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Abstract

We study invasion fronts and spreading speeds in two component reaction—diffusion systems. Using a variation of Lin’s method,
we construct traveling front solutions and show the existence of a bifurcation to locked fronts where both components invade at the
same speed. Expansions of the wave speed as a function of the diffusion constant of one species are obtained. The bifurcation can
be sub or super-critical depending on whether the locked fronts exist for parameter values above or below the bifurcation value.
Interestingly, in the sub-critical case numerical simulations reveal that the spreading speed of the PDE system does not depend
continuously on the coefficient of diffusion.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

We study invasion fronts for general systems of reaction—diffusion equations,

U =uyy + F(u,v),
t = Uxx (u,v) (1)
Ut = O Uxx + G(ua U),
where 0 > 0 and x € R. More specifically, we are interested in traveling wave solutions of the form (u(x — st), v(x —
st)) which satisfy
—su' =u" + F(u,v),

—sv' =0V 4+ G, v),
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Fig. 1. Illustration of our assumptions leading to the existence of locked traveling front solutions (in blue) of (1.1). In red, we have represented
the pushed front (Up(x — s*1),0) connecting p; = ut,0) to pg = (0,0) that propagates to the right with speed s* given by assumption (H2)
below. In green, we have sketched one traveling front solution (Up,—p, (x — $1), Vpy—p, (x — s1)) connecting pp = (u™*, v*) to p; = (ut,0)
that propagates to the right with some speed s ~ s* given by assumption (H5) below. Our main result demonstrates the existence of locked fronts
(U (x —s(o)1), V(x —s(o)t)) connecting py = (u™, v*) to pg = (0, 0) that propagates to the right with speed s (o) for o ~ o, see (H3) below for
the definition of o *. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

) du d%u . . . .
where we have set £ = x — st and used the notation u’ for @ and u” for dé_z It will be more convenient to write this

system as a first-order system

uy =uy,
!
upy =—suy — F(uy, vy),
2 (1.2)
Ul =V,
ovy=—svy — G(uy, vy).
Throughout this paper, the reaction terms are assumed to have the form,
F(u,v)y=uf(u,v), Gu,v)=vg(u,v), with f(0,0)>0and g(0,0)> 0. (1.3)

Precise assumptions regarding the functions F (u, v) and G (u, v) are listed in Section 2. We sketch those assump-
tions now to better set the stage and we refer to Fig. 1 for an illustration.

(H1) System (1.1) has three nonnegative homogeneous steady states: pg = (0,0), p; = (u™,0) and p = (u*, v*)
and the associated traveling wave equation (1.2) has three corresponding fixed points Py = (0,0, 0,0), P; =
(u™,0,0,0) and P, = (u*, 0, v*, 0).

(H2) There exists a pushed front (U, (x — s*), 0) connecting p; to po that propagates to the right with speed s* and
leaves the homogeneous state p; in its wake.

(H3) There exists a o* > 0 such that the linearization of the v component about the pushed front has marginally
stable spectrum at 0 = o*. If 0 < o, then small perturbations of the front (U, (x — s*t), 0) in the v component
propagate slower than s* whereas for o > o* these perturbations spread faster than s*.

(H4) We assume an ordering of the eigenvalues for the linearization of the traveling wave equation (1.2) near Py and
P; together with a condition on the ratio of the eigenvalues.

(H5) There is a family of traveling front solutions connecting p, to p; for all wave speeds s near s*. These fronts
have weak exponential decay representing the fact that the invasion speed of p; into p; is slower than s*.

One can think of u and v as representing independent species that diffuse through space and interact through the
reaction terms F(u, v) and G(u, v). When o is small, we expect the spreading speed of the u component to exceed
that of the v component. The dynamics in this regime is that of a staged invasion process: the zero state is first invaded
by the # component, then at some later time is subsequently invaded by the v component, see Fig. 2(a). As o is
increased, the speed of this secondary front will increase until eventually the two fronts lock and form a coherent
coexistence front where the unstable zero state pg is invaded by the stable state p,, see Figs. 1 and 2(b). Broadly
speaking, this transition to locking is the phenomena that we are concerned with in this article. Our primary goal is to
determine parameter values for which this onset to locking is to be expected and whether the speed of the combined
front is faster or slower than the speed of the individual fronts.
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(a) Staged invasion fronts. (b) Locked fronts.

Fig. 2. Profiles of the solutions of (1.1), evaluated at time ¢ = 300, with nonlinear terms f (u,v) = (1 —u)(u + 1/16) — v and g(u, v) =2u(l —
u) + 1/8 — v for different values of o. (a) We observe a staged invasion process where the zero state is first invaded by the u component, then
at some later time is subsequently invaded by the v component. Here we have set o = 0.25. (b) We observe locked fronts with both components
traveling at the same wave speed. Here we have set o = 0.3. Note that pg = (0, 0), p; = (1, 0) and pp = (0, 1/8).
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Fig. 3. Sketch of the different bifurcation scenarios covered by our main result. In each panel, the horizontal black line s = s* illustrates the
marginal stability assumption (H3) of the linearization of the v component about the pushed front. The red diamond indicates the critical value o *
at which the pushed front has marginal stable spectrum. The solid part of the line indicates a negative principal eigenvalue of the corresponding
linearized operator while the dashed part indicates a positive one. The bifurcating curve in blue illustrates the existence of locked front solutions
with wave speed s(o’) given by our main result. Two scenarios can happen: the bifurcation will occur either for ¢ > o* (super-critical case) or for
o < o* (sub-critical case), and in each case the direction of bifurcation can lead to larger wave speed (top panels) or slower wave speed (bottom
panels). These different scenarios can be characterized by the signs of the constants M, and M; (see Theorem 1).

Our main result is the existence of a bifurcation leading to locked fronts occurring at the parameter values (s, o) =
(s*, 0™). Depending on properties of the reaction terms the bifurcation will occur either for o > o* (super-critical)
or for o < o* (sub-critical), see Fig. 3 for a sketch. In the super-critical case, the coexistence front does not appear
until after the bifurcation at o* and the speed of the locked front changes continuously following the bifurcation —
varying quadratically in a neighborhood of the bifurcation point (see Fig. 5 for an illustration on a specific example).
The dynamics of the system in the sub-critical case are much different. In this scenario, the system transitions from a
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staged invasion process to locked fronts at a value of o strictly less than the critical value o* and the spreading speed
at this point is not continuous as a function of o and we refer to Fig. 6 for an illustration on a specific example.

We employ a dynamical systems approach and construct these traveling fronts as heteroclinic orbits of the cor-
responding traveling wave equation (1.2), see Fig. 4. The traveling front solutions that we are interested in lie near
a concatenation of traveling front solutions: the first being the pushed front connecting P; to Py (see (H2)) and the
second connecting the stable coexistence state P; to this intermediate state Py (see (HS)). A powerful technique for
constructing solutions near heteroclinic chains is Lin’s method [14,16,17]. In this approach, perturbed solutions are
obtained by variation of constants and these perturbed solutions are matched via Liapunov—Schmidt reduction leading
to a system of bifurcation equations. Two common assumptions when using these techniques are a) that the dimen-
sions of the stable and unstable manifolds of each fixed point in the chain are equal and b) the sum of tangent spaces of
the intersecting unstable and stable manifolds have co-dimension one. Neither of these assumptions hold in our case.
As fixed points of the traveling wave equation the stable coexistence state P, has two unstable eigenvalues and two
stable eigenvalues, the intermediate saddle state Py has three stable eigenvalues and one unstable eigenvalue and the
unstable zero state Pg has four stable eigenvalues. Restricting to fronts with strong exponential decay, the zero state
can be thought of as having a two-two splitting of eigenvalues, but no such reduction is possible for the intermediate
state.

One interesting phenomena that we observe is a discontinuity of the spreading speed as a function of ¢ in the
sub-critical regime. The discontinuous nature of spreading speeds with respect to system parameters has been observed
previously, see for example [6,8,9,11]. However, the discontinuity in those cases is typically observed as a parameter
is altered from zero to some non-zero value representing the onset of coupling of some previously uncoupled modes.
The mechanism here appears to be different.

There is a large literature pertaining to traveling fronts in systems of reaction—diffusion equations. Directly related
to the work here is [10], where system (1.1) is studied under the assumption that the second component is decoupled
from the first, i.e. that g(u, v) = g(v). Further assuming that the system obeys a comparison principle, precise state-
ments regarding the evolution of compactly supported initial data can be made; see also [2]. Here, we do not assume
monotonicity and therefore a dynamical system approach is required. A similar approach is used in [10], however, the
decoupling of the v component reduces the traveling wave equation to a three dimensional system.

The present work is also partially motivated by recent studies of bacterial invasion fronts similar to [13]. In this
context, the u component can be thought of as a bacterial population of cooperators while the v component are
defectors. In a well mixed population the defectors out compete the cooperators. However, in a spatially extended
system the cooperators may persist via spatial movement by outrunning the defectors. This depends on the relative
diffusivities, where for o small the cooperators are able to escape. However, for o sufficiently large the defector front
is sufficiently fast to lock with the cooperator front and slow its invasion. Our result characterizes how this locking
may take place. See also [23,24] for similar systems of equations.

Discussion of methods: a dynamical systems viewpoint We have thus far focused primarily on properties of the
PDE (1.1). Mathematically, our main result regards the construction of traveling fronts in the associated traveling
wave ODE, (1.2). We include a short discussion now to connect these two perspectives; see also [22] for a longer
discussion. To keep this discussion as straightforward as possible we restrict ourselves only to the simplest case of
constant coefficient reaction—diffusion systems giving rise to fixed form traveling front solutions connecting homoge-
neous steady states and ignore complications that can arise for pattern forming systems, inhomogeneous problems, or
systems including advective terms to name a few.

The notion of spreading speeds for a PDE typically refers to the asymptotic speed of invasion of compactly sup-
ported perturbations of an unstable state; see for example [1]. For scalar equations having a comparison principle or
for monotone systems of equations, it is often possible to rigorously establish spreading speeds. In doing so, it is often
the case that the compactly supported initial conditions eventually converge to a traveling front. Thus, the system
identifies a unique selected front propagating at the selected spreading speed and the proof implies stability (in an
appropriate sense) of this front with respect to a large class of initial conditions.

Many systems, including the ones considered here, lack a comparison structure and consequently it becomes ex-
tremely difficult to rigorously establish PDE spreading speeds in the traditional sense. In these cases, one approach
is to consider the speed selection problem as a front selection problem and identify fronts which are consistent with
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selection from compactly supported initial data. In doing this, one weakens the “global” stability requirement of the
selected front to a local stability criterion. This local stability criterion is referred to as marginal stability; see [4,22].

Marginal stability requires that the selected front be pointwise marginally stable with respect to compactly sup-
ported perturbations. As fronts propagating into unstable states, the essential spectrum of any invasion front is unstable
(in L?(R) for example). A common technique to stabilize the essential spectrum is to work in exponentially weighted
spaces. Weights shift the essential spectrum and there is typically an optimal weight that pushes the essential spectrum
as far to the left as possible; see [18] for an introduction to the absolute spectrum and its role in this regard. Marginal
stability can then be defined in terms of stability properties in this optimally weighted space. Generally speaking, there
are two possibilities. For a pushed front, the essential spectrum is stabilized while the point spectrum is stable with
the exception of a translational eigenvalue on the imaginary axis. For a pulled front, the essential spectrum is itself
marginally stable and there are no unstable eigenvalues.

Invasion fronts typically come in families parameterized by their speed of propagation. With the previous discus-
sion in mind, given this family of fronts we seek to identify the unique marginally stable front. The speed of this
marginally stable front then provides a prediction for the spreading speed of compactly supported initial conditions
for the original PDE (1.1).

We are interested in constructing candidate pushed fronts for (1.1) by constructing heteroclinic orbits for (1.2). The
fronts of interest must possess two qualitative features that are indicative of the existence of a pushed front. First, it
must be possible to stabilize the essential spectrum using exponential weights. Secondly, the decay of the front must
be sufficiently steep so that the derivative of the front profile remains as an eigenvalue in the weighted space.

For the problem considered in this paper, the second property is key and we focus on constructing traveling front
solutions with sufficiently steep exponential decay rates. These are candidate solutions for the selected front and their
speed then gives a prediction for the spreading speeds of the original PDE system (1.1). We do not pursue a full
stability analysis of the fronts that we construct, although such an analysis is conceivably possible through similar
means as those used in the existence proof. In fact, we do not necessarily believe these fronts to always be marginally
stable. For example, in the sub-critical regime depicted in Fig. 3 we expect the bifurcating fronts to be pointwise
unstable and this feature is essential to the jump in spreading speed observed numerically in this regime.

We now proceed to outline our assumptions in more detail and state our main result.

2. Set up and statement of main results

In this section, we specify the precise assumptions required of (1.1) and state our main result. We first make some
assumptions on the reaction terms F'(u, v) and G (u, v) that have the specific form defined in (1.3).

Hypothesis (H1). Assume that homogeneous system

ur = F(u,v),

v =G(u,v),
with F(u,v) = uf(u,v) and G(u,v) = vg(u, v), has three non-negative equilibrium points which we denote by
po=(0,0), p; = (u™,0) and p; = (u*, v*) for some u* > 0 and v* > 0. We assume that f(pg) > 0 and g(pg) > 0
so that po is an unstable node for the homogeneous system. We assume that F,(p;) < 0 and g(p;) > 0 so that p; is a

saddle with one stable direction in the v = 0 coordinate axis and an unstable direction transverse to this axis. Finally,
we assume that p; is a stable node.

The traveling wave equation (1.2) naturally inherits equilibrium points from the homogeneous equation which

we denote as Py = (0,0,0,0), Py = (1™, 0,0,0) and P, = (u*, 0, v*,0). At either the fixed point Py or Py, the
linearization is block triangular and eigenvalues can be computed explicitly. At Py, the four eigenvalues are

) 1
WE(s) = -5+ 5\/s2 —4£(po),
s 1
nEs, o) = —5s & Z\/ﬂ —40g(po),

where we used the fact that F,,(pg) = f(po) and G, (po) = g(po). Similarly, at Py, the linearization has eigenvalues
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s 1
Vi () =5 & 2y/s2 = 4F.(p0),
+ S 1 2
v, (S,O')Z—EZEE s*—4og(p1),

where once again we used the fact that G, (p1) = g(p1).
When the v component is identically zero, system (1.1) reduces to a scalar reaction—diffusion equation

Up = Uxx + F(u50)7 (2'1)

and the traveling wave equation (1.2) reduces to the planar system

We now list assumptions related to traveling front solutions of (2.1).

Hypothesis (H2). We assume that there exists s* > 2./ f (po) for which (2.1) has a pushed front solution U, (x — s*t)
moving to the right with speed s*. By pushed front, we mean that the solution has steep exponential decay U, (§) ~

Cetu 5% a5 £ — 00 and has stable spectrum in the weighted space Lg (R), for some « > 0, with the exception of an
eigenvalue at zero due to translational invariance. There is, in fact, a one parameter family of translates of these fronts
and we therefore impose that U 1’,’ (0) =0 and restrict to one element of the family.

To reiterate the connection to the PDE (1.1), we are interested in reaction terms for which non-negative and com-
pactly supported initial data for (1.1) of the form (ug(x), 0) would spread with speed s* > 2./ f (po). Note that the
quantity 24/ f (po) is the linear spreading speed of the u component near pg and so we require faster than linear inva-
sion speeds. For the traveling wave ODE, this translates to the existence of a marginally stable pushed front — which
is exactly what is laid out by assumption (H2).

Now consider the linearization of the v component of (1.1) around the traveling front solution (U, (x — s*1), 0),

Ly =00k —i—s*ag +gWp(6),0).

The spectrum of this operator posed on L>(R) is unstable due to the instability of the asymptotic rest states. However,
this spectrum may be stable when L, is viewed as an operator on the exponentially weighted space

LE®) ={0®) € L'®) | @)™ € LX®)].

Letd = % Then the operator £, = 0 dg¢ + s*9¢ + g(U,(£), 0) restricted to LZ is isomorphic to the operator Hy :
L*(R) — L*(R), where
(s)?
4o

Hy =00 + (— + g (U, (©), 0>) :

We now state our assumptions on the spectrum of H,.

Hypothesis (H3). We suppose that the most unstable spectra of H, is point spectra and define
AMo)= sup .
wespec(Hy)
Let o* be defined such that A(c*) = 0. Associated to this eigenvalue is a bounded eigenfunction which we denote

$(£). In the unweighted space, this eigenfunction becomes ¢ (§) = e_zir_*ng(é ) which is unbounded as &€ — —o0. We
further assume that G, («, 0) = g(u, 0) > 0 for all u € [0, u™] such that ¢’(§) < O for all £.

We will require some properties of the eigenvalues of the linearization of Py and P; in a neighborhood of the
critical parameter values (s*, 0*). These are outlined next.
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Hypothesis (H4). The eigenvalues of the linearization of (1.2) at Py has four unstable eigenvalues. We assume for
some open neighborhood of parameter space including (s*, o*) that there exists an @ > 0 such that

M, (5) <—a< ,u;“(s), Uy (5,0) < —a < ,u;r(s, o). (2.2)

The fixed point P is a saddle point of (1.2) with a 3 : 1 splitting of the eigenvalues. We assume that the eigenvalues
of the linearization at P can be ordered

vy (s,0) < v, (s) <vi(s,0) <0< (s), (2.3)

again for some open set of parameters including (s*, o*). In addition, we assume the following condition on the ratio
of the eigenvalues:

v, (8) < 2vj'(s, ). (2.4)

The eigenvalue splitting (2.2) in Hypothesis (H4) guarantees the existence of a two dimensional strong stable
manifold which we denote W*¥(Py). Initial conditions in W**(Pg) correspond to solutions of (1.2) that decay to Py
with exponential rate greater than e %% at £ = +o0.

The final set of assumptions pertain to the existence and character of traveling front solutions connecting P; to P;.

Hypothesis (H5). We assume a transverse intersection of the manifolds W*(P) and W* (Py) for all (s, o) in a neigh-
borhood of (s*, 0*). For (s*, 0*) we assume the existence of a heteroclinic connection between P, and P; that
approaches P; tangent to the weak-stable eigenspace corresponding to the eigenvalue v, (s*, o), see (2.3). Thus, the
two dimensional tangent space of W*(P;) enters a neighborhood of P approximately tangent to the unstable/weak-
stable manifold of Py.

In terms of PDE assumptions, (HS) is consistent with a staged invasion process where compactly supported per-
turbations of the steady state p; form a traveling front propagating with speed s < s* replacing the unstable state p;
with the stable state p;. Since the selected invasion speed of fronts propagating into the state p; is slower than s*, any
traveling front solution with speed s* should be pointwise stable which requires that they converge to p; with weak
exponential decay precluding the existence of a marginally stable translational eigenvalue.

Remarks on assumptions (H1)-(HS) We remark that (H1) and (H4) are straightforward to verify for a specific
choice of F(u,v) and G(u, v). Assumption (H2) is more challenging, but due to the planar nature of the traveling
wave equation it is plausible that such a condition could be checked in practice. We refer the reader to [15] for a
general variational method suited to such problems. Assumption (H3) is yet more challenging to verify, however as
a Sturm-Liouville operator there are many results in the literature pertaining to qualitative features of the spectrum
of these operators. Finally, assumption (HS5) is the most difficult to verify in practice, as it requires a rather complete
analysis of a fully four dimensional system of differential equations (1.2). Nonetheless, our assumptions there simply
state that the traveling front solutions have the most generic behavior possible as heteroclinic orbits between P, and
P;. In this sense, we argue that assumption (HS) is not so extreme, in spite of the challenge presented in actually
verifying that it would hold in specific examples.

We also remark that the precise ordering of the eigenvalues assumed in (H4) are technical assumptions and could
likely be relaxed in some cases.

Main result 'We can now state our main result.
Theorem 1. Consider (1.1) and assume that Hypotheses (H1)-(HS5) hold. Then there exists a constant M, such that:

o (sub-critical) if M, < O then there exists § > 0 such that there exists positive traveling front solutions
(Ux —s(0)t), V(x —s(o)t)) forany o™ — 8§ < o < o™ with speed

5(0) =s* + Ms(0 — 0*)> + O(3);



552 G. Faye, M. Holzer / Ann. 1. H. Poincaré — AN 36 (2019) 545-584

Py

W (Py) sout

Fig. 4. Geometrical illustration in R* of the construction of locked fronts. Locked fronts are heteroclinic orbits connecting P, to Py that lie at
the intersection of the unstable manifold W* (P;) and the strong stable manifold W*¥ (Pg). We track W*S(P()) backwards along the pushed front
heteroclinic (Up (§), U ; ),0,00T, represented by the dark red heteroclinic orbit on the figure, to a neighborhood of Py and track W (P,) forwards

past the fixed point Py from i 1o RO 1o compare the two manifolds near a common point on the heteroclinic (Up (§), U 1/, &),0, 0)7 in zout,
In the figure, we represented in dark green one heteroclinic orbit connecting P, to Py within W (P,). Schematically, the locked front, represented
by the blue heteroclinic orbit on the figure, is found to be close to the concatenation of the two heteroclinic orbits connecting first P to Py (dark
green) and then Py to Py (dark red). In that respect, our strategy of proof is a variation of Lin’s method.

o (super-critical) if M, > 0 then there exists § > O such that there exists positive traveling front solutions
(U(x —s(0)t), V(x —s(o)t)) for any o* < o < o™ + § with speed

s(0) =s* 4+ Ms(oc —o*)>+ OQ).

These traveling fronts belong to the intersection of the unstable manifold W" (P,) and the strong stable manifold
W** (Py).

We make several remarks.

Remark 2. As part of the proof of Theorem 1 we obtain expressions for M, and M;. In particular,

[ e (Gun(Up(®).0 Guu(Uy(®),0
sign(M,) =sign | —r2 f e (7( U’;@) )a1(§>¢(s>2+7(2§f) )¢3($)>d§
)

~ ~ ~ |
1 (3 €@ E0) ~ (§60)) + ey D" 07 (1 5" 09 o) - ¢’<so>)) ,

where r1 2, a1 (§) and y(z) (s*, 0*) are all defined below. A similar expression holds for My, but is quite complicated.

Remark 3. We comment on the sub-critical case. Our analysis holds only in a neighborhood of the bifurcation point.
However, we expect that this curve could be followed in (s, o) parameter space to a saddle-node bifurcation where
the curve would subsequently reverse direction with respect to o. This curve can be found numerically using numer-
ical continuation methods, see Fig. 6. These numerics reveal two branches of fronts that appear via a saddle node
bifurcation. It is the lower branch of solutions that appear to be marginally stable and reflect the invasion speed of the
system.

For systems of equations without a comparison principle, the selected front is classified as the marginal stable front,
see [4,22] and the discussion at the end of Section 1. It is interesting to note that in these examples there appear to be
two marginally (spectrally) stable fronts — the original front (U, (x — s*¢), 0) and the coexistence front — and the full
system selects the slower of these two fronts.

We now comment on the strategy of the proof that employs a variation of Lin’s method; see Fig. 4 for a geomet-
rical illustration of our dynamical systems approach. The traveling fronts that we seek are heteroclinic orbits in the
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Fig. 5. Numerically computed wave speeds of the u-component, black circles, and of the v-component, green plus sign for € =1 in (2.5). The
horizontal blue line s = s* = v/2(a + 1/2) represents the sign of the associated principal eigenvalue of the operator H, and the red diamond
indicates the critical value o* at which this principal eigenvalue vanishes. The solid part of the line indicates a negative principal eigenvalue while
the dashed part indicates a positive one. Here, o* >~ 0.314. For all numerical simulations we have set a = 1/16.

traveling wave equations connecting P> to Py. We further require that these fronts have strong exponential decay in a
neighborhood of Py. As such, these traveling fronts belong to the intersection of the unstable manifold W*(P;) and
the strong stable manifold W** (Py). Therefore, the goal is to track W**(Pg) backwards along the pushed front hetero-
clinic (Up(§),U [’7 é),0, 07 toa neighborhood of P;. The dependence of this manifold on the parameters s and o can
be characterized using Melnikov type integrals and the manifold can be expressed as a graph over the strong stable
tangent space. To track W*(P,) forwards we use (HS) to get an expression for this manifold as it enters a neighbor-
hood of P;. To track this manifold past the fixed point requires a Shilnikov type analysis near P;. Finally, we compare
the two manifolds near a common point on the heteroclinic (U,(§), U [’, é),0, 0)7 and following a Liapunov—Schmidt
reduction we obtain the required expansions of s as a function of o.

Numerical illustration of the main result Before proceeding to the proof of Theorem 1, we illustrate the result on an
example. We consider the following nonlinear functions f¢(u, v) and g(u, v) that lead to a supercritical bifurcation
when € = 1 and exhibit a sub-critical bifurcation for ¢ = —1:

few,v) =1 —u)(wu+a)+ev, and gu,v)=2u(l —u)+2a—v, (2.5)

where € € {£1}. In both cases, when v is set to zero the system reduces to the scalar Nagumo’s equation

ur =tyy +u(l —u)(u +a). (2.6)

The dynamics of (2.6) are well understood, see for example [7]. For a < 1/2, the system forms a pushed front
propagating with speed s* = /2 (% + a). For the numerical computations presented in both Figs. 5 and 6, we have
discretized (1.1) by the method of finite differences and used a semi-implicit scheme with time step §¢ = 0.05 and
space discretization 6x = 0.05 with x € [0,400] and imposed Neumann boundary conditions. All simulations are
done from compactly initial data and the speed of each component was calculated by computing how much time
elapsed between the solution surpassing a threshold at two separate points in the spatial domain. In Fig. 5, we present
the case of a super-critical bifurcation where locked fronts are shown to exist past the bifurcation point ¢ = o*. In
Fig. 6, we illustrate the case of a sub-critical bifurcation where locked fronts are shown to exist before the bifurcation
point o = o*. We observe a discontinuity of the wave speed as o is increased. We then implemented a numerical
continuation scheme to continue the wave speed of these locked fronts back to the bifurcation point ¢ = o*. In
the process, we see a turning point for some value of o near 0.273. We expect that locked fronts on this branch to
be unstable as solutions of (1.1) which explains why one observes the lower branch of the bifurcation curve. It is
interesting to note the relative good agreement between the wave speed obtained by numerical continuation and the
wave speed obtained by direct numerical simulation of the system (1.1).
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Fig. 6. (a) Numerically computed wave speeds of the u-component, black circles, and of the v-component, green plus sign for € = —1 in (2.5).

We observe a discontinuity in the value of the measured wave speed as o is varied indicating a sub-critical bifurcation of the locked fronts. The
horizontal blue line s = s* = +/2(a + 1/2) represents the sign of the associated principal eigenvalue of the operator H, and the red diamond
indicates the critical value o* at which this principal eigenvalue vanishes. The solid part of the line indicates a negative principal eigenvalue while
the dashed part indicates a positive one. Here, o* 2~ 0.314. The red curve is a continuation of the wave speed of locked fronts up to the bifurcation
point o = o*. (b) Refinement of Figure (a) near the fold point. Here, the red dots are wave speeds obtained by numerical continuation. For all
numerical simulations we have set a = 1/16.

Outline of the paper In Section 3, we track the strong stable manifold W**(Pg) backwards and derive expansions.
In the following Section 4, we track the unstable manifold W*(P;) forwards using the Shilnikov Theorem to obtain
precise asymptotics past the saddle point P;. Finally, in the last Section 5 we prove our main Theorem | by resolving
the bifurcation equation when matching the strong stable manifold W**(Py) with the unstable manifold W*(P,) in a
neighborhood of P;. Some proofs and calculations are provided in the Appendix.

3. Tracking the strong stable manifold W** (P¢) backwards

In this section, we derive an expression for the strong stable manifold of the fixed point Py near the fixed point
P;. Recall that for (s, 0) = (s*, 0*), there exists a heteroclinic orbit given by (U,(§), U [’] 6,0, 0)7 that connects P;
to Pp. By assumption (H2), this orbit lies in the strong stable manifold. We will use this orbit to track the strong
stable manifold back to a neighborhood of P;. Before proceeding, we remark that (H2) and (H3) combine to pro-
vide a description of the tangent space to W*(Py) for (s,0) = (s*,0%*) and at any point along the heteroclinic
Uy(6),U 1’) é),0, 0T, Importantly, we will see that the criticality of the principle eigenvalue in (H3) implies that the
tangent space of W*(Py) at (s*, o) aligns with the unstable/weak-stable eigenspace near Py; see also (H4). Looking
ahead to Section 4, we recall that the tracked manifold W*(P,) also enters a neighborhood of P; tangent to the un-
stable/weak-stable manifold; see (HS). Thus, on a linear level we anticipate intersections of these two manifolds for
parameter values near (s*, o*) with a precise description involving how these individual manifolds vary with respect
to s, o and their nonlinear characteristics.

We first prove the existence of the manifold W**(Py) and derive expansions of the manifold near P;. To begin,
change variables via

ur=U,(&) + p
ur =Up,(&) + p2
V1 =41
V2 =4q2.

Writing z = (p1, p2, g1, qz)T, then we can express (1.2) as the non-autonomous system in compact form,
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7 =AE, 5" 0"z +nE s)+ NG, z,5,0), (3.1)
where
0 1 0 0
A 5" 0" = —Fu(Up(§),0) —s* —F,(Up$),00 0 ’ 32)
0 0 0 1
0 0o —sLOD s
and
0 0
n(E, s) = _(S_S(:)UI/’(E) , N(z,E,5,0) = NP(Z’g’S"’) (3.3)
0 Ny(z,§,s,0)
with

Fuu(Up(%-)vO)pz Fyp(Up(8).0) 5

Np(z,&,5,0)=— (s —s")pr — 2 1 — Fuw(Up(§),0)p1g1 — > qi +0@3)
1 * Guw(U ,0
Goo(Uy(€),0 U,(&),0 .
_ (zﬁf) ) g2 4 8 (:f)i 410 — ")+ 0G3).

These expressions have been simplified by noting that G,(U,(§),0) = 0 and G, (Up(§),0) = 0, together with
Gu(Up(8),0)=¢g(Up(5),0).

Lemma 4. Recall o as defined in (H4). Let ® (&, é ) be the fundamental matrix solution of

7 = A, s*, 0%z (3.4)

Then (3.4) has a generalized exponential dichotomy on [&y, 00) with strong stable projection P*S(&) satisfying
dim(Rg(P*$(£))) = 2, and there exists a K > 0 and 0 < y < « for which

[0 BP* @) < ke oD fore > &,

|o@. & (10-p"@)| <K€ fore <&,
Proof. This is a standard result on exponential dichotomies, see for example [3]. Define Ao (s*, 0*) = limg_, o0 A(£,
s*, 0*). Since the convergence is exponential and there is a gap between the strong stable and weak stable eigenvalues,

see (H4), the constant-coefficient asymptotic system has an exponential dichotomy and the non-autonomous system
inherits one with the same decay rates. 0O

With the existence of an exponential dichotomy, we can express the strong stable manifold in the usual way as the
fixed point of a variation-of-constants formula. In the following, we use the notation

D€, ) = P(E, &P (), P (§, o) = (&, &) (Id — P* (£0)) -
Lemma 5. Let & < 0 be arbitrary and let o and y be as in Lemma 4. Define
s ={¢ € Chitgo, 0. RY}.

with norm ||@|ls = supg ¢z, o) ePE=E) || (&) for y < B < . Given Y € Rg (P** (&y)), consider the operator T de-
fined for all & > &y as
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£
TQ#):= ¢‘Y‘Y(E,§O)Y+/¢S‘Y(§,T) (n(z,s) + N(Q(1), 7,5,0))dr

%0 (3.5)

- / dY (&, 1) (n(t,s) + N(Q(z), 1,s,0))dr.
&

There exists an r > 0 and a ¢ > 0 such that for any small Y € Rg (P*S(&)) and all (|s — s*| + |0 — o™*|) < ¢ the
operator T is a contraction mapping on B,.(0) C S, where B, (0) stands for the ball of radius r centered at Q =0
in S.

Proof. The proof is standard, but we include it since we will require some information regarding the value of the
contraction constant. Note first that ||n(z, s, 0)|| < C|s — s*|e”%". Also, for r sufficiently small there exist positive
constants /(r), Iy and I, such that for any 7 € [&), 00),

IN(Qi(1).7,5,0) = N(Q2(1), T.5,0) | < (I(r) + Is|s — s*| + Is|lo — *]) |01 (x) — Q2 (D).
Note that [(r) — 0 as r — 0. For brevity, let

L(r,s,0)=1)+1|s —s*|+ ;|0 — ¥

Then
&
SEDNTQE)| < KePE80 |y 4 P / Ke @™ P50 (Cls — s*e™*" + L(r.5,0)[Q(D)])) dr
o
(0.¢]
+ BV / Ke?™ P50 (Cls — s*|e™ T + L(r,5,0) | Q(v)|) dr.
§
Since B — a < 0 we obtain constants Cg, C such that
ITQlls < KNY I + Cgls — s + L(r,5,0)CN I Qlls, (3.6)

and we observe that for |s — s*|, |0 — o*| and ||Y|| sufficiently small the operator maps T : B, (0) — B, (0). For any
fixed Y, we have

&
PENT Q1(8) — T 028 Seﬂ@_&”/<1>”(EJ)|IN(Q1(T),f,s,o)—N(Qz(r),f,s,a)lldf
&

o0
1 oPE0) / O (&, D) IN(Q1(1). 7.5, 0) — N(Qa(0). 7,5, 0) dr
&
3
< PER) e K L(r,5,0)]101 — Oalls / e @ Prdr

)

oo

+ePE0 eV K L(r,5,0)]101 — Qalls / eV Prdr.
§

Since y < B < « the integrals converge and we obtain that 7 is a contraction for L sufficiently small, or equivalently
for » > 0 and ¢ > 0O sufficiently small. And for future reference, we denote by « (r, s, o) the associated contraction
constant so that

ITQO1—TQz2ls <« s,0)||01— 02|ls. O
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The strong stable manifold is therefore given as the fixed point of (3.5) and at & this manifold can be expressed as
a graph from Rg(P**(&p)) to Rg(Id — P**(&p)). We now select coordinates. The range of the strong stable projection
is spanned by the vectors

Ul (&) a1 (£o)
U” () a(E0)

01 = p , Or= , 3.7

: 0 7| g G-D
0 @' (o)

where ¢ (&) is defined in (H3) and a;(¢) and a»(§) are solutions of

aj(§) =ax(é)
ay(§) = —F,(Up(8),0)a1(§) — s¥ax(§) — Fy(Up(8), 00 ().

The homogeneous equation has a pair of linearly independent solutions,

e
) o e’
MO =ULE), A =U,®) ! T (3:8)
0

Note that A1(§) <0 and A>(§) < O for & > &p. A family of solutions with strong exponential decay as & — oo is
given by

&
aj(§) =c1A1(6) + A1(§) / es*TA2(T)Fv(Up(T)s 0)p()dzr
o

+Az(E)fes*rAl(T)Fu(Up(f),0)¢(T)df. (3.9)
3
Then

&
ar(§) = c1A1(§) + AL (§) / ES*TAz(T)Fu(Up(T), 0)¢(r)dr
0

+ A5(®) / ¢ TAL(T) Fy(Up (1), 0)¢(r)dr.
3

We select ¢ so that 6 and 6, are orthogonal at &y. This implies

UyE0) o [ oo
cl ((U;,(So))2 + (Ug(50)2)> =— UZ(Z) e’ gO/es FAI(T) Fy(Up(7), 0)¢(r)dr.

o

We make several observations here that will be of importance later. First, the sign of ¢; depends on the value of
Fy(Up(8),0). If F,(Up(§),0) has one sign, then c; shares that sign. Second, if we set £ = &y we observe that the
integrand es*’Al(t)Fv(U »(7),0)¢ () converges exponentially as T — —oo. Finally, we note that a1(¢§) and a2(§)
share the same decay rate as ¢ (&) as £ — —oo while their decay rate exceeds that of ¢ (£) as £ — oo.

The range of (Id — P*¥(&p)) can be expressed in terms of solutions to the adjoint equation,

Y =—AE,s* oy (3.10)
Note that the adjoint equation also admits a generalized exponential dichotomy with fundamental matrix solution
D&, &) = (CD(S , 50)_1)T. The generalized exponential dichotomy distinguishes between solutions with weak and
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strong unstable dynamics. The weak unstable projection for the adjoint equation has two dimensional range spanned
by,

—e5 o U;,/(So) 0
e U (§o) . 0
— 14 — po* ) 11
Ilfl bl (éo) ’ 1![2 e _¢/ (EO) ’ (3 )
by (&) ¢ (%0)
where b1 (&) and by (&) satisfy
U 0
1o = EOD 6 4 Rw,©), 00U @)
by(&) = —b1(§) + ;bz(é)-
This system can be re-expressed as the second order equation,
o*by (&) — s* by (&) + g(Up (). 0)ba(§) = —0* Fy (U (£). 0)e” S U (5). (3.12)

The homogeneous system has a pair of linearly independent solutions,

_L
oFT
2

Bi(§) = e57Ep(&). Bz(s>—en*f¢<5)f¢

Note that B (&) possesses weak unstable growth as & — oo and B (&) has strong unstable growth. For & tending to
—o0, we have that B (£¢) and B,(£) both converge exponentially to zero.

Variation of parameters yields a solution to the inhomogeneous equation (3.12) with weak-unstable growth as
§ — o0,

by(§) =c1B1(§) + 31(5)/6_%T32(1)FU(U,;(T), 0)€S*IU;7(T)dT
)

+Bz(g)/e*%fBI(T)F,,(U,,(z),O)ef*TU;,(r)dr, (3.13)

where we note that the integrand converges exponentially as T — oo and, hence, the integral converges. Finally, we
select ¢ so that v and v, are orthogonal. Orthogonality requires that

—¢'(§0) ( ba(50) — bé(&o)) + b2(80) (50) =

from which

$'Eo) [

@ (o)
o

&1 (660 + @ €)?) = ¢RI (D) R Uy (), 00 T U (0.

We introduce the notation,

= (¥150), ¥1(50)), 2= (V2(60), V2(60))- (3.14)
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Lemma 6. There exists functions hy and hy such that the manifold W*S(Pgy) can be expressed as

Up (‘i:())
Ul (50)

0
0

+ 10161 + mby + (s — s Loy + hi(1, m2, s, 0)Y1 + ha(n1, m2, s, 0) Y2, (3.15)

where h 2 are quadratic or higher order in all their arguments. Expansions of h| 2 are obtained in Appendix A.

Proof. Given Y = n16; + 120> € Rg (P**(&y)) and |n1| + |m2| + |s — s*| + |0 — 0*| small enough, let Q*(-, n1, 2,
s,0) € S be the unique fixed point solution to 7 Q* = Q* in B, (0) from which evaluating (3.5) at § = &y we obtain

o0

Q* (&0, M, m2,5,0) =mb1 + 262 — / D" (&, 7) (n(t,5) + N(Q*(r,n1,m2,5,0), T, 5,0)) dr. (3.16)
=0
Using the fact that P** (§)®P (&, 7) = (&, t)P**(7) we have that

D" (50, T) = P (0, T) (Id — P (1)) = (Id — P** (§0)) @ (0. 7),
which shows that the second term in (3.16) belongs to Rg (Id — P**(&p)) and thus

P* (&0) Q" (&0, m1. M2, 5, 0) = 0161 + 1202,

]

(Id — P (&) Q* o, M1, 2, 5, 0) = —/ B (89, 7) (n(7,5) + N(Q* (1, 01, 12, 8, 0), T, 5, 0)) dT
&o

It is first easy to check, using the specific form of n(z, s) that

o0 [o.@] o0 . 2
f (V1 (E0), D™ (€. DIn(z, 5))dr = / (Y1.(2), n(z, )}t = —(s — 5*) / & () ar.
& & &
together with
/ (Y2(E0). O™ (6. DIz, 5)dr) = / (Y2(0). n(z, )}t =
& &

As a consequence, there exists /11,2(11, 12, s, o) so that equation (3.16) can be written as

0* (&0, 01, m2,8,0) =161 + 1202 + (s —s)Coyr + A1 (1, n2, 8, 0)91 +ha(n1, 02, 5, 0) Y2,

where
o0

1
/ U (T)
Q1

o

1 ,
hi2(1,m2,8,0) = “an / (¥1.2(80), ™ (G0, N(Q* (T, 1, M2, 5,0), T, 5,0))dT
T &
and €21 » have been introduced in (3.14).
In the remaining of the proof, we show that the maps %1 2(n1, 172, 5, o) are at least quadratic in their arguments and

present a procedure which allows one to compute the leading order terms in their expansions, the explicit formulae
being provided in Appendix A. Let 0%(&) := 0161 (&) + 1262(&) + (s — s)6,(£) where
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e ¢]

&
(s — M0, (&) = / D% (&, t)n(r, s)dr — / DY (&, T)n(t, s)dr,
) §

with 05 (&y) = I'gyr1. Define now ol = TQO, that is

¢
0'6) = <I>“<s,so>Y+/d>“(s 7 (n(z.9) + N(Q"(@). 7.5,0)) dr

) / (3.17)
_ f CDwS(E, 7) (l’l(T, s) + N(QO('L’), T,s, 0')) dr
&

Let us remark that (&, &p)Y = ®* (&, &) (0161 + 12602) = n101(§) + n202(§) for any & > &y such that (3.17) can
be written in a condensed form

3 00
0'(&) = 0°() + / ®% (&, N(Q (1), 7, 5, 0)dr — / O (€, TIN(Q'(x), 7,5, 0)dr.
& 3

From the contraction mapping theorem, we find that || o' — 0*|Is < 1KTK ot — Q0||5 where « (7, s, o) is the con-
traction constant from Lemma 5. Essentially repeating the estimate in (3.6), we also find that there exists a constant
C1, > 0 for which

10" — Q%ls < CLL(r,5,0)[ Q5. (3.18)
Let £ =& in (3.17) to obtain
o0

Q' (50) = 0161 + mb2 + (s — s*)Toy1 — / " (S0, DN (101 (7) + 1262(7) + (s — 57)05(7), T, 5, 0)dr.
)
The inequality (3.18) implies that /1 > are at least quadratic in their arguments and that we can compute terms up to

quadratic order in % » by projecting 0'(&) onto Y¥1,2. We now refer to Appendix A for the quadratic expansions of
the maps h12. O

Remark 7. An explicit expression for 65 can be obtained in a fashion analogous to that of the terms a; 2(§). Namely,
we find that 0;(€) = (01 (€), 02(£),0,0)T solves

ﬂ:@?
e
o)

& =0~ FUp(©).00] ~ Up©).

Then a solution with strong exponential decay as £ — oo is given by

& 00
06 =81+ 41©) [T AU+ A [T (3.19)
&

where A1 2 (&) are defined in (3.8) and ¢; is chosen so that 6,(£p) is orthogonal to 6;.



G. Faye, M. Holzer / Ann. 1. H. Poincaré — AN 36 (2019) 545-584 561

3.1. The tangent space of W**(Pg)

Before proceeding to a local analysis of the dynamics near P, we pause to comment on the behavior of the tangent
space of W**(Pg) in the limit as § — —oo. This is most easily accomplished in the coordinates of (3.1), where we
focus on the system 7’ = A(£, s*, %)z with z = (p1, p2, q1, ¢2)" .

We will be interested in tracking the tangent space of W**(Py) backwards along (U,(§),U ;, (¢),0,0) until it
reaches a neighborhood of P;. We will first show that for s = s* and o = o* that this tangent space will align with the
weak-unstable eigenspace of P;. Here the weak-unstable eigenspace includes both the unstable eigendirection as well
as the weak-stable eigendirection corresponding to the eigenvalue v} (s, o'); recall assumption (H4). The fact that this
alignment occurs at s = s* and o = o* is to be expected. First, due to the existence of the pushed front we know that
W (P1) N W3 (Pg) # @ so that their tangent spaces must also intersect. Second, assumption (H3) gives the existence
of second, linearly independent vector (see 6, (&) in (3.7)) that converges to the weak-stable eigendirection associated
to v;f (s*, o*). After verifying this, we turn our attention to computing how this tangent space perturbs with s and o.
This is more involved and complicated by the unboundedness of individual vectors near the weak-stable eigenspace
as & — —oo. To deal with this, we use a generalization of projective coordinates that was used in [19].

To begin, we track two dimensional subspaces using the coordinates,

(Pz) _ (zu z12> (p1>
q2 0 =z q1

wherein,
= —s"z11 — Fu(Up(),0) — 21,
2 =—5"210 = Fy(Up(§),0) — z12(z11 + 222) (3.20)

S*

1
/o 2
iy = _—0*Z22 - _O_*g(Up(E)s 0) — 27

Using the expressions for the vectors 01 (&) and 62(£), we find corresponding solutions

Uy (&) ¢’ (&) a &) Up®) a(®
In@E) =-L"" ZnE)="-2, ZnE) = -2 :
nO=5% 9= 56 "V 56 T Um se

The tangent space of the manifold W**(Py) is then expressed as a graph over p; and g coordinates

(Pz)_(Zn(E) Zu(E))(m)
9 ) 0 Zxn(&) q )

A calculation reveals that the expression for Z1; can be simplified to

Z (é)—L e f
) U, & )

¢ TU (D) Fy(Up (1), 0)¢p(1)d7

It follows from Hypothesis (H3) that as £ — —oo0,

—F, (Pl)
s+ v (%) 4+ vif (%, 0%)
which we verify to be fixed points of the system (3.20). These fixed points correspond to the unstable and weak stable
eigenvectors for P (see (4.1) below) and we have shown that span{6;(§£), 62(§)} coincides with the weak-unstable
eigenspace of P; in the limit as £ — —o0.
To understand how this heteroclinic perturbs with s and o, we let

Z11(§) = vf (%), Zon (&) > v (s*,0%), Z12(8) —>

211 Z11(8) + ¢
22 | =1 Z12®) +¢12
222 Zn(E) + i

Let E = (¢11, C12, {22)T, then we obtain



562 G. Faye, M. Holzer / Ann. 1. H. Poincaré — AN 36 (2019) 545-584

B =AE, s 0B+ (s —snE)+ (0 —o™)m(E)+ N(E,s,0), (3.21)

where we have momentarily re-purposed the notations A, n and m with,

—s*=2Z11(§) 0 0
A(é,S*,G*):( —Z12(8) —s* = Z11(&)+ Zn(¢) —Z12(8) )

0 0 — 8 —2Z5(8)
and
~Z1(€) 0
n@ =\ —Zu@ |, mE:=( o
L2 T8 Up().0) + 257 Z02(8)

Since we are only interested in the linear dependence on s and o, we henceforth ignore the nonlinear terms N (&, s, o).
We will also require linearly independent solutions to the associated adjoint equation,

Y =—AT (5%, oM.

The adjoint equations form a system

Vi =6 +2Z1ENYI + Zinvi,
Vin ="+ Z11(5) + Zn(§) Y12,

Wy = Z1(E)ia + (;— + 2zzz<s>> V.

We have solutions

Cs3(8) Cs(8) 0
Y3(8) = 0 JUaE) = DaG) |, vsé) = 0 ,
0 E4(§) E5(&)

with
2 * s*
CE) =(Up©) e Di® =Up©0 @™, Es@) =) e,
Requiring orthogonality of the three vectors at § = &y implies that C4($p) = E4(§0) = 0. Let ®(&, &y) be the funda-
mental matrix solution to ' = A(&, s*, 6*) E. Bounded solutions of (3.21) can be expressed in integral form as
&
2(6) = / ®(E.7) ((s — (1) + (0 — 0)*m(z) + N(E (D). 5. 0)) dr.
—00
We focus on the leading order dependence on o. At & = &y, we write
E(80) = h3(o)y¥3(80) + ha(o)Ya(o) + hs(o)¥s(8o)-

Observe that h3(0) = 0 due to the block structure of (&, &y) and the specific form of m(&). We focus first on the
projection onto 5

0
(¥5(80), E(§0)) _ (0 —0) (s (&), D(Eo. Tym())dr

h = =
= ) G J

s*

1
Es(7) <Wg(Up(T)’ 0) + —Zzz(f)> dz

(0%)2

&0
(0 —0%)

T EXeo) J

S*

(o*

_(o—0")
B0 )

s* 1
ea—*f(—(a*)zg(up(r),ow(rﬂ )2¢(r>¢’<r>>dr. (3.22)
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In a similar fashion we compute,

(Y40), Eo)) _ (0 —0™)

&0
hy(o) = (Ya(50), (o, T)m(7))de

Diy  Di) .
(0 —0%) < 1 s* >
=——— [ Es(7) (Up(),0) + ——=Z2a(7) ) dr. (3.23)
D} (o) . TR ()2
Returning now to the original change of coordinates, we find
( P2 ) _ ( Z11(60)  Z12(80) + ha(o) D4(&o) > ( P )
92 0 Z(50) +hs(o)Es(§o) ) \ a1 )"
This describes a two dimensional subspace of the form,
p1
Z Z h D

R(p1,q1,0) = 11Go)p1 + 12(503;]1 +ha(0)DsGo)qr | (3.24)

(Z22(&0) + hs(0)Es(80)) q1

We now decompose this subspace into the basis {01, 62, V1, ¥2}. To recover 61, we require 0 =o*, py = U [’, (&0) and
g1 = 0. To recover 65, we require o0 = o*, p; = aj(&) and g1 = ¢ (§p). Projecting onto v, we find

W2 R(p1 a1, o)) = 20— / = ( 2(Up(D). 0)p(1)2 + —— ¢ (T)¢/ (r))dr (3.25)
) )2 (o *)2
and projecting onto 1, we find
. &
W R(prqry o) = 10— / b2(0) (s g (U, (1), 0 (1) + ——— /() ) dr (3.26)
LAl (&) (025 P (0*)? ' ‘

We refer to Lemma 17 of the Appendix for the details of the computations.
4. Tracking the unstable manifold W* (P,) forwards

We now derive an expression for W*(P,) in a neighborhood of the fixed point P;. Hypothesis (HS) will be key
here. We delay a precise description of this assumption and its consequences until Section 4.2 and instead begin with
a required normal form transformation for the traveling wave equation in a neighborhood of P;.

4.1. A normal form in a neighborhood of P,

We begin with a local analysis of the dynamics of (1.2) near the fixed point P; = (u*,0,0,0)”. The Jacobian
evaluated at this fixed point is

0 1 0 0
_Fu(pl) - _Fv(pl) 0
Df(Py) = 1|
X X g(()P) c
1 S
0 0 -5 -5

where we note that G, (p1) = 0 and hence the linearization is block triangular and the eigenvalues and eigenvectors can
be computed explicitly. The characteristic polynomial is d(v) =d, (v)d,(v) = (W2 +sv+ F,(p1)(0v? +sv+g(p1)).
The eigenvalues are
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s 1
Vi ()= =3 & /52 —4Fu(p1)
+ S 1 2
v, (s,a):—gzbg sc—4og(p1).

Recall Hypothesis (H4) and the assumed ordering v, (s,0) < v, (s) < v;r (s,0) <0< v; (s). The corresponding
eigenvectors are

__ k@)
dy (vy (5,0))
+ vy (5) + _ Ry s.0)
€, (S) = MO , ey (S, (I) = dy (vy (s,0)) . (41)
0 1

vE(s, 0)

We introduce new coordinates, first by shifting the fixed point P; to the origin and then diagonalizing the linearization
via

up —ut yH

uy _ yxs,u

v] - T(S, 0) yws ’

V) yss,v

where
1 1 _ Fy(p1) _ Fy(p1)
dy(vy (5,0)) dy (vy (5,0))
+ - Ryl .0) Ry, (5,0)
T(s,o)=| % & W) — oo duvy (550 | 4.2)

0 0 1 1
0 0 v (s,0) v, (s,0)

In these new coordinates, the vector field assumes the form,

c;y; = ()Y F N O Y Y Y s, 0),
dyws + ws U | ws | SS,U S,V
TR (5, )" 4+ Nus (", y*°, y*54, 3™ s, 0),
dy™" - s, U WS LSS LSS,V (4.3)
ag Y+ Nosu (0, ™, y*51, y¥50s, 0),
dyss’v - SS,v u ws SSs,u SS,v
TR (5,0)y* Y + Nys o 0", ™, y750, y*5 Y s, 0).

Invariance of the v; = v, = 0 subspace implies that Ny (y*, 0, y***, 0,5, 0) = 0 and Ny, (%, 0, y*4,0,5,0) =0.
We expand the nonlinear terms as follows to isolate the quadratic terms,

Nu(yu’ yws’ yss,u7 yss,v’ s, O_) — Z (yu)i(yU)S)j(ySX,u)k(yss,v)lNg,jsk,l)(S’ o,) + 0(3)’ (44)
i+j+k+1=2

with the natural analogs for Nys Ny, and N o

The goal is to perform a Shilnikov type analysis of the origin in (4.3) and obtain asymptotic expansions for solutions
that enter a neighborhood of the origin near the weak-stable eigendirection and exit near the unstable manifold. To
do this a sequence of near-identity coordinate changes are required to place (4.3) into a suitable normal form. These
changes of coordinates are outlined in [12], but we include them in detail here because they will be relevant for
deriving the bifurcation equations later.
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Straightening of the stable and unstable manifolds The origin is a hyperbolic equilibrium for (4.3) with correspond-
ing stable and unstable manifolds. The following result transforms (4.3) into new coordinates where these stable and
unstable manifolds have been straightened.

Lemma 8. There exists a smooth change of coordinates,

AN

Zu — yu _ /Hs(yws’ ySS‘M, y N , S, O.)

Zws — yws
Ss,u Ss,u u (4'5)
=yt = Hu (v s)
Zss,v — yxs,v
defined on a neighborhood of the origin that transforms (4.3) to the system
dz" + u u _ws s
ag ()" + My (2", 2", 2%, 5,0)
dZwS
T vi(s, 002" +yn (@, 2%, 2%, s, 002" + yin (2, 2%, 2%, 5,0) Z° (4.6)
dZS ) u ws ) ws u ws ) )
EZASS(Sﬂa)Z +V21(Z s < 7ZaSaO—)Z +)’22(Z s < ,Z,S,G)Z,

where we have let Z° = (z°", %) and A (s, 0) = diag(v, (s), v, (s,0)) and we have that M,(0,z"*, Z°,
s,0)=0.

Proof. The origin in (4.3) is hyperbolic with smooth stable and unstable manifolds. The unstable manifold is con-
tained within the invariant sub-space y** = y*>>¥ = 0 and can be expressed as the graph

ySS»M = Hu()’u, S),

which admits the expansion,

Ho (", 5) = Naw6,0)
T 20 () — v ()

Let us remark here that N§§;2*°’O) (s, 0) does not depend on o and can be expressed as

"2+ 03).

N2000 (5 o) — Fuu(p1) .
2(vi (8) = v (5)

The proof of this statement is left to the Appendix (see Lemma 18). The stable manifold has a similar expansion,
rHs (yws’ yss,u’ yss,v) — Z n(i,j,k) (S, o.)(yws)j (yss,u)k(yss,v)l + (9(3)7
JkH=2
where
N0 (s, 0)
JV(5.0) F kv () + vy (5,0) = vy (5)

Following these changes of coordinates, we have transformed system (4.3) into (4.0) as required. O

ngin(s,o)=

Removal of terms y;1(z",0,0,s,0) We will eventually employ a Shilnikov type analysis where solutions of (4.6)
are obtained as solutions of a boundary value problem on the interval £ € [0, T] with T > 1. This boundary value
problem imposes conditions on the unstable coordinate at § = T and thereby the instability is controlled by evolving
that coordinate backwards. One would then hope that the linear behavior would dominate in (4.6). This is not the
case due to the presence of the terms y;1(z", 0,0, s, o). To obtain useful asymptotics, we require a further change of
coordinates that removes those terms. This is accomplished in the following lemma.
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Lemma 9. There exists functions p(z*,s, o) and q(z", s, ), with p : R> = R, and q : R?> — R?, valid for |z*| + |s —
s*| + |o — o*| sufficiently small such that the change of coordinates,

2" ="01-p@E"s5,0)

7S __ 7S _ u ws (47)
Z - Z q(z 7S’O)Z ’
transforms (4.6) to the normal form

dz" — -

dzg =) + M, ("3, 25, 5,0)
daz¥s ) o= ) o= -

T vi(s, 002" + 7,2, 20, 5,002 4 7L 2, 20 s, 0) 20 (4.8)
dZS 7S - u -ws 7§ Sws - u zws 7§ 7S

d%‘ ZASS(S7O')ZA +]/21(Z 7Z ‘7Z‘7S’O')Z ' +]/22(Z 7Z A7ZA7S70')ZA5

where y11(z",0,0,s,0) =0 and y,1(z*,0,0,s,0) =0.

Proof. We use a change of coordinates outlined in [5,21]. In a first step, we let

7w = Zws(l _ ng)

Zs 75— GsZws
for two smooth functions g%* : R — R and G* : R — R%. We substitute this change of coordinates into (4.6) and
obtain

dZws n B B ‘l ngJS —

d%. =1, (S» g)zws +Zws ()’11 + VIZGS - 1— gws ds + )/1228(1 - gwx)s

dzs . 7vs dG* 49
& = AyZ’ + T—gw <AssGS — v (5.0)G’ + y21 + ynG* — i VnGS) @9

+ynZ' — GynG*,

where we have suppressed the functional dependence of y;; for convenience. Recall our original intention — to remove
those terms y;1(z", 0,0, s, o) from (4.6). To accomplish this, we set the terms multiplying z*** in (4.9) to zero and
find differential equations for g’ and G*. Since we are interested in these changes of coordinates along the unstable
manifold, we augment these equations with the one for z* and obtain

dgws
df;—' = (1 - gws) (y]l(zuv Oa Oa S, 0) + )/IZ(ZMa Oa 0’ s, O')GS) )
dG* + u u s u
& - (Ass(s,0) = v (5,014 y22(2",0,0,5,0) — y11(z", 0,0,5,0)) G* +121(z",0,0,5,0), (4.10)
dz* + u u
E =v, ($)z" + M,(Z",0,0,s,0).

The origin is a fixed point for (4.10) with one unstable eigenvalue (vb‘lIr (s)), one zero eigenvalue and two stable eigen-
values (v, (s) — v, (s,0),v; (s,0) — v (s,0)). Thus, there exists a one dimensional unstable manifold given as
graphs over the z coordinate. These graphs provide the requisite change of variables, namely we have
§" = p",s,0),
G’ :=q(Z",s,0).
We also obtain expansions,
1
)/1(1) (s,0)
Vi (5)

9", 5,0) = = (Mg (5.0) = 0 (5,0) +vf ) 7l 5,002 + 0 (@)?), (4.11b)

P, 5, 0) = 2 +(’)((z“)2>, (4.11a)
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where we have employed the notations
71",0,0,5,0) =y (5, 002" + 3P (5, ) + O (@), ie(1,2),

Quadratic expansions of p(z“, s, o) and g(z“, s, o) can be found in Lemma 20 in the Appendix. O
The Shilnikov theorem

Theorem 10. Consider the boundary value problem consisting of (4.8) with boundary conditions
0 =« Z°(0) = 29, 2(T) = —«,

for some T > 0. Then there exists a § > 0 such that for any |2k + | Zo|| < § and any T > 1/§ then the boundary value
problem has a unique solution and the following asymptotic expansions hold for large T,

24(0) = _Kefv;r(s)T + O(e(fv;r(s)+w)T)
U (T) = ceVs (50T + O(e(V,T(S,G)—w)T) 4.12)
ZS(T) — J/(S, O_)K262v:r(s,J)T + O(e(ZV:r(s,a)—w)T)’
for some w > 0 where
. N "0 (s.0)
921 207 (5,0) v (5)

azws (Oa 07 07 s, U) = Ni(é),%()()) (s,0)

ZUJ(AY,O')—VIJ_(S,O')

y(s,0) =

Proof. A full proof of this result is detailed elsewhere and we refer the reader to [20] for example. We sketch the
ideas here. Transform the system of differential equations (4.8) into a system of integral equations using variation of
constants,

T
Zu (%.) — eu;r(s)(g—T)Zu(T) _ evj(s)é / e—u;r(s)rmu (Zu (‘L’), zws (‘L'), Zs (‘L’))d‘L’
§
&

2 (E) = T EE(0) 4 8 / e (1 (1), 2 (2), 2 (0)F ()
+712(2" (1), 2" (1), Zs(ro))Zs(r)) dr
&
75(6) = M0 7, +eAxs(.Y,d)§/e—ASS(s,o)r (P (0, 29 (0, 25 ()2 ()
+722(2" (1), 2" (1), 23(3))25(1)) dr.

The solution is obtained as a fixed point of the mapping defined by the right hand side of the above equations for any
T > 0 and |2« + | Zp|| < & with § > 0 small enough for the right hand side to be a contraction. The requirement that
T > 1/4 is only to ensure that T is large enough in order to obtain the desired asymptotics.

Recall the ratio condition (H4). Under this assumption, the quadratic terms in z* are sufficient to derive an
expansion for Z*(T'). To do this, we recall that the leading order expansion for Z* can be obtained from the integral

equation for 75, where we identify the dominant terms are found in the integral
&
AGET / e e %(_M*v;(m, 0,0,s, o)k GTdr,
7
0

Of these terms, the dominant contribution comes from the quadratic terms that are independent of z* and we obtain
the desired expansion. O
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4.2. Application of Theorem 10 to the manifold W" (P,)

Let « > 0 and fix the sections
Eoutz{zu:_K}’ EinZ{ZwSZK}.

We suppose that « is sufficiently small so that these sections intersect the neighborhood on which the changes of
variables in Lemma 8 and Lemma 9 are valid and for which the existence of solutions in Theorem 10 holds.

The goal is to derive an expansion for W*(P,) within the section X°%' so as to facilitate a comparison with the
manifold W** (Pg). Note that for fixed values of o and s, W*(P») is a two dimensional manifold, so that its intersection
with $°' is one dimensional. Recall Hypothesis (H5), where we assume that W*(P;) enters a neighborhood of Py
near the weak-stable eigendirection. In terms of the coordinates of (4.8), this assumption implies that

2(0) = hu(x, 5,9),
Z”’"(O) = hss,u(X’ S, 0)’ (413)
55:(0) =hgsv(X,5,0),

where x parametrizes the intersection and we have that (0, s, 0), hg (0, s, 0) and hg, (0, s, o) are all zero. We
first match the terms in the z component. We find that to leading order

_Ke—vlj'T + O(e(—‘);"‘w)T) =r(s,o)x + O(Xz)v

where r(s,0) = ‘ff;‘ (0, s, 0) # 0 because the tangent space of W*(P,) intersects W*(P;) transversely, see (HS). We

then have the expansion

e T 4 3(T,s,0),

X(Io’s’o')z_r(s,O')

see Remark 11. Therefore, for every 7' > % we can solve for x(p,s, o) and obtain expressions for W*(P,) within

04" These expressions can be given as a graph over the weak-stable direction, namely

2T =p,

75 2 (4.14)

Z‘ (T) = 10 (V(S, G) + ZSS(p? S, U)) .
Remark 11. It is at this stage that the condition (2.4) on the ratio of the eigenvalues in (H4) comes into play. Were this
condition to fail to hold, then the expansions for the strong stable components in (4.12) would depend on the initial
character of the manifold W*(P,) within ¥". Then the particular form of the matching condition x (p, s, o) would
be relevant and it would prove more challenging to match solutions in the following section.

4.3. Transforming to original coordinates
To compare the description of the manifold W (P,) in (4.14) to the one for W**(Pg) we need to transform back

to the original coordinates. To do this, we first transform from (z*, z"*, Z%) coordinates to (z%, z%%, Z*) coordinates.
This change of coordinates is performed in Lemma 9 and can be inverted explicitly. We obtain

I =K
ws — p
1 —p(—«,s,0) (4.15)
(_K5 S,O')
s p LT (s, 0) + Zys(pr 5. 0)).
1_p(_K7S70)

Next, we need to transform this expression from the coordinates (z*, z"*¥, Z%) to the coordinates (y*, y*s, y¥,
y*%V). This involves inverting the change of coordinates given in Lemma 8, i.e. solving the following set of implicit
equations,
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= yu _ /Hs(yws’ yss,u, ysx,v)
P

— ws
1—p(—«,s,0) Y
D(—k. 5.0 4.16
LN 2 () D5,0) 4 Zieap0.)) =3 — Hu(6) 10
1—-p(—«,s,0)
q(z)(_K,S,U)

T2 02 (YD05,0) + B 0,9)) =y
1 —p(—«k,s,0)

The change of coordinates can be inverted by first inputting the expressions for y**, y** and y**? into the first
equation in (4.16). This yields a scalar equation for y,,

Y
1—p(—«,s,0)
M (—
=" = H | HuO") + o522 D + 02 (v V(s,0) + Ziu(p, 0,9))
9@ (—k.5.0)

s 02 (rP6,0) + Zosu(p, 0,9)

Applying the implicit function theorem, we obtain a solution

Y = Vu(p,5,0) =V0s) + pVLi(s, o) + p*V2(s5,0) + O(pY).

Note that y{f (s) is a solution of
0=k +Y9s) = Hy (0.1, (30)) ,0)

and we find an expansion in k of y{) (s) = —k + O(x*). We observe that the independence of the leading order term
on o follows from the fact that the vector field restricted to y** = y*5¥ = 0 is independent of o.
We then obtain an explicit representation for y**>* in terms of )),. For convenience we make a similar expansion,

Vs (0.5.0) = HuVulp,5.0)) = V0, ((5,0) + pYVy, (5. 0) + p* Vi, ((5,0) + O(p”).
These terms have similar expansions in «, for example

2,0,0,0
_ Nhgs,u )(S7 o)

208 (5) — v (5)

To summarize, we have found the expressions

Vous(s.0) K2+ 0.

yu =Vu(p,s,0)
ws _ p
Y= 1 —p(—«k,s,0)
D (—k,s,0) 4.17)
yss,u = pq— + :02 (V(l)(ss o)+ Zss,u(p’ o, S)) + yuu,s(pa o,s)
1 - p(_Ks s, U)
@ (—k,s,0
w2 p LN 2 (,05,0) 4 240400, 0,9))
1= p(—«k,s,0)
Therefore, the manifold W (P,) N X' in the original variables is
yM(p’ S,U)
U1 ut gV (=k,5,0) 2 (., (1)
Pl=rs0) TP (V (SaU)'FZss,u(P,U,S))+yuu,s(,0,0,s)
us 0 p(—#.5.0)
=1 o +T(s,0) o . (4.18)
vl 1—p(—«,s,0)
v2 0 g (—k.5,0) 2(..2)
s TP (@ s,0) + Z55.0(0, 0,9))

For future reference, we refer to
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yu(pv S’O)
(M
p% + IOZ (V(l)(sv o)+ Zssulp, 0, S)) + Vuu,s(p, 0, 5)
W(p,s,o0):=T(s,0) o (4.19)
1—p(—«,s,0)
@(_
P9 4 p2 (O (s,0) + Zas (0. 0. 5))

4.4. Expansions of relevant quantities

Before proceeding to compare W**(Py) and W* (P,), we first interpret some of the terms in J and derive alternate
expressions that will prove useful later.

Lemma 12. Recall W(p, s, o) from (4.19). We have that W(0, s, o) C W*(P}). Furthermore, W(0, s*, o) is colinear
with 601 and

ow ow
——(0,5*,0) =0, =(0},6%,0,007, —(0,5%,6%) =0.
s S Jo

Proof. First observe that

Vo(s)
V0,59

0
0

WQ@,s,0)=T(s,0)

Recalling the expression in (4.15) we see that the limit p = 0 corresponds to a value in the unstable manifold of P;.
When s = 5*, the unstable manifold includes the heteroclinic orbit (U, (¢), U 1’7 é),0, 0)7, with tangent vector ;. O

Lemma 13. The vector

Vas*,0%)
(1) * %k
q'"(=«k,s*,0%) 1 X ok
ow " * N X 1—p(—x.5%,0%) +yuu’s(a S )
W(O,S,U)—r191+r292—T(S,0) ! ,

1—p(—«,s%,0%)
9@ (—k.5*,0%)
1—p(—«,s%,0%)

where it follows that

1 D (k. 5%, o) .
r = 61, 61) <y;(s*, o*) 01, el ) + <1q_ e +yulu,s(0*a5*) @, e)
1 q(2)(_K,S*,O'*) B
s on O T s om )
(1) — *k *
g (—«k,s%,0%) B
ry = (62, 02) <yul(s*, o*) (02, el ) + <1 o 0% +yliu,s(o-*ss>k)) (02, )

1 g (=K, s*,0%)
0o, eF Ore)) |,
T s on 2 T T o %)

where
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(01, €4) = U, (€0) + Uy (Eo)vy

F.(p1) , 1
(62, €F) = a1 (&) + aa (Bo)vE

F, ’
02,1 = ((fil; (a1(60) + ax(E)vE) + B (E0) + v (&),

Proof. Recall that those terms that are linear in p originate in (4.14) and result from following the weak-unstable
eigenspace along the unstable manifold of Py to the section £°*’. The subspace z°** = z%%¥ = 0 is invariant in (4.6)
and therefore this vector is the weak stable tangent space of P; tracked forward along the unstable manifold. In
Section 3.1, we calculated that this space coincides with span{f;, 6>} and the result therefore follows. O

Lemma 14. We have the further expansions of W(p, s, o)

BRI
Opo = —(0,5%, 0" =ry (B1¥1 + B2v2),
dpdo
and
Vi(s*, %)
05— 182_)/\)(0 5%, 0%) = T(s*, 0™) y(l)(s*,o'*) +y13u,s(5*70‘*)
P2 9p2 T ’ 0

y@(s*,0%)

Proof. The expression for 62> follows from a calculation.

For 6, , we recall Section 3.1 where the tangent space to the weak- unstable manifold was tracked and its depen-
dence on o was ascertained; see (3.24) for the expression R(p1, g1, o). Using the parameterization of the subspace
in terms of | and o, we can write the subspace as

,R(rU, , ,
W oo gy VRO E) + o) g @) o))
op Q
(Y2, R((r1 U}, (§0) + r2a1(60), 12 (§0), 0))
+ o) ¥,
2
where
o 1 N
(1. R) =0 — %) / b (1) (Wgwp(r), 0)¢ (7) + (Us*)zw)) dr,
and
o0 . { N
(W2, R) =r2(0 — o) / ei—*’<w—*)2g(Up<r>,0)¢<r)2+ (:*)zw)qs/(r)) dr. O

5. Resolving the bifurcation equation: proof of Theorem 1

We now establish Theorem 1. Recall the expression (3.15) that describes the manifold W5 (Pg) near the section
ou! Similarly, we have expansion (4.18) that describes W (P;) within the section %', Equating these expressions
we obtain an implicit bifurcation equation

0=F(p,n1,m2.5,0;80,k) = Ar(&) + 0101 + 1202 + (s — s Toy1 + hi(n1, n2, 5, 0) Y1 + ha(n1, m2, 5, 0) 92
—W(p,s, o).
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First, we relate & and x by imposing that F(0,0,0,0,s*, 0*; &), «) = 0. This is possible since Ar(&) and
W(0, s*, 0*) both lie in the heteroclinic orbit (U, (&), U 1’7 é),0, 0)T. We henceforth suppress the dependence of F
onk.

Using the expansions in Lemma 12 through Lemma 14, we simplify F to
F(p,n,m2,8,0) =161 +mb2 + (s — s oy +hi(1, m2, s, 0)¢1 + ha(n1, 2,5, 0) P2
—(s = )8 — p(r161 +1262) — p20,2 — p(s = 5"y — p(0 = %)y +O(3).
We wish to employ a Liapunov—Schmidt reduction and so we compute the partials of F,
DyimypsF=(601 62 —ri01—rby Loy —6s).
The Jacobian has rank three, so we project onto the range by projecting onto the vectors 61, 6 and ;. We obtain

0=mn1(61,601) — (s —5")(01,65) — pri(61,61)

—p(01,0,2) — p(s — )01, 0ps) — p(0 — ™) (01, 0p5) + O(3),
0=n2(02,602) — (s —5)(62,65) — pra(62,62)

—p*(602.0,2) — p(s = 0)(62.0p5) — p(6 — %) (02.60p5) + O(3).
0= (s — oY1, Y1) + A1, m2, 5, 0) (Y1, Y1) — (s — s™) (Y1, 65)

—p2 (Y1, 0,2) — p(s — s (W1, Ops) — p(0 — ) (Y1, 0pe) + O3).

This constitutes an implicit set of equations which we write as G(n1, 12, s, p, o) = 0. Now, a simple computation
leads to

(61,61) 0 (01, 65)
Dy, 1,560, 5%, 0%) = 0 (02,62) (02, 65)
0 0 Qo — (Y1, 05)
At the same time, we compute
—ri(01,61)
D,G(0,s*,0™) = | —r2(02,62)
0

Therefore, the implicit function theorem ensures a solution G(n1(p, o), n2(p, 0), s(p, o)) =0 with

np,o)=rip+gip,o),
m(p,0)=rp+gp,o0),

1 9Zh 9Zh
_ _ 2 2 1 2 1
S(Pva)—S*—Gs(P,O')—P F((lplsepﬂ_rlgla—n%—erlW)
1 9%h
+ 000 =05 = ( (Y1,0p0) —12Q1——— | + O),
r 0ndo

where the functions g1, g» and Gy are all quadratic order or higher and

o0

F=QiTo — (¥1.65) = / T (U, (1)) dr.
—0oQ
We then consider the implicit equation
0="H(p,0):= (2, F(p.r1ip+2i1(p,0), 120+ 2(p,0),s" +Gs(p,0),0))
= hy (rip+gi(p,0).12p + 22(p, 0), Gs(p, ), 0) (Y2, ¥2) — (Y2, W(p, s* + Gs(p, 0), 0)).
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Note that H(p, o) = ,0’}:[(,0, o). We therefore expand, focusing on quadratic terms in H,
H(p. o) =h5 (r1p.12p.0,0) — p*(2,60,2) — p(@ — ) (Y2, 6pq).

There are three non-zero terms in hgz) that contribute to the quadratic term — namely the terms n%, n1n2 and nao. After
factoring, we find the solution

p=Myo —0") 4+ G, (0),

where
9 Q 8%hy
(Y2, 6p0) — 225,755
MP: 2y 92h 4
2 9%hy 2
r292_3,,§ +rirn g — (Y2, 0,2)

and G, (o) collects higher-order terms. We require p to be positive to ensure positivity of the solution. Therefore, the
sign of M, dictates whether the bifurcation to locked fronts is sub or super critical. With this solution, we can then
determine whether the front is sped up or slowed down by inputting this into Gs(p, o).

Simplification of the term M, We now make several simplifications. First, note that by Lemma 14 the numerator
simplifies with

I Phy [ e (sWp®.0 o st
2. 000) = Qo = / e (st)) + (a*)2¢<5)¢(s>)ds.

We then use the identity g(U,(£), 0)¢(€§) +5*¢'(§) = —o*¢” (£) and integrate by parts

82 17 o
2y == | e BE)9 @)k,
m oo o

—00

1
—(Wz, 9p<7> —Q
rn

] ® §* * §*
=— / (&) (d/(é)eo—*S + %ms)ea—*s)da

O—*

Ll c (9@ | s
= — o¥ — ) dE.
G*_[Om&w(s)e <¢<s> +G*) g

Now, we note that the term inside the parenthesis is positive, since for any & we have that g(U,(§), 0) > 0 from (H3),
and therefore

*

LG R e s
o) =T > s 6 — 48U, ). 0> -
We finally find that

2

1
sign (g(lﬁz, Opo) — 2 2 ) =sign(¢’) = -1,

2900

since ¢’ < 0. And thus the sign of M, is determined by the opposite sign of its denominator:

, , 9*hy ?hy 1
signM, = —sign | Qo —— + 1% — —(¥2,0,2) |,
an; omony  r

where we recall the following expressions for each term
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hy [ 4 (Guw(Up(£),0 Goy(Upy(€),0
@22 = [ o (—( OD o @rp 2+ T 8D )¢3(s))ds,

an3 20°*
g §o ’
9*hy i 7 % 2
P e CHCOUICORICACO B

(W, 0,2) = ey D (s*, 0™) (v (5%, )b (&0) — &' (60))

with from Lemma 19,

yPs* o) =

1 ( Fy(p1) va(pl))

o (vy (5,0) — i (5,0) Qv (5,0) — vy (5,0)) du(vv—(s’a))Guv(pl)_ 5

Expansion of s —s* With an expansion for p as a function of ¢ — o*, we finally obtain an expansion for s — s* as a
function of o — o*. Let

s —s*=M;(0c —o*)?+0O3),

where

: 3 (0*)2 (o*

8%h 8%h T U, (€),0 .
My ="M, (@p],epz) - r%QlW; - rgszla—;> +r / b (&) <M¢(5) +— )2¢’(s)> d&
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Appendix A. Expansions of /1>

We return to derive expressions for those terms in the quadratic expansions of #; and A, from Lemma 6 that are
required for the resolution of the bifurcation equation. To simplify the presentation, we recall some of the notations

that were used in Section 3. The maps h are determined by projecting equation (3.16) onto 1 2 to obtain the
expressions

1 o
hi2(1,m2,8,0) = _E/(wli(é‘_)» N(Q*&.m,m.s.0),€,5,0))dE, (A1)
" &

where Q12 = (¥1.2(60), ¥1.2(80)) and Q*(-, n1, n2, s, 0) is the fixed point solution of the operator 7" introduced in
Lemma 5 (see equation (3.5)). As shown in the proof of Lemma 6, the maps % > are at least quadratic or of higher
order in all their arguments, and the associated quadratic expansions of /1 » can be obtained by collecting the quadratic
expansions of the following quantities:

- 1 T
hia(m,m,s,0) = ~o / (V1.26), N1 (&) + mba (&) + (s — sM)05(§), &, 5, 0)) dE, (A2)
g

where we approximated Q*(&,n1,12,s,0) by QO(S) =1101(&) + m62(&) + (s — s*)0,(§). The definition of the
nonlinear term N (z, &, s, 0) is
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0

Ny(z,§,s,0
N(z,&,5,0)= p((é) ) . z2=(p1, P2, q1.q2)7,

Ny(z,§,5,0)
with quadratic expansions of N, , denoted N ; 4 given by

uu(Up(S)vO)pz Fy (Up(8),0) 5
e SCCAS AT AR

NP (z.&.5.0)=— (s —s")p2 —

B Fuv(Up(§)90)p1ql - ) q1,
s* w(Up(£),0 G (Up(§),0
N(Z)(z £, s, a)———(s—s )2+ —= (0 —0")q2 - G 6.0 )Plfh——( o) )‘hz
(o*) o* 20*
Uy (8),0 N
+7g( (Zig)i )ql(o—a ).

To continue, we need expansions for N ,(,z)q in terms of 11, 72, (s — s*) and (o — o*). To accomplish this, we recall
that we have

P1E) =mU,E) +mai(€) + (s —sM0, (€),
p2(&) =mU) (&) + max(®) + (s — 507 ().
q1(6) =me(§),
q2(8) = m¢(§).
To simplify the presentation, we will use the following notation
N GEso) = 3 mins(s =590 — o' NG ).
itj+k+=2

We then obtain the expressions:

Ot NFOE) = ulOD (1)

O s Ny 0@ = = (Fu(Up®), 0Up©)a1€) + FulUp€).0U,©)6®)),

oud: NPV = - (TBO0R2E) + FuUp©), 0§ ©) + 50092 )
Omls =s*D: NP*0@) = —(Up® + FuUp©.0U,)0)),
Olnls —s*): N 0@ = —(a26) + FuUp(). 098! ) + Fu(Up(§). 0a1(£)6, ©)).
OUs—s*P): NP 0@ = - (02® + 24006l )?).

all other quadratic terms in the expansion being equal to zero. Regarding N,”, we get
Omm): N0 = —2C00y &) ).
owd: NPV = — (%O @) + G092 e)),

Omals —s*: NP0 = - (L' + 22091 6)¢@)),

O(mlo —o*: NP0V = 28056 1+ 20/,

all other quadratic terms in the expansion being equal to zero.
As a consequence, we can now collect all quadratic terms in the expansions of the maps /> by identification.
Namely, if one sets

. i k 1y, j kD)
hi2(n1,m2,5,0) 1= E mny(s —s*) (0 —o™) hiy ",
i,j k120
i+ A2
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then using equation (A.2), we get the following relations for the quadratic terms. For all i, j, k,I > 0 withi + j +k +
| =2 we have
o

. 1 . . ik
Y = o / (e U, @ONGT &) + b2 @ONG D @) ) e,
&0
1 o
.’ .’ , i .’ .’k’l
hé”"”=—9—2fea*5¢(s>NE,” (€)de.
&0

We have the following Lemma which summarizes the previous computations.

Lemma 15. The nonlinear maps h1(n1, n2, s, o) and ha(ny, N2, s, o) from Lemma 6 admit the following quadratic
expansions. For all i, j,k,1 >0 withi + j +k + 1 =2 we have for h1(n1,n2,s,0):

p 0000 L[ e FuUp®.0) /3
O b0 = o [ s PO (1) e,
&o
1 r «
O(niny) : A0 = o / e EULE) (FuUp(©). OUL©)a1€) + Fun (U €), 0U,©)$(®)) dt
)

L[ GuUy),0)

o / ba () 22 E0 1 e 60,
1 o
&

O W00 = o / €U 6) (%a?(&) + Fun(Up(®), 0)a1(§)¢>(~§)) d
éo
17 Gun(U» (&), 0 Goo(Up(€),0
LG (%al )6 + M&@)) a
0

20%

. Fuo (U (&), 0)
_ S*Ery/ p 2
to f e U () LT )k,
&

1 T %
Olmls ="+ bHH = o / UL E) (Up© + FuUp(®), 0U )6 €) ) ds,
)

o0

1 *
O(nals —s*) : A0 = o f eTEULE) (a2(6) + Fun (U (€), 009 606! ) + Fuu(Up(€).00an (68, €)) e

Guw(Up(£),0)
o—*

&
1 r 1, 1
tg [0 <—*¢ € + 6! <s)¢(s)> de,
1 o
&o

_ sy poron _ 1 g(Up(8),0) st
O(mlo —o*): hj Y /bz(é) (7(0*)2 d(&) + (G*)2¢>($)> dg,

0
]

Os —5°Py: W20 = - [ vy (03 + LD 0l e
§o
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Table 1
Asymptotic exponential decay rates of the terms arising in Lemma 15. These expressions
are derived from (3.9) for a| and a, (3.13) for by and (3.19) for 051 and 93.

Term Exponential rate as £ — —00

B (). a1 (€). ar () v (5%, 0%) = — 2% + 5he /(5%)2 — do*g(p1)
U (&), Up(©), 04 6), 02(6) v (5%) = =5 + $V65)2 — 4F,(p1)

b2 (8) v (%) =5 + 3VHE 4R, (p))

and for ho(n1,n2,5,0):

Guv U 0
O@ina) - hSHH00 = o (1’@) )U(s)«p(s))zds

l\-) —_
&

1 T s* G.w(U ,0 Guw(U ,0
Om3): nP200 — L / e (%al@w@z + %&@)) d.

17 e,/ Guo(Up(§),0
Omls —s*): by M0 = - / oo™ (—*¢>/($)¢($) + #9‘3 (5)(45(5))2) d,
2 o o
&
o ronon L[ (8WU,6).0) &
Omalo o)) : "V =—Q—2/ea f(éf)g<¢<s»2+w¢ (é)¢($)> 5.
&o

All stated integrals converge in the limit £y — —o0.

Proof. Asymptotic exponential decay rates for the relevant quantities are collected in Table 1. We focus on the con-
vergence of the integrands as £y — —oo. Recall Hypothesis (H4) and the assumed ordering of the eigenvalues
) (s*

v, (s*,0%) < v (s%) < v (s a)<0<v+(s)

as well as the condition on the ratio of the eigenvalues v, (s*) < 2v (s*, 0*).

We now proceed through the terms in the quadratic expansions of &1 and show that each of the integrands
converge exponentially as £ — —oo. The condition on the ratio of the eigenvalues is key for the convergence of the
integrals listed — in particular those that are quadratic in 11 .

e For h§2,0,0,0), the asymptotic exponential rate of the integrand is s* + 3v;7 > 0 and the integral converges as
& — —o0.
e For hgl’ 109 the asymptotic exponential rate of the first term in the expansions is

* + 0% + * + 0% Yy (S*) 1* 3 + 0%
S 20 (M) v (s, 0) > T+ 20, () + H—==s +Zvu(s)>0.

2 2
The second term has exponential rate
—v, (5% vl (*) + v (5%, 0%) > vs®) — v (s*,0%) > 0.

e For hio,z,o,O)’ the asymptotic exponential rate of the first term in the expansions is s* + v,/ (s*) 4+ 2vf (s*, 0*) >
s* + v} (s*) 4+ v, (s*) = 0 and those terms converge. For the second integral, the rate is —v, (s*) 4+ 2v; (s*,
0*) > 0 and the final integral has exponential rate s* + v,/ (s*) 4+ 2v (s*, 0*) = —v, (s*) + 2v} (s*,0*) > 0.

e For hgl’o’ L0 an exponential rates are positive and the integral therefore converges as § — —oo.
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e For the first integral in h(10,1,1,0)’ the term ' 5U ;,(S)az(é) as asymptotic exponential rate s* + v, (s*) +
viF(s*,0*) > 0 and therefore converges. All other terms in the first integral possess stronger decay rates and
therefore also converge. The exponential rate of the first term in the second integral is —v; (s*) + v\ (s*,0*) >
—v} (s*,0*%) > 0. The second term has stronger decay and therefore the second integral also converges.

e For hﬁo’l’o’l), the asymptotic exponential rate is again —v,, (s*) + v\ (s*, 0*) > 0 and the integral converges.
e For h§0’0’2’0) , all exponential rates are positive and the integral converges.

e For h;l’l’o’o), the asymptotic exponential rate is

* *
% +vf (%) +2vf (5%, 0%) > % +v](*) v (%, 0%) + v (5%, 0) = v (%) > 0,

and the integral converges.
e For h;o’z’o’o), the asymptotic exponential rate is
*

g +3vf(s*, 0%) >

N N

*
— T 0N) + (57,07 =0,
and the integral converges.
e For h;o’ 11O the asymptotic rate of the first term in the integral is
s* s*
s + 2vv+(s*, o™ > g + v;r(s*, o)+ v, (s%,0%) =0,
while the term gives

* *
% +vf (%) + 20 (5%, 0%) > % +v (*) +vf (%, 0%) + v, (5%, 0) = v (%) > 0,

(0,1,0,1)
RO,

and the integral converge. A similar argument implies the convergence of O

Lemma 16. We have that
1 o g e
g0 = o (8 00 — @)

and

h{"100 (%, =y (s*,0 )41 (%)

~vie
as &y — —oo where

sign(y11) = sign (g, (p1)) -

Proof. Recall from Lemma 15 that

Q2
&o

100 = o [[ene GO0 ) (62
o

Observe that

d
Gu(Up(§), 00U, (§) = Eg(Up(S), 0).

After also recalling that ¢ (§) = e_zsa_*sqz;(é ) we are able to transform the integral as follows and obtain the desired
result
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1 (/4 -
hé],l,0,0) _ _/ <Eg(Up(§‘),0)) ¢*(&)dk

o*2
€0
- s, @080 -2 7 U, 0§ (€)ds
o*Q 1270 =ty 0"
0

i * 71 ( *)2 xr
—o'¢ (E)+ — &) ) (5)dE
)

o (g(Up(so>,0)<£2(so> tor (Fe) -8 *)2 — (¢) )

(80), 009 (§0) —

o*Q

L=y z 7! 2
= 5; (#"Cdto) @' &)?).

To determine the asymptotics of the final form, we expand the second order system defining ¢(&) into a system,

¢ =v
-, (s%)? g(Up(€),0) -
W 4( *)2¢_ o* ¢

We then diagonalize and expand g(U, 0) = g(p1) + g« (p1)Up + O(2), arriving at the following system that is relevant
for the determination of the asymptotic decay rates,

AT S N 4 8u(P1) PN
¢ws_vv (5%, 0 )(bws"‘0*(\71)_(‘9*70*)_\71_}_(‘9*70*)) (Up u )¢ws+0(2)’

U, =v (U, —u") +0Q),

where 0¥ = 51.\/(s%)2 — 40*g(p;). Then

v
Up(€) ~u® —cue’ %,
from which we determine that

gu(PDVy (s¥) 275 (5% o)t (M)o
o*(Uy (s*,0%) — Dy (S* 0*))
Therefore y1; is the constant multiplying the exponential and the exponential decay rate is obtained by noting that
2t =vi—v;. O

(¢ Ed &) — @ E)?) =—C*

Appendix B. Expressions for ('/’1, R(pla q1, 0)) and ('/,23 R(Pl, q1, 0))

Lemma 17. We have the following expressions for the projections of R(p1, q1, o), defined in (3.24), onto | and yrp:

qi(oc —o™) 1
(1/f1,72(p1,q1,o))=7¢(§) / (r)(( *)2g(U (1), 0)¢>(t)+( *)2¢>(f)) (B.1a)
W Ripr. i, o)) = 10— f = ( 2(Up(1). 004(1)2 + ——¢(1)¢' (r)) . (B.1b)
b (%) o*)2° 7 (o *)2
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Proof. We first prove the second equality of (B.1) on R(p1, q1, o). From the definition of v, in (3.11), we have that

(Y2, R(p1,q1,0)) = 16%5" (—d)'(éo) + ¢ (£0) Z22(80) + ¢ (§0) Es(§0)hs(0))

_m(;(;))a )/ S_*< 528 U@, L0 () + (S*)2¢(r)¢’(r>>df,

where we used the facts that Z»3(&0) = ¢’ (§0) /¢ (&) and E5(&p) = ¢(§o)2e ;_*50, together with (3.22).
We now turn our attention to the first equality of (B.1). Using this time the definition of i1, we get that

W1 R(p1 a1 0)) = pi (= 0U} E0) + ¢ O 60 211 60) )
a1 (70U E0) Z12(60) + b1 (60) + Z22(60)b2(60) )
+ a1 (70U} (60) DaE0)ha(0) + b(E0) Es E0)hs (@) ).

As Z11(&) =U 1’,’ o)/ U 1’, (&0) the first term in the factor of p; vanishes. We are going to show that the second term
also vanishes. From the definition of Z;,, we have

S , 1 r s* T/
&0 60 ZnE) = 5o / T (D Fy (U (D), 00 (0)dr.

By definition, b; and b, satisfy

8WUp(§).0)
O—*

by () = by (&) + Fo(Up(&), 00" S U (€)

S*
by () = —b1(§) + —ba(§).
o
Multiplying the first equation by ¢ (&) and integrating we get that

[ e roo [ W, ,0
[ ¢ U @R @0 = [o@bimr - [o0f D
)

00 00 U 0
— oo - [ ¢ @b - [ o D e
On the other hand, we have

—/¢>'(T)b1(f)df=/¢’(f)b’2(f)dt— %/W(T)bz(f)dr

— ¢/ E)ba(E) — / ¢ @b~ / ¢ (D)ba(t)dr.

Combining all the terms, and using the fact that £,¢ = 0, we obtain that
o0
/eS*TU[/?(T)Fv(Up(T)a 0)¢ (z)dt = —¢ (£0)b1(60) — ¢’ (§0)b2(60)
o

from which we deduce that
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e U (50) Z12(80) + b1 (50) + Zaa (§0)ba(E0) =0,
as Zx (&) = ¢’ (§9)/# (&0). So far, we have thus obtained

(Y1, R(p1.q1,0)) = q1 (es*go U, (&0) Da(§0)ha(0) + ba(50) Es (So)hs(d)) ;

and each term simplifies to

o
SHE) (0 —0%) 1 s*
e 5°Up(-’§o)D4($0)h4(0) = oG / E4(7) (Wg(Up(f),O) + szz(f)) dr

&0 — %)
bz(So)Es(So)hs(U)=W / (r)( 28U, 0+ *)2222(T)) dr,

where we used the fact that b, (§y) = ¢ ersr_*socj)(éo) from (3.13) and E5(&y) = e«i—*g‘)(p (50)2. As a consequence, we have

*

(0%)2

o)

,R(p1,q1,0)) =
(Y1, R(p1,41,0)) = ¢(Eo)

1
58Up(0),0) + —s

/ (E4(7) + C1E5(7)) <( 9

Zzz(f))

To conclude, we are going to show that

Eq(&) +c1Es(E) =b2(8)g(8).
We recall that by definition, E4 (&) satisfies

E\(§) =Zn@U)E)p )" ¢ + (;— + 2222@)) E4(§),  E4(§0) =0.

As a consequence, E4(£) can be written as

& s* 00
Ey(§) = ( ; G { f ¢ fU,’,(r)Fu(U,,(ﬂ,O)qs(r)dr} d;) Es(&).
éo ¢

Integrating by parts, we obtain

& 00 o
s sty *
;(;)2 {f TTUL P WUp(), 0)¢<r)dr} d¢ = (f YL c) (/ ¢ fU,/,(r)Fv<U,;(r>,o>¢<r>df)
§

) ¢

& T s
' G o
o (s Z@)zdf) U R0, 001
0 0

Using the fact that E5(§) = B1(§)¢(§) and equation (3.13), we obtain that

E4(§) =b2(§)9(§) — c1B1(5)9p(5) =b2(5)¢(§) — C1E5(8).

As a conclusion, we get

s*

(0%)2

. o
—o%)

1
(1, R(p1.q1,0)) = /bz(f)¢(f)<( *)2g(Up(t) 0) +

Zzz(f))

which proves the lemma. O
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Appendix C. Expressions for N,(JO’O’Z’O) (s,0) and N§§;2’°"” (s,0)

Lemma 18. The coefficients N1(40,0,2,0) (s,0) and N§§;2’°*°) (s, 0) appearing in the expansions of N, and Ny, defined
in equation (4.4) depend only on s and have the expressions:

F,
NOO20 (g ) = %, (C.1a)
2(vy (8) — v (5))
F,
Ngzg,o,O) (5.0) = uu(P1) (C.1b)

2005 () — v ()

Proof. Let us recall that we have the change of variables

up —ut y!
ss,u
" :
o |=Tee | s |
vy ySS,U

where T (s, o) is defined in (4.2). We set U := (u; — u™t, uz, v1, v2)7 and ¥ := (y*, y*%, y»s y$$)T et us also
remark that in the original coordinates, the quadratic terms in (11 —u™, uz, vy, vz)T of the nonlinear part are given by

0
Fuu Fuy
| PR — ) = Fuy () — utvy — FfPe?
Na(U) := . ,
Guv(P1) + Gu(P1) .2
— B (uy —uh)vy — T

where we have used the fact that G, (p1) = 0. Then, we note that with our change of variables both v; and v; in the
new coordinates do not depend in y* and y*%*. As consequence, if one keeps only the quadratic terms in y* and y*5-*
in the expression of N, expressed in the new coordinates, we get

0
_ Fuu®D) unN2 B @D oy ssun\2 F U,SS,U
Ny(T(s.0)Y) = > ") > (g’ ) uu (P Y'Y +00).
0
To conclude, it is enough to remark that

Nu(YaS,U)

/\/ss,u(Yssva) -1

Nw_y(Yy S, O') - T(S, 0) NZ(T(Ss G)Y) + 0(3)9

J\/;S,U(szaa)

and that the matrix 7T (s, o) is block triangular so that
-1 -1 -1
T(s,0) = Tii(s) Ta(s, o) and T(S,O')_l _ Ty, (s) Ty, (S)Tlfl(S,U)Tzz (s,0) )
0 Ty (s,0) 0 Ty, (s,0)

Finally, a direct computation shows that

_ 1 vo(s)  — 1)
T\ ()= ———— “ ,
= ST (—vu*(s) !
which in turns implies that the quadratic terms in y* and y*** in the expression of N, (Y, s, o) are
1 ( Fuu (Pl)
Vi (5) = vif (5) 2
and similarly for N, (Y, s, 0)

Fou .
Nu(Y,s,0) = ") + %1)@“’”)2 + Fuu(pl)y“y”’“) +0(2),
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-/\[SS,M(Y7S16) =

1 (Fuu (Pl)
Vi (8) — it (s) 2

which concludes the proof. O

Fuu SS,u Uu.,SS,uU
" + %(y )2 + Fu ()Y y*™ ) +0(2),

Appendix D. Expression for N§2;§’°"” (s,0)

Lemma 19. The coefficient N§(3:%,0,0) (s,0) appearing in the expansion of Ny, defined in equation (4.4) has the

following expression:

1 Fy(p1) Gy (P1)
(0,2,0,0) — _
Mo ) = e ) — W 0D (du(vv—(s,o))G“”(p‘) 2 ) ®-D

Proof. The proof is similar to the proof of Lemma 18. One only needs to keep track of the quadratic terms y™* in the
nonlinear part of the system and notice that

0

2
_ Fu(p1) ( Fy(pD) ) ws\2 | Fy(p1) ws\2 _ Fou(®1) [ wsy\2
Na(T (s, 0)Y) = > G won) O F Ee®OgEm o 0 2 O

+0Q).

Fy(p1) Guv(P1) wsy2 _ Gy (P1) wsy2
GGy o )T T O

This implies that

NX‘S,U(Ya 5,0)=

1 < Fv(pl) va(pl)

o(vy (5,0) — vy (5,0)) Guv(p1) —

wsy2
dy(vy (s,0)) ) )(y )+ 0(2),

where we have used the explicit form of the inverse of T2_2l (s,0). O
Appendix E. Quadratic expansions of p(z“, s, o) and ¢ (z*, s, 0)
In the following Lemma we will use the notations
75 (2",0,0,5,0) =7 (s, )2 + ¥ P 5,00 + 0 (@), ije(1,2)
together with

Mu(",0,0,5,0) = MP(5.0) @ + O ().

where y;; and M, are defined in equation (4.6), Lemma 8.

Lemma 20. The quadratic expansions for the maps p(z*,s,o) and q(zZ%,s, o) defined in equations (4.7) from
Lemma 9 are:

P, 5,0) = Pi(s,0)2" + Pals, ) + 0 (7))
4", 5,0) = Q(s,0)2" + Q5,0 + 0 (@),
with

1
71(1)(57 o)
vir (5)

Qi(5,0) = — (Ags(s,0) — F (s, 0) + v (D) ' 9 Pis, 0),

Pi(s,0) =

k]

and
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Pa(5.0) = 5= [Pi65.0) (1] 6.0+ MP6.0)) + 1P 6.0 47 601600
Q2(5.0) = (Ays(s5,0) = (v (5,0) + 20 (N1) '
x (-1 6.0+ MP.0) = 1) 5,00 + 1} .00 Q5. )).
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