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Abstract

Briand et al. (Electron. Comm. Probab. 5 (2000) 101-117) gave a counterexample and proposition to show tigat given
g-expectations usually do not satisfy Jensen’s inequality for most of convex functions. This yields a natural question, under
which conditions ory, do g-expectations satisfy Jensen’s inequality for convex functions? In this paper, we shall deal with this
guestion in the case thatis convex and give a necessary and sufficient conditiog ander which Jensen'’s inequality holds
for convex functionsTo cite thisarticle: Z. Chen et al., C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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Résumé

Linégalité de Jensen pour lag-espéranceBriand et al. (Electron. Comm. Probab. 5 (2000) 101-117) ont donné un contre-
exemple et une proposition qui démontrent que daonrésg-espérances ne satisfont pas 'inégalité de Jensen pour la majorité
des fonctions convexes. Ceci mene donc de fagon naturelle a la question : sous quelles conditiesg sespérances satisfont
I'inégalité de Jensen pour les fonctions convexes ? Dans cet article, nous obtenons une solutiorgpmnvere et donnons
une condition nécessaire et suffisante gwous laquelle I'inégalité de Jensen est satisfaite pour tout les fonctions convexes.
Pour citer cet article: Z. Chen et al., C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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Version francaise abrégée

Pardoux et Peng [3] ont démontré que avec des hypothéses sur la valeur finale et les coefficients, une équatio
différentielle stochastique rétrograde posséde comme solution un couple unique. A partir de telles équations
stochastiques, Peng [5] introduit la notiongdespérance. Il démontra que de nombreuses propriétés de I'espérance
mathématique classique sont préservées pgidspérance, toutefois Jgespérance n’est pas linéaire et donc est
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une sorte d’espérance mathématique non linéaire. Peng [4] introduit les notigresperance conditionelle et

de g-martingale. De plus, Peng [4], Chen et Peng [2], et Briand, Coquet, Hu, Mémin, et Peng [1] (dorénavant
BCHMP) ont étudié des propriétés desespérances et dgsmartingales : a savoir le théoréme de décomposition

de Doob—Meyer pour leg-martingales et I'inégalité pour les montées gemartingales. BCHMP [1] ont aussi

étudié l'inégalité pour lg-espérance. lls donnent un contre-exemple et une proposition indiquant que méme pour
une fonction linéaire, I'inégalité de Jensen ne sera pas satisfaite pour cegtaapérances. Tout ceci nous mene
donc ala question : sous quelles conditionsgiinégalité de Jensen concernant fesspérance est-elle satisfaite

pour une fonction convexe quelconque ? Dans cet article, nous étudions cette question et donnons la conditiol
nécessaire et suffisante susous laquelle I'inégalité de Jensen est satisfaite.

1. Introduction

Pardoux and Peng [3] showed that under some suitable assumptions on the terminal value and coefficients
a backward stochastic differential equation (BSDE) has a unique pair solution. Based on such BSDE, Peng [5]
introduced the notion of-expectations. He proved that theexpectation preserves many of properties of
the classical mathematical expectation, but not the linearity property, and thysetkgectation is a type of
nonlinear mathematical expectation. Peng [4] introduced the notion of condigianadectation ang-martingale.
Furthermore, Peng [4], Chen and Peng [2] and Briand, Coquet, Hu, Mémin and Peng [1] (hereafter referred to as
BCHMP) studied some properties gfexpectations, and gf-martingales; such as Doob—Meyer decomposition
theorem forg-martingales, upcrossing inequality fermartingales and inverse comparison theorem for BSDESs.
BCHMP [1] also studied Jensen’s inequality fgiexpectations and gave a counterexample and a proposition to
indicate that even for a linear function, Jensen’s inequality might fail for sgragpectations. This suggests a
natural question: under which conditions giin the g-expectation, does Jensen’s inequality hold for any convex
function? In this paper, we study this question and give a necessary and sufficient condigiamdar which
Jensen’s inequality holds.

2. Notation and assumptions

Let ($2, 7, P) be a probability space an@), > be ad-dimensional standard Brownian motion with respect to
filtration (F;);>0 generated by the Brownian motion and BHnull subsets, i.e.,

Fi=0{Bs,s€[0,t]}VN, 1€]0,T],
whereN is the set of alP-null subsets. Fix a real numb&r> 0. We assume thaf; = F. Denote

1. L2(2,F;, P) = {&: € is aF;-measurable an#i£2 < oo}, 1 € [0, TT;
2. L?%(0,T) :={y: ¥ is a progressively measurable process \E%T |12 df] < 00).

Letg(w,t,y,2):82 x [0, T] x R x RY — R satisfy the following conditions:

(A1) (Lipschitz condition) There exists a constant= 0, such tha¥(y1, z1), (y2, z2) € R
|g(@,1,y1,21) — g(@, 1, y2,22)| < K (Iy1 — yal + lz1 — 22l), 1 >0;
(A2) g is continuousinr andVv(z, y) € [0, T] x R,

g(t,y,0)=0,
where|z| is the norm of; € RY.
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Under the above assumptions gnby Pardoux and Peng’s theorem [3], for egch L2($2, F, P), the BSDE
T T
}’tZé+/g(y‘97z‘s’s)ds_/1s’st, 0<t«<T, (1)

t t

has a unique solutiofy;, z;), which depends on the terminal valgi@nd generatog, and wherex - y is the inner
product ofx, y € R¢. Peng [4] proposed the following notions:

Definition 2.1 (Peng [4]) Suppose satisfies (A1) and (A2). For ariye L2($2, F, P), let (y;, z;) be the solution
of BSDE (1), define

gg [é] ‘= )Y0-
&,[£] is called theg-expectation of the random varialflevith respect tgg.

Immediately, Peng [4] showed that for each [0, T], there is a uniquer;-measurable random variables
L2(£2, F;, P) such that

E Ll =& Inlal, forallAeF;, 0t <T.
Peng [4] called) the conditionak-expectation of random variabdewith respect to the -algebraF; and denoted
by

Eglé|Fi]:=n.

He found that conditionaj-expectatiort, [£|F;] actually is the value ofy,}, the solution of BSDE (1) at timg,
that is

If ¢ =0 then obvioushe,[&|F;]1 = E[£]F], &l&]1= E[£].
BCHMP [1] discuss Jensen’s inequality fgrexpectations and obtained the following proposition when
g(t,y,z) is independent of and convexiry forall ¢ > 0:

Proposition 2.2. Suppose; satisfies(Al) and (A2) and thatg:R — R is a convex function. Suppose also that
£.¢(§) € L%, F, P) and that

30 (E[E171) N0, 1 # 2,
wheredy is the derivative of, and]0, 1[¢ is the complement set gD, 1[ = (0, 1). Then

0(EIE1F) < &[o®)|F], 0<i<T. (3)
In particular, if t =0,

0(ElE]) < Ele®)].

If we choosep(x) = x/2, Vx € R, thendg = % and Proposition 2.2 does not apply. In fact, Proposition 2.2
and the counterexample in [1] shows that Jensen’s inequality usually is not treiekqmrectations even when the
convex function applied tg is a linear function. In Section 3 we obtain a necessary and sufficient conditign on
so that Jensen’s inequality (3) holds for all convex functions wherievets) € L%(2, F, P).

The following result [2, Proposition 2.3] is needed in the proof of our Theorem 3.1. We rewrite it in the following
form:

Proposition 2.3(Proposition 2.3 [1])Supposé€X,} is the following process
dX[ = day dr + bl dB[,
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wherea andb are two continuous, bounded adapted processes. Then

. Eg[Xs|F1—-EX
lim

s—t s —1

Y =g(t,ar, by),

where the limit is in the sense 6f(2, 7, P).

3. Main result

As is done in [1], in this paper we shall consider the case wiére;) does not depend on. This is not a
serious restriction since § is convex and satisfies assumptions (A1) and (A2) then it does not dependea
the remark following [1, Lemma 4.5]. The functignis said to be positively homogeneous if for eachR? and
any positive real number > 0, theng(¢, Az) = Ag(¢,z), Vt € [0, T].

In order to simplify the proof of our main result. Theorem 3.1 considers the caseRff— R, a function ofz
only.

Now considerg : RY — R. We introduce our main result on Jensen’s inequalitygf@xpectations.

Theorem 3.1.Let g be a convex function and satig#1) and(A2) and& € L2(2, F, P). Suppos@:R — Ris a
convex function such that(¢) € L2($2, F, P). Then

(i) Jensen’s inequalit{3) holds if and only ifg is positively homogeneous
(i) If d =1, the necessary and sufficient condition for Jensen’s inequédityo hold is that there exist two
constants: > 0 andb such thatg(z) = alz| + bz.

Proof. Sufficient conditionSinceg is a convex and positively homogeneous functionR¥n then by the well-
known Hahn—Banach extension theorem in finite-dimensional real $¢fa¢see Yosida [6, pp. 102, 108]), there
exists a convex and closed subgetienoted by

D={beR’ b-z<g(z), VzeR?}

such that

(Bi) g(z) =SuUp,cpb-z, ¥z €RY;
(Bii) for eachz € R?, there exist$(z) € D, such thab(z) - z = g(z).

Clearly b(z) is bounded. Indeed under assumptions (A1) and (A2), we haye < K|z|, which implies that
|b(z) - z| < K|z| and hencéb(z)| < K.
Giveng € L%(2, F, P), let (3, 2;) be the solution of the following BSDE:

T T
)’t=5+/g(zs)ds—/zs-st, 0<r<T,

t t
which can be written as
T T T
R L B BN Y B (4)
t t

t
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whereW, := B, — [y b(Z,) ds. Set
do L T T
<2 .
T3 _exp(—§/|b(zs)| ds—/b(zs)dBS>.
0 0

Note that sincé(-) is bounded, thugW,} is a Q-Brownian motion.
Taking conditional expectatioB [-|F;] on the both sides of BSDE (4), and sin€gd¢|F;1 = 3: by (2), we
obtain
Eglé|1F:]1 = Eglé|F:].

Applying the classical Jensen’s inequality yields

0 (E5[€1F11) = 9(El€|F11) < Eole(§)|F].

For the givenb(z;) and probability measur@, let us now considey; := Eg[¢(§)|F;]. It is easy to check, by
Pardoux and Peng’s theorem [3] and recalling Eq. (1), that there dxistsL2(0, T') such that(3;, z,) is the
solution of the following BSDE:

T T

yt:¢($)+/b(23)zsd3_/2sdBSs 0<t«<T. (5)
t t
Also consider
T T
w=v®+ [eeods— [z dn, 0<i<r. ©)

t t
Comparing BSDEs (5) and (6), and noting that from (B8,) -z < g(z), ¥z € R?, and applying the comparison
theorem of BSDEs (see Peng [4]), we have
Eoe@®|F:] =5 <yi=E[w®IF], Viel0,TI.

This completes the proof of the sufficient condition part.

Necessary conditiarFor each; € R? chooseX, :=z- (B; — B;), t <s < T.ThenE[X,]=0.

For any A > 0, considerg(x) := Ax. Clearly ¢(-) is convex andX;, ¢(X,) € L3(2,F, P). If Jensen’s
inequality (3) holds then

)\gg[Xsu:t] < gg[)\Xsu:t], r<s<T.
This and the fact thaE[X] = 0 then implies
A X 5| Fi] — AE[X] < EAX | Fi] — E[AX;]

< t<s<T.
§s—1 s —t
Lettings — ¢ and applying Proposition 2.3 yields
)"g(z) < g()»Z), VA > 0, FAS Rd. (7)

Sinceg is convex withg(0) = 0, then for any, € R? and 0< 1 < 1 we haveg(iz) < Ag(z). This with inequality (7)
implies

g(z) =1g(2), A€[0,1]. (8)
We still need to show that the equality (8) is true for any 1. If A > 1, then O< 1/A < 1 and hence by (8)

1 1
g(kz):kxxg(kz)zkg<xXA.XZ), VZGRd.
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Sincez is arbitrary inR? then (8) holds for any. > 0.

The proof of Theorem 3.1 part (i) is now complete.

We now prove part (ii). We only need to show that/if= 1, then a positively homogeneous functigf) is of
the formg(z) = alz| + bz. Indeed, ifd = 1 andg is a positively homogeneous function Bathen

g(2) =g@I;>0 + (@) I <01 = gDzl >0 + g(= D (=) I1;<0)- 9
Note thatz ;>0 = zT, (—2)Iz<0 =z, but

lz| +z _ lzl—z
+_ —
= =
Thus from (9)
D+g(-1 1) —g(-1
g(z):g() 2g( )|Z|+g() 2g( )z.

Defininga := £D+H£CD 1 . sW-£CD opyiouslya > 0, since the convexity of yields
(1) +g(-1) >

2
The proof of Theorem 3.1 part (ii) is now complete

g(0)=0.

Part 2 of this Note will consider some applications of Jensen’s inequality-8&xpectations.
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