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Abstract

For a given sequence of real numbeis. .., a, we denote thé-th smallest one by-miny¢; <, a;. We show that there
exist two absolute positive constartandC such that for every sequence of positive real numbers. ., x, and everyk <n
one has

k+1-— k41—
max 7]<Ek min xigl<CIntk+1) max o=
1<]<k hay = 1/xi 1<i<n 1<j<k Z 1/x,

whereg; € N(0,1), i =1,...,n, are independent Gaussian random variables. Moreovér=ifl then the left hand side
estimate does not require independence ofgise Similar estimates hold fdE k-miny¢; <, |x;g;1” as well. To cite this
article: Y. Gordon et al., C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé
Minima des suites des variables aléatoires gaussiennes. Pour une suiteiq, ..., a, des nombres réels, on notekdeéme

plus petit membre pak-miny¢; <, a;- On démontre qu'il existe deux constants positivest C telles que pour toute suite
X1, ..., xn des nombres réels et pour tduk n, on ait

k+1—j
¢ MaX ———— <Ek- min |x Cln(k+1) max ————
1<j<k ZL,- /xi 52, sl s e+ e k2o X
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Ici g; e N(O,1), i =1,...,n, sont des variables aléatoires Gaussiennes indépendentes. En plas]sbn n'a pas besoin

de l'indépendence deg’s pour obtenir I'inégalité du gauche. On démontre également les inégalités correspondantes pour
E k-miny¢; <, |x; ;17 Pour citer cet article: Y. Gordon et al., C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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1. Introduction

For a given sequence of real numbe(s;)?_; we denote its non-decreasing rearrangement by
(k-min g <p ai)y_q, thus 1-ming; <, a; = Mimg; <, a;i, 2-Milg; <, a; 1S the next smallest, etc.

Given A C N we denote its cardinality byA|. We say tha(Aj)’]‘.:l is a partition of{1,2,...,n}if ##A; C
{1,2,...,n}, j <k, U,<kA ={1,2,...,n},andA; N A; =@ for i # j. The canonical Euclidean norm and the
canonlcal inner product oR” we denote by - | and{:, ). By 1/t we meanx if t =0 and 0 ift = co

In this Note we present two theorems. The first investigates the behavior of the expectation of the minimum of
symmetric Gaussian random variables.

Theorem 1.1. Let p > 0. Let (x;)!_, be a sequence of real numbers. Let g; € N(0, 1), i <n, be Gaussian random
variables. Then

1 e p/2 n L P
— = - <E min P,
1+p<2) (Zw ) min 1xigil”

Moreover, if the g; s are independent, then

T\P2 [ b
]Elmln xigil? < F(1+P)(§) (;lxil_l) .
=

<ikn
An immediate consequence of this theorem is the following corollary:
Corollary 1.2. Let p > 0. Let (x;)}_, be asequence of real numbers. Let f; € N(0, 1), i <n, be Gaussian random

variablesand g; € N(0, 1), i < n, beindependent Gaussian random variables. Then

E_min |xigil” < Ij(2+19)]]‘31mm |xi fil?.

1<i<n <ig

Remark 1. This inequality is connected to the Mallat—Zeitouni problem [2]. In fact, to prove a particular case of
Conjecture 1 from [2] it is enough to prove our Corollary 1.2 foe= 2 and with factor 1 instead af(2 + p) [3].
Thus we provide the solution of this case up to constant 6.

The next theorem deals with the momentg-afiin of independent symmetric Gaussian variables.

Theorem 1.3. Let p > 0. Let 2<k <n. Let O < xg <xp2 < - - < x,. Let g € N(O, 1), i < n, be independent
Gaussian random variables. Then
k+1 1/p k+ 1—j
max ———— E k- min p <C(p, k) ma
1</<k Z,_ 1/x, ( 1<i<n i gil ) (P )1<,< Z,_ 1/x;°

where ¢, = i\/%(l _ ﬁ)l/l’ and C(p, k) = 47 max(p, In(k + 1)}.
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Remark 2. Theorem 1.3 shows that we may evaluate sums of the foiyn; E k- minig; <, 1xigi1¥, wherel C
{1,2,...,n}is any subset of integers. Related inequalities, though in a different context, were developed initially
in [1].

Theorems 1.1 and 1.3 are consequences of the following lemmas, which are of independent interest.

Lemma 14. Let 0 < x1 <x2 < --- < x,. Let g € N0, 1), i < n, be Gaussian random variables. Let a =
V2/m Yy ! 1 1/x;. Thenfor every r > 0

]P’{ min |x; g; < t} <at.
w | 1<i<n|ngz (CU)| xa
Moreover, if the g; s are independent, then for every t > 0
IP{a) ’ min ’xigi(a))’ > t] <ea,
1<i<n

Lemmalb. Letl<k<n.LetO<xi<x2<---<x,. Letg; e N, 1),i < n, beindependent Gaussian random
variables. Let

e 21
"—z\/;;x?

Then for every 0 < ¢ < 1/a one has

. 1 (at)
P{w’k-ll’gnilgn‘xigi(w)‘<t}<ﬁl_m. Q)

In the rest of this Note we provide proofs of Theorems 1.1 and 1.3. Proofs of all lemmas will be shown in a
forthcoming paper.

2. Proof of Theorem 1.1

Let us note that if;; = 0 for somei then the expectation is 0 and the theorem is trivial. Therefore, without loss
of generality, we assume thgt > O for everyi.

Denote A = (\/gzzzl 1/xx)~". Then, by the first estimate in Lemma 1.4, we h@minig; <, |xigi P =

Jo~ Plo | minigi<y |xigi(w)| > tYPydr > fOA(l— 1Y A=Y Py dr = %, which proves the first estimate.
Now assume that thg s are independent and use the second estimate of Lemma 1.4. We obtain

o o0
E min |x;g|” = IE”{ min |x; g; tl/p}dt< exp(—tYP A~YPydt = ApT(p),
,in il / o | min lxigi(@)] > of ) pr(p)
0 0

which implies the desired result.c
To prove Theorem 1.3 we need also the following combinatorial lemma:

LemmaZ2.l Let 1 <k <n.Let(q;)7_;, beanonincreasing sequence of positive real numbers. Then there exists a
partition (A;);<x of {1, 2, ..., n} such that

1 1 -
min a; > a:=—= min %Zai.
1<l<ki€A[ 21 j<kk+1— =
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Remark 3. In fact one can show that thigs can be taken as intervals, iA&.= {i | nj_1 <i <n;},l <k, for some
sequence &ng<l<ny<np<---<np=n.

3. Proof of Theorem 1.3

First we show the lower estimate. Since for every sequémo§ ; and everyr < k one hask-min(a;);!_; >

(k —r)-min(a;);_, 4, it is enough to show that for evekywe have
i _
cpk( D 1xi ] < (Ek— min |x»g-|l’)1/p. 2
p — i 1<i<n 1581
1=

Let ¢ be as in Lemma 1.5 and = (22) 7. Then by Lemma 1.5 and sinde > 2, we haveP{w |

k-minigign 1Xigi(w)|P >t} > 1 — 1l >1- Therefore (2) follows from the standard estimate

V2nk 1—ait/p 4f

Ek-mimgi<n |xigil? = tPPlo | k-mingg < [xigi ()] >t}
Now we prove the upper bound. L&H ;) <, be the partition given by Lemma 2.1 for sequenge=
1/x;, i < k. The numberg, g > 1, will be specified later. It is easy to see thatminig; <, |xigil” <

max; <k {Min;ea; |xigi|”}j<k. Therefore, using Theorem 1.1, we get

AP 2\ 1/q\ 1/p )
< i Lo < i Lo | P4
(Ek- min xgl”) " < (E(Eq:({é‘ﬂ} xigil”) ) ) < (E > miniisi )

A A

1/(pq)

\\n

pe —-pg\ 1/(pq) = () -1
g\/;(r(u pq>Z<Z 1/x,~> ) \/:(k L1+ pg)) max(Zl/xl) :

j<k NieA; i€A,

Applying Lemma 2.1, we obtaikiE k- mini<; <, [x:g:1P)Y? < V2x (kT'(1 + pg)Y P9 maxi< <k Z" To

l/x,
'”("“) if p <In(k+1), g =1 otherwise, and apply Stirling’s formuIaD

complete the proof we chooge=
Remark 4. Finally we would like to note that our results can be extended to the case of general distributions
satisfying certain conditions. Namely, tix> 0, 8 > 0 and say that a random varialjlsatisfies afie, 8)-condition

if for every r > 0 one ha®P(|¢| < 1) < ar andP(|&| > 1) < € P’. Then Theorems 1.1, 1.3 and Lemmas 1.4, 1.5
hold for g;s satisfying an(«, 8)-condition (even not identically distributed), with constants depending,gf.

More precisely, in the estimates of Theorem 114/2)?/2 should be substituted ky? and—? correspondingly:

in Theorem 1.3,/7/2 should be substituted by@ and, in the upper estimate, /& by 4v/2/8; in Lemma 1.5

and in the first estimate of Lemma 1.42/7 should be substituted hy; in the second estimate of Lemma 1.4,
+/2/7 should be substituted k.

Acknowledgement

The authors are indebted to Ofer Zeitouni for bringing to our attention some questions which motivated this
study.

References

[1] Y. Gordon, A.E. Litvak, C. Schutt, E. Werner, Orlicz norms of sequences of random variables, Ann. Probab. 30 (2002) 1833-1853.

[2] S. Mallat, O. Zeitouni, Optimality of the Karhunen—Loeve basis in nonlinear reconstruction, preprint, http://www.ee.technion.ac.il/
~zeitouni/openprob.html.

[3] O. Zeitouni, private communication.



