev embedding, we have

||V¢||L4(D3+/4) + “V¢”L%(D;—/4)

=CUdol2p+y + ||¢||i4(D+) + 2oy + IIVellwrzp+y)- (2.5)

By (2.3) and the W?2-estimate for the Laplace operators, we obtain

||¢||W2,2(D1+/2) = C(||A¢||L2(D3+/4) + ||V¢||L2(D+) + ||V€0||W1~2(D+))

2 2
SC(IIV¢||L4(D3+/4)+||V¢||3‘12734(DS+/4)II|¢| ”Lﬁ ot )+||V¢||L2(D+)

(D34
+1IVelwizpty)
=CUlddll2p+y + 1Vl Lap+y + Tl 2o+ + IV@llwr2p+y)-

For the case ¢ =2, 1 < p <2, taking g = 3;—52 € (1,2) in (2.3), we get

v, < CUIW Il 2y + I 2ot + 1BV lwi-122¢0 ) (2.6)

751 +
7 1(Df,)

By (2.4) and W!-2-estimates for the Dirac operator, we arrive at

1 w2z ) < CAFV 20t + 1V 123030 + 1BX iy 1-12200p5)

<C(|V 2p - + 4 + 1B 1-1/2.2(50
(Il ¢||L?%(D3+/4) ||1,/f||Lp_1 (0t 19Nl L4(Ds 0y + 1B X lwi-122(90 p+))
= CU¥ 2 p+y + 1Rl 2oy + 1BY lwi-12250 p+y)-

For the case p = g = 2, taking g = % in (2.3) and p = ‘3—‘ in (2.4), we will obtain a L8(D;r/4)-bound for

and a L4(D;/ 4) bound for V¢. Then one can apply the W22-boundary estimate for the Laplace operator and the
W1 2_boundary estimate for the Dirac operator to get the conclusion of the theorem. O

Next we shall derive a Pohozaev type identity for approximate Dirac-harmonic maps with boundary data, extending
the interior case given in Lemma 2.3 in [17]. For corresponding results for two dimensional approximate harmonic
maps, one can refer to Lemma 2.4 [21] for the interior case and refer to Lemma 4.3 in [15] and Lemma 2.5 in [16] for
various boundary cases.
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Lemma 2.2. (Pohozaev type identity) Let Q C R? be a bounded smooth domain. If Dt C Q C ]Ri and (¢, V) €
C%2(Q2, N) x CH(Q, ZQ ® ¢p*T N) is an approximate Dirac-harmonic map with boundary data (1.9) on 3°S, then for
any0 <t < %, we have

1 1 1
r / (9, = 31VoP) = / <x/f,r—1ao-we>—5/<1/f, w>dx—Ref<Iz>w,m/fr>dx
atD; a+D; D D
1 0
+/r<¢>—go>rrdx+E / W)
D 30D
[ roe— [ Vo4 Ve
atDf D
+ f (rgr. A@)(d6. dd) — Re (PCAWA(ea). ea - 1): Y)))dx. @.7)
b

where (r, 0) are polar coordinates in D centered at 0, ¢, = %, Y= %ai Y and Yy = v

V.

&l

Before we prove this lemma, let us recall two basic facts for Dirac operators and spinors with chiral boundary
constraint,

Fact 1: For any ¥, w € W3/4(M, M ® ¢*T N) satisfying
By lam = Bolau =0,
we have
(7 ¥, w)y=00n M, (2.8)

where 77 is the unit normal vector field on 9 M.
For a proof of this straightforward fact, see e.g. [[6], Prop 3.1].

Fact 2: For any ¢, w € W1’3/4(M, XM ® ¢*T N), we have

/ W, Boydx = / (DY, w)dx — / 7 o) 2.9)

M M oM

where (Y, ) := h;; (', /).
For a proof of this well-known fact, see e.g. [[6], Prop 3.2].

Proof of Lemma 2.2. Multiplying the equation (1.7) by (¢ — @), and integrating over D;", noting the fact that
roy¢ = xP dg¢ and recalling Proposition 2.2 in [17] that

(v, %a%(lz)l//) =2(Re (P(A(d¢(ea), ea - ¥); V), Vﬁiﬁd’) + (¥, Bﬁ%ﬂ V), (2.10)
we get

/ r(¢—¢)rrdx = / r(¢ —¢)rApdx — f(r¢r, Re (P(A(d¢(eq), eq - ¥); ¥)))dx

D D D

- /(V(Pr,A(qb)(dd),dfb)—Re(P(A(dcb(ea),ea'1/f);1/f)))dx

D
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1 ~
= / r(@ =) Agdx + 5 f<xﬂw, Dyg)dx — % /<xﬁw, Vo, D )dx

D D D
- /(wr,A(¢)(d¢,d¢)—Re(P(A(dqb(ea),ea-1//);1/f)))dx
Df
c=141I4IIT+IV.

On one hand, by integrating by parts, we have

I= f rlgy 2 - / rérgr — / VoV (r($ — @) )dx

8+ D} a+D;" D
1
_ f rigy 2 - / rdwr—/V¢V<¢—¢)dx—5/rar|w|2dx
atD;f atD;f D;f D;f
—l—/rVq)V(p,dx
Df
1
=t / (|¢r|2—5|w>|2>— / r¢r<pr+/V¢(w+rV<pr)dx,
a+D;" at D D}

where the last equality follows from the fact that

t
1 1
=5 [rovorax=—3 [ [ra1veraras

Df a+tDy 0

1
= / t|V¢|2+/|V¢|2dx.
D+

a+D;

On the other hand, by Fact 2, we get

20 = / Py, Byg)dx

e

0 0
=/<Iz>(xﬂw>,w,g>dx— f (P )+ f (5 <P )
D a+Df 30D}

a
:—/(w, lﬂ¢>dX+/(lﬁ¢,f’lﬁr)dX+ / (U, ror - Yr) — / (.57 )

D D a+ D 0D

Integrating by parts, it follows that

2]11111:—/@%, Vi, Pyr)dx

Df
=- f (ryp, Py)dx + / (Va, &P yr), Dyr)dx
9+ D D;f

=2/<w,zz>w>dx+/<rwr,zz>w>dx— / . DY),

D D atDf

@2.11)

2.12)
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Thus, we have

=3 [ pnds+re [ervas—3 [ wo
D} D} a+ D}
1 a
-3 / (V, Pyl ).
30D

Combining these estimates, we get (2.7). This finishes the proof of the lemma. O

As a consequence of Lemma 2.2, we derive the following Pohozaev type estimate, which plays a key role in the
proof of Theorem 1.1.

Corollary 2.3. (Pohozaev type estimate) Under the assumption of Lemma 2.2, if

E@,¥; DY)+ (¢, ¥l + [1h(¢, ¥l < A,

1 1
then for any 0 <t < ;y and 0 < & < g, we have

f(|¢r|2—%|V¢|2>dxsa / |r—12—2’2dx+§ / W ltdx

D\D} DI\D; DI\D}
9
e / |r_l%|%dx+C«/;, (2.13)
DF\D;

where C is a positive constant depending only on A, N, |l¢llc2, x|l

Proof. Firstly, by equation (1.8) and elliptic theory, we have

=CUVel 2 pnyll¥lizap+ + AN 4 + 1Bxllwiraa330p+)) < C.

1014 .

)

Nl— +

Thanks to Lemma 2.2, for any 0 < ¢ < %, we have

1
t f (|¢r|2—§|V¢|2) =T +... + . (2.14)
atD;}

Using Young’s inequality and the fact that

~ 0 : 0 0
lﬂr=Vilﬂ=—1//+W ®AdP(—=), =), (2.15)
or or or’" ay!
where %—‘f = (aalprl s s agf—rK), we obtain

L+13+ L < Ct(lWll apry + 100l 5 Ol
t L3(Dt) t

+CtIVOl 2y + 1V 2o ITH 2
< Ct(”‘ﬁ”[}(p[‘*’) + ||VW||L%(D+) + ”V(P”LZ(D;")”w”L“(D,"'))”h”L“(D,"') +Ct
t
<Ct. (2.16)

As for I5, we have
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1 8 a
=3 /(Vf Xog gz =00 +3 /““W'””’)

30D} BODr+
1 ] 1 a
+§ (1//:@”)(}’>_5 (X’a "Xr)
30D} 0D}
1 ad 1 ] 1 ]
=3 (X,W'rWr)‘i‘E (W»ﬁ'rXr)—E (X,Q'VXr),
30D;" 30D;" 30D;"

where the last equality follows from Fact 1 which tells us that

1 8
3 (¥ — X33 r( =) =0.
a0D;"
Computing directly, we get
1 0 1 t d
3 [ g =3 [ 5h x T wax!
0x X x!

2
30D —t

t t
18 ,0 | 1/~ 9
——— | 'Ly L i 2
2/8x1<x o2 o Wdx A [V (0o
—t —t

< Ct(|¥|(,0) + [¢[(—2,0)) + C\/;”w”LZ(aODT)-
2
By Holder’s inequality and trace theory, we have

1 0 1 0 N
5 (W,ﬁ"’xﬁ—i (X,ﬁWXr)SC( tlllﬂlle(aoDJ%r)+t)
a0D;" a0D;"
<C(«/t 1),
S ED
2
where C is a constant depending only on || x || 1.
Then (2.17) implies

Is < Ct(ly|(z,0) + [¥|(=2,0) + C\/;”‘/f”LZ(aODJIr) + Cr.
2

For I; and I, it is easy to see that
I; +Ig < Ct.

Multiplying (2.14) by % and integrating from ¢ to 2¢, we get

1
/ (e 1> — 5|V¢|2)dx

D\D;f
2t 2t
1 1 1 1
=505 (Y, r™ " 09 - Yo)dOdr + | - rérprdodr
r r
t o 5+Df I 9+DF

1
+ C/(Illfl(r, 0) +[¥[(=r,0)+ 1+ ﬁ)dr
t

XD, ¥)dx!

(2.17)

(2.18)

(2.19)
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= C||¢“L4(D;\D[+)”r 1)09||L3(D_,,\ +) +Ct(1+ ”dd’”L?(D;\D,*)) + C\/;(l + ||1//||L2(30DT))
2 \D; i

9 c 3
<e / 120204 € / 1Y |4dx +C / At A
90 e 390

DI\D} Di\D} DI\D}

where the last inequality follows from Young’s inequality, the trace theory

||1/f||L2(80D%r) = CHIp”Wl’%(DT)
2
and the fact
oY
=Ty ="0 4yl ® AU, 2.

96" dy!
This finishes the proof. 0O

In the end of this section, we recall some known results for (approximate) Dirac-harmonic maps which are used in
this paper.

Theorem 2.4 (Theorem 2.1., [17]). There is a small constant €; > 0 depending on p,q and N, such that if (¢, V) €
W2P(D,N) x Wh9(D, £D ® ¢*TN) is an approximate Dirac-harmonic map from the unit disc D in R? t0 a
compact Riemannian manifold (N, g) with Tt (¢, V) € L? and h(¢p, ) € L? for some % < p <2 and some % <qg <2
and satisfies

E$,y: D)= f (42 + ¥ [dx < (). (2.20)

then
¢ —$||W2 p(D,) = C(||d¢||L2(D) + ||T||LP(D))

Ill/fllwlq(pl) CUVLspy + nllLa D)),

where ¢ := |Dl/2| fD1/2 ¢dx and C > 0 is a constant depending only on p, q, N.
Moreover, by the Sobolev embedding W*?(R?) ¢ C*(R?), we have

@1l osepy ) = sup lp(x) =M = C(A, N)IVPl 12(p) + 1T @) lILr (D)) 2.21)
X, yeli,2

Proposition 2.5 (Theorem 3.1 in [3]). There exists an €1 > 0 depending on N such that if (¢, V) is a smooth Dirac-
harmonic map from the standard sphere S* to a compact Riemannian manifold N satisfying

f<|d¢|2+ [y |hYdx < ey,

then ¢ is a constant map and = 0.

Theorem 2.6 (Theorem 1.4 in [14]). Let (¢, V) : Rﬁ — N be a smooth Dirac-harmonic map with boundary data
¢|3R§r = const. and Bl/f|aR%r = 0 and satisfying

/|V¢>|2dx+/|1//|4dx<oo.
2 2

Then ¢ is a constant map and r = 0.
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3. Energy identity

In this section, we will prove our main Theorem 1.1. Since the interior blow-up behavior was already studied in
[17], we only need to consider the boundary blow-up behavior.
Firstly, we consider the following simpler case of a boundary blow-up point.

Theorem 3.1. Let ¢, € C2(D{ (0), N), ¥rn € C' (D (0), EDT(0) ® ¢} T N) be a sequence of approximate Dirac-
harmonic maps satisfying

@ Nnllwrzip+y + IWnllpacp+y + ||Tn 2o+ + ||hn||L4(D+) A,
(®) (Pn, Yn) = (@, ) weakly in Wloc (D \ {0}) x Wl 2(DF\{0) as n — oo.

Then there exist a subsequence of (¢n, V¥n) (still denoted by (¢, ¥)) and a nonnegative integer L such that for any
i =1, ..., L, there exist points x},, positive numbers )J and a nonconstant Dirac-harmonic sphere (o',£"): §> — N
such that:

@)) x£l—>0, )Lfl — 0, as n — oo;
dist(x},00D7)

2) iii%oo,asn—)oo;

A A-/ |xi —x‘i| . .
(3) lim,— 0 (}L;’ + N” + ﬁ) =00 foranyi # j;
n ¥

&) (', &%) is the weak limit of (b (x} + Ax), Y (xh + AEx)) in WE2(R?) x L} (R?);
(5) Energy identity: we have
L
Jlim Epn) = E@) + ) E@"), (3.1
i=1
L .
nlingoE(Wn):E(W)+ZE(él)- (3.2)

i=1

Proof. By assumption, without loss of generality, we may assume that O is the only blow-up point of the sequence
{(n, ¥n)}in DT, ie.
=2
liminf E ¢y, ¥u; D) > < forall 7 > 0 3.3)
n—oo 2

where € = min{eg, €} and €, €, are the constants in Theorem 2.1 and Theorem 2.4. By the standard argument of
blow-up analysis (see e.g. [8,3]), we can assume that, for any n, there exist sequences x,, — 0 and r,, — 0 such that

=2
€
E(¢n.¥n: D (x0)) = sup E(¢n,1ﬂn;Dr+(x))=Z- (3.4)
xeDt r<r,
DY (x)cD*

dist (x,,0°DT) _

Firstly, we make a Claim 1: limsup,,_, ., o

dist(x,,0°D%)

I'n

If not, after taking a subsequence, we may assume lim,,_, oo =a > 0. Set

Up(x,1) = ¢n(xp +rpx), va(x,1t) = \/al/fn(xn +rpx),
and
={xe Rzlxn +rpx e D).
Then

B, — R2:={(x!,x?)|x* > —a)},
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as n — oo. It is easy to see (uy, v,) lives in B, and satisfies

r2t(¢n) = Auy + A(duy, du,) — Re(P(A(dun(eq). ea - va)ivn)).  in By 53
4 .
V,? hp = avn - -A(dun(eol)’ eq " Vy), in By,
with the boundary data
un(x) = @(x1 + rpx), if x,+rnxedM; (3.6)
Bup(x) = \/r,Bx (xp 4+ rpx), if Xp+raxedM. :
By (3.4), Theorem 2.4 and Theorem 2.1, we have
lunllw22(p,e0nB,) T IVnllwi2p 0B, < C(R, N) (3.7)

for any Dg(0) C R? which implies
dy dn
e, (x — (O, _))”WZ’Z(D;'R(O)) + llon(x — (0, _))”WLZ(D;R(O)) <C(R,N)
'n T'n

when n, R are large, where d,, := dist (x,, 80D+).
Then there exist a subsequence of (uy,v,) (also denoted by (u,,v,)) and a Dirac-harmonic map (&, 7) €
W22(R2) x WI2(R2) with the boundary data (if, BY)| or2 = (¢(x0), 0), such that for any R > 0,

. dn ~
nli)ngo lun(x — (O, Z)) - u(x)||wl.2(D3+R(0)) =0

. dn ~
nll)ngo lv, (x — (O, E)) - U(x)”L“(D;R(O)) =0.
Set ! (x) :=(x + (0, a)) and V! (x) :=V(x + (0, @)), then we get, for any R > 0,
. ~1
nli)ﬂc}o llun(x) —u (x)”W]vZ(DZR(O)mB,ng) =0
: ~1
nlggo l[vn (x) —v (x)”L“(DZR(O)ﬂB,,ﬁR%) =0.
Combining this with (3.7) and noting that the measure of D>r(0) N B, \ R% goes to zero, we have
. ~1
nlljgo lun ) lw12(pgo)nB,) = 11" ) lwi2(pg)nr2)
. ~1
Jm ([0 (Ol L4 (g 0ns,) = 107 Ol L4 DR o)nR2)-

Therefore, by (3.4), we can obtain E (ﬁl, ol Dy 0) ng) = %. However, by Theorem 2.6, we know #! is a constant

map and 9! = 0. This is a contradiction. We proved Claim 1.
dist(x,,0°D")
n
n — 00. Moreover, for any x € R2, when n is sufficiently large, by (3.4), we have

Under the assumption limsup,,_, o, = 00, we can see that (u,,, v,) lives in B, which tends to R? as

=2
Etty. vp: D1 (x)) < % (3.8)

According to Theorem 2.4, there exist a subsequence of (u,, v,) (we still denote it by (u,, v,,)) and a Dirac-harmonic
map (u'(x), v' (x)) € W22(R?, N) x WI2(R2, £R? ® (u')*T N) such that
2(R?),  vp(x) > v'(x)in L} (R?), (3.9)

1 . 1,
up(x) —>u (x)in W, Toc

C

as n — oo. Besides, we know E(ul, vl Dy 0) = %2. By the standard theory of Dirac-harmonic maps [3],
(u'(x), v!(x)) can be extended to a nontrivial Dirac-harmonic sphere which is usually called the first bubble.

By the standard induction argument in [8], we only need to prove the theorem in the case where there is only one
bubble. For the more bubbles case, i.e. the bubble tree, we just need to distinguish “neck domains” which is almost
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the same as in the blow-up theory of approximate harmonic maps. See [20,2] for details. Then we can estimate the
energy concentration on each “neck domain” by using the proof of the one bubble case.
Under this assumption, we have the following:

Claim 2: for any € > 0, there exist § > 0 and R > 0 such that
1
E(¢n, Yru; Dg,(xa) \ D}f (x,)) < € forany 1 € (5 R, 26) (3.10)
when 7 is large enough.

In fact, if (3.10) is not true, then we can find #, — 0, such that lim,,_, % = oo and €’ > 0 such that
E(¢n, Yu; D, (xn) \ D;f (x2)) = €' > 0. (3.11)
Passing to a subsequence, we may assume lim;,_, f—: = b € [0, oo]. For simplicity of notation, we also denote

Up(x) =Py (xp + 1,%), v, (%) := \/awn(xn + tpXx).

Denoting B, := {x € R2|xn +t,x € DT}, then it is easy to see that (1, (x), v,(x)) lives in B;, and 0 is also an energy
concentration point for (u,, v,). We have to consider the following two cases:

(a) b < 0.
Then B,’Z tends to Rl% as n — 00. Here, we also need to consider two cases.
(a-1) (uy, v,) has no other energy concentration points except 0.

By Theorem 2.4, Theorem 2.1 and the proof of Claim 1, there exists a Dirac-harmonic map (u, v) : Ri — N with
boundary data u |3RZ =¢(0), Bv|3R§ = 0 satisfying, passing to a subsequence, for any A, R > 0, there hold

Jim | () — w12, 0B, nR2\ D, 0) = O
i ([vn () = VOO 4y )08y nR2\D; 0) = O
and
Jimln ) w12\ D0 = 1 w120 )R\ D, 0)
nli)n;o ”Un(x)||L4(DR(O)QB,’,\DA(O)) = ”v('x)||L4(DR(0)|’]R}2)\DA(O))‘
According to (3.11), we have
E(u,v; (D3(0) \ D1(0)) NR}) = Jim E(un, va; (Dg(0)\ D1(0)) N B,) = €.
However, Theorem 2.6 tells us that u is a constant map and v = 0. This is a contradiction.

(a-2) (u,, vy) has another energy concentration point p # 0.

Without loss of generality, we may assume p is the only energy concentration point in D,,(p) for some ro > 0. By
the standard argument of blow-up analysis, there exist sequences x,, — p and r;, — 0 such that

(S}

€
E(un, vp; Dy (x,) N By) = sup E(un,vn;Dr(x)ﬁB,;)zz.

XGDrO (‘D),Ffr;l
Dy (X)CDrO (02)

(3.12)

By (3.4), we have r};t, > r, and taking a subsequence, we may assume

. n
lim y
n—00 r; n

=d €0, co].



J. Jost et al. / Ann. I. H. Poincaré — AN 36 (2019) 365-387 381

Furthermore, we know d must be oo (the proof is the same as for Claim 1). Then similar to the process of construct-
ing the first bubble, there exists a nontrivial Dirac-harmonic map (2 (x),v3(x)) € W22(R?, N) x WI2(R?, =R? ®
(u?)*T N) such that

Un (), 4 rpx) = () in WE2R?),  /rivn(x) + rpx) — v2(x) in L}, (R?),

as n — oo. This is

Gn(xy —i—t,,x +t,,r xX)—v (x) in Wloc (Rz) and \/tyr) Yn (X, —l—tnx +t,,r X)—v (x) in LlOC(Rz).

Thus, (12, v?) is also a bubble for the sequence (¢, ¥,). This is a contradiction to the one bubble assumption.
(b) b =o0.

In this case, B,; will tend to R? as n — oo. Again, we need to consider the following two cases.
(b-1) (uy, v,) has no other energy concentration points except 0.

According to (3.11), Theorem 2.4, Theorem 2.1 and the process of constructing the first bubble, we know that there
exists a nontrivial Dirac-harmonic map (#2, v?) : R> — N such that, passing to a subsequence,

Un (x) = u?(x) in W22 R\ {0)) and v, (x) — v2(x) in L}, (R>\ {0}),

as n — oo. Then, we get the second bubble (u?(x), v*(x)) which contradicts the “one bubble” assumption.
(b-2) (u,, v,) has another energy concentration point p # 0.

Similar to Case (a-2), there exist sequences x;, — p and r;, — 0 satisfying (3.12) and

n

lim —
n—00 rn tn

= Q.

Moreover, by the process of constructing the first bubble, there exists a nontrivial Dirac-harmonic map (12, v?) : R> —
N such that, as n — o0,

Un (x}, 4 rpx) = v2(x) in WE2(R?) and \/r] v, (x], + rjx) — v*(x) in L} (R?)
that is
O (Xn + tnX), + g7, X) —> v (x) in Wll 2(Rz) and /t,r} Yy (xn + tnx), + a1 x) — vz(x) in LIOC(RZ).

So, we get the second bubble (uz(x), vz(x)). This also contradicts the “one bubble” assumption. Thus, we proved
Claim 2.
Under the “one bubble” assumption, by (3.9), it is easy to see that energy identity (3.1) and (3.2) are equivalent to

lim lim lim E(¢n,D5 (xn)\D r(2) =0 (3.13)
R—o005—0n

and
lim lim lim_ E(wn,D+(xn)\D r(x2) =0. (3.14)
R—o00é—0n

Without loss of generality, we may assume § = 2" r, R for some positive integer m, which tends to co as n — oo.
We denote P; := D;rnR(xn) \ D;_,rnR(xn).

Firstly we use a finite decomposition argument that is similar to those in [31,32] to separate X := D;‘ (xn) \
D;: g (x) into finite parts

E:Uj”lej, Q= —k, P 0=ko <k <, .., <ks, =my



382 J. Jost et al. / Ann. I. H. Poincaré — AN 36 (2019) 365-387

such that s, < § and

1 .
E(¢I‘l7 wi’h Q/)va .]_17"'5Sl’ls (315)

where C1(N) > 0 is a constant depending only on N to be determined later and S is a uniform integer for all n large
enough.
From (3.10), for any € < m, we have

1 .
E(¢iz;¢n;Pi)<€<ma i=1,..,my
when # is large.
If
E(bn, Yu;

)< —,
C1(N)

let k1 = m,, and then Q1 = X. Otherwise, we can choose an integer 1 < k; < m, such that

1 1
20N E(¢n. Yn: Q1) = TN and  E(¢n, Yn; Q1 U Pry 1) > vy

This is the first step of the division. Inductively, suppose that k; is chosen such that E (¢, ¥,; Q) < ﬁ If

1
. mn / P
E(pn, ¥us L'Jizk_,'+1Pl) = Ci(N)’

letkjyy =my, thus Q41 = U | P;. If not, then similar to the first step, we can find k; < kj1 < m, such that

1 1
2C1(N) <E(¢na‘ﬁn’ Qj-‘r])f Cl(N) and E(‘Pna‘ﬁna Qj+1UPk_,‘+1+1)> CI(N)

Since E(¢n, ¥y) is uniformly bounded by A, we will finish our division after at most S = [2C(N)A] + 1 steps. So
we have finished the division.
Take a cut-off function n € C° (D;rkj - )\ D;kj,
n

1“r,,R(x")) suchthat0 <n < 1and '7|D+,p @N\D% )
1 d 2" rnR 277" R
= 1 an
+ +
IVl < W Dyjir, gGm)\ D, () and
c
Vil < ooz 0 Doy, g O N Dy, o).

By the standard elliptic estimates, we have

I llywia o
< Clnd¥n +Vn -y IILg(D+) + ClinBx lywi/4453 00
- 1

1
=< ZC(N)(II|d¢>n||771//nI||L%(E) + IIHIhnIIIL%(Z)) + CIIIVUIIWIIIL%(Z) + ClinBx lwi/sa@op;)

1
= ZC(N)||d¢"”“(DZMH,,,R(X")\Dzkj—l—UnR(X”))”W” ||L4(2) + C”h"”L%

3(®)
+CUVnnll 4 + ClnBx w1443 @0

Pi;_{UP;+1)

2
= ZC(N)m”ﬂWn“L“(E) + Cllyn ||L4(ij71Uij+1) + Cllhn ||Lg(2) + ClinBx ||WI/4,4/3(30D;),

where the last inequality is from (3.10) and (3.15). Then, taking C{(N) = CX(N)+1, by (3.10) and Sobolev embed-
ding, we have
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I¥nllzao,) T IV¥nliLang;) = CIan||L4(ij71Uij+1) + C”h"”L%(z) + ClinBx lywi/a4i3 @0 py

<CW, IxlenWe+6).
So,

Sn
Wl oy + IVl ansy < D (Wnll sy + 1V ¥nllLs30;) < CS(Ve +).
j=1
This is (3.14).
Suppose x], € 89D is the projection of x,,, i.e. d, = dist(x,,3°D") = |x, — x,,|. Similar to the boundary blow-up
cases for approximate harmonic maps studied in [15,16], we decompose the neck domain D;r(xn) \ Djn r(n) as
follows

Dy (x2) \ D g (xa) = DY (xa) \ DY (x;) U D} (x;) \ D3 (x,)
2 2
U D3, (x,)\ Dy (xa) U Dy (xa) \ D;} p (x)
= QU UQ3UQy,

when n is large.
Since lim,, ;oo d,, = 0 and lim,, _, oo ‘:—" = 00, when 7 is large enough, it is easy to see that

Q1 C Df () \ Dy (xn), and Q3 C D (xa)\ Dy (xn).
1
Moreover, for any d, <t < §, there holds
D3, (x;) \ D; (x) C Dy (xn) \ Dy ().
By assumption (3.10), we have
E(@n, Yin; Q1) + E(@n, Yin; ) <€ (3.16)
and
E (¢, ¥ru; DY (x)) \ D (x}))) < € for any 1 € (dy, 8). (3.17)

By (3.10), Theorem 2.4, Theorem 2.1 and the standard scaling argument, we get

Os¢p (\D;f () P

= CUNVGll 2o ooy T ¥l Lo g oy, T IV L20f @), 00

n t/2
2
H UVl L2 f conpj o T T L2f oDy
< C(Je+9), (3.18)

for any r € 2r, R, %6), where C = C(A, N, |l¢llc2, I x]lc1) is a positive constant.
Noting that 24 = D;z: () \ D;: r n) = Dg, (xp) \ Dy, g (xn), by the energy identity of approximate Dirac-harmonic
maps with interior blow-up points (see Theorem 1.2 in [17]), there holds

lim lim E (i Dy, (xp) \ Dy, g(xn)) = 0. (3.19)

R—oon—0

Therefo;e\, we just need to estimate the energy concentration in €2;. Here, we use a similar method as in [15,16].
Define Q5 := D%(x;,) \ Dag, (x}), @y (x) 1= ¢pp(x) — @(x), x € 2 and

O (x) = {q)"(x)’ ¥ e, (3.20)

—0,(x)), xeQ\ Q.

where x = (x!, x2) and x’ = (x!, —x?). It is easy to see that &D\n(x) € W2*°°(S/2\2) and satisfies the following equation
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AT ) = {A%(x) —Ap(x),  xe. G21)

—Agn () + Ap(x), x €\ R,
where Ag, (x) = —A(ddn, dpn)(x) + Re (P(A(d¢n(ea), eo - Yn); ¥n)) (x) + T(un)(x).
Without loss of generahty, we may also assume 18 = 2" (2d,), where m/, is a positive integer which tends to co

as n — oo. Setting P/ := 2,+,d (x),) \Dzld (x;,) and Pl = Djit1g, (x], )\ Daig, (x)),
Set

1 2
(r) /CD (r,0)do,
0
where (r, 0) are the polar coordinates at x),. By (3.18) and (3.20), we have
||(I) (X) - (D (x)”LOO(Q ) — Sup ”é\n(x) q) (x)”LOO(P) —= Sup ||CI) (x)”Osc(P)

1<i<mj, 1<i<m)],

=2 sup [[Pn()losepy =2 sup Non(X)llosccpyy + C8IIVellLe

1<i<mj, 1<i<m],

<C(N, A llgllc2s Ixllen) (Ve +8). (3.22)
Integrating by parts, we get

n

/VGD V(@ —CI> “ydx = /(@ —CD )A@dx

P" a Pl’ P’

On the one hand, we have

P _ 3D, 00,
/Vcb,,V(cbn—q>n*)dx:/|vq>n|2dx—/8—”a—”dx
r r

f|V<b |2dx—(/| " 2dx )z(f| i 2d )2
f|vq> |2dx—/|

/|v<1> |2dx—
=/|V<1>n|2dx —2/<|8—r”|2 — SV,
P P

By direct computation, we obtain

0D 1
f VO, [*dx — 2f(|a—r"|2 - 5|Vd>n|2>dx

P/

Y
Pi

2_Lvgia
! v el )ax

fmn 24 —2/<|3¢" ——|V¢>n| dx +4f(3¢’" 0 Vg,Ve)dx

+2f(|V<p|2 - |a—“”|2)dx
r

i
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d 1 .
> / |V |*dx — 2/(|%|2 - §|V¢n|2)dx —C2d,.
i P',

On the other hand, by (3.21) and (3.22), we have
/@ _ &) ADdx = C(Je + a)/ \dglPdx + C (Ve + 5)/ (|| Pl
+c<ﬁ+5>f(|rn| + |Aghdx

<C(Je+9) / (g Pdx + C(J/e + ) / ldx + C(VE +8)2'd).

From the above, by Corollary 2.3 (taking ¢ = %), we get

/|d¢n| dx</(<l> -®,") o /(|a¢’” %|V¢n|2)dx+0<ﬁ+a)/|d¢n|2dx

8P/

+C(Je + 3)/ | |*dx + C2d,

/(op —q>*acb

a Pl/

[*dx +C f [l *dx

+ C/ IVlidx + C2id,.
Pi/

Summing i from 1 to m),, we get

1 . 0D, — ., 0D,
(5—C<¢E+8)>/|V¢n|2dxs / * / @ -8
0Ds 2 (xy,) 0D3q, (x;,)
—i—C/|V1pn|4/3dx+C/|1/fn|4dx+C3. (3.23)
Q) Q)

As for the boundary term, by trace theory, we have
/ / VO,
0Ds /2 (x),) D5/ (x),)

<C(e+9) / (IVéul+ Vo))
3t D2 (x)

=< C(\/E+5) (HV(X)””LZ(D;\DT ) +8”V2¢"||L2(D;\DT ) + 1)
78 78
= C(\/E‘i‘5)(||v¢’n||L2(Dj4r \DJIr ) + ”wn”ﬁ([)f[ \DT )
38 58 38 68

2
+ ”V(p”LZ(Dgs\D%—a) + 48V (p”LZ(Dé—a\Dgs)
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+ (S”'L'n ”LZ(D%—IS\D%—,;) + 1)

<C(Ve+9),

where the last second inequality can be derived from Theorem 2.1.
Also, there holds

., 9D,
/ A L V)
r
0D2q,

Putting these in (3.23) and taking € and § sufficient small, we have

/ |V |*dx < c/ |V |*3dx + c/ [y |*dx + C (Ve + ). (3.24)
Q> Q) Q)
Combining this with (3.16), (3.19) and (3.14), we will obtain (3.13) and we finished the proof of Theorem 3.1. O

Proof of Theorem 1.1. It is easy to see that Theorem 1.1 is a consequence of the interior blow-up case, i.e. Theo-
rem 1.2 in [17] and the model case of boundary blow-ups, i.e. Theorem 3.1. O
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