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RESUME

Nous établissons une identité satisfaite par des champs de vecteurs suffisamment réguliers
définis sur une surface S ¢ R3 3 valeurs dans R3. Comme conséquences de cette identité,
nous établissons plusieurs nouvelles inégalités de Korn pour des champs de vecteurs qui
s’annulent sur tout le bord de cette surface.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Preliminaries

This section briefly reviews the notions of differential geometry and the function spaces used throughout this Note.
The main results are then stated in the next sections, viz., an identity satisfied by every displacement field of a surface
(Theorem 1); several new Korn inequalities on a surface (Theorems 2 to 4); and a new “infinitesimal rigid displacement
lemma on a surface” (Theorem 5).

In all that follows, Greek indices (except ¢ and v) range in the set {1, 2}, while Latin indices range in the set {1, 2, 3}, and
the repeated index summation convention is used in conjunction with these rules. A generic point in a two-dimensional
open subset @ C R? is denoted y = (y). Partial derivatives, in the classical or distributional sense, of functions or vector
fields defined on w are denoted 9y :=3/0Yq, dup 1= az/ayaayﬂ, etc.

The inner product and vector product of vectors # € R? and v € R? are respectively denoted u-v and u A v.

A given surface S := 6(@) C R® in the three-dimensional Euclidean space, defined by means of an immersion 6 €
C3(@; R3), is the domain of definition of all vector fields appearing in this Note. Such displacement fields of the surface
S are identified with vector fields 5 : @ — R>.
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Since # is an immersion, the three vectors

a1 (y) Aax(y)

" = aao d = —_—
s (y) ) and - as(y) = D]

are linearly independent and thus form a basis in R3 at each point y € @; its dual basis at the same point y € @, denoted
(a'(y)), is defined by

a(y)-aj(y) =4 (8% denotes Kronecker’s delta).

Thus, any vector field 5 : @ — R3 can be decomposed as

n(y)=ni(y)a(y) forallyew.

Note that, at each y € @, the two vectors ay (y), resp. a?(y), form the covariant, resp. the contravariant, basis in the tangent
plane at #(y) to the surface S, while the vector as(y) = a(y) is unit and normal to this plane.
The first fundamental form of S = @ (w) is defined by means of its covariant, resp. contravariant, components

Agp =0y -ag, resp.a*f .=a”.af.
Note that, at each y € @, the matrix (@*?(y)) is the inverse of the matrix (agp(y)), that

a:=det(agp) = la; A azlz,

and that +/a(y)dy is the area element along the surface S.
The second fundamental form of S = 0(w) is defined by means of its covariants, mixed, and contravariant, components,
respectively given by

bap := 0apl - a3 = —a, - Igas, bg :=bgsa’?, and b*P .= ao‘(’bg.

The mean curvature and total curvature of S =6 (w) are denoted and defined by

1

H®y):= 5 tr(bg(y)) and K(y):= det(bg (y)) ateachy €.

Finally, the Christoffel symbols of the second kind associated with the immersion 6 are denoted and defined by
Iypi=0pb-a" =dyap-a’,

and the covariant derivatives of a tangent vector field £,a® € C!(w; R3) to the surface S =@ (@) are denoted and defined by

Eot|ﬁ = aﬂfot - Fggsa'

The space H(l)(a)) is equipped with the norms

1/2

1/2
lpllt.e = {Z[wz + Z(aaW] dy} and [@l1,0,0 = {/a“ﬁaawaﬁwﬁdy} :
w o W

the space H~!(w) is equipped with the norms

Ifll=1.0 == sup{f(®); ¢ € H)(®), [¢ll1.o <1} and |f|-1,0 :=sup{f(); ¢ € Hy(®). |@|1.0.0 <1},

and the space H}(w; R?) := {n = n;a’; n; € H(w)} is equipped with the norms

1/2

3 2 1/2
o= [/Z{(m)z + Z(aan,-)z} dy] and [19ll1,.0 = {/a“ﬁawaﬁwady}
i a=1

w =1 = 19}

Note that, on each space, the norms defined above are equivalent (as a consequence of Banach open mapping theorem).
Complete proofs of the results announced in this Note, as well as new proofs of several other Korn inequalities on a
surface, will be found in [4].
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2. An identity satisfied by the displacement fields of a surface

Given any smooth enough vector field § = nia’ : @ — R3, the linearized change of metric, and change of curvature, tensor
fields associated with the deformed surface (# + 17)(w) are respectively denoted and defined by

1
Yap() := 5 Oel) - ap + g - dm) and s () := (duph — [ygds1) - A3.

Theorem 1. Let @ be any open subset of RZ and let § € C3(@; R3) be an immersion. Given any vector field § = n;a' € C3(w; R3), let

wo () = a1 - 1 — (357 - a° ) e — 23 - a3)13 € C* (0 R).

Then the following identity holds in w:
op o2 ap
a*P 3 - 9 + (9um - a%)" +a*Pwa (g
=207 a7 yao e () +2Ha"’ Ban - az)np + [2(b%F — Ha®P ) yap () — a*” pas ()] 3.

Sketch of proof. The announced identity for vector fields 7 : w — R3 defined over the two-dimensional open set w will be
obtained as the limit when & — 0% of another identity (see (1) below), when specific vector fields v : 2¢ — R> defined over
the three-dimensional open set £2¢ := w x (—¢, &) are used in this identity. A generic point in £2¢ is denoted x = (y, x3),
with y € w and x3 € (—¢, ¢).

To this end, the Riemannian metric (aqp) induced on w by the immersion @ is extended to a Riemannian metric (g;;)
defined on £2° (with & > 0 sufficiently small, so that the matrix (g;j(x)) is positive-definite at each y € 2°) by letting

8ap(-,X3) :=0agp — 2X3bap + (X3)2bgb0,3 inw, ga3=283¢:=0 inR% and g33:=1 inR°.

At each x € £2¢, the inverse of the matrix (gij(x)) is denoted (g% (x)). The Christoffel symbols of the second kind associated
with the metric (g;j;) are denoted and defined by

]"k-_l ke(a 0+ digio — e gii)
ij = 2g igje i 8ie 0 8ij),
and the covariant derivatives of a one-form (u;), u; € C1(§2¢), are denoted and defined by
uillj := dju; — Ifuy.
Then one proves first that any one-form (u;) with u; € C1(£2¢) satisfies the identity
g* gl uilljurlle + (g7uill ;)" — 2g™ g/ eijere + g7[ " (e uillk — uiuellp)] |;=0 ing°. (1)
Given any vector field = n;a’ € C3(w; R?), define the functions ¢y € C2(w), vi € C2(2€), ejj € C1 (229), and w; € C1(2°9),
by letting
Co ' =3um3 +bgns and ve(-,X3):= (o —X3¢a) — X3bg (Ns —X385) and v3(-,X3):=n3 ino,
1 ; .
eij =5 (villj+vjll) and wi =g vivilj—vivill)) in°.

Then taking the average over the transverse variable x3 € (—¢, ¢) of the identity (1) with u; replaced by v; yields the
relation

&
1 L , 9 I , )
> [glkg][‘/i”jvkné + (gYvillj)" - ZgIkgﬂeijekZ + g% willj](y.x3)dx3 =0 inw,

—&
from which one obtains, by letting & — 0, the following relation:
ik _je ij 2 ik _je ap .1 .
(g% villjville + (g7villj)" — 28" g’ eijere + g*P wallg] (-, 0) +g1£10 i[wa(% &) —w3(y,—€)]=0 inow.
The identity announced in Theorem 1 is then obtained by expressing each term of the above identity in terms of the

vector field n. More specifically, a series of computations (some of which are somewhat delicate) shows that the following
relations hold in w:
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[g% g/ Vil jville] (-, 0) =a*Pdun - 8m +a*Piaip and ¢y = dan - as,
[g7villj](-,0) = dan-a® and [g*g/’eijenc](-,0) = a*Pa”" yuo M ype (M),
[g*Pwallg] (-, 0) =aPwo ()|p — 2Ha’[nats — n3vas )],

H ] o o
lin 0£[w3(y,e>—w3<y,—s>]=—a Peacs +m3[a®f pap(n) — 2P yup(p)]. O

3. New Korn inequalities on a surface

In this section, we prove that the identity of Theorem 1 is the basis for establishing several new Korn inequalities (see
Theorems 2 to 4), all of which substantially improve some classical Korn inequalities, by replacing the “full” linearized
change of curvature tensor field that appears in their right-hand sides by only its trace. Note, that, by contrast with the
“classical” derivations of Korn’s inequalities, ours do not use J.L. Lions lemma (as in, e.g., [3]).

Theorem 2. Let w be a bounded open subset of R? and let 8 € C3(@; R3) be an immersion. Then the following identity holds for each
0 < € < 1 and for each vector field n = n;a’ with components n; € Hg,(a)):

[ e aun -am + (2an - a*)?}Vady

w

2¢e
< /(81—12 +s(2H2 _ 1())a“ﬁnanﬁﬁdy+ 1z /(H2 _ 1()(n3)2ﬁdy
w

[0

4
+ ( / a*Pa”" Yoo ()ype ()Vady + \a“ﬁpa,g(mﬁ!f],w,o)'

w

Sketch of proof. It suffices to establish the above inequality for smooth vector fields § = n;a’ that vanish on the boundary
of w. The identity of Theorem 1 together with Stokes’ integral formula imply that such vector fields satisfy the inequality

[ e aun-am + (2an - a)?}Vady

w

=Z/a“ﬁa”yaa(ﬂ)yﬂr(ﬂ)«/ady+/2Ha“5(8an~a3)nﬁ«/5dy

w w
+/2(b°"3 —Ha“"))/a,s(n)na«/ﬁdy—/a“ﬁpaﬁ(n)nz«/ady-
w w

Then the inequality of Theorem 2 is a consequence of the above inequality combined with the following inequalities
(¢ denotes any number in the interval (0, 1))

1
/2Ha°"3(8aﬂ~a3)n5«/5dyS/Za“ﬂaawaﬁn +4H*a*P nyng/ady,

w w
& 2(1—¢
/Z(baﬂ — Haaﬂ)yaﬂ(n)n3ﬁdy < /[:(1—[2 — K)(n3)2 + %a“"ﬂmygﬂ(ﬂ)ygr(ﬂ)}/ﬁd}/
w w
2 1
—/a“ﬂpag(n)nz«/?ldy < Ela‘”ﬁpaﬁ(n)«/alil,w,g +3 f[a"‘ﬁaan -9 + €(4H* — 2K)a” " ng . |Vady
w w

(these relations are established by a series of long, but otherwise straightforward, computations involving in particular the
Cayley-Hamilton theorem applied to the matrix field (bg)). m]

Theorem 3. (a) Let w be a bounded open subset of R? and let § € C3(@; R?) be an immersion. Then there exists a constant C{ =
C1(w, 0) such that, for each vector field n = n;a* with components n; € Hg)(a)),

> Inilhe <G (Z Imillo.w + Y| Vas@ | g, + 10*? oap ) ||_m>.
i i

o.B
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(b) Assume in addition that the boundary of w is of class C2. Then there exists a constant C; = C3(w, 0) such that, for each vector
field n = n;a’ with components no € H}(w) and 13 € H} (w) N H(w),

Y Inalito+ 10320 < C2 <Z Imallo.w + 103110+ Y[ Vap@ o + [0 papn |!0,w>.
o o o,B

Sketch of proof. The inequality (a) is obtained by combining the inequality of Theorem 2 with &€ = 1/2 with the inequalities

FVa|_ e <Dillfll-1,0 forall f e H (),
1Ml1.0 < D2lnl1,we forallyeH' (w:R?),

which hold for some constants D1 and D, independent of f and 7.
The inequality (b) is obtained from inequality (a) by noting that, since the function 13 € H(l)(w) N H?(w) satisfies the
second-order elliptic partial differential equation (see the definition of pyg(1)):

P dupns = 0% pap(n) +aP 1,053 + blyb%ns — 26%Paun s + (26%P Ty — b*1o)1ls N,

there exists a constant D3 = D3(w, #) independent of 5 such that (see, e.g., Gilbarg & Trudinger [5])

In3l2.0 < 03{2 17l + | a* pag (1) Ho,w}. =
(o2

Theorem 4. Let w be a bounded open subset of R? with a boundary y := dw of class C* and let 8 € C3(w; R?) be an immersion.
(a) Let (t%) denote a unit tangent vector field to the boundary of w. Assume that

sup | (bapT*T?) ()| > 0.
yeow

Then there exists a constant C3 = C3(w, @) such that, for each vector field n = niai with components n; € Hé (w),

S Wil < Ca (ZH Ve g, + 18 pap D) ||,1,w).
i o,B

(b) Let yo C dw denote a non-empty relatively open subset of the boundary of w. Then there exists a constant C4 = C4(®, 0, o)
such that, for each vector field 5 = n;a’ with components 1o € H}(w) and 3 € H} (w) N H(w) with 3,13 = 0 on yy,

Y Inelto+ N3l < Ca (Znyaﬁ(n) lo.o + 0% g () ||0,w).
o a,p

The inequality (a), resp. (b), in Theorem 4 is deduced by means of a contradiction argument from inequality (a), resp.
(b), in Theorem 3, combined with the following improved version of the classical “infinitesimal rigid displacement lemma”.

Theorem 5. Let w be a bounded open subset of R? with a boundary y := dw of class C* and let @ € C(@; R?) be an immersion.
(a) Let (t%) denote a unit tangent vector field to the boundary of w. Assume that

sup | (bapT*T?) ()| > 0.
yelw

Then any vector field n = n;a’ : @ — R> with components n; € H' (w) that satisfy the relations

Yap(M) =P pupg() =0 inw and 7;=0 ony
vanishes in w. '
(b) Let Yo be a non-empty relatively open subset of y. Then any vector field § = n;a’ : & — R> with components 1, € H' (w) and
n3 € H2(w) that satisfy the relations
Yap(M) =a*’ pag(m) =0 inw and 1;i=23,n3=0 onyp

vanishes in w.
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Sketch of proof. (a) The assumptions
. 1 ap — ;
ni € Hy(w) and a""pep(n) =0 inw
imply that a*# 9473 € L2(w) and 13 =0 on y. Hence n3 € H?(w); see, e.g., [5]. The assumption yys()) =0 in @ implies
that (347p + 9pna) € H'(w), which, combined with the identities
20q8N0 = 00 (3pNs + doNp) + 98 (3aMo + o) — 5 (3a?p + 0pNe) INw,
imply that 1 € H?(w). Then the assumptions Yap() =0 in @ and n; =0 on y together imply that

(anp +09pMe) =0 and T%9yng=0 ony.

Hence v*3,7m5 + v#3,14 =0 on y, which in turn implies that Za’ﬁ[(v"‘)zvﬁa,,nﬁ + (v)20%8,n4] =209, =0 on y;
then that 3, [(v*)%3unp + VP (V*8yne)] =3y =0 on y.

The assumption supyeyq, [(bap 727P)(y)| > 0 implies that there exists a non-empty relatively open subset o of dw such
that byg 7278 £ 0 on yp, and the assumption Yap (M) =0 in w implies that

1 .
(baﬁr"‘rﬂ)ng:E(rﬁarnﬁ—i—t“a,na)—Fgﬂt“rﬁng inw.
Combined with the observation that

O (3rmp) =1%o (T49mp) = 3 (dymp) + v* (8 T")rnp — T4 (82v¥)danp =0 on yp,
this implies that

1 -1 1
8vn3:§31,[(baﬂr“rﬁ) <rﬂarnﬂ+ir"‘arr}a—ljfﬂr“rﬁng)}=0 on yp.

This means that the vector field » satisfies all the assumptions of part (b) of Theorem 5. Consequently, it must vanish in o,
as we now prove. .
(b) Consider a vector field § = n;a’ : w — R3 with n, € H' (w) and n3 € H*(w) that satisfy the relations

Yap@) =a*Ppop(m) =0 inw and 7;=23,13=0 onyp.

Then there exists an open ball B centered at a point yg € yo such that BN dw C yp, and there exists an immersion e
C3(wUB; R3) such that § = 5|w. Let ® := wU B and let 7; : ® — R denote the extensions of the functions 7; : ® - R
defined by 7j; =0 in @ — w. Then, on the one hand, 7j, € H'(®), ij3 € H*(®), and 7j; =0 in the open subset & — & of @.

On the other hand, the relations yug(n) = a“ﬁpaﬁ(n) =0 in w imply that, with self-explanatory notations (similar to
those introduced in Section 1),

5 @aflp +BpTla) — Ipilo = bapil ina,
6P o pits = 8P [2406 713 + bobY i3 — 26 0a7ig + (26*P I — b |o)ils  in .

Therefore, the unique continuation property of solutions to elliptic systems (see, e.g., [1,2], or [6]) implies that 7; =0
inw. O
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