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RESUME

Nous étudions les structures des vortex qui minimisent I'énergie renormalisée reliée au
modéle de Ginzburg-Landau. Parmi tous les réseaux de Bravais, nous prouvons que le
réseaux triangulaire minimise cette énergie renormalisée.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

For type-II superconductors, A. Abrikosov [1] predicted that the triangular lattice, now called “Abrikosov lattice”, would
appear. There are some rigorous mathematical results related to this phenomenon, for example [2,3,5,9]. In [9], E. Sandier
and S. Serfaty have proven that the vortices in minimizers of the Ginzburg-Landau energy, blown-up at a suitable scale,
converges to minimizers of a “Coulombian Renormalized Energy”, and in the periodic case, the triangular lattice minimizes
this renormalized energy. In this paper, we consider another renormalized energy for a periodic Ginzburg-Landau energy
introduced in [4] and prove that the triangular lattice is the unique minimizer of this renormalized energy among all the
Bravais lattices. One can refer to [6] for a similar work that describes di-block copolymers, and [8] for a related work on the
determinants of Laplacians (see Corollary 1.b of [8]).

Let £ = {Zii ® ZV | det(il, V) = 1}. For A € £, we define L =R?/A, hence |L| = 1. We introduce the renormalized energy
W which is defined in [4] over £ as follows
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where {p;}_; are n points in L, and h satisfies

n
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periodic boundary conditions.

(1)

In fact, this energy is a renormalized energy for the Ginzburg-Landau energy in the periodic setting. In the case of n =1,
i.e. among the Bravais lattices, we prove Theorem 1.1.

Theorem 1.1. The triangular lattice, modulo rotations, is the unique minimizer of W among all Bravais lattices.

In the proof of this theorem, we use a technique which has already been used in [9] to rewrite the renormalized energy
W in an explicit formula related to Jacobi’s Theta Function, then by applying a result of H.L. Montgomery [7], we complete
the proof.

2. Proof of Theorem 1.1
We follow the idea of [9] to rewrite the renormalized energy W in an explicit formula. When n =1,
; 1 2 2
W(A):lm}J 7T10g8+§ [Vh|“ 4+ h* ),
&—

L\B(0,¢)

where h satisfies

—Ah+h=2mdy inL )
periodic boundary conditions.
Lemma 2.1. For any A € L, we have:
W) =n lirr(l)(h(x) + log |x]).
X—
Proof. We have
1 1 oh
wloge + = / |Vh> +h? =mloge — = / — -h,
2 2 av
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where v is the outer-pointing unit normal vector with respect to the corresponding boundary. In fact, h(x) = —log |x| + g(x),
where g(x) is C! near origin. So
oh 1 9g
IV 5B(0.e) e Wlspoe
Therefore,

W) = iiil‘(l)(]‘[ log x| + wh(x) + O(|x| - log |x|)) = 7 iij%(h(x) +loglx]). O

Next we prove an important lemma by following the same method in [9].

Lemma 2.2. There exists a constant Co € R, such that for any A € L, we have

WA =Co+m 1iIT(1)<§‘A*(X) —/

R2

2w d
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where A* is the dual lattice of A, i.e. the set of vectors q such that q - p € Z for every p € A, and £+ (x) = ZpeA* W.
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Proof. We already have:
W (A) = lim (h(x) + log|x|).
x—0

We introduce the Green function G(x) € L%(R?), which is the solution of —AG + G = 278y in R?, and by the periodic
boundary conditions, we can consider the function h(x) as a function in RZ, i.e. the solution of

—Ahp+hy=21 281"
peA

Then we can write:

ha(x) +log|x| = G(x) + log x| + ua(x),
where u4(x) =ha(x) — G(x) and it depends on lattice A. It is well known that h (x) + log x|, G(x) + log|x|, u(x) are C!
near 0. Note that G(x) + log |x| is independent of lattice A, so
W) =m lin})(hA(x) +log|x|) = Co + 7 - u4(0),
X—

where Co = limy_o G(x) + log |x|.
Denote by ¢(x) = (27r)~'e~X?/2 the Gaussian distribution in R? and @n(x) = n2@(nx) for any n € N, so {@n(x)}n is an
approximation of the Dirac mass. Since u4(x) is C! near 0, we have:

uA(0)=nanQOW(n,A),
where
w(n, A)=/son(X)uA(X)dx=/(ﬁn(S)ﬁA(S)dE-

R2 R?

27 Y e p p(6)

We know that @, (&) = e 272 ER/M and G4 (8) = h(&) — G(&), where h(&) = (2 comes from the fact that

R 4m2(£12+1
IL|=1) and G(&) = W‘ZE% Hence
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We claim that

lim wn, A) = lim v(x, A),
n— oo X—0+

where v(x, A) =27 (3 ,c 4+ 4ﬂ2|p|12+X+1 — Jr2 4ﬂ2‘y‘12+x+1 dy),x> 0.

In fact, for any p € A*, denote by K, the Voronoi cell centered at p, i.e. the region in R? consisting of all the points
closer to p than to any other point in A*. Note that K, is periodic due to the periodicity of lattice A* and |K,| = 1. Denote
by 1k, the characteristic function with respect to Kp, then we have

<e—27r2|p|2/n2 e—272y?/n? )
y

w(n, A) =2m 1 - _
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By applying the mean value theorem to we get a bound for the integrand function

e—2m2plPmt  g—2m|yl?/n? ) ‘ 1

1 . — <C—7
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where the constant C is independent of n. The function at the right hand side is an integrable function over the whole
plane. Lebesgue’s dominated convergence theorem implies that

1 1
lim w(n, A) =2n 1k, - — dy.
A, wn, 4) /Z K (4n2|p|2+1 47r2|y|2+1> Y
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Similarly, we have

lim v(x A)—Zn/ 1 ! - ! d
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R2 PeA

By combining the results above, we prove the lemma. O

Now we consider the term:

=Y — 2

2 2+x :
peit 44| p| +1

Let {%(X) = ZpeA*\m) 47122‘%, we can split ¢4+« (x) as follows,

Car(0) =27 + 5.0 — 27 E !
* 21 n|2+X . 211 12+X
e vy AP (AT 2 |p P+ 1)
1
=2m 45 -2 ) +o(1).

42|p|2 - 42 p|2 + 1
ey FIPIE - AEplt + 1)
Note here o(1) means o(1) — 0 as x — 0 for any ﬁxed A € L, but the convergence is not uniform w.r.t. A.

We will consider g“g*(x) 2 Zpem W together.

If 47%|p|®> > 1, we can have a series expansion of the second term. We can do this at least in a neighborhood of the
triangular lattice, because the length of the edge is /2/+/3 > 1.

1 B 1 . =n"
2 4m?|p|? - (4m?p2+1) 2 @n2p|»H?- (1 + @r2pH~hH 2 @r2pP

peA*\{0} peA*\{0} peA*\{0} n=2

Since the summation ZpeA*\{o} >, % converges absolutely, we can change the order of the summation.

1" (-1"
pe; Z‘<4nZ|p|2>n X;MZ @n2jp"

. . 1
We write Y 125 3" 4\ (o) W =Y ey (=1)"gn, 4+ for convenience, where gy A+ =3, 440} @
Let s=1+ %, x > 0, then by using a result in [7], we have:

+00
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where 0+ (@) = Y, 4+ e—Talpl
Similarly, we have
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Therefore, we have:
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+o00 da
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where f(x) = 2F(s)(_ - ‘) Co =Y pey 2T (4n)nr(n)( - %) and I(x, &) = 4nr(s) @ o)+ 30 (4n)nr(n) @+
1-n
a' M.

For any « fixed, we have

I(x, )
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I'(s) is convex in [1,2], and I'(1)=I"(2) =1, so for s e [1,2], I'(s) <1, while (ma)s"! > 1, for « > 1, s € [1, 2]. Hence

To s—1
i —-1>0.
I'(s)
fos 11— 1- - 1 al-
Slm[liarzh]/, we have ’Il—(s)a $>a'"%, and the fact that 1 —e” @@ < _— implies that T r(s) S+e” e —1> 0 for >1,
se(1,2].

By combining the results above, we have I(x, ) >0 for « > 1, s €[1, 2].
Next we will prove that

+00
gA*(x)=2n+f(x)+co+27r/(QA*(a)—l)I(x,a)% +o0(1)
1

is true not just for lattices in the neighborhood of a triangular lattice, but for all Bravais lattices with area 1. We claim that
both

1
A= w-21 Y e
peimiio) AP - (4T 2IpP? + 1)
and
+00

d
f2(A) = f(X) +co+ 27 /(QA*(a)—l)I(x,a);a
1

are analytic w.r.t. lattices. It means that if we denote by ii = (a,0),a > 0, V = (b, c) = (b, 1/a) the vectors that generate

lattice A*, the two functions are analytic w.r.t. i, v, i.e. a, b. If p =mii +nv = (ma + nb, nc), then |p|> = (ma + nb)? + n?c2.
1

For ZPG/\*\{O} W, at (aop, b(), Co),ap > 0, we have

1
Z 4772 2. (4772 2 1

_ 1
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1

= ) 2 2. 2 2 2.2
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1 1
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We obtain a series expansion of the formula above by expanding the function 11? at 0 and rearranging the terms since that

the coefficients converge absolutely. Take a function composition with ¢ = 1/a, we obtain that

1
Z 2(p|2 2(p|2
is an analytic w.r.t. lattice.

Similarly, the function ;g*(x) is an analytic w.r.t. lattice.

For the function fy(A), f(x) + co is independent of the lattice, so we only need to prove that 2w f1+°°(9,1* () —
DI(x, ot)%‘" is an analytic w.r.t. lattice. The series is a positive series, it converges absolutely. The function 64+(e) — 1 is
a positive series and converges absolutely for any «, and each term in the series is analytic, so we rewrite the function
2 f1+°°(9A* () — DIx, a)%" in the form of a series w.r.t. lattice. Therefore, the function f(x) + co + 27 f1+°°(0m(a) —
1I(x, oz)%‘" is an analytic w.r.t. lattice.

Now we know that the functions f1(A) and f>(A) are analytic, and f; = f, in the neighborhood of a triangular lattice,
so f1 = fo for all lattices with fixed area 1.

We use a result due to Montgomery.

Theorem 2.1. (See [7].) For any o > 0,

Of () > Op (),

where f(u) = f(u1,uy) = au% + bujuy + cu% is a positive definite binary quadratic form with real coefficient and discriminant
b% — 4ac = —1, and h(u) = %(u% + uquy + u%). If there is an « > 0 such that 0 (o) = 6y (), then f and h are equivalent forms
and 6 () = Op (o).

From the theorem above, we know that the minimum of the Jacobi Theta function 6 over L (recall that £ is the set
of all Bravais lattices with area 1) is uniquely achieved by A}, Ag = /%(Z(], 0) ® Z(1/2,+/3/2)). Denote by A a Bravais
lattice, then apply Lebesgue’s dominated convergence theorem, we have:

400
. . d
W (A) — W (Ag) =7 lim (£ 4+ (x) — {A;;(X)) = lim 27 / (Oa+ —Oa)1(x, ) @
x—0 x—0 o
1

+00 d
=272 /(em —9A3)1(0,a)§.
1

By using Theorem 1 of [7] and the fact that I(0, @) > 0, we have W (A) > W (Ag) for all lattices A € £, and the equality
holds if and only if A = Ag. Therefore the triangular lattice is the unique minimizer of energy W (A).
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