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We consider elastic surface waves of the form, in y > 0:

with profiles Uy (t,x,y,Y,0) = Ur(t,x,y) + Ui (t,x,60,Y), where U} is periodic in 6 and
exponentially decaying to 0 in Y.
We prove that, in general, the corrector Us is not purely localized near the boundary, that
is Uz does not vanish. Us depends on the slow variable y and does not decay to 0 when
Y tends to +oo, even if the source terms are exponentially decaying to 0.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

On prouve que des ondes de surface élastiques rapidement oscillantes peuvent produire un
déplacement interne non oscillant non trivial.
On considére des ondes de surface élastiques de la forme, sur y > 0 :

o0
x—ct y
Us(t,x, )~y ekui(t,x, y, s =)
t.x )~y k( V.= )

&
k=2

avec des profils Ug(t,x,y,Y,0) = Ur(t, X, y) + UZ (£, x,0,Y), ot Uy est périodique en 6 et
exponentiellement décroissant vers 0 en Y.
On prouve que, en général, le correcteur Us n’est pas purement localisé prés de la frontiére,
c'est-a-dire U3 n'est pas nul. Us dépend de la variable lente y et ne décroit pas vers 0
lorsque Y tend vers +o0o, méme si les termes source sont exponentiellement décroissants
vers 0.
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Version francaise abrégée

On prouve que des ondes de surface élastiques rapidement oscillantes peuvent produire un déplacement interne non
oscillant non trivial. Ce phénoméne a été observé et expliqué dans [4] pour des systémes du premier ordre généraux; on
s'intéresse ici au cas des ondes élastiques.

On considére le probléme aux limites (1)-(2) et une fréquence (—c, 1) telle qu'il existe des ondes de surface oscillantes,
c'est-a-dire des solutions du probléme aux limites localisées prés de la frontiére et telles que la trace sur la frontiére a des
oscillations rapides en la phase 6 = *=¢t,

On cherche des ondes de surface qui admettent un développement asymptotique de la forme (3). U, le premier terme
du développement, est déterminé par exemple dans [3,5] ou [6] (voir aussi [2,1,4] pour l'analyse de I'équation). Il est
purement localisé prés de la frontiére, c’est-a-dire Uz =0, et U3 est déterminé par une inconnue scalaire oa(t, x, 6), qui
satisfait I'équation de propagation (4). On prouve ici que, en général, le correcteur U3 n’est pas purement localisé prés de la
frontiére (c'est-a-dire U3z # 0), méme si le terme source est purement localisé prés de la frontiére.

Us est solution des équations linéarisées de I'élasticité (5)-(6), avec des termes au bord déterminés par o, et non nuls
en général. Us dépend de la variable lente y et ne décroit pas vers 0 lorsque Y tend vers +o0o, méme si le terme source est
exponentiellement décroissant vers 0.

1. Introduction

We prove that fast oscillatory elastic surface waves can produce nontrivial internal nonoscillatory displacements. This
phenomenon was observed and explained in [4] for general first order systems. The goal of this Note is to prove that it does
occur in the case of elastic waves.

For simplicity, we consider surface waves in space dimension two, on a domain which is a half-plane. We seek surface
waves which admit asymptotic expansions of the form

ué(t, x, ad —ct
U""(t,x,y)=< ( w)”ngUk(t,x,y,xSC,§>,

Vi xy) | o

on y > 0, with profiles U (t,x,y,Y,0) = Uy(t,x, y) + U;(t, x,0,Y), where U} is periodic in 6 and exponentially decaying
toOinY.

The first term U, is determined for example in [3,5] or [6] (see also [2,1,4] for the analysis of the equation). In particular,
it is purely localized near the boundary, that is U =0, and Uj is determined by a scalar unknown a;(t, x, 6), which
satisfies a propagation equation (4). Our main aim is to prove that, in general, the corrector Us is not purely localized near
the boundary, that is U3 does not vanish, even if the source term is purely localized near the boundary. U3 is a solution
of the linearized equations of elasticity, with boundary terms which are determined by o, and in general do not vanish.
U3 does depend on the slow variable y and does not decay to 0 as Y tends to +oo, even if the source term is exponentially
decaying to 0.

The other terms of the expansion can be determined as in [4]. In [4], we have proved in the case of general first order
systems the existence of an exact solution admitting the given asymptotic expansion. We expect that this analysis extends
to elasticity.

Following [3], we consider the problem

Oett® — roxxu® — (r — 1)y v® — dyyu® = 8xF1 + 0y F2, (1a)
e vE — dxxV® — (1 — 1)agyu® —rdyy v = 8G1 +dyGy iny >0, (1b)
ayu® + 9w =—Fy + f°, (2a)
(r—2)0u® +1dyv® =—-G,+g° ony=0, (2b)

where f¢ and g® are given source terms and F1, F», G1 and G, are quadratic terms.
We consider a particular case of the equations given in [3] (see also [5]), where the quadratic nonlinear terms are given

by:

F1=0yu®oyve, Fa = 0,vE (3,u® + 0y v*),

G1=0yu®(dxu® 4+ 9yv®), Gy =0yufdv® =Fy.
Denoting by (—c, 1) one frequency such that there exist surface waves associated to the phase ¢(t,x) = —ct + x (up to
a homothetic change of variable, there is no restriction in assuming that the spatial wave number k = 1), one looks for

oscillatory surface waves, that is for solutions of the boundary value problem localized near the boundary and such that the
trace on the boundary has rapid oscillations with the phase 6 = "‘T“
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2. Statement of the main results

2.1. Statement of the problem

Surface waves are real solutions U¢(t, x, y) = (ﬁgiﬁ) satisfying (1) in ¥ > 0 and (2) on y =0, that admit asymptotic
expansions
o0
U(t,x, y)NZs:kUk(t,x,y,X_Ct,z>, (3)
£ £

k=2

with profiles Uy(t,x,y,0,Y) = Uk(t,x, y) + U; (¢, x,6,Y) belonging to the space S =S @& S* defined in [4], that is U} is
periodic in 6 and exponentially decaying in Y.

We denote by Uy, the Fourier coefficient, with respect to 6, of order n of the profile Ui. From the definition of S =S & S*,
for n#0, U} is of the form U = U;"*(t,x,Y), with U;"* € S* and U is of the form U = Uy(t,x, y) + U,?’*(t, x,Y), with
Ure S and U,?’* € S*.

For the sake of definitiveness, we suppose that the solution vanishes identically in the past: Vt <0, U¢(t) =0, and, to fix
the ideas, that it is ignited by source terms f¢ and g® on the boundary, which we assume to be small and localized near
the boundary:

> x—ct - x—ct
Fe,0~) e fi (t, X% — ) gt 0~y g (t, X — )
k=2

k=2

with profiles f, and g, belonging to S*, that is exponentially decaying to 0 as Y tends to 400, and vanishing identically in
the past: Vt <0, fé(t) =g°(t)=0.

Remark 2.1. The order of magnitude U = 0(g?) and f, g = 0(¢?) as € — 0 corresponds to the regime of weakly nonlinear
geometric optics where the nonlinear effects are present in the propagation of the leading term Us,.

2.2. Main results

Theorem 2.2. The profile of main order U, belongs to S*, i.e. is purely localized on the boundary: U, vanishes.
U3 is determined by a scalar unknown o (t,X,0) = Y, .7« a2 (0, t, x)ei"? (see Section 4 for an explicit form of U3), which solves
an equation
drory + cdxaz +alon, a2) =1(f2, 82) (4)

where I( f2, g2), up to a multiplicative constant, has Fourier coefficients of order n equal to %f;’ + %gg (p1 and q given by (11)) and
a is a nonlocal bilinear form such that the Fourier coefficients of order n of a(az, a2) are equal to

i A (k. K)K (k= K)oz (K ez (k — k') + i Az (k. K')(k — K)oz (K )2 (k — k'),

k'=1 k'=k

where the expressions of the kernels A1 and Ay are given in [3].

This theorem is proved in Section 6: we show that U, solves the linearized equations of elasticity with homogeneous
boundary conditions, so that it must vanish. The relation between U; and ay as well as the equation for a; are obtained
in [3].

The main results of the Note are the following theorem and corollary:

Theorem 2.3. The profile of higher order Us is of the form Us = Us + U3, with U} = (L‘? )eS*and Uz = (%2) € S satisfying
: v

Orels — gtz — (1 — 1)0xyv3 — dyyusz =0, (5a)

OptV3 — OxxV3 — (I — 1)dxyu3 —rdyyv3 =0 iny >0, (5b)
2 ) 2 q

dyuU3z + 0xv3 = A nloy(|aa(n, t,x)|)", withAy = —————C;#0, 6a

y43 xV3 rnEXZ:J | x(| 2( )|) r rp1+p2 r?é ( )

(r—2)dxu3 +rdyv3=0 ony=0. (6b)

These equations are obtained in Section 7.
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Remark 2.4. U is determined by U; and a scalar unknown «as3(t, X, ), which solves the linearized equation of (4).
Corollary 2.5. If f> and g; satisfy oxl(f2, g2)|t=0 # 0, then U3 # 0.

Proof. Since u; and vy, and thus a5, vanish in the past, we have 9;a2|i—9 =I(f2, £2)|t=0, and therefore, for t small, oy ~

tl(f2, g2); we then obtain that dxI(f2, g2)l¢=0 # 0 yields )7« [n]dx(lot2(n, t, x))% #0.
The right-hand side term of the first boundary condition satisfied by U3 does not vanish, we then obtain that Uz does
not vanish. O

Remark 2.6. For example, we can take f; and f> such that their Fourier coefficients of order 1 satisfy dx(p1 le —iqg;)ltzo #0
in order to have dxI(f2, £2)|t=0 # 0 and thus U3 # 0.

3. The cascade of equations

Plugging the expression (3) of U¢ into the equations and boundary conditions and collecting the powers of ¢ yield, for
all k> 2,

(¢ —1)dpour — (r — 1)dpy vic — dyyug = Hi_1 (U1, Vi1, - .., U2, V2), (7a)

(c2 = 1)dgovi — (r — gyt — rdyy Ve = Kg—1 (Ur—1, Vk—1, ..., U2, v2) on{Y >0,y >0} (7b)
and

Oyug + 9 vk = hg—1(uz2, va, ..., Ug—1, Vk—1), (8a)

(r —2)dguy +rdy v =kr_1(uz, va,..., Ug_1, Vk—1) onY =y=0. (8b)

In particular, Hy = K1 =0, hy =k; =0 and Hs and hs3 are given by (the expressions of Hy, K, hy and k; for general k
being similar):

H3 = 2c0pcu3 + 2rdpxtis + (r — 1)0pyv3 + (r — 1)dyxV3 + 20y yu3 — O¢elin + roxxliy + (r — 1)0xy Vo + dyyls

+ 0x[0y u209v2] 4 0y [ V2 (Bpuz + Dy v2) ] + dy [ V2 (dous + dy V3 + xtiz + dyv2)

+ (09 V3 + 0xv2) (dgUz + dy v2) | + 96 [dy u2 (09 V3 + 0xv2) + 06 V2 (dyus + dyuz)], 9)
h3 = —dyu3 — 8xv3 — dgVv2(dpu3 + dy v3 + dxuua + 3y v2) — (3 V3 + dxV2)(dpuz + dy v2) + f3. (10)

4. Form of the oscillatory parts of the profile U,
We define p1, p» and g by
2 2 2 c? 2
pi=1—-c", p1<0, pzzl—?, p2 <0, q“ =pip2, q=>0. (11)
In order to have the existence of surface waves, the following assumption has to be satisfied:
Assumption 4.1. We assume that
2\2 2
(2—c%)"=4q". (12)
We obtain the following form of the Fourier coefficients uf, v§, n£0

ul(t, x,Y) = qoa(n, t, x)(qeP1I"Y — ep2nlY), (13)
Vit x, Y) = isign(n)paca(n, t, x)(—eP1IMY 4 geP2inY), (14)

where o is a scalar unknown satisfying Eq. (4).



A. Marcou / C. R. Acad. Sci. Paris, Ser. 1 349 (2011) 1239-1244 1243

5. Equation and boundary condition for U ,‘:
5.1. Equations

The profiles u? and v{ satisfy
0_ »4o 0_ 10 -
—8yyuk _Hk—l’ —I’ayyvk _Kk—l my>O,Y > 0. (]5)
Since ug, vg € S, we obtain the resolubility conditions

0 0
Hi 1=K, =0. (16)
Egs. (15) yield

ud=udt,x, ) +ud 6, x,y, ),  vi=vlt,x )+ Ve, Xy, Y), (17)

0,x*

K VE'* € §* known functions given by the following

with g,?, !18 € S unknown functions that have to be determined and u
expressions:

o0, o0

uﬁﬁ:_/([”'?1(‘7&%5/)‘“/) ds, (18)
Y s
o0 o0
1
vg'*Z—F/(/I<,?1(t,x,y,5’)ds’) ds. (19)
Y s

5.2. Boundary conditions for Fourier coefficients ug and vg

The boundary conditions for uf and v{ read

ayu,? = hg_l, roy v,? = k,?_l, onY=y=0. (20)
Plugging the expressions (17) in (20), we obtain

o0

f HO (6., y.5)ds=h0_ (t.x.y.Y), (21a)
0

o0

/K,?_l(t,x, y,s)ds=k} ,(t,x,y,Y), onY=y=0. (21b)
0

5.3. Determination of u and v{

The Fourier coefficients u? and vl0 are determined in 3 steps. First, from Eqs. (15) with k =1, satisfied by u? and v?, we
obtain expressions of u? and v?, where glo €S and g? € S have to be determined. Afterward, the boundary conditions (21)
with k =1+ 1 satisfied by uf,; and v, yield boundary conditions satisfied by u and v{ on y = 0. Finally, it follows from
Egs. (15) with k =1+ 2, satisfied by u?+2 and v&z, the resolubility conditions (16), which lead to equations satisfied by g?
and v{ on y > 0.

6. Determination of UJ

The equations satisfied by ug €S, vg € S, yield ug =uyeSs, vg =vpy€eSs.
The boundary conditions (20) for k = 3 read:

dylUs + V2 =0, (r—2)oxup +1dyv2 =0, ony=0. (22)
The resolubility conditions (16) H} = K$ =0 yield

Ogelz — IOtz — (1 — 1)0xy V2 — dyyliz =0, (23a)

OtV — OxxV2 — (= D) OxylUp — T3y v2 =0, iny>0. (23b)

From (22) and (23), we then obtain u; = v, =0 and thus u) = v =0.
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7. Determination of U

From Ug =0 and U; € S* (thus U, independent of y) and (9), we get:
HY = ay [(r — 1ayv3 + 20yud] + dx[dy u2dpv21°

0
+ 0y [09v2(Bpus + dy v3 + Oxtiz + 0y V2) + (Jgv3 + 0xv2) (dguuz + Oy v2)] .

Remark 7.1. For f = f + f*€S=5+ 5"

o0
/Byf(t,x,y,e,s)d5=ylim ft,%,9,0,Y) = f(t,x,y,0,Y)=ft,x,y) — f(t,x,y,0,Y) =—f*(t,x,0,Y).
—+00 =
Y
Thus
o0 o0
0 _ 0 0,% 0,%
/H3(t,x,y,s)ds_/ax[ayuzagvz] ds — (r— 1oxvy" — 20y,
Y Y

— [09v2(0pus + dy v3 + 0xtiz 4 0y v2) + (dg V3 + 0xv2) (dguuz + Oy Vz)]o-
From the expression of h3 (10), we then obtain that (21a) for k =4 reads
o
yus + V3 = (r — 2)3vy* — / dldyu2d9v21° + 8y [3pv2 (Bpuz + 3YV2)]0 ds, onY=y=0. (24)
0
From the expression of vg‘* (19), Eq. (24) yields:

o0

2
8yg3+axyg:—?/8x[8yu289vz]°ds ony=0. (25)
0

The right-hand side term yields a quadratic interaction.
Plugging the expressions of u} and v} (13) and (14),

[Byuadev21° = > —Iniqpalaz(n, t. x)1*[—qp1e®"P1Y — qpye®™P2Y 4 (g2 + py)el™(PrHP2)Y ],

nezZ*

Thus with C; = —q(p1p2 + p%) +q*p1p2 + P%

q 2
S Lol
nEEZ* |”|p1 g rlaa(n, t,x)]

o0
/[3yu239 v21%ds =
0

From (11) and (12), we get Cr = —¢*> —qp3+q* +p3 =1 —q)(p3—¢*) = %[1 2 _a- %)3]. ¢ satisfies Eq. (12), therefore

T
(-5 =q*=p2p2=(1—c2)(1—2). Since 1 — 2 =p? >0, we have 1 — S > 0, thus

2 l_ﬁ“ 2\ 3 4 1_&3
c,:&[@_o_i)]:i@, ¢ >0,

21 1—¢2 2 4 1—c?

The boundary condition (25) is thus equivalent to Eq. (6a). Similarly, (21b) yields Eq. (6b) (in this case, we sum over N
odd terms with respect to n). The resolubility conditions (16) for k=5, H? = KZ =0, yield (5).
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