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Abstract

We consider the family of materials obtained, via homogenization, by replacing a small portion, afcfizefixed material by
other materials. In a previous paper we have obtained a subset of the set of ‘derivatives’ of this family with respeet+00.
In the present Note we prove that this set is, in fact, dense. This result can be applied, for example, to obtain optimality conditions
for composite materialgo cite thisarticle: J. Casado-Diaz et al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Un résultat sur lavariation d’un matériau en fonction de petitesinclusions. On considére une famille de matériaux obtenus
par homogénéisation consistant a remplacer une petite partie de matériau, de tdied’autres matériaux. Dans un article
antérieur on a caractérisé un sous-ensemble de 'ensemble des «dérivées », par rappaortée famille, pous = 0. Dans cette
Note on démontre que ce sous-ensemble est en fait dense. Le résultat peut étre appliqué, par exemple, a I'obtention des conditio

d’optimalité pour des matériaux compositBsur citer cet article: J. Casado-Diazet al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Il est bien connu que les caractéristiques d’'un matériau (par exemple en conductivité électrique ou thermique) son
normalement associées a une matdcgmatrice de diffusion). Quand on considére des matériaux composites, il est
intéressant de déterminer les variations de cette matrice quand on change des petites parties du matériau par d’aut
matériaux différents. Ce probleme se pose, par exemple, dans I'étude des conditions d’optimalité Paos ce
cas on considere habituellement des petites variations de la matifeeir [1-3,8—10]). Un autre exemple est la
construction des directions de descente qui permettent d’'améHloear introduisant d’autres matériaux. Puisque
le mélange des matériaux est bien caractérisé par la théorie de 'homogénéisation (voir par exemple [1,3,5,7,8,10]
et puisque la H-convergence est un procédé local, la question a poser est la suivantd . Bour., B, matrices
définies positivests, ..., 6, >0, avec) !_,6; = 1, il s’agit d’obtenir 'ensembleD(A; 61, ...,6,; B1, ..., B,) de
toutes les matrice® qui sont une limite de la forme

E-mail addressegcasadod@us.es (J. Casado-Diaz), couce@us.es (J. Couce-Calvo), jdmartin@us.es (J.D. Martin-Gémez).

1631-073X/$ — see front mattérl 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.12.021



354 J. Casado-Diaz et al. / C. R. Acad. Sci. Paris, Ser. | 342 (2006) 353—-358

AP — A
D = lim , (1)
e—0 &

ou, pour chaque < (0, 1), A® est obtenue par homogénéisation, en mélangeant les matériaux correspondants au;
matricesA, By, ..., B, avec des proportions respectives égales&1e01, ..., €b,.

Dans un article antérieur, [2], on a montré (paut 1, mais le cas général est analogue) qu'un sous-ensemble de
D(A;61,...,0,; B, ..., By) estdonné par 'ensemblé(A; 61, ...,6,; B1, ..., B,) de toutes les matriceld, telles
qu'il existews, . .., w, C RN, mesurables, disjoints, aves;| =0;,i =1, ...,n, ettel que

HE=> (B —A)(@,»E—i-/ng dz), ve eRY,
i=1

wj

ou we est la solution (unique a une constante additive prés) de

n n
— div[AXRN\Uylwi + Z B,-Xwi:| Vwg = Z div(B; — A)xw,& InD'(RY), Vuwge LZ(RN)N.
i=1 i=1
L'ensembleH(A; 61, ...,6,; B1,..., B,) a été utilisé dans [2] pour obtenir des conditions d’optimalité Aube
plus, on a aussi obtenu quelques éléments explicités@e 01, ..., 6,; B1, ..., By).
L'objectif de cette Note est de montrer le résultat suivant :

Théoréme0.1. L'ensembleH(A; 61, ...,60,; B1, ..., B,) estdense danB(A; 01, ...,0,; B1, ..., By).

La démonstration utilise un résultat bien connu di a Dal Maso et Kohn [1,4,5] établissant que les matrices ob
tenues par homogénéisation périodique sont denses dans I'ensemble obtenu par homogénéisation quelconque. (
donne une approximation du quotient qui apparait dans (1), mais on remarque que cette approximation n’est pas de
D(A;61,...,0,; B, ..., By) etdonc, par exemple, elle ne peut pas étre utilisée comme direction admissible pour un
probléme d’optimalité.

1. Introduction and main result

It is well known that the characteristics of a material (for example, in heat or electric conductivity problems)
are associated to a matrix (the diffusion matrix). When we deal with composite materials, it is interesting to
know the variation of this matrix when we replace a small portion of the material by other materials. This ques-
tion arises, for example, in the study of optimality conditions Agrwhere to construct admissible directions, we
consider small perturbations df (see e.g. [1-3,8—10]). We also mention the construction of descent directions which
permit to improve a materiad by introducing other materials. Since the mixture of materials can be characterized
via homogenization (see e.g. [1,3,5,7,8,10]) and this is a local process, the mathematical question is the following
GivenA, Bz, ..., B, definite positive matrices iR", 61, ...,6, > 0, with Y '_16; =1, our problem is to obtain the
setD(A; 01, ...,6,; B1, ..., B,) of all the possible matrice® which can be obtained as a limit of the form

&
D = Ilim A A, (2

e—0 &
where, for every € (0, 1), A® is obtained via homogenization, by mixing the materials corresponding to the matrices
A, B1, ..., B, with respective proportions ¢, €61, ..., €6,.
In a previous article, [2], we have proved (far= 1, but the general case is analogous) that a subset of
D(A;61,...,0,; B1, ..., By) is given by the seH(A; 61, ...,6,; B1, ..., B,) of all the matricesH, such that there
existwy, ..., w, C RN measurable, disjoint, withw;| = 6;, i =1, ..., n, which satisfy:

Hé;':Z(Bi —A)<9i5+wagdz>, ve e RY,

i=1

wj

wherews is the solution (it is unique up to an additive constant) of

- diV|:AXRN\U;_71wi +y Bini}ng =Y div(B; — Axw s InD'(RY), Ve e L2RY)V. ©)
i=1 i=1
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The setH(A; 01, ...,6,; B1, ..., B,) has been used in [2] to obtain optimality conditions farSome explicit ele-
ments ofH(A; 01, ...,6,; B1,..., B,) have also been obtained in the mentioned paper.
We observe that, using a dilatatidf(A; 61, ..., 6,; B1, ..., B,) can also be defined as the set of matrilesuch

that there exist > 0, andwy, ..., w, C RY measurable, disjoint, withw;| = A6;, i =1, ..., n, which satisfy:
- 1
Hé¢ = 2(& —A) <9,-§ + 5 / Vuwe dz), 4)
1=

wj

wherew is the solution of (3).
The goal of the present Note is to prove the following result:

Theorem 1.1. The setH(A; 01, ...,6,; B1,..., B,) isdense ifD(A;01,...,0,; B1, ..., By).

The proof uses a well known result of Dal Maso and Kohn [1,4,5], which proves that the matrices obtained
via periodic homogenization are dense in those which can be obtained by general homogenization. This pro-
vides an approximation of the quotient which appears in (2), but we remark that this approximation is not in
D(A;61,...,6,; B, ..., By) and thus, for example, it cannot be used as an admissible direction for optimal prob-
lems.

2. Proof of Theorem 1.1

In the whole of the proof, we denote l§y a generic constant, which can change from a line to another one. The
proof is divided in three steps.

Stepl. LetD beinD(A; 61, ...,6,; B, ..., By), and consider a sequendé of matrices obtained via homogeniza-
tion, by mixing the materials corresponding4oBi, ..., B, with respective proportions-e, €61, ..., £6,, and such
that (2) is satisfied. Using the result of Dal Maso and Kohn mentioned above, we can assume that for-e¥ghere
existo® C Y = (-3, $), measurable, withof | = ¢6;, i = 1,...,n, such that definings; = Uyzv (f +4) (the ex-
tension by -periodicity ofwf C Y toRY) M*¢ = ARy ot T 221 BiXop, M® = Axmn\ g, o + 2 -1 Bixa

(remark thatM, = M, in Y), we have
APE = / M, (Vvi +£)dy, VEeRN, (5)
Y
wherevg is the solution of (it is unique up to a constant):
—div M Voi =) div(B; — Azt inD'(RY), vf e HXY). (6)

i=1
HereHﬁl(Y) denotes the space of functionsl@,ﬁC(RN), which areY -periodic. A simple calculation shows
Af— A ~ 1
DfE = =) (Bi—A) (9,-5 + = / Vg dy). (7)
& i &

@i

Now, we defineug as the solution of

n
—divM*Vwf =) div(B; — A)x,c& inD'(RY), Vufe L(RN)Y. (8)
i=1
Then, from (4), the matri¥{ ¢, defined by:

- 1
Hgf = Z(B,’ — A)(QZS + E/ng dy), (9)
i=1

&
@;
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belongs toH(A; 64, ...,0,; B1, ..., By). In order to prove Theorem 1.1, it is enough to show tl&t — D?)& tends
to zero for ever € RV, whene tends to zero.

Step2. For everyp > 0, we denotel, = {y € Y: dist(y, 9Y) > p}. Let us assume that there exists- 0 such
that| J;_, o C Ys. Taking into account thap; satisfies—div AVw; = divg® in D'(RY), with g& =>""_,(B; — A)
(Vwg + ) xof , and thatVw; belongs toLZ(IR{N)N we deduce that (a representativeugfis) wg = VK + g°, with
Ka the fundamental solution of div AV. Smcewg satisfies (takeug as test function in (8))

L'Lz
IVwe ]| 2@wiy SCVe,  VKa@@) = W

with u € R, L € My non-singular, and the support gf is contained in_J;_; »f, we deduce:

n
€ € . . )
lwi (2)] < Covt |Vwi(2)] < Coy»  Vzwith d|st<z,Uwf) >3- (10)
i=1

We takeyr CSO(RN) a cut-off function such that

. _ c .
Y=1 inYye supgy)CY., |VYI< in RN, (11)

From (10) and (11), we deduce:

&
|V (wevr —wf) ”LZ(Y)N < C5N—1/2‘ (12)

On the other hand, for evegye H1(Y), we have:

/M v( wws Vedy = /MFng <1//[g0—/<pdz]>dy—/M€Vw§V1/f|: /godzj| dy
Y Y Y
+/M8VWV¢w§dy.

Using (8), andy =1 inJ;_; »f, the first term on the right-hand side is

n

> A- B,-)$/V<p dy.

i=1

The second and third terms on the right-hand side can be estimated by using (10), (11) and Poincaré—Wirtinger
inequality. We then get:

/M V(Y wt)Vedy - Z(A B)S/V(pdy' <C—v N+1/2 IVl 2w, Vo € HXY),
i=1

and then, from (6), we get:

&

Taking herep = yw§ — v, we deduce| V(ywi — vf) [l 2y)v < Ces~N=12 which joining to (12) shows

_ N
E@M/W v)|?dy=0, v&eRN. (13)

From (7) and (9) we then conclude th@® — D®)& tends to zero, for every e RV
Step3. Let us now consider the general case.
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We fix § € (0, 1). Since in (5) and (6)»; can be replaced by’ +a, for everya e RV, then, choosing appropri-
ately, we can assume that there ex@&ts 0 which does not depend @mor oné, such that

n
U(w;‘ N(Y\Ys)| < Cée. (14)
i=1
We take
n
a)f"s =w; NY;, M&® = AXRN\U,’-’le-&’a + Z Bix,es-

i=1
As above, we also denote Iaj"s, the extension by -periodicity ofa)f"S c Y toR" and by]\718v“, the extension by
Y -periodicity of M xy to RY. We definew;’, v{"* as the solutions of

n
—div MO Vg’ = " div(B; — A)x,e06 InD'(RY), vug® e L2(RY)", (15)
i=1
n
—div MV’ = " div(B; — A)xgeat N D'(RY), v’ e HA(Y). (16)
i=1
From Step 2 (see (13)), we know

1
lim -

e—>0¢ /|V(w?8 - U§’8)|2dy = 0’ Vg € RN (17)
Y

Let us now estimate; — wg,a_ Taking it as test function in the difference of (8) and (15) we get:

/ MoV (wg = wg®)V (wg - wi’)dv =3 f (A — BV (wf + &)V (wf — wi?) dx,
RN i=1

£,8

t3
w;\w;

which gives
[l -wPar<e [ @ |vug)’ax (18)
RN U1 (@fN(r\Ys))

From Meyers’ theorem [6] applied to (8), we know that there exists2 such that

n
D dV(Bi = Ay esbllw-1rr + [ Vg HLZ(ZY)N),
i=1

19l <
and aswg satisfie3|Vw§||Lz(RN)N < Cy/e, we deducewwgn”(yw < C ¥e. Thus, estimate (18) shows
HV(wg - W§‘5) HLZ(RN)N < €322,
A similar reasoning proves
,8
||V(v§ - v§ )”LZ(Y)N
These estimates and (17), then prove

< Cs(r=2/2p) 1/2

limsup| v (vf — vg*) |2y < CsP=2/@p) 172,
e—0

So, from (7) and (9), we deduce that
limsup|(H® — D®)&| < C8P=2/CP) | v5e(0,1)
e—0

and then(H® — D?)& tends to zero, for every e RV.
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