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Recently, an extension of the Pochhammer symbol was used in order to introduce and 
investigate a family of generalized hypergeometric functions [Srivastava et al. (2014) [11]]. 
The main object of this paper is to present an extension of the τ -Gauss hypergeometric 
functions 2 Rτ

1 (z) and investigate its several properties, including, for example, its integral 
representations, derivative formulas, Mellin transforms and fractional calculus operators. 
Some interesting special cases of our main results are also pointed out.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Récemment, une extension du symbole de Pochhammer a été utilisée pour introduire et 
étudier une famille de fonctions hypergéométriques généralisées [Srivastava et al. (2014) 
[11]]. L’objet de cette Note est de présenter une extension des fonctions τ -hypergéométri-
ques de Gauss 2 Rτ

1 (z) et d’étudier plusieurs de leurs propriétés, incluant, par exemple, 
leurs représentations intégrales, les formules de dérivées, les transformées de Mellin et les 
opérateurs de calcul fractionnaire. Quelques cas particuliers intéressants de nos résultats 
principaux sont également signalés.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and preliminaries

Throughout this paper, N, Z−, and C denote the sets of positive integers, negative integers, complex numbers, respec-
tively, N0 := N ∪ {0} and Z−

0 := Z
− ∪ {0}.

In recent years, several extensions of the well-known special functions have been considered by various authors (see, 
for example, [2–6,8,13]). In particular, Chaudhry and Zubair [1] (see also [4]) introduced an interesting generalization of the 
gamma function �(z) as follows:
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�p(z) :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∞∫
0

tz−1 exp
(
−t − p

t

)
dt (�(p) > 0; z ∈C),

�(z) (p = 0; �(z) > 0).

(1.1)

Very recently, Srivastava et al. [11, p. 487, Eq. (15)] introduced and studied, in a rather systematic manner, the following 
family of generalized hypergeometric functions:

r Fs

[
(α1, p),α2, · · · ,αr;

β1, · · · , βs; z

]
=

∞∑
n=0

(α1; p)n(α2)n · · · (αr)n

(β1)n · · · (βs)n

zn

n! (1.2)

in terms of the generalized Pochhammer symbol (λ; p)ν [11, p. 485, Eq. (8)]:

(λ; p)ν :=

⎧⎪⎨
⎪⎩

�p(λ + ν)

�(λ)
(�(p) > 0; λ, ν ∈C),

(λ)ν (p = 0; λ, ν ∈C)

(1.3)

or, equivalently, by means of an integral representation [11, p. 485, Eq. (9)] as follows:

(λ; p)ν = 1

�(λ)

∞∫
0

tλ+ν−1 exp
(
−t − p

t

)
dt

(�(p) > 0; �(λ + ν) > 0 when p = 0
)
. (1.4)

Here, and in what follows, (λ)ν (λ, ν ∈ C) denotes the Pochhammer symbol (or the shifted factorial) which is defined 
(in general) by

(λ)ν := �(λ + ν)

�(λ)
=

⎧⎨
⎩

1 (ν = 0; λ ∈ C \ {0}),

λ(λ + 1) · · · (λ + n − 1) (ν = n ∈N; λ ∈C),

(1.5)

it is being understood conventionally that (0)0 := 1 and assumed tacitly that the �-quotient exists (see, for details, [12, p. 21 
et seq.]).

Clearly, when p = 0, (1.3) reduces to (1.5) and (1.2) reduces to the familiar generalized hypergeometric function r Fs (see, 
e.g., [9]).

In 2001, Virchenko et al. [19, p. 90, Eq. (5)] have studied and investigated (see, also, [7]) the following τ -Gauss hyperge-
ometric function:

2 Rτ
1 (z) = 2 R1 (a, b; c; τ ; z) = �(c)

�(b)

∞∑
n=0

(a)n�(b + τn)

�(c + τn)

zn

n!(
τ > 0; |z| < 1 ; �(c) > �(b) > 0

)
. (1.6)

They gave the Euler-type integral representation [19, p. 91, Eq. (6)]:

2 R1 (a, b; c; τ ; z) = 1

B(b, c − b)

1∫
0

tb−1(1 − t)c−b−1 (1 − ztτ )−a dt.

(
τ > 0; |arg(1 − z)| < π ; �(c) > �(b) > 0

)
. (1.7)

The special case when τ = 1 in (1.6) and (1.7) yields the familiar representations of Gauss’ hypergeometric function [9].
Motivated mainly by some of these aforementioned investigations of the extended generalized hypergeometric func-

tion r Fs defined by (1.2), we introduce the extended τ -Gauss hypergeometric functions 2 Rτ
1 (z). We then systematically 

investigate certain integral representations, a derivative formula, Mellin transforms and fractional calculus operators of this 
extended τ -Gauss hypergeometric functions 2 Rτ

1 (z). Some interesting special cases of our main results are also pointed out. 
For various other investigations involving generalizations of the hypergeometric function r Fs of r numerator and s denom-
inator parameters, which were motivated essentially by the pioneering work of Srivastava et al. [11], the interested reader 
may refer to several recent papers on the subject (see, e.g., [14–17] and the references cited in each one of these papers).
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2. Extended τ -Gauss hypergeometric function

In terms of the generalized Pochhammer symbol (λ, p)ν (λ, ν ∈ C) defined by (1.3), we introduce the extended τ -Gauss 
hypergeometric functions 2 Rτ

1 (z) as follows: For a, b, ∈ C and c ∈C \Z−
0 , we have:

2 Rτ
1 (z) = 2 Rτ

1 ((a, p), b; c; z) = �(c)

�(b)

∞∑
n=0

(a; p)n�(b + τn)

�(c + τn)

zn

n!
(p � 0; τ > 0, |z| < 1 ; �(c) > �(b) > 0 when p = 0). (2.1)

Remark 1. The special cases of (2.1) when τ = 1 is easily seen to reduce to the extended Gauss hypergeometric functions 
[11, p. 487, Eq. (17)]:

2 F1((a, p),b; c; z) =
∞∑

n=0

(a; p)n (b)n

(c)n

zn

n! .

Also, the special case of (2.1) when τ = 1 and p = 0 is seen to yield the classical Gauss’s hypergeometric function (see, 
e.g., [9]).

3. Integral representations and derivative formulae

In this section, we obtain Euler- and Laplace-type integral representations and differential formulae for 2 Rτ
1 (z) in (2.1).

Theorem 1. The following integral representation for 2 Rτ
1 (z) in (2.1) holds true:

2 Rτ
1 ((a, p),b; c; z) = 1

B(b, c − b)

1∫
0

tb−1(1 − t)c−b−1
1 F0

[
(a, p) ; ; ztτ

]
(�(p) > 0; τ > 0, �(c) > �(b) > 0 when p = 0

)
. (3.1)

Proof. Considering the following elementary identity involving the Beta function B(α, β):

(b)τn

(c)τn
= B(b + τn, c − b)

B(β,γ − β)
= 1

B(b, c − b)

1∫
0

tβ+τn−1(1 − t)c−b−1 dt

(�(c) > �(b) > 0
)

in (2.1) and using the definition (1.2), we get the desired integral representation (3.1). �
Theorem 2. The following integral representation for 2 Rτ

1 (z) in (2.1) holds true:

2 Rτ
1 ((a, p),b; c; z) = 1

�(a)

∞∫
0

e−t− p
t ta−1

1

τ
1 (b; c; zt) dt

(�(p) > 0; �(z) < 1, �(a) > 0 when p = 0
)
, (3.2)

where 1
τ
1 (b; c; z) is the τ -confluent hypergeometric function introduced by Virchenko [18]:

1

τ
1 (z) = 1


τ
1 (b; c; z) = �(c)

�(b)

∞∑
n=0

�(b + τn)

�(c + τn)

zn

n! (τ > 0; �(c) > �(b) > 0) . (3.3)

Proof. Using the integral representation (1.4) of the extended Pochhammer symbol (a; p)n in (2.1) and using (3.3), we are 
led to the desired result (3.2). �
Remark 2. The special cases of (3.1) and (3.2) when τ = 1 are easily seen to reduce to the known integral representations 
of the extended Gauss hypergeometric functions [11, p. 488, Eq. (24)] and [11, p. 488, Eq. (23)]:

2 F1((a, p),b; c; z) = 1

B(b, c − b)

1∫
tb−1(1 − t)c−b−1

1 F0 [(a, p) ; ; zt] dt (3.4)
0
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and

2 F1((a, p),b; c; z) = 1

�(a)

∞∫
0

e−t− p
t ta−1

1 F1(b; c; zt)dt, (3.5)

respectively. Also, the special cases of (3.1) and (3.2) when τ = 1 and p = 0 are seen to yield the classical integral represen-
tations of Gauss’ hypergeometric function (see, e.g., [9]).

Theorem 3. Each of the following derivative formula for 2 Rτ
1 (z) holds true:

dn

dzn

[
2 Rτ

1 ((a, p),b; c; z)
] = (a)n�(c)�(b + τn)

�(b)�(c + τn)
2 Rτ

1 [(a + n, p),b + τn; c + τn; z] (3.6)

and (
d

dz

)n [
zc−1

2 Rτ
1 ((a, p),b; c;ωzτ )

]
= zc−n−1�(c)

�(c − n)
2 Rτ

1 ((a, p),b; c − n;ωzτ ). (3.7)

Proof. Differentiating n times both sides of (2.1) with respect to z, we can easily obtain a derivative formula for the ex-
tended τ -Gauss hypergeometric function 2 Rτ

1 (z) asserted by (3.6).
Next, according to the uniform convergence of the series (2.1), differentiating term by term under the sign of summation, 

we have(
d

dz

)n [
zc−1

2 Rτ
1 ((a, p),b; c;ωzτ )

]
= �(c)

�(b)

∞∑
m=0

(a; p)m�(b + τm)

�(c + τm)

ωm

m!
(

d

dz

)n [
zc+τm−1

]

= �(c)

�(b)

∞∑
m=0

(a; p)m�(b + τm)

�(c + τm − n)

ωm

m! zc+τm−n−1

= zc−n−1 �(c)�(c − n)

�(b)�(c − n)

∞∑
m=0

(a; p)m�(b + τm)

�(c + τm − n)
(ωzτ )m,

which, in view of the definition (2.1), yields the desired representation (3.7). �
4. Mellin transform

The Mellin transform of a suitable integrable function f (t) with index α is defined, as usual, by

M { f (τ ) : τ → s} :=
∞∫

0

τ s−1 f (τ ) dτ , (4.1)

provided that the improper integral in (4.1) exists.

Theorem 4. The Mellin transform of the function 2 Rτ
1 [(a, p), b; c; z] defined by (2.1) is given by

M
{

2 Rτ
1 ((a, p),b; c; z) : p → s

} = �(s)(a)s 2 Rτ
1 (a + s,b; c; z)

(�(s) > 0 and �(a + s) > 0). (4.2)

Proof. Using the definition (4.1) of the Mellin transform, we find from (2.1) that

M
{

2 Rτ
1 ((a, p),b; c; z) : p → s

} :=
∞∫

0

ps−1

(
�(c)

�(b)

∞∑
n=0

(a; p)n�(b + τn)

�(c + τn)

zn

n!

)
dp

= �(c)

�(b)

∞∑
n=0

�(b + τn)

�(c + τn)

zn

n!
1

�(a)

∞∫
0

ps−1�p(a + n)dp.

Using now the result of Chaudhry and Zubair [4, p. 16, Eq. (1.110)] given by
∞∫

ps−1�p(a + n)dp = �(a + s + n)�(s) (�(s) > 0), (4.3)
0
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we get

M
{

2 Rτ
1 ((a, p),b; c; z) : p → s

} = �(s)�(c)

�(a)�(b)

∞∑
n=0

�(a + s + n)�(b + τn)

�(c + τn)

zn

n!

= �(s)(a)s

∞∑
n=0

(a + s)n�(b + τn)

�(c + τn)

zn

n! ,

which, in view of definition (2.1), yields the desired representation (4.2). �
5. Fractional calculus approach

In this section, we consider compositions of the Riemann–Liouville fractional integrals and derivatives Iρ+ and Dρ+ of 
order α ∈ C, �(α) > 0 defined by (see, for details, [10, Sections 2.3 and 2.4]):

(
Iαρ+ϕ

)
(x) = 1

�(α)

x∫
ρ

ϕ(t)

(x − t)1−α
dt

(
α ∈C, �(α) > 0

)
(5.1)

and (
Dα

ρ+ϕ
)

(x) =
(

d

dx

)n (
In−α
ρ+ ϕ

)
(x)

(
α ∈C, �(α) > 0; n = [�(α)] + 1

)
. (5.2)

Theorem 5. Let ρ ∈ R+ = [0, ∞), a, b, c, ω ∈ C and �(α) > 0, �(c) > 0, �(τ ) > 0. Then, for x > ρ , the following relations hold 
true: (

Iαρ+
[
(t − ρ)c−1

2 Rτ
1 ((a, p),b; c;ω(t − ρ)τ )

])
(x) = (x − ρ)c+α−1�(c)

�(c + α)
2 Rτ

1 ((a, p),b; c + α;ω(x − ρ)τ ) (5.3)

and (
Dα

ρ+
[
(t − ρ)c−1

2 Rτ
1 ((a, p),b; c;ω(t − ρ)τ )

])
(x) = (x − ρ)c−α−1�(c)

�(c − α)
2 Rτ

1 [(a, p),b; c − α;ω(x − ρ)τ ). (5.4)

Proof. By virtue of the formulas (5.1) and (2.1), the term-by-term fractional integration and the application of the relation 
[10, 2.44]:(

Iαa+[(t − a)β−1]
)

(x) = �(β)

�(α + β)
(x − a)α+β−1 (

α,β ∈C, �(α) > 0, �(β) > 0
)

(5.5)

yields, for x > ρ

(
Iαρ+[(t − ρ)c−1

2 Rτ
1 ((a, p),b; c;ω(t − ρ)τ )]

)
(x) =

(
Iαρ+

[
�(c)

�(b)

∞∑
n=0

(a; p)n�(b + τn)

�(c + τn)n! ωn (t − ρ)c+τn−1

])

= (x − ρ)c+α−1�(c)

�(c + α)
2 Rτ

1 [(a, p),b; c + α;ω(x − ρ)τ ). (5.6)

Next, by (5.2) and (2.1), we find:(
Dα

ρ+[(t − ρ)c−1
2 Rτ

1 ((a, p),b; c;ω(t − ρ)τ )]
)

(x)

=
(

d

dx

)n (
In−α
ρ+ [(t − ρ)c−1

2 Rτ
1 ((a, p),b; c;ω(t − ρ)τ )]

)
(x)

=
(

d

dx

)n [
(x − ρ)c+n−α−1�(c)

�(c − α + n)
2 Rτ

1 [(a, p),b; c − α + n;ω(x − ρ)τ )

]
. (5.7)

Applying (3.7), we are led to the desired result (5.4). �
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[11] H.M. Srivastava, A. Çetinkaya, İ. Onur Kıyamaz, A Certain generalized Pochhammer symbol and its applications to hypergeometric functions, Appl. Math. 

Comput. 226 (2014) 484–491.
[12] H.M. Srivastava, P.W. Karlsson, Multiple Gaussian Hypergeometric Series, Halsted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons, New 

York, Chichester, Brisbane and Toronto, 1985.
[13] H.M. Srivastava, Rakesh K. Parmar, P. Chopra, A class of extended fractional derivative operators and associated generating relations involving hyperge-

ometric functions, Axioms 1 (2012) 238–258.
[14] R. Srivastava, Some generalizations of Pochhammer’s symbol and their associated families of hypergeometric functions and hypergeometric polynomi-

als, Appl. Math. Inf. Sci. 7 (2013) 2195–2206.
[15] R. Srivastava, Some classes of generating functions associated with a certain family of extended and generalized hypergeometric functions, Appl. Math. 

Comput. 243 (2014) 132–137.
[16] R. Srivastava, N.E. Cho, Generating functions for a certain class of incomplete hypergeometric polynomials, Appl. Math. Comput. 219 (2012) 3219–3225.
[17] R. Srivastava, N.E. Cho, Some extended Pochhammer symbols and their applications involving generalized hypergeometric polynomials, Appl. Math. 

Comput. 234 (2014) 277–285.
[18] N. Virchenko, On some generalizations of the functions of hypergeometric type, Fract. Calc. Appl. Anal. 2 (1999) 233–244.
[19] N. Virchenko, S.L. Kalla, A. Al-Zamel, Some results on a generalized hypergeometric function, Integral Transforms Spec. Funct. 12 (1) (2001) 89–100.

http://refhub.elsevier.com/S1631-073X(15)00042-4/bib43682D5A752D31393934s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib43682D51612D52612D5A75s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib43682D51612D53722D5061s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib43682D51612D53722D5061s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib43682D5A752D30322D426F6F6Bs1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib4F7A652D4F7A61s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib446F74s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib47612D5A612D4B612D31s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib4D616Cs1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5261696Es1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53612D4B692D4D61s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53722D43652D4B69s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53722D43652D4B69s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53722D4B61s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53722D4B61s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53722D52612D5075s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib53722D52612D5075s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5253323031332D414D4953s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5253323031332D414D4953s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib52532D5072657072696E74s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib52532D5072657072696E74s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5343686Fs1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5253323031342D43686Fs1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5253323031342D43686Fs1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib566972s1
http://refhub.elsevier.com/S1631-073X(15)00042-4/bib5669722D4B612D5A61s1

	Extended τ-hypergeometric functions and associated properties
	1 Introduction and preliminaries
	2 Extended τ-Gauss hypergeometric function
	3 Integral representations and derivative formulae
	4 Mellin transform
	5 Fractional calculus approach
	Acknowledgements
	References


