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Abstract

It is proved that the generatgrof a backward stochastic differential equation (BSDE) can be represented by the solutions of
the corresponding BSDEs if and onlygfis a Lebesgue generatdio cite thisarticle: L. Jiang, C. R. Acad. Sci. Paris, Ser. |
340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé
Théorémes dereprésentation pour générateurs d’ équations différentielles stochastiquesrétrogrades. Dans cette Note
on montre que le générategd’une équation stochastique rétrograde (EDSR) peut étre représentré par la solution de 'EDSR
correspondante si et seulemenyg sist un générateur de LebesgBeur citer cet article: L. Jiang, C. R. Acad. Sci. Paris, Ser. |
340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit T > 0 un nombre réel donné: pour chaquez) € RxR?, t € [0,T[ et ¢ € 10,T — ], notons
(Ys(g,t+e,y+z- (Bige — Br)), Zs(g, t + &,y + 2+ (Brye — Br)))sel0.1+¢] 12 solution unique adapté, carré inté-
grable de I'equation différentielle stochastique rétrograde suivante :

t+e t+e
ys=y+z-(Bz+s—Bz)+/g(u,yu,zu)ds—/zu-dBu, 0<s<r+e,
N N
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ou g est supposé satisfaire les hypothéses usuelles (Al) et (A2) (Section 1). Alorsona:

Théoreme 0.1. SupposongAl) et (A2) satisfaites poulg ; soit 1 < p < 2. Alors, pour chaque tripléz, y, z) €
[0, T[ x R x R?, les deux propriétés suivanté} et (i) sont equivalentes

() 8(t.y.2) = LP-im,_or HY;(g. 1+ &,y +2- (Bise — B) — y1:
(i) g(t.y.2) =LP-lim,_ o+ E[2 [/ (s, y.2) ds| 7).

Supposons de plygest déterministe et vérifiatA3) : g(7, y,0) = 0, VY(7, y) € [0, T] x R<. Alors pour tout
couple(y,z) eR x R?, on a:

. 1
g(t,y,2)= lim =[Yo(g.t+&,y+2 (Biye — B)) — ], a.e., dr.
e—>0t €

1. Introduction and preliminaries

It is by now well-known (see Pardoux and Peng [6]) that there exists a unique adapted and square integrable
solution to a backward stochastic differential equation (BSDE in short) of type,

T T
yt=5+/g(s, ys,zs)ds—/zs-st, 0<t<T, (1)

t t

provided that the functiog is Lipschitz in both variableg andz, and thaté and (g(z, 0, 0));c[o0,77 are square
integrable;g is said to be the generator of the BSDE (1). We denote the unique adapted and square integrable
solution of the BSDE (1) byY;(g, T, &), Z:(g, T, £))ref0.7]-

One of the achievements of BSDESs theory is the conspartheorem; some papers, such as Briand et al. [1],
Chen [2], Coquet et al. [3], Jiang [5], have been devoted to converse comparison theorem. For studying converse
comparison theorem, [1] established the following representation theorem:

. 1
V(t,y,2)€[0, T[x RxRY,  g(t,y,2)=L* lim_ E[Yz (g.t+ey+z - (Bige—B))—y]. (2)
e—

for generators of BSDEs under two additional assumptions(gh@aty, z)):c[o, 77 iS continuous irr for each(y, z)
andE[supy¢, < 18(t. 0, 0)[%] < oo.

This Note proves that, under the usual assuomgtj the above equality (2) holds if and onlyifs a Lebesgue
generator.

LetT > O be a given real number; le2, 7, P) be a probability space an@®; ), > be ad-dimensional standard
Brownian motion on this space such tfBat= 0; let (F;), >0 be the filtration generated by this Brownian motion:
Fi=0{By, s €[0,t]} VN, t €[0, T], where)\ is the set of allP-null subsets.

The generatog of a BSDE is a functiogy(w, ¢, y,z) : 2 x [0, T] x R x RY > R such thaig(t, y, 2))ief0,77 IS
progressively measurable for eagh z) andg also satisfies the following assumptions (A1) and (A2):

(A1) (Lipschitz Condition) There exists a constakt > 0, such thatP-a.s., we have:Vt,Vy1, yo, 21, z2:
19(t, y1,z1) — 9(7, y2, 22)| < K (|y1 — y2| + |z1 — z2]).
(A2) ELf; 19(r,0,0)2dr] < co.

2. Representation theoremsfor BSDES

Letb(-,-):[0,T] x R* - R", o(-,-):[0, T] x R* - R"*¢ be two measurable functions satisfying hypotheses
(H1), (H2) and (H3):
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(Hl) |b(t7x) _b(t7 )’)| + |G(t7x) _U(ta )’)| < Kl"x _y|a any € ant € [07 T]a
(H2) [b(t, )|+ |o(t,x)| < K2(1+|x]), Vx e R", 1 € [0, T];
(H3) foreachx € R",t — b(t,x), t — o(t, x) are both right continuous ine [0, T,

whereK1 and K>, are some positive constants.
Given(t,x) € [0, T[ x R", we denote byX"* the unique solution of the following SDE (3):

N N
XY =x +/b(u, X5y du —i—/o(u, xi*dB,, selt,Tl; X*=x, sel0,1]. 3)
t t
Then we know that X *);<[0,7] is a continuous andF;)-adapted solution with properties that
E[ sup |X§*"|2] <00, and s— E|X"* —x|2, s€[0,T], is continuous (4)
0<s<T

Given(t,x,y,q) € [0, T[ x R" x R x R". Let (A1) and (A2) hold for the generatgr Let0< e < T — 1, let
(Yy(g.t+&,y+q - (X;l, — 1)), Zs(g.t + &,y + q - (X} — x)))sef0+¢] denote the unique adapted and square
integrable solution of the following BSDE:

t+e t+e
Yé=y+gq- (X;’_ffs —x)+ / g, YS!, Z:)ydu — / Z:-dB,, se[0,t+e¢]. (5)

N N

Theorem 2.1. Let (A1) and (A2) hold for g; let (H1), (H2) and (H3) hold for b ando; let 1 < p < 2. Then for
each(t, x,y,q) € [0, T[ x R" x R x R", the following two statements are equivalent

() g(t.y.0%(t,x)q) +q - b(t,x)=LP-lim. o+ 2[Y; (g, 1 + &,y +q - (X1 —x)) — y].
(i) g(t.y,0*(t,x)q) = LP-lim,_ o+ E[ j;’“g(u,y,o*<t,x)q>du|f,].

Proof. The main idea of this proof is motivated by [1]. Givenx, y, g) € [0, T[ x R" x R x R". For 5|mpI|C|ty

we denote bYY?, Z5)sel0,:+¢) the solution of the BSDE (5). Fare [t,1 +¢], we setY*‘ =Yi—-0+q- (x5
X)), ZE =Z — a*(s Xt “)q. Then applying Ib’s formulatoYE, we have:

t+e t+e

~

Pe= [Lee T+ g 00 =0, 20+ 0" X000+ b X0 da— [ 2508 @

N N

Now we have the following proposition:
Proposition 2.2. lim, o+ 2E[SUp <, 4 Y212+ [T 1ZE2ds] =0

Proof. By Proposition 2.2 of [1], (A1), (H1) and Holder’s inequality, we know there exists a universal codstant
such that

E[ sup |Y¢2+ /|Z | dui|
t<s<t+e
t+e

2
< CeZ(K“LKZ)TE[(/ lg(u,y+q - (XG5 —x), 0%, X';%)q) + q - bu, X)) du) }
t
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t+e 2
gCe2<K+K2>TE[</(|g(u,y,o*(u,x)q)| + (K + KK1+ KDlqlI X" — x|+ |q -b(u,x)|)du) }

t

t+e
2 2
<4c18E[/(|g(u,y,o*(u,x)q)| +1g 21X —x 2+ g - b, x)| )du}’
t
whereCy := CK+KIT (11 K + K K1 + K1) is a positive constant.
By (H2), the Fubini theorem and (4), we have:
t+e

t+e t+e
E|:/|q-b(u,x)|2du:|:/|q-b(u,x)|2du< / |q|2K22(1+|x|)2du—>0 (e - 01, (7
' ' '
t+e tt+e
E[/ |q|2|X,’4’x—x|2du:| é/|q|22E(|X;’x|2+|x|2)du—>0 (e > 0"). (8)
t t

By the Lipschitz condition (A1) and (H2), we have:

lg(u,y. o*(u,x)q)|2 <2lg(u, y, o*, x)q)|2 + 2K2|o*(u, x)g —o*(t, x)q|2
< 2|g(u, v, o¥(t, x)q)|2 + 8K2K§(1+ |x|)2|q|2.

Thanks to (A2) and the absolute continuity of integral, we have ljg E[ff“ lg(u, y,0*(t, x)q)|?du] = 0. Thus
we also have:

t+e
lim E|:/|g(u,y,a*(u,x)q)|2du] =0. 9)
t

e—>0t

Thus Proposition 2.2 follows from (7), (8) and (9)

We set:

f’t}’

t+e
1 ~ ~
M; = EE|:/ g(u, Yp+y+q- (XN —x),Z +0*(u, Xf;x)q)du

]

1 t+¢ 1 t+¢
P’ = EE|:/ g(u, y,a*(u,x)q) du .7-}:|, 0f = EE|:/ g(u, y,o*(l,x)q)du .7-",]

t

t+e
E|:/ g(u, y+q- (X —x),0%u, Xf;x)q)du
t

t
Taking the conditional expectation with respectAoin the BSDE (6), we get:

(10)

t+e
1 1. 1
E(Yts—y)zthEZMf+gE|:/qb(u,X;’x)du ]:t}

t

Thus we have:



L. Jiang / C. R. Acad. Sci. Paris, Ser. | 340 (2005) 161-166 165

1
E(Yf =y —[g(t.y. 0" (t,x)q) +q - bt,x)] = (M — NJ) + (Nf — P}) + (Pf — Q)

t+e t+e

1 1

+ gE[/ q - b(u, X;") du f,] —q-b(t,x)+ E[; / g(u,y, 0" (1, x)q) du f,] —g(t,y,0%(t, x)q).
t t

By Jensen’s inequality, Holder's inequalitydithe Lipschitz condition (H1) we conclude:

t+e 2
E 1'E|:/ q-bu, X, du .7-",] —q-b(t,x)
¢ t
t+e t+e 2
=E %E[/ q - (b(u, Xi*) — b(u, x)) du ]—',] + % / q - (b(u, x) —b(t,x))du
t t
t+e t+¢
< 55[/ lg1?K 21X~ —xlzdu:| + § / lq1[bu, x) — b, x) | du.
t t
Noticing thatE[|X!* — x|?] = 0, then by (4) and the right continuity &f we get:
t+e 1+e
Eirra+ § / g1?KZE[ X" — x|?]du =0, Sin& § / 1q12|b(u, x) — b(t, x)|*du = 0. (11)
t t
Therefore,
t+e
L2 lim }E[/ q - b, X1) du }}} =q-b(t,x). (12)
e—0t & /
By Jensen’s inequality, Holder’s inequality, (A1) and Proposition 2.2 we deduce:
t+¢
E[M? — N1 < %E[/ 2K%(|YE 12+ 1Z21) du] -0 (¢— 0M). (13)
t
By Jensen’s inequality, Holder’s inequality, (A1), (H1) and (11) we conclude:
t+¢
E[Nf — Pf1? < % / K21g)?(1+ K1)?E|X5* —x|2du — 0 (¢ — OT). (14)
t
By Jensen’s inequality, Holder’s inequality and (A1) we conclude:
t+e
E[P — Q17 < %E[/ K?1g /%[0 (u, x) — a*(t,x>|2du},
t
it follows from the right continuity ob (-, x) that
t+¢
E[Pf — 051°< % / K2qP|o* @, x) — o*(t, x)[*du — 0 (e — O). (15)

t

Thus Theorem 2.1 follows from (12)—(14) and (15)
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By Theorem 2.1, we can get the following immediately:

Theorem 2.3. Let (A1) and (A2) hold for g; let 1 < p < 2. Then for each triplett, v, z) € [0, T[ x R x R?, the
following two statements are equivalent

() g(t.y.2)=LP-lim,_or 2[Y,(g.t + &, y+2- (Bipe — B)) — y];
(i) g(t.y.2)=LP-lim,_ o+ E[2 [/ (s, y.2) ds| 7).

Remark 1. Given (¢, y,z) € [0, T[ x R x RY, if (ii) of Theorem 2.3 holds att, y, z), then, we say, y, z) is
a conditional Lebesgue poirtf g (in the L? sense). We say is alLebesgue generatdin the L? sense) if all
(t,y,2) € [0, T[ x R x R? are conditional Lebesgue points@{in the L? sense).

If g is a deterministic generator, i.€(, v, z) : [0,7] x R x R9 > R, then we have the following:
Theorem 2.4. Let g be deterministic an@A1) and(A2) hold for g. Then for eachy, z) e R x R?,

() gt y,2)=lim,_or 2[Yi(g, 1 +& y+2- (Biye — B)) — y], a.e., dr;
(i) Moreover, ifg also satisfies assumptigA3): g(7, ¥,0) =0, V(7, y) € [0, T] x R?. Then

1
gty )= lim =[Yo(g. 1+ y+2- (Brse = B)) = y]. a.e., dr.
e—

Proof. (i): Given (y,z) € R x R?. Since (A2) holds forg and g is deterministic, then, by Lebesgue Theorem
(see Hewitt and Stromberg [4, Lemma 18.4]) we know th@t y,z) = lim,_o+ 1 [/ ¢(s, v, 2) ds, a.e., dr.
Becauses is deterministic and + z - (B;+. — B) is independent of;, then, by [1, Propason 3.1], we know
thatY;(g,t + ¢,y + z- (Bi+e — By)) is deterministic. Thus (i) follows from Theorem 2.3.

(ii): SinceY;(g,t + ¢,y + z - (Biye — By)) is deterministic, (ii) follows from (A3) and (i). O

By Lebesgue’s dominated convergence theorem, the following is obvious:

Proposition 2.5. Let (A1) and (A2) hold for g; let 1 < p < 2; let (g(t, y. 2))oi<r be right continuous in
t for each(y, z). Suppose for each € [0, T[, there exists a positive constant, such thats, < 7 — ¢ and
E[SURc[s (45,1805, 0,0)]7] < 0co. Theng is a Lebesgue generat@n the L? sensg
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