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(1+1s]) as |s| — oo and then we prove our result by using Schauder’s

RESUME

Dans ce travail, on donne un résultat de nulle controlabilité pour I'équation de la chaleur
semi-linéaire dans un domaine borné de R2, polygonal ou fissuré. On suppose que la
non-linearité croit moins vite que |s|log>/?(1 + |s|) quand |s| — oo, et on démontre le
résultat par le théoréme du point fixe de Schauder.

© 2015 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction

Let £2 be an open bounded subset of R? with boundary I" = 3£2; we consider two cases:

1. Case 1: We suppose that £2 has a polygonal reentrant corner at point S (S € I') with measure ¢, m < ¢ < 27, and that
'\ {S} is regular.

2. Case 2: We suppose that £2 has one straight emerging crack o, we denote by S its tip and by I'7 the part I"\ o, which
is assumed to be smooth.

It is known that the geometry of £2, described above, affects the domain of the Laplacian operator. In fact, it is not
contained in H2(£2) N H}(£2), but in the space H'(2)NH}(£2), 3 <l <2incase 1 and 1 <! < 3 in case 2; for more details
see [6,7]. So this fact has consequences on the regularity of the solution to the problem we will consider.
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For T > 0, we denote by Qt and X7 the sets (0,T) x £2 and (0, T) x I', respectively, and we consider the semi-linear
heat equation:

oy —Ay+ f(y)=vly inQr,
y=0 on Xr, (1)
y@0,)=1Yo in £2,

where y is the state, v € L"((0, T) x w) with r > 2 is the control acting on the system through a non-empty subset w of £2,
1, is the characteristic function of w, and f :R — R is supposed to be locally a Lipschitz-continuous function, f(0) =0
and checks that for each 7 > 0, there exists C;; > 0 such that

2/3

@ <Cy+nlog(1+1s]), VseR. (2)

The main goal of this paper is to study the null-controllability of (1) at time T, which means that for any initial condition
yo € L2(82), we look at whether there exists a control v € L"((0, T) x w), r > 2, such that the corresponding boundary
problem (1) admits a solution y € C°([0, T1; L2(£2)) satisfying

y(x,T)=0 in . (3)

When the domain §2 is regular, at least C2, a lot of research is done to study the controllability of different problems,
among them the semi-linear heat equations. In this case, we can firstly cite [4], where the approximate controllability is
established. In [9], the author has studied approximate controllability with globally Lipschitz nonlinearities using the fixed-
point method. We also cite [5], in which the authors proved exact controllability to trajectories where the non-linearity
checks condition (2). They have used Carleman’s estimates and Kakutani’s fixed point theorem. In [3], the authors were
interested by the exact controllability to trajectories with discontinuous diffusion coefficients. In [2], the authors have es-
tablished a null-controllability result for the linear heat equation in polygonal or cracked domains of R2. They were able to
justify Carleman’s estimate by building a suitable weight function. Our work is a continuation of theirs. It consists in proving
a similar result in the semi-linear case. We prove a global Carleman inequality for the linear problem with a potential. As
in [2], the loss of regularity due to the geometry of the domain prevents us from doing some integrations by parts, so we
use a density result. In case 2, we have circumvented the tip of the crack and worked in a sub-domain with a Lipschitzian
boundary.

The main result of this paper is stated in the following theorem.

Theorem 1.1. Let T > 0, f : R — R locally Lipschitz-continuous function such that
2/3
f&)
S

vn >0, 3C, > 0: <Cy+nlog(1+1s]), VseR (4)

and f(0) = 0. Then for each yq € L%(§2), Problem (1) is null controllable at time T.

The proof we will provide is similar to the one given in [3], and can be reduced into three steps. In the first one, using
a refined observability inequality resulting from Carleman’s estimate, we prove an approximate controllability to the zero
state for the linearized problem. In the second step, we will use uniform estimates deduced in the first one and from the
fixed-point method, then we will get the approximate controllability result for the semi-linear case at a time lower than T.
Finally, we pass to the limit and obtain the main result.

2. Proof of Theorem 1.1
2.1. Approximate controllability to zero for the linear problem

For b € L*°(Q7), Yo.qT € L2(.Q) we consider the following linear problem

oy —Ay+by=vl, inQr,

y=0 on X7, (5)
y(0,.) =Yyo in £2,

and its adjoint problem
—0q—Aq+bg=0 inQr,

qg=0 on Xr, (6)
q(T,.)=qr in £2.
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Theorem 2.1. For each € > 0, there exists a control v, € L"((0, T) x w) such that the corresponding solution y to problem (5) verifies

||y8(Ts)||L2(_Q) SS (7)

Moreover, v can be chosen unique and satisfying the estimate

1 3 3
IVellro.myxe) < Cllyoll 2y, C= eC(R )+ +T+(T+T 2)[Iblloo+bllso) (8)

Proof. Let & > 0 and consider the functional J; : L%(£2) —> R, defined by:

1 , 2/r
=5 ( [ araa) selariag + [ 000w ©
2

0, TYxw

Here, q is the solution to (6) associated with the datum qr, r’ is the dual exponent to r. It is not difficult to see that J,
is a continuous and strictly convex function, and arguing as in [9], we deduce that it is coercive. Therefore it achieves its
minimum at a unique point gr ¢ € L?(£2). Let G, be the solution to (6) associated with qr.c. We take in (5) v = v, where

" IGe %" 1o. (10)

Ve =sgn(qe)| e L ((0,T) xw)

Inequality (7) is proved by the classical method, while estimate (8) is derived from a refined observability inequality stated
in the following proposition. O

Proposition 2.1. There exists a constant C > 0 such that for each q7 € L?(£2) and any '’ sufficiently small, the associated solution to
(6) satisfies:

2/ 2 1
Hq(0>H§z<msC</ |Q|f’dfd"> L C=eC@ O ATHBIHTHTD bl (11)
T

Remark that if we make " =1 in estimate (11), we will find that given in [5].
Proof. Eq. (11) is a consequence of the following Carleman estimate and it is proved in the same way as in [3]. O

Before stating the Carleman estimate, we introduce some functions, among them the weight function.

e22m||Bllc _ g2 (ml|Bllcc+B(x)) ermllBllco+B(x))
For (t, x) € , weset of(t,x)= , LX)=———,
(t,x) € Qr (t, x) {0 §60=—7 5

where g € C1(22) N W22°(£2) is the weight function constructed in [2], satisfying

1. B>0in £, |Vﬁ|>Oin.Q\a)and%<00n1’\{5}incasel.
2. >0in 2, |VB|>0in 2\w, £ <0on I and ;£ =0 on o'\(S} in case 2.

v;+ and v_ denote the (opposite) outward unit normal of the crack o.

Proposition 2.2. There exist three positive constants A1 = A1(£2, w) > 1, s1 = 51(82, w)(T + T2) and C(82, w), such that for any
A > A1 and s > sq, we have:

53A4/e’25“§3|q|2dtdx+s)\2/e’25“$|Vq|2dtdx
Qr Qr

§C<s3k4 / e=25%3 g de dx, + / e—25“|a[q+Aq|2) (12)

0,T)xw Qr

for every function g € V = C9([0, T1; L2(§2)) N CO([0, T[; D(—A)) N C1([0, T[; L2(£2)).

Proof. The proof is similar to that given in [2]. O
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2.2. The fixed-point method

We will suppose that yo € L%(£2) and f € C'. When yg € L2(£2) or f is locally Lipschitz continuous, we argue as in [3]
and [5]. Let R > 0 be given positive constant, we will fixe it later. We put:

f©) ;
2 ifs=£0,
go=1 s U7 (13)
f(0) ifs=0,
. -2/3 —-1/3
TR = mln{Ta ”g”LDO/(—R,R)’ ||g||L°°/(—R,R)} (14)
and consider the truncation function Ty : R — R such that
s if |s| <R,
Tr(s) = i Rsgn(s) otherwise. (15)
For each z € LZ(QTR) we consider the linearized problem
ay — Ay +8(Tr(2)y =vly inQrr,
y=0 on Xrr, (16)

¥@0,)=yo in 2.

Remark that (16) is a linear problem on y with a potential b = g(Tg(2)) € L*°(Qr).
Now for each & > 0, we build a non-linear mapping A : L>(Qr) —> L%(Q#) defined as follows: for each z € L?(Qy«),
there exists a unique control v, , € L"((0, TRY x w) given by (10) and that verifies:

1 2
1 TR R, TR2 - 3
IVe.zlliro.1%)xay < Cllyollizggy, € =e @I T Ttehcrn Tl r), (17)

Then set A(z) = ye ,, where y. , is the unique solution to (16), it checks (7) for T = TR,
Proposition 2.3. A is continuous and compact, with bounded range.

Proof. To prove the continuity and the compactness of A we need to use the compact imbedding from H&(.Q) into L%(£2),
which occurs if 962 is Lipschitz as in case 1 (see [7]). In case 2, once again, the geometry of the domain brings up a new
difficulty, but a small geometric manipulation allows us to reduce it to the case 1; this is the subject of the following lemma.

Lemma 2.1. Let §2 be a domain of R? satisfying the description in case 2 above. Then the space Hé (£2) is compactly imbedded in
L2(£2).

Proof. We extend the crack to the boundary I'; it intersects at a point S’ so that we obtain two Lipschitz open subsets
21, §2; such that £2 = £2; U2, USS’, and the lemma is a consequence of the compact imbedding of H'(§2;) in L2(§2;). O

Continuity of A. Let z,; be a sequence of LZ(QTR) such that z; — z in LZ(QTR). For each z,, n > 1, there exist a control vg z,

and an associated y. ,, solution to problem (16). By construction, ve 5, = sgn(Ge.z,)| Ge.zy "~ ' [Ge.2, IIi;(r(/O TR)xw)lw' where

Qe.z, solves the adjoint problem (6) with the datum ﬁg,TR’Zn a minimizer of the associated functional J. . Here and in the
sequel, ] n denotes the functional J, corresponding to the potential g(Tr(zy)).
Since J., is uniformly coercive (see [9]), the sequences ﬁE’TR,Zn, Qe,z, are uniformly bounded in L%(£2) and

L2(0, TR; H}(£2)), respectively. Then there exist G, & € L?(£2) and G, € L?(0, TR; H}(£2)) such that up subsequences
orr oz —qerr INL*(2) and Gz —Ge inL2(0, T; HY(£2)). (18)

We claim that G ,, converges strongly to e, in L>(Qr) and that e, solves the adjoint problem of (16).
Indeed, 3G ;, is bounded in L2(0, TR; H=1(£2)); thus

e,z € L2(0, TR HY(2)) N HY(0, TR HT1(2)), Wn>1. (19)

Combining (18), (19) and using compact embedding from H(lJ (£2) into L?>(Qyr) given by Lemma 2.1 (in case 2) and thanks to
the Aubin-Lions Lemma, we deduce that for a subsequence, still denoted by n: G, 5, — G, Strongly in LZ(QTR) where G ,
solves the adjoint problem of (16). Then one can conclude that, up to a subsequence, v¢ ;, — V¢ ; weakly in L%((0, T®) x w)
with v, , satisfies (17). Accordingly, at least for a subsequence y¢ ,, — V¢ ; in L%(0, TR, Hé(ﬂ)), where y; ; is the solution
to (16) with a control v .

We argue as in [9] to check that the limit ’q\E'TR'Z in (18) is the minimizer of the functional J. associated with the limit
control problem (16).
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Boundedness of the range of A. Estimate (17) and classical energy estimate for the problem (16) show that there exists
a positive constant C, depending only on T® and llgllLoo(—r,Rr), such that

Ve zll 20,78y xw) < CllYoll12(02)s ||YS,Z||L2(0,TR;H(1)(Q)) <Cllyol2()-

The last inequality means that the range of A is bounded in L2(QTR).

Compactness of A. Let B be a bounded set of L?(Qrx). We have to show that A(B) is relatively compact in L?(Qr«). For
each ze B, y =y, ; = A(2), is bounded in L?(0, TR; H}(£2)) and satisfies:

0y —Ay=k inQrr,
y=0 on Xrr, (20)
y0,)=yo ing2,

with

k=vly,—g(Tr(2)y

which is uniformly bounded in L%(Q1x).
We proceed as in [9]. The solution y is written as

y=yi+yy

where y; and y; solve (20) respectively without a second member and with vanishing initial data. It is obvious that yq
is a fixed element of L?(0, TR; H}(£2)). Thanks to [8], we know that y, belongs to a bounded set of L?(0, T®; H}(£2)) N
H'(0, TR; L?(£2)), which, as a consequence of a compact imbedding from HJ}(£2) into L?(£2)) given by Lemma 2.1 and
Aubin-Lions compactness Lemma, is a relatively compact set of L%(Qrr). This concludes the proof of Proposition 2.3.

Hence, from Schauder’s theorem, the mapping A has a fixed point, y, = A(y.), which solves the problem (16) with a
control v, and satisfies (7) for T = TR,

2.3. End of the proof and conclusion

Since v, y¢ and 9y, are bounded uniformly in ¢, in L2((0, T®) x w), L2(0, TR; H}(£2)) and L2(0, TR; H~1(R2)), respec-
tively, we deduce that, when & — 0 at least for subsequence, y. — y® in L?(Qr), where y® solves the problem:

dyR— AyR+ g(Tr(y®)yR =vR1, in Qpx,
yR=0 on Yrr, (21)
yR(0,.) =yo in 2.

Consequently y¢(T®) — yR(T®) in L2(£2) and yR(TR)=0.
On the other hand, since vk € L"((0, T®) x w) with r > 2, we have (see [1]) the following estimate

[yR], < e I8TR0 s yq|i 4 TRT IETRO s | R | (22)

(0, TRy xw)"

Using the definition of TR, estimate (17) and that ||g||%o3(_R,R) < Cy +nlog(1+|R|) Vn > 0, we deduce from (22) that yR
satisfies:

[¥R ], < C2(2. . T, 0, yo)(1 + RY13@D), 23)

Now let us extend by zero vR and y® to the whole cylinder Qr, and for the sake of simplicity we still call them vk and yX.
It is clear that (23) holds for y®. To conclude the proof, we choose  =1/(2C3) and R > 0 such that C»(2, w, T, 1, yo)(1 +
R)1C(2.@.T) — R this leads to ||y®|lsc <R and then Tr(y®) = yR. In conclusion, we have found a control v € L"((0, T) x )
such that the solution y to (1) verifies (3). This completes the proof of our result. O
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