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LIE THEORY AND THE CHERN–WEIL HOMOMORPHISM

BY ANTON ALEKSEEV AND ECKHARD MEINRENKEN

ABSTRACT. – Let P → B be a principalG-bundle. For any connectionθ on P , the Chern–
Weil construction of characteristic classes defines an algebra homomorphism from the Weil
Wg = Sg

∗ ⊗∧g
∗ into the algebra of differential formsA = Ω(P ). Invariant polynomials(Sg

∗)inv ⊂ Wg

map to cocycles, and the induced map in cohomology(Sg
∗)inv → H(Abasic) is independent of the choic

of θ. The algebraΩ(P ) is an example of acommutativeg-differential algebra with connection, as introduc
by H. Cartan in 1950. As observed by Cartan, the Chern–Weil construction generalizes to all such a

In this paper, we introduce a canonical Chern–Weil mapWg → A for possiblynon-commutativeg-
differential algebras with connection. Our main observation is that the generalized Chern–Weil ma
algebra homomorphism “up tog-homotopy”. Hence, the induced map(Sg

∗)inv → Hbasic(A) is an algebra
homomorphism. As in the standard Chern–Weil theory, this map is independent of the choice of con

Applications of our results include: a conceptually easy proof of the Duflo theorem for qua
Lie algebras, a short proof of a conjecture of Vogan on Dirac cohomology, generalized Harish-C
projections for quadratic Lie algebras, an extension of Rouvière’s theorem for symmetric pairs, and
construction of universal characteristic forms in the Bott–Shulman complex.

 2005 Published by Elsevier SAS

RÉSUMÉ. – SoitP → B unG-fibré principal. Pour toute connexionθ surP la construction de classes c
ractéristiques de Chern–Weil définit un homomorphisme d’algèbres de l’algèbre de WeilWg = Sg

∗ ⊗∧g
∗

dans l’algèbre des formes différentiellesA = Ω(P ). Les polynômes invariants(Sg
∗)inv ⊂ Wg s’envoient

dans l’espace des cocyles et l’application induite en cohomologie(Sg
∗)inv → H(Abasic) est indépendant

du choix deθ. L’algèbreΩ(P ) est un exemple d’une algèbreg-différentielle commutative(définie par
H. Cartan en 1950).

Dans cet article nous définissons l’application canonique de Chern–WeilWg → A pour les algèbre
g-différentielles qui possèdent une connexion et qui ne sont pas commutatives. Le résultat princ
que l’application de Chern–Weil généralisée est un homomorphisme d’algèbre àg-homotopie près. Alors
l’application induite(Sg

∗)inv → Hbasic(A) est un homomorphisme d’algèbres. Comme dans la thé
standard, cette application est indépendante du choix de la connexion.

Parmi les applications de nos résultats on trouve : une démonstration facile de l’isomorphis
Duflo pour les algèbres de Lie quadratiques, une démonstration courte de la conjecture de
sur la cohomologie de Dirac, des projections de Harish-Chandra généralisées pour les algè
Lie quadratiques, une extension du théorème de Rouvière sur les paires symétriques, et une
construction des formes caractéristiques universelles dans le complexe de Bott–Shulman.

 2005 Published by Elsevier SAS
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1. Introduction

In an influential paper from 1950, H. Cartan [9] presented an algebraic framework f
Chern–Weil [10,44] construction of characteristic classes in terms of differential form
Cartan’s approach, the de Rham complexΩ(P ) of differential forms on a principalG-bundle
P is generalized to a differential algebraA, together with algebraic counterparts of the
derivative and contraction operations for the action of the Lie algebrag of G. We will refer to
any suchA as ag-differential algebra. Cartan introduced the notion of analgebraic connection
on A; g-differential algebras admitting connections are calledlocally free and are viewed a
algebraic counterparts of principal bundles. A counterpart of the base of the principal bu
the basic subcomplexAbasic. TheWeil algebraWg = Sg∗⊗∧g∗ replaces the classifying bund
EG→BG. The generators of∧g∗ are viewed as “universal connections”, the generators ofSg∗

as “universal curvatures”. Cartan shows that ifA is any (graded)commutativeg-differential
algebra with connectionθ, there is a characteristic homomorphism

cθ :Wg→A(1)

sending the generators of∧g∗ to the connection variables ofA and the generators ofSg∗ to
the curvature variables ofA. Passing to the cohomology of the basic subcomplex, this giv
homomorphism

(Sg∗)inv = H
(
(Wg)basic

)
→ H

(
Abasic

)
(2)

from the algebra of invariant polynomials on the Lie algebrag into the cohomology algebra of th
basic subcomplex ofA. As in the usual Chern–Weil theory, this homomorphism is indepen
of the choice ofθ.

The main theme of this paper is a generalization of Cartan’s algebraic Chern–Weil const
to possibly non-commutativeg-differential algebras. The idea in the general case is to d
cθ by a suitable ordering prescription. Recall that any linear mapE → A from a vector spac
to an associative algebraA extends to a linear mapS(E) → A from the symmetric algebra
by symmetrization. This also holds forZ2-graded vector spaces and algebras, using s
symmetrization (i.e. taking signs into account). The Weil algebra may be viewed as the (
symmetric algebraS(E) over the spaceE spanned by the generatorsµ ∈ g∗ of ∧g∗ and their
differentialsµ = dµ, and a connectionθ on a g-differential algebraA defines a linear ma
E →A. With cθ :Wg→A defined by symmetrization, we prove:

THEOREM A. – For any g-differential algebraA with connectionθ, the mapcθ :Wg → A
is a homomorphism ofg-differential spaces. The induced homomorphism in basic cohom
(Sg∗)inv → H(Abasic) is independent ofθ, and is an algebra homomorphism.
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LIE THEORY AND THE CHERN–WEIL HOMOMORPHISM 305

Note that the Weil algebra could also be viewed as a super symmetric algebra over the
subspaceE′ ⊂ Wg spanned by the universal connections and curvatures. However, the resulting
symmetrization mapWg = S(E′) →A would not be a chain map, in general.

Our first application of Theorem A gives a new perspective on the proof of [1] of the Duflo
isomorphism for quadratic Lie algebras. Recall that a Lie algebrag is calledquadraticif it comes
equipped with an invariant scalar productB. Let Wg be the non-commutative super algebra
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generated by odd elementsξ and even elementsξ for ξ ∈ g, subject to relations

ξ̄ξ̄′ − ξ̄′ξ̄ = [ξ, ξ′]g, ξ̄ξ′ − ξ′ξ̄ = [ξ, ξ′]g, ξξ′ + ξ′ξ = B(ξ, ξ′).

UsingB to identify g∗ andg, we obtain a symmetrization mapWg →Wg. The following is a
fairly easy consequence of Theorem A:

THEOREM B. – There is a commutative diagram

Wg Wg

Sg Ug

in which the vertical maps are injective algebra homomorphisms and the horizontal ma
vector space isomorphisms. The lower map restricts to an algebra isomorphism on invari

Recall that the Poincaré–Birkhoff–Witt symmetrizationSg → Ug doesnot restrict to an
algebra homomorphism on invariants, in general. On the other hand, it was shown by
that the PBW map does have this property if it is pre-composed with a certain infinite
differential operator known as the “Duflo factor”.

THEOREM C. –The lower horizontal map in the commutative diagram of TheoremB
coincides with the Duflo map[13].

That is, while the Duflo map is not a symmetrization map forUg, it may be viewed as th
restrictionof a symmetrization map of a super algebra containingUg! We stress that our theor
only covers the case of quadratic Lie algebras – it remains a mystery how the general s
might fit into this picture.

Supposek⊂ g is a quadratic subalgebra ofg, i.e. that the restriction ofB|k is non-degenerate
Let p denote the orthogonal complement tok in p, andCl(p) its Clifford algebra. In [25], Kostan
introduced a canonical elementDg,k of the algebra(Ug⊗Cl(p))k− inv which he called thecubic
Dirac operator. He showed thatDg,k squares to an element of the center of this algebra, so
the graded commutator[Dg,k, ·] is a differential. The cohomology of this differential features
a conjecture of Vogan. Generalizing results of Huang–Pandzic [20] and Kostant [27] we p

THEOREM D. – There is a natural algebra homomorphism(Uk)k− inv → (Ug⊗Cl(p))k− inv,
taking values in cocycles and inducing an isomorphism in cohomology. The map

(Ug)g− inv → (Uk)k− inv

taking z ∈ (Ug)g− inv to the cohomology class ofz ⊗ 1 coincides with the restriction ma
(Sg)g− inv → (Sk)k− inv under the Duflo isomorphisms forg andk.

Our next result is a Harish-Chandra map for a quadratic Lie algebrag with a decomposition
g = n− ⊕ k ⊕ n+, wherek is a quadratic Lie subalgebra ofg andn± are k-invariant isotropic

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



306 A. ALEKSEEV AND E. MEINRENKEN

subalgebras (that is, the restriction ofB to n± vanishes). By the Poincaré–Birkhoff–Witt
theorem, the splitting ofg gives rise to a decomposition of the enveloping algebraUg, hence
to a projectionκU :Ug → Uk. As for the usual Harish-Chandra projection, it is convenient to
composeκU with a certain automorphismτ of Uk (the “ρ-shift”).

THEOREM E. –Under the Duflo isomorphisms forg, k, the composition

-

ut in
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nd
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τ ◦ κU : (Ug)g− inv → (Uk)k− inv

coincides with the projection(Sg)g− inv → (Sk)k− inv. In particular, it is an algebra homomor
phism.

We obtain Theorem E by studying the Harish-Chandra projectionκW :Wg → Wk, and
comparing to the natural projectionκW :Wg → W k. It turns out thatκW directly restricts to
τ ◦ κU : That is, the shiftτ emerges from the theory in a very natural way and need not be p
‘by hand’.

Let (g, k) be a symmetric pair, that is,k is the fixed point set of an involutive automorphis
ε on g. Let p be its complement given as the eigenspace ofε for the eigenvalue−1. By
results of Lichnerowicz [30] and Duflo [14], the algebra(Ug/Ugkf )k− inv (wherekf ↪→ Ug a
suitable “twisted” inclusion ofk) is commutative. Rouvière in his paper [37] introduced a m
(Sp)k− inv → (Ug/Ugkf )k− inv generalizing the Duflo isomorphism, and described condit
under which this map is an algebra isomorphism. We prove a similar result for the followin
class of examples:

THEOREM F. –Supposeg carries an invariant scalar productB that changes sign underε.
Then the Duflo–Rouvière map(Sp)k− inv → (Ug/Ugkf )k−inv is an algebra isomorphism.

Anti-invariance ofB under the involutionε implies thatB vanishes on bothk andp, and gives
a non-degenerate pairing between the two subspaces. In line with our general strategy, w
this result by identifying the Duflo–Rouvière map as a Chern–Weil map, using the isomor
(Sp)k− inv = (Sk∗)k− inv given by the pairing.

Our final result is a new construction of universal characteristic forms in the Bott–Shu
complex. For any Lie groupG, Bott and Shulman considered a double complexΩq(Gp) as
a model for differential forms on the classifying spaceBG, and showed how to associate
any invariant polynomial ong a cocycle for the total differential on this double complex.
our alternative approach, we observe that

⊕
p,q Ωq(Gp) carries a non-commutative product, a

obtain:

THEOREM G. –The generalized Chern–Weil construction defines a linear map

(Sg∗)inv →
⊕
p,q

Ωq(Gp)

taking values in cocycles for the total differential. The image of a polynomial of degreer under
this map has non-vanishing components only in bidegreep+q = 2r with p � r. The map induce
an algebra homomorphism in cohomology, and in fact an algebra isomorphism ifG is compact.

2. Non-commutative differential algebras

In this section we review some material on symmetrization maps for super vector spac
g-differential spaces. Our conventions for super spaces will follow [12]; in particular we tak
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categorical point of view that super vector spaces form a tensor category where the super sign
convention is built into the isomorphismE ⊗E′ → E′⊗E. The concept ofg-differential spaces
is due to Cartan [9], a detailed treatment can be found in the book [18].

2.1. Conventions and notation

or
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or
Throughout, we will work over a fieldF of characteristic0. A super vector space is a vect
space overF with a Z2-gradingE = E0̄ ⊕ E1̄. Super vector spaces form anF-linear tensor
category; algebra objects in this tensor category are called super algebras, Lie algebra ob
called super Lie algebras.

2.2. Symmetrization maps

Let E = E0̄ ⊕E1̄ be a super vector space. The (super) symmetric algebra

S(E) =
∞⊕

k=0

Sk(E)

is the quotient of the tensor algebraT (E) =
⊕∞

k=0 E⊗k by the two-sided ideal generated
all elements of the formv ⊗ w − (−1)|v||w|w ⊗ v, for homogeneous elementsv,w ∈ E of
Z2-degree|v|, |w|. BothT (E) andS(E) are super algebras, in such a way that the inclusio
E is a homomorphism of super vector spaces. The tensor algebraT (E) is characterized by th
universal property that any homomorphism of super vector spacesE →A into a super algebr
A extends uniquely to a homomorphism of super algebrasT (E) →A; the symmetric algebr
has a similar universal property for commutative super algebras.

Given a super algebraA, any homomorphism of super vector spacesφ :E → A extends to
S(E) by symmetrization

sym(φ) :S(E)→A, v1 · · ·vk �→ 1
k!

∑
σ∈Sk

(−1)Nσ(v1,...,vk)φ(vσ−1(1)) · · ·φ(vσ−1(k)).

HereSk is the symmetric group, andNσ(v1, . . . , vk) is the number of pairsi < j such thatvi, vj

are odd elements andσ−1(i) > σ−1(j).
Equivalently, the symmetrization mapS(E) → A may be characterized as the inclus

S(E) → T (E) as “symmetric tensors”, followed by the algebra homomorphismT (E) → A
given by the universal property ofT (E).

2.3. Poincaré–Birkhoff–Witt symmetrization

If (E, [·, ·]E) is a super Lie algebra, one defines the enveloping algebraU(E) as the quotien
of T (E) by the relationsv1 ⊗ v2 − (−1)|v1||v2|v2 ⊗ v1 − [v1, v2]E . By the Poincaré–Birkhoff–
Witt theorem for super Lie algebras (Corwin–Neeman–Sternberg [11], see also [12
symmetrization mapS(E)→ U(E) is a linear isomorphism.

Similarly, if E is a super vector space with a skew-symmetric bi-linear formω ∈ Hom(E ⊗
E,F) (i.e.ω(v,w) = −(−1)|v||w|ω(w,v)), one defines theWeyl algebraWeyl(E) as the quotien
of the tensor algebra by the ideal generated by elementsv ⊗ w − (−1)|v||w|w ⊗ v − ω(v,w).
The corresponding symmetrization mapS(E) → Weyl(E) is an isomorphism of super vect

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



308 A. ALEKSEEV AND E. MEINRENKEN

spaces, known as thequantization mapfor the Weyl algebra.1 In the purely odd caseE0̄ = 0,
ω is a symmetric bilinear formB on V = E1̄ (viewed as an ungraded vector space), the Weyl
algebra is the Clifford algebra of(V,B), and the symmetrization map reduces to the Chevalley
quantization mapq :∧V → Cl(V ).

2.4. Derivations

s
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Given a super algebraA we denote byDer(A)⊂ End(A) the super Lie algebra of derivation
of A. Similarly, if E is a super Lie algebra we denote byDer(E) ⊂ End(E) the super Lie algebr
of derivations ofE. For any super vector spaceE there is a unique homomorphism of super
algebras

End(E)→ Der
(
T (E)

)
, A �→D

T (E)
A

such thatDT (E)
A (v) = Av for v ∈E ⊂ T (E). Similarly one definesDS(E)

A ∈Der(S(E)) and, if

A is a derivation for a super Lie bracket onE, D
U(E)
A ∈Der(U(E)). We will need the following

elementary fact.

LEMMA 2.1. – Let E be a super vector space,A a super algebra, andφ ∈ Hom(E,A)
a homomorphism of super vector spaces. Suppose we are given a linear mapA ∈ End(E)
and a derivationD ∈ Der(A), and that φ intertwinesA and D. Then the extended ma

sym(φ) :S(E) →A obtained by symmetrization intertwinesD
S(E)
A ∈Der(S(E)) andD.

Proof. –Recall thatsym(φ) factors through the symmetrization map for the tensor alg
T (E). Since the mapT (E) →A intertwinesDT (E)

A with D, it suffices to prove the lemma fo

A = T (E), D = DT (E). The action ofDT (E)
A on E⊗k commutes with the action ofSk, as

one easily checks for transpositions. In particularD
T (E)
A preserves theSk-invariant subspace.

therefore restricts toDS(E)
A onS(E) ⊂ T (E). �

2.5. Differential algebras

A differential space(ds) is a super vector spaceE, together with a differential, i.e. an od
endomorphismd ∈ End(E)1̄ satisfyingd ◦ d = 0. Morphisms in the category of differenti
spaces will be called chain maps ords homomorphisms. The tensor productE ⊗ E′ of two
differential spaces is a differential space, withd(v ⊗ v′) = dv ⊗ v′ + (−1)|v|v ⊗ dv′. Algebra
objects in this tensor category are calleddifferential algebras(da), Lie algebra objects are calle
differential Lie algebras(dl). Lemma 2.1 shows:

LEMMA 2.2. –LetA be a differential algebra, andφ :E →A a ds homomorphism. Then th
symmetrized mapsym(φ) :S(E) →A is ads homomorphism.

For any differential algebra(A,d), the uniti :F ↪→A (i.e. the inclusion ofF as multiples of
the unit element) is ada homomorphism. By anaugmentation mapfor (A,d), we mean ada
homomorphismπ :A→ F such thatπ ◦ i is the identity map. For the tensor algebra, the nat
projections ontoF = E⊗0 is an augmentation map; this descends to augmentation maps forS(E)
and (in the case of a super Lie algebra)U(E).

1 The fact thatq is an isomorphism may be deduced from the PBW isomorphism for the Heisenberg Lie algebraE⊕Fc,
i.e. the central extension with bracket[v, v′] = ω(v, v′)c. Indeed, the symmetrization mapS(E ⊕ Fc) → U(E ⊕ Fc)

restricts to an isomorphism between the ideals generated byc− 1, and so the claim follows by taking quotients by the
ideals.

4e SÉRIE– TOME 38 – 2005 –N◦ 2
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2.6. Koszul algebra

For any vector spaceV overF, letEV be theds with E0̄
V = V andE1̄

V = V , with differentiald
equal to0 on even elements and given by the natural isomorphismE1̄

V → E0̄
V on odd elements.

For v ∈ V denote the corresponding even and odd elements inEV by v ∈ E0̄
V and v ∈ E1̄

V ,
respectively. Thus

m

ut
ra

the

gory

f the

e
f

by

ken in

e

dv = v, dv = 0.

The symmetric algebraS(EV ) is known as theKoszul algebraover V . It is characterized
by the universal property that ifA is any commutativeda, any vector space homomorphis
V → A1̄ extends to a unique homomorphism ofda’s S(EV ) → A. We will also encounter a
non-commutative version of the Koszul algebra,T (EV ). It has a similar universal property, b
in the category of not necessarily commutativeda’s A. The non-commutative Koszul algeb
appears in a paper of Gelfand and Smirnov [17].

2.7. g-differential spaces

For any Lie algebrag, we denote bỹg the super Lie algebra

g̃ = g � g

(semi-direct product) where the even partg̃0̄ = g acts on the odd part̃g1̄ = g by the adjoint
representation. It is a differential Lie algebra under the identificationg̃ = Eg: that is,d is a
derivation for the Lie bracket. Ag-differential space(g − ds) is a differential space(E,d)
together with adl homomorphism,̃g → End(E). That is, it consists of a representation of
super Lie algebrãg onE, where the operatorsιξ,Lξ ∈ End(E) corresponding toξ, ξ ∈ g̃ satisfy
the relations

[d, ιξ] = Lξ, [d,Lξ] = 0.(3)

The operatorsιξ are calledcontractions, the operatorsLξ are calledLie derivatives. The tensor
product of any twog− ds, taking the tensor product of thẽg-representations, is again ag− ds.
Henceg − ds’s form an F-linear tensor category; the algebra objects in this tensor cate
are calledg-differential algebras(g − da), the Lie algebra objects are calledg-differential Lie
algebras(g − dl). This simply means that the representation should act by derivations o
product, respectively Lie bracket.

For anyg−ds E, one defines the horizontal subspaceEhor =
⋂

ker ιξ , the invariant subspac
Einv =

⋂
kerLξ, and the basic subspaceEbasic = Ehor ∩ Einv. That is,Ebasic is the space o

fixed vectors for̃g. This subspace is stable underd, hence is a differential space. Anyg − ds
homomorphismφ :E → E′ restricts to a chain map between basic subspaces.

An example of ag − dl is E = g̃ with the adjoint action. Another example is obtained
adjoiningd as an odd element, defining a semi-direct product

Fd � g̃(4)

where the action ofd on g̃ is as the differential,dξ = ξ, dξ = 0. (Note that ag − ds can be
defined equivalently as a module for the super Lie algebra (4); this is the point of view ta
the book [18].) The symmetric and tensor algebras over ag− ds E areg− da’s, and Lemma 2.1
shows:

LEMMA 2.3. – If A is a g − da, and φ :E → A is a g − ds homomorphism, then th
symmetrizationsym(φ) :S(E) →A is ag− ds homomorphism.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



310 A. ALEKSEEV AND E. MEINRENKEN

2.8. Homotopy operators

A g-homotopy between twog − ds homomorphismsφ0, φ1 :E → E′ is an odd linear map
h :E → E′ such that

[d, h] = φ0 − φ1, [ιξ, h] = 0, [Lξ, h] = 0.

g

s

et

a
ven
m

A g-homotopy inverse to ag − ds homomorphismφ :E → E′ is a g − ds homomorphism
ψ :E′ →E such thatφ ◦ ψ andψ ◦ φ areg-homotopic to the identity maps ofE′,E.

LEMMA 2.4. – LetE be ag− ds, and suppose there existss ∈ End(E)1̄ with

[d, s] = idE , [ιξ, s] = 0, [Lξ, s] = 0.(5)

Then the inclusioni :F → T (E) and the augmentation mapπ :T (E) → F are g-homotopy
inverses. A similar statement holds for the symmetric algebraS(E), as well as for the envelopin
algebraU(E) in caseE is ag− dl.

Proof. –The derivation extension of[d, s] to T (E) is the Euler operator, equal tok on E⊗k.
Hence[d, s] + i ◦ π ∈ End(E)0̄ is an invertibleg− ds homomorphism, and the calculation

I − i ◦ π = [d, s] ◦
(
[d, s] + i ◦ π

)−1 =
[
d, s ◦

(
[d, s] + i ◦ π

)−1]
shows thath = s ◦ ([d, s] + i ◦ π)−1 ∈ End(E)1̄ is ag-homotopy operator betweenI andi ◦ π.
The proof for the symmetric algebra is similar. The case of the enveloping algebra of ag − dl
follows, since the symmetrization mapS(E) → U(E) is ag − ds homomorphism intertwining
the augmentation maps.�

Example2.5. – SupposeV is ag-module. ThenEV becomes ag − ds with ιξv = 0, ιξv =
Lξv. The operators ∈ End(EV )1̄ given bys(v) = v ands(v) = 0 has the desired propertie
(5). Hence, both the Koszul algebraS(EV ) and its non-commutative counterpartT (EV ) are
g-homotopic toF. If V carries a Lie algebra structure, andg acts by derivations of the brack
[·, ·]V , thenEV becomes ag−dl and its enveloping algebraU(EV ) is homotopy equivalent toF.

3. The Chern–Weil homomorphism

3.1. Connection and curvature

A connectionon ag− da A is a linear mapθ :g∗ →A1̄ with the properties,

ιξ
(
θ(µ)

)
= µ(ξ), Lξ

(
θ(µ)

)
= −θ(ad∗

ξ µ).

A g − da admitting a connection is calledlocally free. The following equivalent definition of
connection will be useful in what follows. LetFc be the1-dimensional space spanned by an e
generatorc, viewed as a differential space on whichd acts trivially, and consider the direct su
Eg∗ ⊕ Fc with g̃-action,

Lξµ = −ad∗
ξ µ, Lξµ = −ad∗

ξ µ, ιξµ =−ad∗
ξ µ, ιξµ = µ(ξ)c.(6)

Then, a connection on ag− da A is equivalent to ag− ds homomorphism

Eg∗ ⊕ Fc →A(7)
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takingc to the unit ofA. (It may be verified thatEg∗ ⊕ Fc is theodddual space of the super Lie
algebraFd � g̃, i.e. the dual space with the oppositeZ2-grading.)

3.2. The Weil algebra

TheWeil algebraWg is a commutativeg− da with connectiong∗ → Wg, with the following

f

hism

in
universal property: For any commutativeg − da A with connectionθ :g∗ → A, there exists a
uniqueg− da homomorphismcθ :Wg→A such that the following diagram commutes:

Wg
cθ

A

g∗
θ

We will refer tocθ as thecharacteristic homomorphismfor the connectionθ. The Weil algebra
is explicitly given as a quotient

Wg = S(Eg∗ ⊕ Fc)/〈c− 1〉,(8)

where 〈c − 1〉 denotes the two-sided ideal generated byc − 1. From the description (7) o
connections, it is obvious thatWg carries a “tautological” connection. IfA is commutative, the
homomorphism (7) extends, by the universal property of the symmetric algebra, to ag − da
homomorphismS(Eg∗ ⊕ Fc) → A. This homomorphism takes〈c − 1〉 to 0, and therefore
descends to ag− da homomorphismcθ :Wg→A.

As a differential algebra, the Weil algebra is just the Koszul algebraWg = S(Eg∗). The
g− da-structure is given on generatorsµ,µ by formulas similar to (6), withc replaced by1, and
the connection is the map sendingµ ∈ g∗ to the corresponding odd generator ofWg. Introduce
thecurvature variables

µ̂ := µ− λ(µ)

where

λ :g∗ →∧2g∗, ιξλ(µ) = −ad∗
ξ µ, ξ ∈ g, µ ∈ g∗

is the map dual to the Lie bracket, and we identify∧g∗ as the subalgebra ofWg defined by
the odd generatorsµ. Sinceιξµ̂ = 0, the curvature map extends to an algebra homomorp
Sg∗ → (Wg)hor, which is easily seen to be an isomorphism. Thus

Wg = Sg∗ ⊗∧g∗,(9)

whereSg∗ ∼= (Wg)hor is generated by the “curvature variables”µ̂, and the exterior algebra∧g∗

by the “connection variables”µ. The Weil differential vanishes on(Wg)basic = (Sg∗)inv; hence
the cohomology of the basic subcomplex coincides with(Sg∗)inv.

3.3. The non-commutative Weil algebrãWg

Let W̃g be the non-commutativeg− da, defined similar to (8) but with the tensor algebra
place of the symmetric algebra,

W̃g = T (Eg∗ ⊕ Fc)/〈c− 1〉.
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Then W̃g has a universal property similar toWg amongnon-commutativeg − da’s A, with
connectionθ. That is, θ extends uniquely to ag − da homomorphismc̃θ :W̃g → A. As a
differential algebra,̃Wg is the non-commutative Koszul algebra,̃Wg = T (Eg∗). In particular, it
is acyclic, with a canonical homotopy operator. The following two results are well-known in the
commutative case:

h

s

-

PROPOSITION 3.1. – If θ0, θ1 are two connections on ag− da A, the correspondingg− da
homomorphisms̃cθ0 , c̃θ1 :W̃g→A areg-homotopic.

Proof. –Let S = F[s, s̄] be the differential algebra with generatorss of degree0̄ and s̄ of
degreē1, with differentialds = s̄, ds̄ = 0. DefineJ :S → F by J(sk) = 0, J(skds) = 1

k+1 . The
tensor productS ⊗A carries a connection,θ(µ) = (1− s)⊗ θ0(µ) + s⊗ θ1(µ), extending to a
g− da-homomorphism̃cθ :W̃g→S ⊗A. Let

h = (J ⊗ 1) ◦ c̃θ :W̃g→A.

Using ‘Stokes theorem’, one verifies[d, h] = c̃θ1 − c̃θ0 . �
PROPOSITION 3.2. – If A is ag− da with connectionθ, the map

φ :W̃g⊗A→A, w ⊗ x �→ c̃θ(w)x

is ag-homotopy equivalence, withg-homotopy inverseψ :A→ W̃g⊗A, x �→ 1⊗ x.

Proof. –Clearly,φ ◦ψ = idA, while the opposite composition is

ψ ◦ φ(w ⊗ x) = 1⊗ cθ(w)x.

It hence suffices to show that the two maps̃Wg → W̃g⊗A, takingw to w ⊗ 1 and1⊗ cθ(w),
areg-homotopic. But this follows from Proposition 3.1.�

THEOREM 3.3. – The quotient mapπ :W̃g → Wg is a g-homotopy equivalence, wit
homotopy inverse given by symmetrization,sym:Wg→ W̃g.

Proof. –Clearly,π ◦ sym = idWg. We need to show that conversely, the compositionsym◦π
is homotopic toid

W̃g
. Let f :W̃g⊗Wg→ W̃g be the map,f(x⊗ x′) = x sym(x′), and let

c0, c1 :W̃g→ W̃g⊗Wg,

be the two maps,c0(x) = x⊗1, c1(x) = 1⊗π(x). By Proposition 3.1, the two homomorphism
c0, c1 areg-homotopic. Hence, so are the compositionsf ◦ c0 = id andf ◦ c1 = sym◦π. �

COROLLARY 3.4. –The symmetrization mapsym:Wg → W̃g is an algebra homomorphism
up tog-homotopy.

Proof. –By Theorem 3.3, there exists ag-homotopy operatorh :W̃g → W̃g with
sym◦π − id = [d, h]. Let m :Wg ⊗ Wg → Wg be the multiplication map for the Weil alge
bra, andm̃ that forW̃g. Then

sym◦m− m̃ ◦ (sym⊗ sym) =
[
d, h ◦ m̃ ◦ (sym⊗ sym)

]
. �

As an immediate consequence, we obtain:
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THEOREM 3.5. – LetA be ag− da with connectionθ, and

cθ = c̃θ ◦ sym :Wg→A

the Chern–Weil map defined by symmetrization. Thencθ is an algebra homomorphism up to
g-homotopy. The induced algebra homomorphism,(Sg∗)inv →H(Abasic) is independent ofθ.

e
tifies

on, we

ra
4. A deformation of the Weil algebra

In this section we construct, for anyquadraticLie algebrag, an interesting non-commutativ
deformationWg of the Weil algebraWg. In the non-degenerate case, Theorem 5.3 iden
Wg with the Weil algebra from [1].

4.1. Quadratic Lie algebras

We begin by recalling some examples and facts about quadratic Lie algebras. From now
will refer to any non-degenerate symmetric bilinear form on a vector space as ascalar product.
A Lie algebrag with invariant scalar productB will be called aquadratic Lie algebra. First
examples of quadratic Lie algebras are semi-simple Lie algebras, withB the Killing form. Here
are some other examples:

Example4.1. –
(a) Let g be any Lie algebra, with given symmetric bilinear form. Then the radicalr of the

bilinear form is an ideal, and the quotientg/r with induced bilinear form is quadratic.
(b) LetF2n be equipped with the standard symplectic form,ω(e2i−1, e2i) = 1. Recall that the

Heisenberg Lie algebraHn is the central extension

0 −→ F −→ Hn −→ F2n

of the Abelian Lie algebraF2n by F, with bracket defined by the cocycleω. Let c denote
the basis vector for the centerF ⊂ Hn. Let another copy ofF, with basis vectorr, act
on F2n by infinitesimal rotation in eache2i−1–e2i-plane:r.e2i−1 = e2i, r.e2i = −e2i−1.
This action lifts to derivations ofHn, and we may form the semi-direct product

g = F � Hn.

The Lie algebrag is quadratic, with bilinear form given byB(e2i−1, e2i) = B(c, r) = 1,
and all other scalar products between basis vectors equal to0.

(c) Let s be any Lie algebra, acting on its dual by the co-adjoint action. Viewings∗ as an
Abelian Lie algebra, form the semi-direct productg = s � s∗. Then g is a quadratic
Lie algebra, with bilinear formB given by the natural pairing betweens ands∗. More
generally, given an invariant elementC ∈ (∧3s)s−inv, one obtains a quadratic Lie algeb
where the bracket between elements ofs∗ is given by [µ,µ′]g = C(µ,µ′, ·) ∈ s. See
Section 8.2 below.

From a given quadratic Lie algebra(a,Ba), new examples are obtained by thedouble
extension constructionof Medina–Revoy [34]: Suppose a second Lie algebras acts ona by
derivations preserving the scalar product. Letω be the followings∗-valued cocycle ona,

〈
ω(a1, a2), ξ

〉
= Ba(a1, ξ.a2), ai ∈ a, ξ ∈ s
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anda ⊕ s∗ the central extension ofa defined by this cocycle. The Lie algebras acts ona ⊕ s∗

by derivations, hence we may form the semi-direct productg = s � (a ⊕ s∗). The given scalar
product ona, together with the scalar product ons � s∗ given by the pairing, define a scalar
product ong, which is easily checked to be invariant. Notice that Example 4.1(b) is a special
case of this construction.

super
te)
r

le

we
dd

changed.

he

o the
ic
ebra

n,
4.2. The algebraWg

Consider the following example of the double extension construction (extended to
Lie algebras in the obvious way). Supposeg is any Lie algebra with a (possibly degenera
symmetric bilinear formB. Then the super Lie algebrãg inherits an odd (!) symmetric bilinea
form

B
g̃
(ξ, ξ′) = 0, B

g̃
(ξ, ξ′) = B(ξ, ξ′), B

g̃
(ξ, ξ

′
) = 0, ξ, ξ′ ∈ g.

The action ofs = Fd given by the differential oñg preservesB
g̃
. The corresponding cocyc

ω : g̃ ⊗ g̃ → F is given byB on the odd part̃g1̄ = g and vanishes on the even part. Thus,
obtain a central extensioñg⊕Fc by an even generatorc dual tod; the new brackets between o
generators read

[ζ, ζ ′ ]̃
g⊕Fc

= B(ζ, ζ ′)c,

while the brackets between even generators or between even and odd generators are un
The second step of the double extension constructs the super Lie algebra

Fd � (g̃⊕ Fc),(10)

together with an odd symmetric bilinear form. The latter is non-degenerate if and only ifB is
non-degenerate.

The super Lie algebra (10) is ag− dl, whereFd � g̃ acts by inner derivations. It contains t
central extensioñg ⊕ Fc as ag-differential Lie subalgebra. Explicitly, theg − ds structure on
g̃⊕ Fc is given by

Lξζ = [ξ, ζ]g, Lξζ = [ξ, ζ]g, ιξζ = [ξ, ζ]g, ιξζ = B(ξ, ζ)c,

while ιξ,Lξ vanish onc.

Remark4.2. – It is instructive to compare the definition of the super Lie algebra (10) t
standard construction of affine Lie algebras. Letg be a Lie algebra with invariant symmetr
bilinear formB. Tensoring with Laurent polynomials, define an infinite dimensional Lie alg
g[z, z−1] = g⊗F[z, z−1] with bilinear formB′(x1 ⊗ f1, x2 ⊗ f2) = B(x1, x2)Res(f1f2) where
the residueRes picks the coefficient ofz−1. The derivation∂(x ⊗ f) = x ⊗ ∂f/∂z preserves
the bilinear form sinceRes(∂f/∂z) = 0. The double extension ofg[z, z−1] with respect to the
derivation∂ is called an affine Lie algebra (at least ifB is non-degenerate). In a similar fashio
letting u be anoddvariable we may tensor with the algebraF[u] = {a + bu | a, b ∈ F} to define
g[u] = g ⊗ F[u]. It carries an odd symmetric bilinear form, defined similar toB′ but with Res
replaced by the Berezin integralBer(a + bu) = b. Again, the derivationd(x⊗ f) = x⊗ ∂f/∂u
preserves the inner product sinceBer(∂f/∂u) = 0. Theng[u]∼= g̃, the derivationd is the Koszul
differential, and the double extension yields (10).

The two constructions may be unified to define a super Lie algebrag[z, z−1, u] known as
super-affinization, see [21].
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We define theg− da Wg as a quotient of the enveloping algebra

Wg := U(g̃⊕ Fc)/〈c− 1〉.(11)

Note thatWg can be defined directly as a quotient of the tensor algebraT (g̃), in terms of
generatorsξ, ξ (ξ ∈ g) with relations[ξ, ξ

′
] = [ξ, ξ′] , [ξ, ξ′] = [ξ, ξ′] and [ξ, ξ′] = B(ξ, ξ′). In

f

p
s,

ap)

or this

e

g g

particular there is a symmetrization mapS(g̃) →Wg. Let S(g̃) carry the structure of ag − da,
induced by its identification withS(g̃⊕ Fc)/〈c− 1〉.

LEMMA 4.3. –The symmetrization map

Qg :S(g̃) →Wg(12)

is ag− ds isomorphism.

Proof. –By Lemma 2.3, the PBW isomorphismS(g̃ ⊕ Fc) → U(g̃ ⊕ Fc) is a g − ds
isomorphism. After quotienting the ideal〈c− 1〉 on both sides, the Lemma follows.�

Consider now the special caseB = 0. ThenWg = U(g̃) as ag − da. As a special case o
Example 2.5, we have:

PROPOSITION 4.4. – If B = 0, the inclusion mapF ↪→ Wg and the augmentation ma
Wg→ F areg-homotopy inverses. More generally, ifk acts ong by Lie algebra automorphism
these two maps arek-homotopy inverses.

4.3. The non-degenerate case

Let us now assume thatg is a quadratic Lie algebra, i.e. that the bilinearB on g is non-
degenerate. The scalar productB defines an isomorphismB� :g∗ → g, and henceEg∗ ∼= Eg = g̃.
This isomorphism identifies theg−ds structures onEg∗ ⊕Fc andg̃⊕Fc, hence it identifiesS(g̃)
with the Weil algebraWg = S(Eg∗). That is, for any invariant scalar productB, (12) becomes a
g− ds isomorphism

Qg :Wg→Wg.(13)

We will refer toQg as thequantization map.

Remark4.5. – On the subalgebras∧g⊂ Wg resp.Cl(g)⊂Wg generated by odd elementsζ,
the quantization map restricts to the usual quantization map (Chevalley symmetrization m

q :∧g→ Cl(g)

for Clifford algebras, while on the subalgebras generated by even elementsζ it becomes the PBW
symmetrization mapSg→ Ug.

Remark4.6. – Theg−da Wg carries a connectiong∗ ∼= g→Wg, induced from the inclusion
of g = g̃1̄. By construction, the quantization map (13) is the characteristic homomorphism f
connection.

As mentioned above, the horizontal subalgebra(Wg)hor of the Weil algebraWg is isomorphic
to the symmetric algebra, and the differentiald vanishes on(Wg)basic = (Sg∗)inv. We will
now show that similarly, the horizontal subalgebra(Wg)hor is g-equivariantly isomorphic to th
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enveloping algebraUg. Let γ :g→ Cl(g) be the map

γ(ζ) =
1
2

∑
a

[ζ, ea]gea,

wheree is a basis ofg andea the dual basis with respect to the given scalar product. It is a
ith

ition of
nd
hen

e
e

ts

,

e

a

standard fact that the mapγ is a Lie algebra homomorphism, and that Clifford commutator w
γ(ζ) is the generator for the adjoint action ofζ on the Clifford algebra:

[
γ(ζ), ·

]
= L

Cl(g)
ζ

where the bracket denotes the super commutator in the Clifford algebra. Recall the defin
the mapλ :g∗ →∧2g∗ by ιξλ(µ) = −ad∗

ξ µ. Identifyg∗ ∼= g by means of the scalar product, a
let q :∧g→ Cl(g) the quantization map (i.e. symmetrization map) for the Clifford algebra. T

γ(ζ) = q
(
λ(ζ)

)
.

Introduce curvature variableŝζ ∈ (Wg)hor by

ζ̂ = ζ − γ(ζ).

THEOREM 4.7. – The super algebraWg is a tensor product

Wg = Ug⊗Cl(g)(14)

whereUg is generated by the even variablesζ̂ and the Clifford algebraCl(g) is generated by th
odd variablesζ. Under this identification, the mapQg :Wg →Wg restricts to a vector spac
isomorphism

Sg = (Wg)hor → Ug = (Wg)hor.(15)

In fact, (15) is an algebra isomorphism ong-invariants.

Proof. –The elementŝζ ∈Wg are the images of the corresponding elements inWg (denoted
by the same symbol) under the quantization mapQg. The commutator of two such elemen
ζ̂, ζ̂ ′ ∈Wg is given by

[ζ̂, ζ̂ ′] = [ζ, ζ ′]g −Lζγ(ζ ′)−Lζ′γ(ζ) + γ
(
[ζ, ζ ′]g

)
= [̂ζ, ζ ′]g.

Hence the variableŝζ generate a copy of the enveloping algebraUg ⊂Wg. On the other hand
the odd variablesζ generate a copy of the Clifford algebra. Since[ζ, ζ̂ ′] = 0 for ζ, ζ ′ ∈ g, the
decomposition (14) follows. Since the mapQg :Wg → Wg is a g − ds isomorphism, and th
Weil differentiald vanishes on(Wg)basic, it also vanishes on(Wg)basic. Hence

H
(
(Wg)basic

)
= (Wg)basic = (Ug)inv,

and the last claim of the theorem follows from Corollary 3.5.�
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5. Duflo isomorphism

We will now show that the isomorphism (15) fromSg to Ug is exactly the Duflo isomorphism,
for the case of quadratic Lie algebras. Thus Theorem 4.7 proves Duflo’s theorem for this case.
More generally, we will show that the mapQg :Wg→Wg coincides with the quantization map
introduced in [1].

ed, it

atic

to
a

PROPOSITION 5.1. –Each of the derivationsιξ,d,Lξ of Wg is inner.

Proof. –By construction,ιξ = [ξ, ·] andLξ = [ξ, ·]. To show that the differentiald is inner,
choose a basisea of g, and letea be the dual basis with respect toB. Then

∑
a eaea ∈Wg is an

invariant element, independent of the choice of basis. We have

[∑
a

eaea, ξ

]
= 0,

[∑
a

eaea, ξ

]
= ξ − 2γ(ξ).

Let

D :=
∑

a

eaea − 2
3

∑
a

γ(ea)ea.

Since D is invariant, [D, ξ] = −LξD = 0 = dξ. The elementφ = 1
3

∑
a γ(ea)ea satisfies

[φ, ξ] = γ(ξ). On the other hand, since[13
∑

a γ(ea)ea, ξ] = γ(ξ), we have

[D, ξ] = ξ +
∑

a

adξ(ea)ea − 2γ(ξ) = ξ = dξ. �

Remark5.2. –
(a) The cubic elementD may be interpreted as a quantized chain of transgression. Inde

is easily checked thatQg(D) = D where

D := h

(∑
a

êaêa

)
=

∑
a

eaea − 2
3

∑
a

λ(ea)ea ∈Wg

is the chain of transgression corresponding to the quadratic polynomial
∑

a êaêa ∈
(Sg)inv ⊂ Wg. Hereh is the standard homotopy operator for the Weil algebra.

(b) The fact that the derivationd is inner may also be formulated in terms of the quadr
super Lie algebraFd � (g̃⊕ Fc). Indeed, it may be verified that the cubic element

c2d− c
∑

a

eaea +
2
3

∑
a

γ(ea)ea

in the enveloping algebra ofFd � (g̃⊕ Fc) is a central element. Specializing toc = 1 we
see thatd−D is central in the quotient by〈c− 1〉.

We now recall the definition of the Duflo mapSg → Ug. Let Sg∗ =
∐∞

k=0 Skg∗ be
the completion of the symmetric algebra, or equivalently the algebraic dual spaceSg.
Informally, we will view Sg∗ as Taylor series expansions of functions ong. There is an algebr
homomorphism

Sg∗ → End(Sg), F �→ F̂
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extending the natural action ofg∗ by derivations, that is,̂F is an infinite order differential operator
acting on polynomials. Letj(z) = sinh(z/2)

z/2 and defineJ ∈ Sg∗ by

J(ξ) = det
(
j(adξ)

)
= etr((ln j)(adξ)).

nsor
ap

y its

e

rs
The square root ofJ is a well-defined element ofSg∗. The Duflo map is the composition

symUg ◦Ĵ1/2 :Sg→ Ug.(16)

The quantization map in [1] is an extension of the Duflo map, for the case thatg is quadratic.
Write Wg = Sg⊗∧g, as in (9), andWg = Ug⊗Cl(g) as in (14). Let

(ln j)′(z) =
1
2

coth
z

2
− 1

z

be the logarithmic derivative of the functionj, and let r ∈ Sg∗ ⊗ ∧2g be given by
r(ξ) = (ln j)′(adξ), where we identify skew-symmetric operators ong with elements in∧2g.
Put

S(ξ) = J1/2(ξ) exp
(
r(ξ)

)
and let ι̂(S) ∈ End(Wg) denote the corresponding operator, where theSg∗ factor acts as
an infinite order differential operator onSg, and the∧g factor acts by contraction on∧g.
Let q :∧g → Cl(g) be the Chevalley quantization map for the Clifford algebra. The te
product of the PBW symmetrization mapsymUg :Sg→ Ug and the Chevalley quantization m
q :∧g → Cl(g) define a linear isomorphismsymUg ⊗q :Wg →Wg. Put differently, this is the

symmetrization map with respect to the generatorsξ, ξ̂, rather than the generatorsξ, ξ used in the
definition ofQg.

THEOREM 5.3. – Under the identificationWg = Sg ⊗ ∧g and Wg = Ug ⊗ Cl(g), the
quantization map is given by the formula,

Qg = (symUg ⊗ q) ◦ ι̂(S) :Wg→Wg.

In particular, its restriction to the symmetric algebraSg is the Duflo map.

Proof. –We use an alternative description of the symmetrization mapS(g̃) → T (g̃). Let
νa ∈ E1̄

g∗ and µa ∈ E0̄
g∗ be “parameters”. The symmetrization map is characterized b

property that for allp, the mapid⊗Qg takes thepth power of
∑

a(νaea + µaea) in the algebra
S(Eg∗) ⊗ Wg to the correspondingpth power inS(Eg∗) ⊗ Wg. These conditions may b
combined into a single condition

id⊗Qg : expWg

(∑
a

(νaea + µaea)
)
�→ expWg

(∑
a

(νaea + µaea)
)

;

here the exponentials are well-defined in completionsS(Eg∗) ⊗ Wg and S(Eg∗) ⊗ Wg,
respectively.

We want to re-express the symmetrization map in terms of the new generatoea,
êa = ea − λ(ea) of Wg and ea, êa = ea − γ(ea) of Wg. Using thatea and êa commute in
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Wg, we may separate theCl(g) andUg-variables in the exponential and obtain:

expWg

(∑
a

(νaea + µaea)
)

= expCl(g)

(∑
a

(
νaea + µaγ(ea)

))
expUg

(∑
a

µaêa

)
.

The factor exp (
∑

µaê ) is the image ofexp (
∑

µaê ) under the symmetrization
the

of the

hile
of a
proof

e
bra
Ug a a Sg a a

map symUg :Sg → Ug. The other factor is the exponential of a quadratic expression in
Clifford algebra. Using [3, Theorem 2.1] such exponentials may be expressed in terms
corresponding exponentials in the exterior algebra:

expCl(g)

∑
a

(
νaea + µaγ(ea)

)
= q

(
ι
(
S(µ)

)
exp∧g

∑
a

(
νaea + µaλ(ea)

))
,

whereι :∧g→ End(∧g) is contraction. This shows

expWg

∑
a

(νaea + µaea)

= (symUg ⊗q)
(

ι
(
S(µ)

)
expWg

∑
a

(
νaea + µa

(
êa + λ(ea)

)))

= Qg

(
expWg

∑
a

(
νaea + µa

(
êa + λ(ea)

)))

= Qg

(
expWg

∑
a

(
νaea + µaea

))
. �

A different proof of Theorem 5.3 will be given in Section 8. Our result shows that w
the Duflo map itself is not a symmetrization map, it may be viewed as the restriction
symmetrization map for a larger algebra. Using Theorem 5.3, we obtain a very simple
of the following result from [1,25]:

PROPOSITION 5.4. – The square of the cubic elementD is given by

D2 =
1
2

Casg +
1
48

trg(Casg)(17)

whereCasg =
∑

a êaêa ∈ (Ug)inv ⊂Wg is the quadratic Casimir element, andtrg(Casg) its
trace in the adjoint representation.

Outline of proof. –Write D = Qg(D) as in Remark 5.2(a). Then

D2 =
1
2
[D,D] =

1
2
d(D) =

1
2
Qg(dD) =

1
2
Qg

(∑
a

êaêa

)
.

Using the explicit formula (16) for the Duflo map, one finds thatQg(
∑

a êaêa) is equal to
Casg + 1

24 trg(Casg). �
Remark5.5. –

(a) The algebraWg carries a naturalZ-filtration, where the odd generators have degre1
and the even generators have degree2. Its associated graded algebra is the Weil alge
Wg, with its standard grading. The filtration onWg is compatible with theZ2-grading in
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the sense of [26], and therefore induces the structure of a graded Poisson algebra onWg.
On generators, the formulas for the graded Poisson bracket are given by{ξ, ζ} = B(ξ, ζ),
{ξ, ζ}= adξ ζ, {ξ, ζ} = adξ ζ . The differential may be written asd = {D, ·} with D as in
Remark 5.2(a).

(b) It is possible to re-introduce a grading onWg, by adding an extra parameter. Let� be a
variable of degree2, and viewS(F · �) as ag− da with contractions, Lie derivatives and

ideal
ap

om [1]
group
version

py

ap

ct

zero
differential all equal to zero. Define ag− da Wg[�] as the quotient ofT (g̃)⊗S(F · �) by
the relations,

[ζ, ζ ′] = �B(ζ, ζ ′), [ζ, ζ ′] = �[ζ, ζ ′]g, [ζ, ζ ′] = �[ζ, ζ ′]g

(on the left-hand side, the bracket denotes super commutators). Note that the
generated by these relations is graded. HenceWg[�] is graded and the symmetrization m
Wg[�] = Wg ⊗ S(F · �) →Wg[�] preserves degrees. The Weil algebraWg is obtained
by dividing out the ideal〈�〉, while Wg is obtained by dividing out〈� − 1〉. This clearly
exhibitsWg as a deformation of the Weil algebraWg.

(c) Pavol Severa explained to us in the summer of 2001, that the quantization map fr
is closely related to the exponential map for a central extension of the super Lie
T [1]G, as discussed in his paper [39]. Theorem 5.3 may be viewed as the algebraic
of Severa’s observation.

6. Vogan conjecture

Supposek ⊂ g is a Lie subalgebra admitting ak-invariant complementp. Thusg = k⊕ p with

[k, k]g ⊂ k, [k,p]g ⊂ p.

Any g−ds E becomes ak−ds by restricting the action tõk ⊂ g̃. If A is ag−da with connection
θ :g∗ →A1̄, then the restriction ofθ to k∗ ⊂ g∗ defines a connection forA, viewed as ak− da.

LEMMA 6.1. – The projectionWg → W k is a k-homotopy equivalence, with homoto
inverseW k → Wg induced by the inclusionEk∗ → Eg∗ .

Proof. –We have Wg = W k ⊗ S(Ep∗), where the second factor carries thek − da-
structure induced by thek-action onp∗. According to that Example 2.5, the augmentation m
S(Ep∗) → F is ak-homotopy equivalence, withk-homotopy inverse the inclusion.�

Suppose now thatg is a quadratic Lie algebra, and that the restriction of the scalar produB
to the subalgebrak is again non-degenerate. We will refer tok as aquadratic subalgebra. In this
case, we may takep to be the orthogonal complement ofk in g.

Example6.2. – Letg be a semi-simple Lie algebra, withB the Killing form, andg = k⊕ p a
Cartan decomposition. Thenk andp are orthogonal, andB is negative definite onk and positive
definite onp. See [19, Chapter 3.7] or [24, Chapter VII.2].

Example6.3. – SupposeF = C. For anyξ ∈ g, the generalized eigenspace for the0 eigenvalue
of adξ

k =
{
ζ ∈ g | adN

ξ ζ = 0 for N  0
}

is a quadratic subalgebra, withp the direct sum of generalized eigenspaces for non
eigenvalues. Indeed, givenζ1 ∈ k, ζ2 ∈ p, let N > 0 with adN

ξ ζ1 = 0. Sinceadξ is invertible
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onp, we have

B(ζ1, ζ2) = (−1)NB
(
adN

ξ ζ1, ad−N
ξ ζ2

)
= 0.

This showsp = k⊥.

The inclusionk̃ ⊕ Fc → g̃ ⊕ Fc is a k − dl homomorphism, hence it extends to ak − da

ology
phism

air
homomorphism

U (̃k⊕ Fc)→ U(g̃⊕ Fc).

Taking quotients by the ideals generated byc−1, we obtain ak−da homomorphismWk →Wg.
We obtain a commutative diagram ofk− ds homomorphisms,

Wg
Qg

Wg

W k Qk

Wk

(18)

in which all maps arek-homotopy equivalences, and the induced maps in basic cohom
are all algebra isomorphisms. We will now interpret these maps in terms of the isomor
Wg = Ug⊗Cl(g). We have

(Wg)k−hor = Ug⊗Cl(p)

and therefore(Wg)k−basic = (Ug⊗Cl(p))k− inv. The Kostant cubic Dirac operator for the p
g, k is defined to as the difference of the Dirac operators forg andk:

Dg,k = Dg −Dk.

The first two parts of the following Proposition were proved by Kostant in [25]. Let

χ :Uk ↪→ Ug⊗Cl(p)(19)

be the map given by the inclusion(W k)k−hor ↪→ (Wg)k−hor.

PROPOSITION 6.4. –
(a) The cubic Dirac operatorDg,k lies in the algebra(Ug⊗Cl(p))k− inv.
(b) The square ofDg,k is given by the formula

D2
g,k =

1
2

Casg −
1
2
χ(Cask) +

1
48

(
trg(Casg)− trk(Cask)

)
.

(c) The restriction of the differential onWg to the subalgebra(Ug⊗Cl(p))k− inv is a graded
commutator[Dg,k, ·].

Proof. –(a) It is clear thatDg,k is k-invariant. Furthermore, forξ ∈ k, we have

[Dg,k, ξ] = [Dg, ξ]− [Dk, ξ] = ξ − ξ = 0

so Dg,k is k-basic. (b) Sinceιξ = [ξ, ·] and Lξ = [ξ, ·], the basic subalgebra(Wg)k−basic is
exactly the commutant of the subalgebraWk ⊂Wg. HenceDg,k ∈ (Wg)k−basic andDk ∈Wk

commute, and the formula follows from (17) by squaring the identityDg = Dg,k + Dk. (c) On
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elements of(Wg)k−basic, [Dk, ·] vanishes sinceDk ∈Wk. Hence[Dg,k, ·] coincides with[Dg, ·]
on (Wg)k−basic. �

The following theorem is a version of Vogan’s conjecture (as formulated in Huang and Pandzic
[20]) for quadratic Lie algebras. It was first proved by Huang and Pandzic [20, Theorems 3.4,
5.5] for symmetric pairs, and by Kostant [27, Theorem 0.2] for reductive pairs. In a recent paper,

tative

s

jection

ms in
bining

th
hism
tural
ap
As an
Kumar [29] interpreted the Vogan conjecture in terms of induction maps in non-commu
equivariant cohomology.

THEOREM 6.5. – The mapχ : (Uk)k− inv → (Ug ⊗ Cl(p))k−inv takes values in cocycle
for the differential[Dg,k, ·], and descends to an algebra isomorphism from(Uk)k− inv to the
cohomology of(Ug ⊗ Cl(p))k−inv. The map(Ug)g− inv → (Uk)k− inv takingz ∈ (Ug)g− inv to
the cohomology class ofz ⊗ 1 ∈ (Ug⊗Cl(p))k− inv fits into a commutative diagram

(Sg)g− inv (Ug)g− inv

(Sk)k− inv (Uk)k− inv

where the horizontal maps are Duflo maps and the left vertical map is induced by the pro
g→ k.

Proof. –The commutative diagram (18) gives rise to a commutative diagram ofk-basic
subcomplexes

(Sk)k− inv (Uk)k− inv

χ

(Sg⊗∧p)k−inv (Ug⊗Clp)k−inv

As mentioned after (18), all of the maps in this diagram induce algebra isomorphis
cohomology. This proves the first part of the theorem. The second part follows by com
this diagram with a commutative diagram

(Sg)g− inv (Ug)g− inv

(Sg⊗∧p)k−inv (Ug⊗Clp)k−inv

given by the inclusion ofg-basic subcomplexes ofWg,Wg into thek-basic subcomplexes.�

7. Harish-Chandra isomorphism

Let g be a quadratic Lie algebra, with scalar productB, andk ⊂ g a quadratic subalgebra, wi
orthogonal complementp = k⊥. In the previous section, we obtained an algebra homomorp
(Ug)g− inv → (Uk)k− inv which under the Duflo isomorphism corresponds to the na
projection(Sg)g− inv → (Sk)k− inv. We will now describe an alternative construction of this m
for enveloping algebras, generalizing the Harish-Chandra construction [24, Chapter V.5].
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extra ingredient, we need ak-invariant splittingp = n− ⊕ n+ into Lie subalgebras ofg which are
isotropic, i.e. such thatB vanishes onn±. Thus

g = n− ⊕ k⊕ n+(20)

(direct sum of subspaces).

er
n
s for
e
ces

a

t

n

gebra

se the
Example7.1. –
(a) In the standard setting of the Harish-Chandra theorem,g is a semi-simple Lie algebra ov

F = C, with compact real formgR, k = tC is the complexification of a maximal Abelia
subalgebra oft ⊂ gR, andn± are nilpotent subalgebras given as sums of root space
the positive/negative roots. More generally, one could takek to be the centralizer of som
elementξ ∈ t, andn+ (resp.n−) the direct sum of the positive (resp. negative) root spa
that are not contained ink.

(b) SupposeF = C. Consider the(2n + 2)-dimensional nilpotent Lie algebraC � Hn from
Example 4.1(b). We obtain a decomposition (20) by lettingk be the Abelian subalgebr
spanned byr andc, and lettingn± be the span ofe2i ±

√
−1e2i−1.

(c) Both of these examples are special case of the following set-up. Suppose thagR is
an arbitrary quadratic Lie algebra overR, g its complexification, andξ ∈ gR. Since
adξ preserves the quadratic formB, all eigenvalues of1i adξ are real. Letgt ⊂ g

denote the generalized eigenspace for the eigenvaluet ∈ R. Then [gt,gt′ ]g ⊂ gt+t′ ,
andB(gt,gt′) = 0 for t + t′ �= 0. A decomposition (20) is obtained by settingk = g0,
n− =

⊕
t<0 gt, n+ =

⊕
t>0 gt.

By the Poincaré–Birkhoff–Witt theorem, the decomposition (20) ofg yields a decompositio
of the enveloping algebraUg,

Ug = (n− Ug + Ugn+)⊕Uk,

hence a (generalized)Harish-Chandra projection

κU :Ug→ Uk.

The projectionκU is k-invariant, and restricts to an algebra homomorphism on the subal
n− Ugn+ ⊕Uk. Similar toκU , we define Harish-Chandra projectionsκCl : Cl(g) →Cl(k) using
the decomposition

Cl(g) =
(
n− Cl(g) + Cl(g)n+

)
⊕Cl(k)

andκW :Wg→Wk using the decomposition

Wg = (ñ−Wg +Wg ñ+)⊕Wk.(21)

In Harish-Chandra’s construction for enveloping algebras, it is necessary to compo
projectionκU with a “shift”. Consider the infinitesimal character onk,

ζ �→Trn+ adζ .

The map

τ : k→ Uk, ζ �→ ζ +
1
2

Trn+ adζ
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is a Lie algebra homomorphism, hence it extends to an algebra automorphism,τ :Uk → Uk. In
the standard case wherek is a Cartan subalgebra of a complex semi-simple Lie algebra, this is
the “ρ-shift”. Remarkably, the shift is already built into the projectionκW :

PROPOSITION 7.2. – The following diagram commutes:

age

bras.

s

y

Wg ∼=

κW

Ug⊗Cl(g)

(τ◦κU )⊗κCl

Wk ∼=
Uk⊗Cl(k)

Proof. –Observe that the two projectionsκW and κU ⊗ κCl both vanish onEn−Wg +
WgEn+ . Hence it suffices to compare them on the subalgebraWk ⊂Wg. Elements inWk may
be written in the formξi1 · · · ξir x whereξi1 , . . . , ξir ∈ k andx ∈ Cl(k) ⊂Wk. Forξ ∈ k, we have
ξ = ξ̂ + γ(ξ), whereγ(ξ) ∈ Cl(g) decomposes into partsγk(ξ) ∈ Cl(k) andγp(ξ) ∈ Cl(p). Let
bi ∈ n− andcj ∈ n+ be dual bases, i.e.B(bi, cj) = δij . We have,

γp(ξ) =
1
2

∑
j

(
(adξ bj)cj + (adξ cj)bj

)

=
1
2

∑
j

(
(adξ bj)cj − bj(adξ cj)

)
− 1

2
trn+(adξ).

Here we have used
∑

j [bj ,adξ cj ] = trn+(adξ), for all ξ ∈ k. Since(adξ bj)cj − bj(adξ cj) ∈
n−Cl(g)n+, it follows that

ξ = ξ̂ − 1
2

trn+(adξ) + γk(ξ) mod n−Cl(g)n+.

Hence, the image ofξi1 · · · ξir x under the upper horizontal map takes the form

((
ξ̂i1 −

1
2

trn+(adξi1
) + γk(ξi1)

)
· · ·

(
ξ̂ir −

1
2

trn+(adξir
) + γk(ξir )

)
x

)
+ · · · ,

where the terms. . . are inEn−Wg+WgEn+ . The term in the large parentheses lies in the im
of the tensor products of inclusionsUk ↪→ Ug, Cl(k) ↪→ Cl(g), andκU ⊗ κCl is the identity map
on this image. Hence, the image under the projectionκU ⊗ κCl, followed by the shiftτ ⊗ 1, is
given by (

ξ̂i1 + γk(ξi1)
)
· · ·

(
ξ̂ir + γk(ξir )

)
x.

But this is exactly the image ofξi1 · · · ξir x under the lower horizontal map.�
It is now easy to verify the following properties of the Harish-Chandra map for Weil alge

THEOREM 7.3 (Harish-Chandra projection for Weil algebras). –Supposeg is a quadratic Lie
algebra, andg = n− ⊕ k ⊕ n+ a decomposition into subalgebras(direct sum of vector space)
wherek is quadratic andn± are k-invariant and isotropic.

(a) The mapsκW :Wg → W k andκW :Wg →Wk are k− ds homomorphisms. In fact, the
are k-homotopy equivalences, with homotopy inverse given by the inclusions,W k ↪→ Wg

andWk ↪→Wg, respectively.
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(b) The diagram

Wg
Qg

κW

Wg

κW

W k Qk

Wk

rtical

er

gram
that
r that

m for
commutes up tok-chain homotopy.
(c) The above diagram contains a sub-diagram,

Sg

κS

Ug

τ◦κU

Sk Uk

whereSg is identified with(Wg)g−hor, Ug with (Wg)g−hor, and similarly forSk andUk.
In this sub-diagram the upper and lower horizontal map are Duflo maps, the left ve
map isκS , and the right vertical map isτ ◦ κU .

Proof. –By Lemma 6.1, the mapκW :Wg → W k is a k-homotopy equivalence. On the oth
hand, using the Poincaré–Birkhoff–Witt theorem, writeWg as a direct sum ofk-differential
spaces

Wg = Wk⊕
(
(Wn−)+ ⊗Wk

)
⊕

(
(Wn−)+ ⊗Wk⊗ (Wn+)+

)
⊕

(
Wk⊗ (Wn+)+

)
,

where the superscript+ denotes the augmentation ideal. (Note thatWn± ∼= U(En±) sinceB
vanishes onn±.) By Proposition 4.4,(Wn±)+ are k-homotopy equivalent to0. This proves
(a). Part (b) follows from (a), since the diagram is obtained from the commutative dia
(18) by replacing the vertical arrows byk-homotopy inverses. We have already shown
the symmetrization maps for Weil algebras restrict to the Duflo maps, and it is clea
the left vertical map in (c) is justκS . The fact that the vertical map isτ ◦ κU follows from
Proposition 7.2. �

Theorem 7.3 implies the following generalization of the Harish-Chandra homomorphis
enveloping algebras.

THEOREM 7.4. – The following diagram commutes:

(Sg)g− inv

κS

(Ug)g− inv

τ◦κU

(Sk)k− inv (Uk)k− inv

Here the horizontal maps are the Duflo isomorphisms forg andk, respectively.

Proof. –By part (b) of the above theorem, the diagram obtained by passing tok-basic
cohomology

H((Wg)k−basic) H((Wg)k−basic)

(Sk)k− inv (Uk)k− inv
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commutes. (Moreover, all maps in this diagram are algebra isomorphisms.) On the other hand, the
maps fromg-basic cohomology tok-basic cohomology gives a commutative diagram of algebra
homomorphisms

(Sg)g− inv (Ug)g− inv

m 7.4

c

,

h-
tant

ntation
sting

m to
re
r a

.

l
a.
H((Wg)k−basic) H((Wg)k−basic)

Placing these two diagrams on top of each other, it follows that the diagram in Theore
commutes. �

PROPOSITION 7.5. –Under the assumptions of Theorem7.4, the image of the cubic Dira
operatorDg under the Harish-Chandra projection is

κW(Dg) = Dk,

the cubic Dirac operatorDk for the subalgebra.

Proof. –Recall thatDg = Dk + Dg,k, where Dg,k ∈ (Ug ⊗ Cl(p))k−inv. The image of
Dg,k under the Harish-Chandra projection vanishes since it isk-basic and odd. Hence
κW(Dg) = κW(Dk) = Dk. �

Remark7.6. – For semi-simple Lie algebras andk = h a Cartan subalgebra, the Haris
Chandra projectionκCl for Clifford algebras was studied by Kostant. In particular Kos
showed that the image of a primitive generator of∧g ∼= Cl(g) is alwayslinear, i.e. contained in
h⊂ Cl(h). He made a beautiful conjecture relating these projections to the adjoint represe
of the principal TDS; this conjecture was recently proved by Y. Bazlov. It would be intere
to understand these results within our framework.

8. Rouvière isomorphism

In his 1986 paper [37], F. Rouvière described generalizations of Duflo’s isomorphis
a certain class of symmetric spacesG/K. In this section, we will prove a Duflo–Rouviè
isomorphism for quadratic Lie algebrasg, with a scalar product that is anti-invariant unde
given involution ofg.

8.1. Statement of the theorem

Let ε :g → g be an involutive automorphism of a Lie algebrag. Theng = k⊕ p wherek is the
subalgebra fixed byε, andp is the−1 eigenspace ofε. We will refer to(g, k) as a symmetric pair
For any Lie algebra homomorphismf : k → F, define a twisted inclusion ofk in Uk by

kf =
{
ξ + f(ξ) | ξ ∈ k

}
.

Using the embeddingUk ↪→ Ug, we may viewkf as a subspace ofUg. The space

(Ug/Ug · kf )k−inv(22)

inherits an algebra structure from the enveloping algebraUg: Indeed,Ug · kf is a two-sided idea
in the subalgebra{z ∈ Ug | Lξz ∈ Ug · kf for all ξ ∈ k} of Ug, and (22) is the quotient algebr
The following was proved by Duflo, generalizing a result of Lichnerowicz [31]:
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THEOREM 8.1 (Duflo [14]). –Let(g, k) be a symmetric pair, and letf : k→ F be the character
f(ξ) = 1

2 trk(adξ). Then the algebra(22) is commutative.

The geometric interpretation of the algebra (22) is as follows. SupposeF = R, and letG
be the connected, simply connected Lie group havingg as its Lie algebra. Assume thatk ⊂ g

is the Lie algebra of a closed, connected subgroup ofK ⊂ G. Taking f = 0, a theorem of
e
of

algebra

e

pairs

is

been
o [2]).
tions,

the

ve an
Lichnerowicz [30] shows that (22) is the algebra ofG-invariant differential operators on th
symmetric spaceG/K. The algebra (22) forf(ξ) = 1

2 trk(adξ) is interpreted as the algebra
G-invariant differential operators onG/K, acting on sections of thehalf density bundle.

Returning to the general case, we relate the algebra (22) to invariants in the symmetric
Sp. Indeed, using a PBW basis one sees that the map

Sp⊕Ug · kf → Ug, (x, z) �→ symUg(x) + z

is ak-module isomorphism. We therefore obtain an isomorphism ofk-modules

Sym:Sp → Ug/Ug kf

takingx ∈ Sp to the image ofsymUg(x) under the quotient map. LetJp ∈ Sp∗ be defined by the
function

Jp(ζ) = det
(
j(2adζ)|p

)
with j(z) = sinh(z/2)

z/2 as in Section 5. This is well-defined: Forζ ∈ p, adζ takesk to p and vice
versa; sincej is an even function, it follows thatj(2adζ) preserves bothk andp. Let

Ĵ
1/2
p :Sp → Sp

denote the infinite order differential operator defined by the square root of the functionJp. In
Section 8.3 we will show:

THEOREM 8.2. – Let (g, k) be a symmetric pair, wherek is the fixed point set of an involutiv
automorphismε. Supposeg admits an invariant scalar productB with ε∗B = −B. Then the
composition

Sym◦Ĵ1/2
p : (Sp)k− inv → (Ug/Ug kf )k−inv

(wherep is the−1 eigenspace forε) is an algebra isomorphism.

Remark8.3. –
(a) A result similar to Theorem 8.2 was first proved by Rouvière [37] for symmetric

(g, k) satisfying one of the following two conditions: (i)g is solvable, or (ii)g satisfies the
Kashiwara–Vergne conjecture [23] and(g, k) is very symmetricin the sense that there
a linear isomorphismA : g → g, A(k) = p, A(p) = k such that[A,adξ] = 0 for all ξ ∈ g.
At the time of this writing the Kashiwara–Vergne conjecture is still open, but it has
established for solvable Lie algebras and for quadratic Lie algebras [43] (see als
(A major consequence of the conjecture, regarding convolution of invariant distribu
was proved in the series of papers [7,5,6]. See [41] for more information on
Kashiwara–Vergne method.)

(b) After a first version of this paper had been posted on the arXiv, C. Torossian [42] ga
alternative proof of Theorem 8.2.
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(c) It is known that for general symmetric pairs, the statement of Theorem 8.2 becomes false.
A counter-example, examined in [15], isg = sl(2,R), with k = so(1) the subalgebra of
diagonal matrices, andp the subspace of matrices having0 on the diagonal.

8.2. Examples

ct

r

st

ière

ir

l,
Supposeg is a quadratic Lie algebra, with involutionε changing the sign of the scalar produ
B. ThenB vanishes on bothk (the +1 eigenspace ofε) andp (the−1 eigenspace ofε), and
hence defines a non-singular pairing betweenk andp. This identifiesp andk∗, and defines an
elementC ∈ (∧3k)k− inv by

B
(
[µ,µ′]g, µ′′) = C(µ,µ′, µ′′), µ, µ′, µ′′ ∈ k∗.

Conversely, given a Lie algebrak and an invariant elementC ∈ ∧3k, the direct sumg = k ⊕ k∗

carries a unique Lie bracket such thatk is a Lie subalgebra,[ξ,µ]g = −ad∗
ξ µ for ξ ∈ k, µ ∈ k∗,

and

[µ,µ′]g = C(µ,µ′, ·) ∈ (k∗)∗ = k, µ, µ′ ∈ k∗.

Furthermore, the symmetric bilinear formB given by the pairing betweenk andk∗ is g-invariant,
and changes sign under the involutionε given by−1 on k∗ and by1 on k. Hence all examples fo
Theorem 8.2 may be described in terms of a Lie algebrak with a given elementC ∈ (∧3k)k− inv.

Example8.4. –
(a) If C = 0, the Lie algebrag is just the semi-direct productg = k � k∗. In this case, one

finds that(Ug/Ug kf )k−inv = (Sk∗)k−inv and the Duflo–Rouvière isomorphism is ju
the identity map.

(b) Suppose(k,Bk) is a quadratic Lie algebra overF = R. Then

C(ξ, ξ′, ξ′′) = ±Bk

(
[ξ, ξ′]k, ξ′′

)
defines an elementC ∈ (∧3k)k− inv (where we useBk to identify k∗ with k). For the minus
sign, one obtains the exampleg = kC. For the plus sign, one arrives atg = k ⊕ k, with k

embedded diagonally andp embedded anti-diagonally. In this case, the Duflo–Rouv
isomorphism reduces to the usual Duflo isomorphism.

(c) Givenn � 3 let k be the nilpotent Lie algebra of strictly upper-triangularn× n-matrices,
and{Eij , i < j} its natural basis, whereEij is the matrix having1 in the (i, j) position
and zeroes elsewhere. ThenC = E1,n−1 ∧ E1,n ∧ E2,n lies in (∧3k)k− inv. The resulting
quadratic Lie algebrag is solvable forn = 3, and nilpotent forn � 4.

(d) There are non-trivial examples ofC ∈ (∧3k)k− inv such that the resulting symmetric pa
(g, k) is not very symmetric in Rouvière’s sense, and alsog not solvable.
Indeed if(g, k) is a very symmetric pair with[k, k]k = k, then[p,p]g = k, or equivalently
ker(C) ≡ {µ ∈ k∗ | ιµC = 0} = 0. Takek = a � a∗ with a semi-simple. LetC ∈ ∧3a∗ ⊂
∧3k be defined by the Lie bracket and the Killing form ona. SinceC has non-zero kerne
(g, k) is not very symmetric. Furthermore,a ⊂ k ⊂ g is the Levi factor ofg which shows
thatg is not solvable.

8.3. Proof of Theorem 8.2

View Wg as ak-differential algebra, with connection defined by the canonicalg-connection
and the splittingg = k⊕ p.
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Recall that the contraction operators ong̃⊂Wg are given byιξζ = B(ξ, ζ), ιξζ = Lξζ. Since
k is isotropic, it follows that̃k is a k-differential subspace ofWg, and so is the left idealW g̃k.
The algebra structure onWg does not descend to thek− ds Wg/(Wg k̃), in general. However,
there is an induced algebra structure on the basic subcomplex(Wg/(Wg k̃))k−basic since its
pre-image inWg is a subalgebra containingWg k̃ as a2-sided ideal.

n

algebra

.
the

s

PROPOSITION 8.5. – The characteristic homomorphismW k →Wg ∼= Ug⊗Cl(g) descends
to a k− ds isomorphism

W k ∼= S(Ep)→Wg/(Wg k̃)∼= (Ug/Ug kf )⊗∧p,(23)

an isomorphism ofk-modules

(W k)k−hor
∼= Sp →

(
Wg/(Wg k̃)

)
k−hor

∼= Ug/Ug kf ,(24)

and an isomorphism of algebras

(W k)k−basic
∼= (Sp)k− inv →

(
Wg/(Wg k̃)

)
k−basic

∼= (Ug/Ug kf )k−inv.(25)

Proof. –By a PBW argument, the map

S(Ep)⊕Wg k̃→Wg, (x, z) �→ Qg(x) + z

is a k − ds isomorphism. Thus, the quotient mapW k ∼= S(Ep) → Wg/W g̃k is again ak − ds
isomorphism, and its restriction to horizontal subspaces is ak-module isomorphism. The map o
basic subspaces is a composition

(W k)k−basic → (Wg)k−basic →
(
Wg/(Wg k̃)

)
k−basic

,

where the second map is an algebra homomorphism, and the first map induces an
homomorphism in cohomology. Since the differential vanishes on(W k)k−basic and as a
consequence vanishes on(Wg/(Wg k̃))k−basic, it follows that (25) is an algebra isomorphism

It remains to identifyWg/(Wg k̃) and its horizontal and basic subspaces in terms of
isomorphismWg = Ug⊗Cl(g). Observe thatWg k̃ is the left ideal generated by elementsζ, ζ
with ζ ∈ k. We will show that

ζ = ζ̂ + γg(ζ) = ζ̂ +
1
2

trk(ζ) modWg k.

To see this, choose basesei of k andej of p such thatB(ei, e
j) = δj

i . Then

γg(ζ) =
1
2

∑
i

(
adζ(ei)ei + adζ(ei)ei

)
=

1
2

∑
i

(
−ei adζ(ei) + adζ(ei)ei

)
+

1
2

∑
i

B
(
adζ(ei), ei

)
.

The first sum lies inWg k, while the second sum gives12 trk(adζ) modWg k. This proves

Wg/(Wg k̃) = (Ug/Ug kf ) ⊗ ∧p, where the contractionsιξ are induced by the contraction
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on ∧p = ∧k∗. Hence thek-horizontal subspace is(Ug/Ug kf ), and thek-basic subcomplex is
(Ug/Ug kf )k− inv. �

To complete the proof of Theorem 8.2, we have to identify the isomorphism (24) fromSp onto

Ug/Ugkf with the mapSym◦Ĵ1/2
p . Our calculation will require the following lemma.

LEMMA 8.6. – LetV be a vector space, and supposeA :V → V ∗ andB :V ∗ → V are linear
ic

o the

ore
een
the

e-

-

maps withA∗ = −A,B∗ = −B. Let λ(A) ∈ ∧2V ∗ and λ(B) ∈ ∧2V be the skew-symmetr
bilinear forms defined byA,B, i.e. in a basisea of V , with dual basisea of V ∗,

λ(A) =
1
2

∑
a

A(ea)∧ ea, λ(B) =
1
2

∑
a

B(ea)∧ ea.

Let ι :V ∗ → End(∧V ) denote contraction, and denote by the same letter its extension t
exterior algebra∧V ∗. SupposeI + AB is invertible. Then

ι
(
exp

(
λ(A)

)
exp

(
λ(B)

))
= det1/2(1 + AB) exp

(
λ
(
B ◦ (I + AB)−1

))
for a unique choice of square root ofdet(I + AB).

In particular, it follows that the map

∧2V ∗ ×∧2V → F,
(
λ(A), λ(B)

)
�→ det(I + AB)

admits a smooth square root, given by the degree zero part ofι(exp(λ(A)) exp(λ(B))).

Proof. –This may be proved by methods similar to [3, Section 5], to which we refer for m
details. LetV ⊕ V ∗ be equipped with the symmetric bilinear form given by the pairing betw
V andV ∗, andSpin(V ⊕ V ∗) → SO(V ⊕ V ∗) be the corresponding Spin group. One has
following factorization inSO(V ⊕ V ∗),


 I 0

A I





 I B

0 I


 =


 I D

0 I





 I 0

E I





 R 0

0 (R−1)∗




where

R = (I + BA)−1, E = AR−1, D = BR∗.

This factorization lifts to a factorization inSpin(V ⊕ V ∗). Consider now the spinor repr

sentation ofSpin(V ⊕ V ∗) on ∧V ∗. In this representation, the lift of
(

R 0
0 (R−1)∗

)
acts as

α �→ det−1/2(R)R.α, the lift of
(

I 0
E I

)
acts by contraction withexp(λ(E)), and the lift of the

factor
(

I D
0 I

)
acts by exterior product withexp(λ(D)). The lemma follows by applying the fac

torization to the “vacuum vector”1 ∈ ∧V ∗. �
PROPOSITION 8.7. – Thek-module isomorphismSp → Ug/Ug kf in (24) is equal to the map

Sym◦Ĵ1/2
p :Sp → Ug/Ug kf .

Proof. –We write (24) as a composition of maps

Sp
(i)−→ Wg = Sg∗ ⊗∧g∗

(ii)−→Wg = Ug⊗Cl(g)
(iii)−→ Ug

(iv)−→ Ug/Ug kf .
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Here (i) is the restriction of the characteristic mapW k → Wg toSp = Sk∗, (ii) is the quantization
map, (iii) is the tensor product of the augmentation map forCl(g) with the identity map
for Ug, and (iv) is the quotient map. In terms of the generatorsµ̂ = µ − λk(µ) of Sk∗, and
the corresponding generators ofSg∗, (i) is given by

µ �→ µ, µ̂ �→ µ̂ + λp(µ)

r

e

s,
whereλp(µ) = λg(µ) − λk(µ) takes values in∧2p∗. View λp as a∧2p∗-valued function ong∗,
constant inp∗-directions. Thenexp(λp) defines an infinite order∧p∗-valued differential operato

̂exp(λp) :Wg→ Wg,

and the characteristic homomorphismW k → Wg is a composition ̂exp(λp) ◦ i where

i :W k = Sk∗ ⊗∧k∗ → Wg = Sg∗ ⊗∧g∗

is the inclusion given on generators byµ �→ µ, µ̂ �→ µ̂. Note that the image ofSk∗ ⊂ W k under
the composition lies in the subalgebraSk∗ ⊗∧p∗ = Sp⊗∧k of Wg. Hence, when we apply th
map (ii)

Qg = (sym⊗q) ◦ ι(Ŝ) :Wg→Wg,

we need only consider the “restriction” ofS(ξ) = J1/2(ξ) exp(r(ξ)), ξ ∈ g∼= g∗ to k∗ ∼= p. That
is, we have to compute

J1/2(ξ)ι
(
exp

(
r(ξ)

))
exp

(
λp(ξ)

)
∈Wg = Sg⊗∧g(26)

for ξ ∈ p = k∗. In fact, we are only interested in the component of (26) inSg⊗∧0g, since all the
other components will vanish under the projection (iii). Sincek andp are dualk-modules,

J(ξ) = detp

(
j(adξ)

)
detk

(
j(adξ)

)
= detp

(
j(adξ)2

)
.

Similarly, r(ξ) splits into a sumr′(ξ) + r′′(ξ) wherer′(ξ) ∈ ∧2p and r′′(ξ) ∈ ∧2k. We may
replacer(ξ) with r′(ξ) in (26) since ther′′(ξ) part will not contribute to the contraction. Thu
we may calculate (26) using Lemma 8.6, with

V = p, A = (ln j)′(adξ)|p, B = adξ |p∗ .

Letting (·)[0] denote the∧0g component, the lemma gives

J1/2(ξ)
(
ι
(
exp

(
r(ξ)

))
exp

(
λp(ξ)

))
[0]

= det1/2
p

(
h(adξ)

)
,

where

h(z) = j(z)2
(
1 + z(ln j)′(z)

)
=

(
sinh(z/2)

z/2

)2(
1 + z

(
1
2

coth(z/2)− z−1

))

=
sinh(z/2) cosh(z/2)

z/2

=
sinh(z)

z
.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



332 A. ALEKSEEV AND E. MEINRENKEN

To summarize, the composition of the maps (i), (ii), (iii) is the mapSp → Ug given by application

of an infinite-order differential operator̂J1/2
p on Sp, followed by the PBW symmetrization

mapsym :Sp → Ug. Since the mapSym:Sp → Ug/Ug kf is defined as PBW symmetrization
followed by the quotient map (iv), the proof is complete.�

eristic
d
dle
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tes the
n
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plex.)
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9. Universal characteristic forms

As a final application of our theory, we obtain a new construction of universal charact
forms in the Bott–Shulman complex [8,16,35,40]. We assumeF = R, and letG be a connecte
Lie group with Lie algebrag. Recall that in the simplicial construction of the classifying bun
EG → BG [35,38], one models the de Rham complex of differential forms onEG by a double
complexCp,q = Ωq(Gp+1) with differentialsd :Cp,q → Cp,q+1 (the de Rham differential) an
δ :Cp,q → Cp+1,q. Hereδ is the alternating sumδ =

∑
(−1)i δi whereδi = ∂∗

i is the pull-back
under the map,

∂i :Gp+1 → Gp, (g0, . . . , gp) �→ (g0, . . . , ĝi, . . . , gp)

omitting theith entry. View eachEpG = Gp+1 as a principalG-bundle overBpG = Gp, with
action the diagonalG-action from the right, and quotient map

EpG →BpG, (g0, . . . , gp) �→ (g0g
−1
1 , g1g

−1
2 , . . .).

Let

ιξ :Cp,q → Cp,q−1, Lξ :Cp,q → Cp,q

be the corresponding contraction operators and Lie derivatives. Then the total complex

W =
∞⊕

k=0

W k, W k =
⊕

p+q=k

Cp,q

with differential D = d + (−1)qδ, contractionsιξ and Lie derivativesLξ becomes ag − ds.
(TheZ2-grading is given byW 0̄ =

⊕∞
k=0 W 2k andW 1̄ =

⊕∞
k=0 W 2k+1.) By the simplicial de

Rham theorem [35, Theorem 4.3], the total cohomology of the basic subcomplex compu
cohomology of the classifying spaceBG, with coefficients inR. Define a product structure o
the double complex

Cp,q ⊗Cp′,q′ → Cp+p′,q ⊗Cp+p′,q′ → Cp+p′,q+q′
,

where the first map is given by(−1)qp′
times the tensor products of pull-backs to the firstp + 1,

respectively lastp′ + 1, G-factors inGp+p′+1, and the second map is wedge product. (T
formula is motivated by the usual formula for cup products of the singular cochain com
It is straightforward to verify thatD, ιξ,Lξ are derivations for the product structure, thusW
becomes ag− da. It is locally free, with a natural connection

θ :g∗ →C0,1 = Ω1(G)

given by the left-invariant Maurer–Cartan form onG. Hence, by symmetrization we obtain
g− ds homomorphismWg→ W which restricts to a map of basic subcomplexes. The resu
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map

(Sg∗)inv →
⊕
p,q

Ωq(Gp+1)basic
∼=

⊕
p,q

Ωq(Gp)(27)

takes an invariant polynomial of degreer to a D-cocycle of total degree2r. By our general
theory, the induced map in cohomology is a ring homomorphism. As in the usual Bott–Shulman

is

ty
ys

.

ator,

y

ce,
lusion
ted

n

r is
th
construction we have the following vanishing phenomenon:

PROPOSITION 9.1. –The image of an invariant polynomial of degreer under the map(27)
has non-vanishing components only in bidegrees(p, q) with p + q = 2r andp � r.

Proof. –The connectionθ lives in bidegree(0,1), and its total differentialDθ has non-
vanishing components only in bi-degrees(0,2) and (1,1). Since the product structure
compatible with the bi-grading, it follows that the image of an elementξi1 · · · ξil

ξj1 · · · ξjm ∈Wg

under the symmetrization map only involves bi-degrees(p, q) with p + q = 2l + m andp � l.
Any element inSrg∗ ⊂ Wg is a linear combination of such elements, with2l + m = 2r. �

In the appendix, we will describe a class ofg − da’s with the connection, with the proper
that the Chern–Weil homomorphismcθ is ag-homotopy equivalence. The following result sa
that this applies to theg− da W , providedG is compact.

Let WL ⊂ W denote the direct sum over the subspaces(Cp,q)L = Ωq(Gp+1)L of forms that
are invariant under the leftGp+1-action. Clearly,WL is ag-differential subalgebra ofW . Since
the connection is left-invariant, the Chern–Weil map takes values in the subalgebraWL

basic.

THEOREM 9.2. –The algebrasWL,W are acyclic. In fact,WL is a g − da of Weil type in
the sense of DefinitionA.1. If G is compact, the inclusionWL ↪→W a g-homotopy equivalence

Proof. –We recall the standard proof thatW is acyclic. LetΠ:W → W be the projection
operator, given onCp,q as pull-back under the map

π :Gp+1 → Gp+1, (g0, . . . , gp) �→ (e, . . . , e).

The projectionΠ is naturally chain homotopic to the identity: To construct a homotopy oper
let

sj :Gp+1 →Gp+2, (g0, . . . , gp) �→ (g0, . . . , gj , e, . . . , e), i = 0, . . . , p

and sets =
∑p

j=0(−1)js∗j :Cp+1,q → Cp,q . Note that onGp+1, ∂p+1sp = id, ∂0s0 = π. A direct
calculation (as in May [33]) shows that[δ, s] = Π − id on

⊕∞
p=0 Ωq(Gp+1), for any fixedq.

Since[d, s] = 0, it follows that−(−1)qs :Ωq(Gp+1) → Ωq(Gp+2) gives the desired homotop
between the identity andΠ.

The imageΠ(W ) ⊂ W is isomorphic to the singular cochain complex of a point. Hen
composing with the standard homotopy operator for this complex we see that the inc
i :F ↪→ W is a homotopy equivalence. Leth :W → W denote the homotopy operator construc
in this way.

The maps does not commute withLξ since the mapssj are notG-equivariant. However, o
the left invariant subcomplexWL this problem disappears, sinces∗j ◦ Lξ = Lξ ◦ s∗j on WL. It
follows thath restricts to a homotopy operator onWL with [h,Lξ] = 0. This shows thatWL is
of Weil type.

Suppose now thatG is compact. Then there is a projectionΠ1 :W → WL, given onΩq(Gp+1)
as the averaging operator for the leftGp+1-action. It is well-known that the averaging operato
homotopic to the identity operator; the homotopy operatorh1 may be chosen to commute wi
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Lξ, by averaging under the rightG-action. (In our case, one may directly constructh1 using the
Hodge decomposition for the bi-invariant Riemannian metric onG.) It follows thatΠ|W L ◦ Π1

is homotopic to the identity map, by a homotopy operator that commutes withLξ and lowers the
total degree by1. �

Remark9.3. – For the classical groups, there is another model for differential forms on the
. for
l
rphism

ant,
their
C, by
atical

nt
s,

most

Note
Weil

o

s

classifying bundle, as an inverse limit of differential forms on Stiefel manifolds – e.g
G = U(k), the inverse limit ofΩ(St(k,n)) for n →∞. The resultingg − da carries a natura
“universal” connection (see Narasimhan and Ramanan [36]). The characteristic homomo
for this case was studied by Kumar in [28].
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Appendix A. g-differential algebras of Weil type

In this Appendix we describe a class of locally freeg − da’s that are homotopy equivale
to Wg. This notion of ag − da’s of Weil typewill not be needed for most of our application
except in Section 9.

DEFINITION A.1. – Let W be a locally freeg − da, together with ads homomorphism
π :W → F such thatπ ◦ i = id, wherei :F → W is the unit forW . ThenW will be called
of Weil typeif there exists a homotopy operatorh betweeni ◦ π andid, with h ◦ i = 0, such that
[Lξ, h] = 0 and such thath and allιξ have degree< 0 with respect to some filtration

W =
⋃

N�0

W (N), W (0) ⊂ W (1) ⊂ · · ·

of W .

The definition is motivated by ideas from Guillemin and Sternberg [18, Section 4.3]. In
examples, theZ2-grading onW is induced from aZ-gradingW =

⊕
n�0 Wn, F ⊂ W 0, with d

of degree+1, Lξ of degree0 andιξ of degree−1. If a homotopy operatorh with [Lξ, h] = 0
exists, its part of degree−1 is still a homotopy operator, and has the required properties. (
that compatibility of the grading with the algebra structure is not needed.) In particular, the
algebraWg, and its non-commutative versioñWg are of Weil type. The tensor product of tw
g− da’s of Weil type is again of Weil type.

THEOREM A.2. – SupposeW is a g − da of Weil type, andθ a connection onW . Then the
g− da-homomorphism̃cθ :W̃g→ W is ag-homotopy equivalence.

In particular, any twog − da’s of Weil type areg-homotopy equivalent. A similar result wa
proved by Guillemin and Sternberg [18] forcommutativeg− da’s.

By Theorem A.2, many of the usual properties ofWg extend tog − da’s of Weil type. For
instance, since the basic cohomology ofWg is (Sg∗)inv, the same is true for anyg− da of Weil

4e SÉRIE– TOME 38 – 2005 –N◦ 2



LIE THEORY AND THE CHERN–WEIL HOMOMORPHISM 335

type. The proof of Theorem A.2 will be given at the end of this section, after establishing two
rather technical lemmas.

Recall that a linear operatorC on a vector spaceE is locally nilpotentif E =
⋃

N�0 E(N)

whereE(N) is the kernel ofCN+1. If C is locally nilpotent, the operatorI + C has a well-
defined inverse, since the geometric seriesI −C + C2 −C3 ± · · · is finite on eachE(N).

¯

t
n
n,

y

[18,
y

LEMMA A.3. – SupposeE is ag-differential space, andh ∈ End(E)1 an odd linear operator
with the following properties:

[ιξ, h] = 0, [Lξ, h] = 0, [d, h] = I −Π + C,

whereΠ is a projection operator, andC is locally nilpotent. Assume thath and C vanish on
the range ofΠ. ThenΠ̃ = Π(I + C)−1 is a projection operator having the same range asΠ.
Furthermore, it is ag−ds homomorphism, and̃h = h(I +C)−1 is ag-homotopy betweenI and
Π̃:

[ιξ, h̃] = 0, [Lξ, h̃] = 0, [d, h̃] = I − Π̃.

Proof. –SinceCΠ = 0, it is clear that̃Π is a projection operator. We will check[d, h̃] = I − Π̃
on any givenv ∈ E. ChooseN sufficiently large so thatv ∈E(N) anddv ∈E(N). OnE(N), the
operator̃h is a finite series

h̃ = h
(
I −C + C2 − · · ·+ (−1)NCN

)
= h

(
I − (C −Π) + (C −Π)2 + · · ·+ (−1)N (C −Π)N

)
,

where we have usedhΠ = 0 andCΠ = 0. The equation[d, h] = I − Π + C shows thatC − Π
commutes withd. Thus

[d, h̃] = [d, h]
(
I − (C −Π) + (C −Π)2 + · · ·+ (−1)N (C −Π)N

)
on the subspace{v ∈ E(N)|dv ∈ E(N)}. But [d, h] = I −Π + C also shows[d, h]Π = 0. Hence
we may replaceC −Π by C again, and get

[d, h̃] = [d, h](I −C + C2 + · · ·)
= [d, h](I + C)−1

= (I −Π + C)(I + C)−1 = I − Π̃.

By a similar argument, since[Lξ,C − Π] = [Lξ, [h,d]] = 0 and [ιξ,C − Π] = −[ιξ, [h,d]] =
−[h,Lξ] = 0, one proves[Lξ, h̃] = 0 and[ιξ, h̃] = 0. �

LEMMA A.4. – SupposeA is ag− da, with augmentation mapΠ:A→ F ⊂A. Assume tha
h :A→A is a homotopy operator with[Lξ, h] = 0 and [d, h] = I − Π, and that there exists a
increasing filtrationA =

⋃∞
N=0A(N), such thatιξ andh have negative filtration degree. The

for any locally freeg-differential spaceB, the inclusion map

B→A⊗B

is a g-homotopy equivalence, with a homotopy inverseA⊗ B → B that is equal to the identit
onB ⊂ F⊗B.

Proof. –The proof is inspired by an argument of Guillemin and Sternberg (see
Theorem 4.3.1]). If[ιAξ , h] = 0, the projection operatorΠ = Π ⊗ I is the desired homotop
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inverse to the inclusion map, with homotopyh = h ⊗ 1. In the general case, we employ the
Kalkman trick [22] to shift the contraction operators onA⊗B to the second factor. Letea be a
basis ofg, andea the dual basis ofg∗. Choose a connectionθ :g∗ →B. Thenψ =

∑
a θ(ea)ιAea

is an even, nilpotent operator onA⊗B, with [ψ,LA
ξ + LB

ξ ] = 0. Henceexpψ is a well defined
automorphism ofA⊗B, and commutes with theg-action. Let

ally
h

y

xter

lar

Lie

e

L̃ξ = Ad(expψ)(LA
ξ + LB

ξ ), ι̃ξ = Ad(expψ)(ιAξ + ιBξ ), d̃ = Ad(expψ)(dA + dB)

denote the transformed Lie derivatives, contractions and differential onA ⊗ B. A calculation
usingAd(expψ) = exp(adψ) =

∑∞
n=0

1
n! (adψ)n shows

ι̃ξ = ιBξ ,

L̃ξ = LA
ξ + LB

ξ ,

d̃ = dA + dB + θ(ea)LA
ea

+ R,

where the remainder termR is a polynomial in contractionsιAea
, with coefficients inB (with no

constant term). The operatorh commutes with the contractionsι̃ξ and Lie derivatives̃Lξ, and

[d̃, h] = [dA, h] + [R,h] = I −Π + [R,h].

Our assumptions imply thatC = [R,h] has negative filtration degree, and in particular is loc
nilpotent. Thus Lemma A.3 applies and shows thatΠ̃ = Π(I +C)−1 is a projection operator wit
the same rangeF ⊗B, and is homotopic to the identity by a homotopyh̃ = h(I + C)−1 which
commutes with all̃ιξ, L̃ξ . SinceιAξ vanishes onF, the operatorexpψ acts trivially onF⊗B and

thereforeΠ̂ = Π̃ ◦ exp(ψ) is a projection ontoF ⊗ B. The operator̂h = Ad(exp(−ψ))h̃ gives
the desiredg-homotopy between̂Π and the identity. �

Proof of Theorem A.2. –The map̃cθ may be written as a composition of the inclusion

W̃g ↪→ W̃g⊗W, w̃ �→ w̃ ⊗ 1(28)

with the mapφ :W̃g⊗W →W, w̃⊗w �→ c̃θ(w̃)w. The mapφ is ag-homotopy equivalence b
Proposition 3.2, while (28) is ag-homotopy equivalence by the Lemma A.4.�
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