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Abstract

We extend the perturbation theory of Visik, Ljusternik and Lidskithe case of eigenvalues of matrix pencils. This extension
allows us to solve certain degenerate cases of this theory. We show that the first order asymptotics of the eigenvalues of ¢
perturbed matrix pencil can be computed generically by methods of min-plus algebra and optimal assignment algorithms. We
illustrate this resl by discussing a singat perturbation probleraonsidered by Najmario cite thisarticle: M. Akian et al.,

C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Perturbation de valeurs propres de faisceaux matriciels et probléme d’affectation optimale. Nous étendons au cas
des valeurs propres de faisceaux de matrices la théorie des perturbations de ViSik, Ljusternik tdedsgki permet de
résoudre certains cas dégénérés de cette théorie. Nous montrons que les asymptotiques au premier ordre des valeurs prop
d’'un faisceau perturbé peuvent étre calculées génériquement au moyen de méthodes de I'algebre min-plus et d’algorithme
d’affectation optimale. Nous ilktrons ce résultat en discutant un probléme déupegition singuliére ansidéré par Najman.
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Version francaise abr égée

Une théorie initiée par ViSik et Ljusternik [11] et complétée par Lid§j traite du probléme de perturbation
de valeurs propres pour une matrice perturbée de la fokme a + ¢b, ol ¢ est un paramétre tendant vers 0.
Dans le cas dégénéré ou la matrice non-pertudbésst nilpotente, le théoréme de Lidstaurnit des équivalents
de la formeL, ~ A/ pour les différentes valeurs propres.dg. Il montre que pour des valeurs génériques de la
matriceb, les exposants dominantssont les inverses des dimensions des blocs de Jordan de la ragides
coefficients dominants sont les valeurs propres de certains compléments de Schur calculés a partir des matrices

E-mail addressedviarianne.Akian@inria.fr (M. Akian), rbb@isid.ac.{R. Bapat), Stephane.Gaut@inria.fr (S. Gaubert).

1631-073X/$ — see front matterl 2004 Académie des sciences. PublishgdEsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.05.001



104 M. Akian et al. / C. R. Acad. Sci. Paris, Ser. | 339 (2004) 103-108

a eth. Le probleme de I'extension du théoréme de Lidski cas d’'une perturbatidn non-générique a suscité
plusieurs travaux, voir notamment [7,8,1].

Nous étendons ici le théoréme de Lids&u cas des perturbations de faisceaux de matrices. Nous montrons
que les asymptotiques au premier ordre des valeurs ggapun faisceau perturbé sont gouvernées par certains
problémes d’affectation optimale. Cela permet de résoudre de nombreux cas qui demeuraient singuliers pour le:
approches précédentes.

Nous considérons un faisceau matrici®l = A, 0+ XAz 1+ - + XdAg,d, ou X est une indéterminée, et
ou pour tout 0< k < d, Agx est une matrice x n dont les coefficients(A, «);;, sont des fonctions continues
a valeurs complexes d’'un paramétre positifLes valeurs propresC, de A, sont par définition les racines du
polynéme detA.), lorsque ce polyndme est non-nul. Nous supposons données, pour<Qd, des matrices
ar = ((ap)ij) € C" et Ay = ((Ap)ij) € RU {+ooh)™*" telles que(A., Kij = (ak)ljg(Ak)ij + O(E(Ak)ij) quand
e tend vers 0, pour X i, j < n. Lorsque(Ay);; = 400, cela signifie, par convention, qugl, x);; est nulle au
voisinage de 0. Nous cherchons un équivalent asymptotique de la wmere”, avecr € C\ {0} et A € R,
pour chaque valeur prop&. de A. LorsqueAd, = A, o — X id, ou id désigne la matrice identité, on retrouve le
probléme de perturbation de valeurs propres de matrices.

Afin d’énoncer le résultat principal, rappelons quelgues notions d’'algébre min-pluserheanneau min-
plus Rpin, est 'ensembleR U {+o00} muni de l'addition(a, b) +— a @& b := min(a, b) et de la multiplication
(a,b) > a®b:=a+b. On écrira parfoisb au lieu dea ® b. On notera) := +oo etl := 0 le zéro et I'unité de
Rmin, respectivement.

Nous associons au faiscealy le faisceau matriciel min-plugt = Ao @ XA1 @ --- @ X? A,. Les coefficients
de A sont donc des polyndmes formels & coefficients d&ns, en I'indéterminéeX. Nous appelonpolynéme
caractéristique min-plug¢e permanentP, = permA (qui est un polyndme formel). Rappelons que pour une
matrice B = (B;;) de taillen x n, a coefficients dans un semi-anneau quelconquegimanentle B est défini
comme la somme, sur toutes les permutationsles poidgo |g = B1s(1) - - - Buon)- LOrsque les coefficients de
B appartiennent &min, |0 |p = B1s(1) + - - + Buo(n), €t permB est la valeur d'une affectation optimale dans le
graphe valué associém \Voir [4, § 2.4] ou [10, § 17] pour plus de détails sur le probleme d’affectation.

Si P est un polynéme formel & coefficients daRgn, on note P la fonction polyndme associée A.
Cuninghame-Green et Meijer [5] ont montré que, lorsgug 0, la fonction polyn()meg(x) peut se factoriser de
maniére unique sous la form"é(x) =a(x®c1) --(x Dcy), aveca,ca, ...,cN € Rpin. Les nombresy, ..., cy
sont appelésacinesde P. Nous noterongs, ..., yy les racines du polynbme caractéristiqBg, que nous
appelleronsraleurs propresiu faisceau min-plugl. Les racines;, et donc la fonction polyném@A, peuvent
étre calculés en temps(@d) en s'inspirant de la méthode de Burkard et Butkdai.

Pour toute matric® € R =" telle que pernB + 0, nous définissons le graphe OB} formé des arcs participant
a une affectation optimale : les nceuds de@ptsont 1 ..., n, etily aun arc de & j s'il existe une permutation
o telle quej = o (i) et|o|p = permaB.

Nous dirons que deux vectewss V de dimensiom a coefficients danRmin \ {0} forment unepaire hongroise
relativement aB si, quels que soient, j, on aB;; > U;V;, et siUy---U,V1---V, = permB, les produits
s’entendant dans le semi-anneau min-plus. Ai{i$j,V) n’est autre qu’une solution optimale du probléme linéaire
dual du probléme d’affectation. En parti@r, une paire hongroise existe des que p8rea 0, et elle peut étre
trouvée en temps @°2) grace a I'algorithme hongrois (voir par exemple [10, § 17]). Pour toute paire hongroise
(U, V), on définit legraphe de saturatiorSat{B, U, V), qui a pour nceuds, 1.., n, et pour arcs les couplés j)
tels queB;; =U;V;.

Pour chaque racine finig de P4, nous définissons les graphes @pt) Optd(y) Opt,(y) a pour
neeuds 1...,n,etaunarcde aj si(i,j) € Opt(A(y)) ety (Ak)lj = AU (y) ou A(y) deS|gne la matrice
obtenue en donnant la valeyr a I'indéterminée du faisceau matriciel min-plds et ou A,j (y) désigne le
coefficient (i, j) de A(y). Pour toute paire hongroisg/, V) relativement a la matricé(y), nous définissons
aussi les graphes &, U, V),...,Sat(y, U, V) : Sak(y,U, V) a pour nceuds,1..,n, etaun arc de aj si
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i, j)e Sa(A(y), U,V) et]/k(Ak)jj = Aij (y). Enfin, siG estun graphe ayant pour nceuds.1, n, et sib € C"*",
nous définissons la matrié€, telle que(b®);; = b;; si (i, j) € G, et(b%);; = 0 sinon. Dans I'énoncé du théoréme
qui suit, les valeurs propres sont comptées avec leurs multiplicités.

Théoreme 0.1. Soity une racine finie du polyndme caractéristique min-pias Pour chaquéd < k < d, notons

Gk le graphe égal #®pt, () ou bien aSay (y, U, V), une fois choisie la paire hongroigé V relativement e‘ﬁ(y).
Introduisons le faisceau) := aOGO + Xaf1 +- 4 Xdagd. Alors, si le faisceaua”) am, valeurs propres non-
nulles, A1, ..., Am, , le faisceaud, admetn, valeurs propres; 1, ..., L. », ayantdes equivalents respectifs de
laformeL. ; ~ A;e¥. Enoutre, sD est une valeur propre de multiplicité;, du faisceaw ", le faisceaud, admet

m;, valeurs propres supplémentair€s telles ques =" L, converge ver§, et toutes les autres valeurs proprés

de A, sont telles que le module de L. tend vers l'infini. Enfin, pour des valeurs génériques des parameétres
(ar)ij, my coincide avec la multiplicité de la racine de Py, etm;, coincide avec la somme des multiplicités des
racines deP, strictement supérieuresja

Dans la version en anglais de la présente Note, noustrilns ce théoréme en raffinant des résultats de
Najman [9].

1. Introduction, and statement of the main result

A theory initiated by ViSik and Ljusternik [11] and completed by Lidsks] considers the problem of
perturbation of eigenvalues for a perturbed matrix of the fotm=a + ¢b, wheree is a parameter tending to 0.
In the degenerate case where the non-perturbed maisirilpotent, Lidski's theorem yields an equivalent of the
form L. ~ Ae/ for every eigenvalue ofl,. It shows that for generic values of the matbixthe leading exponents
A are the inverses of the dimensions of the Jordan blocks of the naataird the leading coefficientsare the
eigenvalues of certain Schur complements computed from the matrageth. The problem of extending Lidsks
theorem to the case of a non-generic perturbaiibas been considered in several works, see in particular [7,8,1].

We extend here LidsKs theorem to the case of perturbations of matrix pencils. We show that the first order
asymptotics of the eigenvalues of a perturbed matrix pencil are governed by optimal assignment problems. This
makes it possible to solve many cases which remained singular in previous approaches.

We consider a matrix pencil of the form

Ag == Ag,o + XAS’]_ + M + XdAg,d,

where, for every &< k < d, A« is an x n matrix whose coefficients,A; «);;, are complex valued continuous
functions of a nonnegative parametgrand X is an indeterminate. The (finiteigenvaluesC, of A, are by
definition the roots of the polynomial det.), when this polynomial is non-zero. We shall assume that for every
0<k <d, matricesay = ((ax)ij) € CV" and Ay = ((Ap)ij) € (RU {+00})"*" are given, so that

(Aep)ij = (ak)ije(Ak)ij +0(8(Ak)i-f), forall 1<, j <n,

whene tends to 0. Whern(Ay);; = 400, this means by convention thatl, ;);; is zero in a neighborhood of
zero. We look for an asymptotic equivalent of the fofp ~ A/, with » € C \ {0} and A € R, for every
eigenvaluel, of A.. When A, = A, o — Xid, where id denotes the identity matrix, we recover the classical
problem of perturbation of eigenvalues of matrices.

In order to state the main result, we need soma-pius algebraic constctions. Recall that thenin-plus
semiring Rmin, is the setR U {+o0} equipped with the additioria, b) — min(a, b) and the multiplication
(a,b) — a+b. We denote by &” the min-plus addition, and by®” or concatenation the min-plus multiplication.
We denote by = +o00 and1 = 0 the zero and unit elements &fnin, respectively. Thenax-plus semiringRmax,
is obtained by replacing “min” by “max” angloo by —oo in this definition.

We associate to the matrix pengil themin-plus matrix pencih = Ag® XA1 @ - - - ® X? A4. Here, the entries
of A are formal polynomials in the indeterminaXe with coefficients inRpmin. We call min-plus characteristic
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polynomialthe permanen?, = permA, which is a formal polynomial. Recall that forrax n matrix B = (B;;)
with entries in any semiring, theermanenof B is defined as the sum over all permutatiensf the weights
ol = Bis(1) - - Buo(ny. Thus, if B is a matrix with entries irRmin, the weight ofo, |o|g, is the usual sum
Bis1) + -+ - + Bnom), and pernB is the value of an optimal assignment in the weighted graph associafed to
See [4, 82.4] or [10, 817] for more background on the optimal assignment problem.

If P is a formal p01n0m|al with coefficients iRmin, we denote byP the polynomial function associated
to P. The mapP +— P is a specialization of the Legendre—Fenchel transform. Ind?eﬁﬂ) —P*(—x),
where P* denotes the Legendre—Fenchel transform of the function sending to every intélgercoefficient
of X/ in the formal polynomialP, and taking the value-oo elsewhere [3, § 3.3.1]. Cuninghame-Green and
Meijer [5] have shown that, whe® # 0, the min-plus polynomial functio (x) can be factored uniquely as
F(x) =a(x®c1) - (xBcn).Witha, c1, ..., cy € Ryin, whereN is equal to the degree &f, degP. The numbers
c1,...,cy, are called theornersof P. They coincide with the points of nondifferentiability &% If ¢ is a corner,
the multiplicity of ¢, which is equal to the number of indicedor which ¢; = ¢, coincides, wher # 0, with
the variation of slope of? ate, P'(c7) — P'(ct). The multiplicity of the corne® is equal to the valuation
of P, valP. We denote by, ..., yn the corners of the characteristic polynom#g|, that we call the (algebraic)
eigenvalue®f the min-plus matrix pencil. Note that the valuation vély can be computed by introducing the
matrix valA € R, such that(valA);; = valA;;, whereA;; denotes théi, j) entry of the min-plus pencilt.
Then, valP, is equal to the min-plus permanent of the matrixAaBy symmetry, the degree déy is equal to
the max-plus permanent of the matrix deg Ry,5y, such that(degA);; = degA;;. The corners; (and so, the
polynomial functlonPA) can be computed in @*d) time by adapting the method of Burkard and Butkojd].
(Itis not known whether the sequence of coefficients offtlmal polynomial P4 can be computed in polynomial
time.)

For any matrixB € R such that pern8 # 0, we define the graph Of®) as the set of arcs belonging to
optimal assignments: the nodes of Optare 1 ...,n and there is an arc fromnto j if there is a permutation
such thatj = o (i) and|o|p = permB.

We shall say that two vectots, V of dimensiom with entries inRpyn \ {0} form aHungarian pairwith respect
to B if, for all i, j, we haveB;; > U;V;, andUy---U,Vy1---V, = permB, the products being understood in the
min-plus sense. Thusgl/, V) coincides with the optimal dual variable in the linear programming formulation of
the optimal assignment problem. In particular, a Hungarian pair always exists if the optimal assignment problem is
feasible, i.e., if pernB = 0, and it can be computed in(@®) time by the Hungarian algorithm (see for instance [10,
817]). For any Hungarian pat/, V), we now define theaturation graphSatB, U, V), which has nodes,1. ., n
and an arc fromito j if B;; =U;V;.

For every finite corney of P4, we define the digraphs Qyiy), ..., Opt;(y): Opt.(y) has nodes 1..,n
and an arc from to j if (i, j) € Opt(A(y)) andy*(Ay);j = A;;(y), whereA(y) denotes the matrix obtained
by giving the valuey to the indeterminate of the min-plus matrix pendi] and A,-j(y) coincides with the
(i, j) entry of A(y). For every Hungarian paitU, V) with respect to the matri>é(y), we also define the
digraphs Saty,U,V),...,Sat(y,U, V): Sak(y,U, V) has nodes,l..,n, and an arc from to j if (i, j) €
Sa(A(y) U, V) andy* (Ak)lj = Au (y). Finally, if G is any digraph Wlth nodes,1..,n, and ifb € C"*", we
define the matri%S by (b° )ij =bij if (i, j) € G, and(bG),j = 0 otherwise. In the following theorem, and in the
sequel, eigenvalues are counted with multiplicities.

Theorem 1.1. Let y denote any finite corner of the min-plus characteristic polynorRjal For every0 < k < d,
let G be equal either t®pt, () or Sak(y, U, V), for any choicgindependent of) of the Hungarian paitU, V

with respect tod (y). Consider the pencil
a ::aOGo—i—XalGl—}—---—}—Xdade.

Then, if the pencila”) has m, non-zero eigenvaluesiy, ..., An,, the pencil A; has m, eigenvalues
Le1, ..., Lem, With respective equivalents of the foufl ; ~ A;¢7; if 0 is an eigenvalue of muItipIicitm;, of
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the pencila"”), the pencil A, has preciselyn;, eigenvaluesC, such thate™” L, converges to zero, and all the
other eigenvalues, of A, are such that the modulus ef” £, converges to infinity. Moreover, for generic values
of the parametersay);;, m, coincides with the multiplicity of the corngrof Py, andm;, coincides with the sum
of multiplicities of all the corners oP4 greater thany.

We shall call the pencit” introduced in Theorem 1.1 théungarian pencibf A, , with respect to the corne.
Since the sum of the multiplicities of the cornersR) is equal to the degree @f4, which coincides generically
with the degree of dé#, ), and sinced, has a number of identically zero eigenvalues generically equal to the multi-
plicity of 0 as a corner oP4, Theorem 1.1 provides generically asymptotic equivalents of all the eigenvaldgs of

2. lllustration and application of Theorem 1.1
We firs illustrate Theorem 1.1 by a simple example. Consitle= A, o — X id, and
bi1 b1z D13
Ag,o = | bp1 bore boze |, Whereb,»j eC.
b31 bzze  b3ze
The associated min-plus matrix pencil and characteristic polynomial function are

0®X 0 0 R
A=|: 0 1ex 1 } Pa) = (x©0*x @),
0 1 lex

so that the corners agg = y» = 0, with multiplicity 2, andys = 1, with multiplicity 1. We first consider the corner
y =0. ThenU =V = (0, 0, 0) yields a Hungarian pair with respect to the matrix

A 0oz 0o Oo

0O 1 O
where we adopt the following convention to visualize the digraphg(&dt, V): an arc (i, j) belongs to
Sak(0,U, V) if k is put as a subscript of the entrAle (0). For instanceA11(0) = 0, and (1, 1) belongs both

to Sap(0, U, V) and Sai(0, U, V). Entries without subscripts, I|kﬁ23(0) =1, correspond to arcs which do not
belong to SatA (0), U, V). The eigenvalues of the Hungarian pend¢® are the roots of

bin—Xx biz b1z
det[ b1 -2 0 ] = )»(—)»2 + Ab11+ b1obo1+ b31b31) =0.
b31 0 -
Theorem 1.1 predicts that this equation has, for generic values of the paramgtés® non-zero roots), Az,
which yields two eigenvalues o,, L, ~ Ane® = A, for m = 1, 2. Consider finally the corner = 1. We can
takeU = (0,1, 1), V = (-1, 0, 0), and the previous computations become

. 0 G 0o 0 b1z b13
AL =|0 101 1o |, det| b1 bop— A bo3 =0.
O 1o 1oz b3y b3z  baz—A

The latest equation yields(b12b21 + b13b31) + b12b23b31 + b13b3ob21 — bo1b12b33 — b31b13boo = 0. Theorem 1.1
predicts that this equation has generically a unique nonzeroxgaind that there is a branah 1 ~ A1¢.

As a typical application of Theorem 1.1, let us now consider the following singular perturbation of an affine
pencil, A, = ¢X?m + Xc + k, already studied in [9]. For non-zero values of the entries of the matricesand
k, the associated min-plus characteristic polynomial functicﬁ‘i&) = (0 x)" (0 1x)". Moreover, the pencils
Xc + k and Xm + ¢ generically both have finite non-zero eigenvalues, denotedhyy. .., A,, andus, ..., w,,
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respectively. Then, it is easy to derive from Theorem 1.1 that the pghdilasn eigenvalues,; ~ 1;¢°, and

n eigenvalue<, ; ~ ;e 1. Consider now the following non-generic situation. Assume that the p&cit & is
fixed, that it is regular, and that its Weierstrass normal form compgigsderdan blocks for the eigenvalue 0, with
respective size%, e, sgo, andg.o Jordan blocks for the eigenvaloe, with respective sizeg}o, .., 882 We set

do = sé + -+ ng, doo = séo + -+ 5L, We also denote byé the number of one dimensional Jordan blocks
for the eigenvalue 0 of the pencilc + k. We denote by.g, ..., A, the finite non-zero eigenvalues &t + k (of
coursey + do + doo = n). We also denote by, ..., u, the finite non-zero eigenvalues of the pen<ih + c.

We say that an eigenvalug is of order e/ if £, ~ 14, for somex e C \ {0}. The following result should be
compared with [9], where partial rd¢siare obtained in a similar situation.

Corollary 2.1. The pencild, = eX%m + Xc + k has precisely

(i) r eigenvalues of ordes®, which converge respectively i, fori =1, ..., r;
(ii) ¢ eigenvalues or order—1, which are respectively equivalentige 1, fori =1,...,1.

It has at least
(iii) 240 — g eigenvalues identically equal to zero.

Finally, for generic values of the parametens;, we have =n — g, and the pencild, has precisely

(iv) si, +1eigenvalues of ordea“‘l((séo+1), fori=1,...,¢c;
(v) s — 2 eigenvalues of order/ “o=2), for everyi such thatl <i < go ands}, > 2.

Corollary 2.1 provides, for generic valuesmf the leading exponents of all the eigenvalues of the pe#gil
In cases (iv)—(v), the generic values of the leading coefficients of the eigenvalues can be determined by formulae
essentially similar to the case of [6,1]. This will be detailed elsewhere.

Acknowledgement

We thank Jean-Jacques Loiseau for having suggested to look for a generalization of the result of [1] to matrix
pencils. We also thank the referee for helpful comments.

References

[1] M. Akian, R. Bapat, S. Gaubert, Generic asymptotics of eigemgduind min-plus algebra, Rappoetrecherche 5104, INRIA, Le Chesnay,
France, February 2004. Also arXiv:math.SP/0402090.
[2] R.E. Burkard, P. Butko, Finding all essential terms of a characteristiaxpolynomial, Discrete Appl. Math. 130 (3) (2003) 367-380.
[3] F. Baccelli, G. Cohen, G.J. Olsder, J.-P. Quadrat, Synchronization and Linearity, Wiley, 1992.
[4] R.B. Bapat, T.E.S. Raghavan, Nonnegative Matsiand Applications, Cambridge University Press, 1997.
[5] R. Cuninghame-Green, P. Meijer, Argabra for piecewise-linear minimaxgblems, Dicrete Appl. Math. 2 (1980) 267-294.
[6] V. LidskiT, Perturbation theory of nooenjugate operators, USSR Cput. Math. Math. Phys. 1 (1965) 73-85;
V. LidskiT, Zh. Vychisl. Mat. i Mat. Fiz. 6 (1) (1965) 52—60.
[7] 3. Moro, J.V. Burke, M.L. Overton, On the Lidskii—Vishik—Lyustermikrturbation theory for eigenvalsi®f matrices with arbitrary Jordan
structure, SIAM J. Matrix Anal. Appl. 18 (4) (1997) 793-817.
[8] Y. Ma, A. Edelman, Nongeneric eigenvalue pertdityas of Jordan blocks, Linear Algebra Appl. 273 (1998) 45-63.
[9] B. Najman, The asymptotic behavior of the eigenvalues of a simtyuyberturbed linear pencil, SIAM. Matrix Anal. Appl. 20 (2) (1999)
420-427.
[10] A. Schrijver, CombinatoriaDptimization, vol. A, Springer, 2003.
[11] M.I. ViSik, L.A. Ljusternik, Solution of some perturbation problerm the case of matrices and self-adjoint or non-selfadjoint differential
equations. |, Russian Math. Surveys 15 (3) (1960) 1-73.



