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RESUME

L'objet de cette note est de résumer les résultats de stabilité en temps grand pour les
petites solutions de I'équation semi-linéaire de Klein-Gordon sur une variété riemannienne
compacte sans bord. Nous expliquerons aussi comment obtenir facilement un résultat qui
semble nouveau en utilisant un résultat de Zhang sur l'oscillateur harmonique et des
estimées de Delort et Szeftel : nous améliorons le temps d'existence sur des variétés
compactes dont les valeurs propres sont des entiers (comme des produits finis de sphéres).

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée
Soit X une variété lisse riemannienne compacte sans bord. On s’intéresse a I’équation de Klein-Gordon

Bw—Aw+m?w=w"1 (t,x)eRxX, (1)

ol m > 0 est la masse et n un entier supérieur ou égal a 2. On cherche des solutions dans I’espace

CO((=T,+T), H**1 (X)) N C (=T, +T), H¥ (X)),
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avec T >0, s > %dim(X) et oll H5(X) désigne 'usuel espace de Sobolev. La théorie locale assure que, si la condition ini-
tiale (w(0), w(0)) € HM1(X) x H5(X) est d’ordre & > 0 (avec ¢ suffisamment petit), alors I'équation (1) admet une unique
solution telle que, pour tout t € [-Ce™",Ce™"], on a [[w(D)|[ys+1x) + IW(OIIHsx) < Ke, ot C >0 et K > 0 sont indépen-
dants de & > 0. On s'intéresse a la possibilité de prolonger le temps d’existence locale £~" tout en conservant le controle
de la solution par Ke. Le premier résultat dans cette direction est celui de Bourgain, qui montre I'existence presque globale
pour X =T : pour tout réel A > 1 et pour presque toute masse m > 0, le temps d’existence locale £¢~" peut étre amélioré
en ¢4, Actuellement, le meilleur résultat est celui ol X est une variété de Zoll (c’est-a-dire dont le flot géodésique est
périodique) et a été traité par Bambusi, Delort, Grébert et Szeftel [3].

Pour les tores T¢, Delort, Fang et Zhang ont développé des arguments qui montrent que l'on peut remplacer £ par
A" pour certains réels explicites A > 1 (sans pour autant atteindre A — +o0) [6,9]. Dans [13], Zhang traite le cas de
I’équation de Klein-Gordon avec oscillateur harmonique :

Bw—Aw+x2w=w""1, (t,x) eR x RY,

L’analyse du papier précédent donne I'espoir de se passer de I'analyse harmonique inhérente a I'opérateur de Laplace-
Beltrami d’une variété compacte. En combinant des estimées multilinéaires prouvées par Delort et Szeftel et le résultat de
Zhang, on montre que l'on peut traiter le cas des variétés X dont I'opérateur de Laplace-Beltrami A a toutes ses valeurs
propres entiéres. Le théoréme suivant, par exemple, est applicable 3 X = S% x $3 x $%.

Théoréme 0.1. Supposons qu'il existe p > 0 tel que toute valeur propre de A appartient a pZ et considérons un nombre réel A €]1, %[.
Il existe un sous-ensemble £ C 10, +oo[ de mesure de Lebesgue pleine tel que pour tout m € &, il existe so = so(X, n, A, m) > 0, de sorte
que pour tout s > sg, on peut trouver o(X,n, A,m,s) € (0, 1) tel que pour tout couple (wg, w1) € H‘“(X) x HS(X) de fonctions
réelles, avec ||wol|ys+1(x) + |l1W1llms(x) < 1, I'équation (2) admet une unique solution dans I'espace

CO((—Ce™ 4-Ce=Am), S (X)) nCl((=Ce™", +-Ce""), HS (X)), C=C(X,n, A,m,s)>0,

avec condition initiale (w (0, -), W(0, -)) = (ewg, ewq) et € € (0, &9). En outre, il existe K = K(X,n, A, m, s) > 0 tel que
Vee (—Ce A" +Ce™ ™M) [[w(Ollys+x) + WO lnsx) < Ke.

1. The semilinear Klein-Gordon equation

Let us consider a smooth compact Riemannian manifold X without boundary and denote by A the negative Laplace-
Beltrami operator. We are interested in studying the solutions to the semilinear Klein—-Gordon equation

Pw—Aw+m?w=w"1 (t,x)eRx X, (2)

where m > 0 is the mass and n an integer that is larger than or equal to 2. In all our purpose, the non-linearity w"*! can be
replaced by F(w), where F : R — R is a smooth function that vanishes at least with order n + 1 at 0. We seek solutions in
the space CO((—T,+T), HSH1(X))NCY((—T, +T), H* (X)), where (—T, +T) is the time interval, s > 0 will be a large number
and HS(X) is the usual Sobolev space of the functions f : X — C such that (I — A)z f belongs to L%(X). Let us recall the
following easy result.

Proposition 1.1. Assume that one has s > % dim(X). For any couple (wg, w1) € HSt1(X) x H5(X) of real-valued functions such that
llwollgs+1x) + lIW1llus(x) < 1, there are C = C(X,m,s,n) > 0 and &g = &o(X,m, s,n) € (0, 1) such that Eq. (2) admits a unique
solution in the space

cO((—ce™, +Ce™™), HST1(X) NCl((—Ce™, +Ce™), HS (X)),

with initial data (w(0, -), w(0, -)) = (ewg, Ew1), with & € (0, &9). Furthermore, there is a constant K = K (X, m, s) > 0 such that
Vt € (—CSin, +C€7n) ||W(t)||H3+1(X) + ||W(t)||HS(X) < Ke.

Proof. We use the following reformulation of the equation

sin (t«/—A—i—m L sin (t—T)V—A +m )w(r)"+1
w1 +/

w(t) = cos (t —A +m2) wo+ ———on dr.
V_A+m2 J V—-A+m2
Introducing u = —id;w + (—A + mz)% w and ug = —iewq + (—A + mz)iswo, the former equation becomes

.\ \ n+1
uy = e Iy i [ ety ET <(_A P (u(r);u(r))) i

0
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Since H®(X) is an algebra, we get the a priori estimate

)50 < ol +CXom,s,mlel sup (a5

O=<|t|=[t|

We easily conclude by a classical fix-point argument in the Banach space C° ([—C’s‘", +C’e™™, Bys (0, K/s)) for some

universal constant K’ > 0 and a constant C’ > 0 that depends on C. We can conclude noticing that ||u(t)||ys and
w®llgs+1x) + [lW(t)||Hs(x) are similar up to a multiplicative constant, which depends on (X, m,s). O

Therefore, a question one can ask is: can we improve the local existence time ¢ by a larger one if ¢ tends to 0*?
We will see that it is possible for s large enough and if the mass m is chosen generically. To compare several results, it is
convenient to set the following definition.

Definition 1.2. Let us consider a real number A > 1, we say that the local existence time " of Eq. (2) can be improved to
&~ generically in m if there is a full Lebesgue measure subset £ C (0, +00) such that the following holds. For any m € &,
there is sp = so(X,n, A,m) > 0 such that for any s > sg, one can find g9(X,n, A,m,s) € (0,1) such that for any couple
(W, wi) € HSt1(X) x H5(X) of real-valued functions, with lIwollgs+1xy + lIW1llmsx) <1, Eq. (2) admits a unique solution
in the space:

CO((—=ce™", +Cce= ™), Bt (X)) NnCl (—Ce™", +Ce™*™), HS(X)), C=C(X,n, A,m,s) >0,

with initial data (w(0, -), w(0, -)) = (¢wg, Ewq) and & € (0, &g). Furthermore, there is K = K(X,n, A,m, s) > 0 such that

Ve e (—Ce ™ +Ce™) WO llys+ix) + WO lmsx) < Ke.

The first result in this direction is the one-dimensional torus X = S! (see [5,1]): one can increase the local existence time
&7 to 7" generically in m for any A > 1. Such a conclusion is called the almost global existence. Several articles have made
significant progresses to extend the family of manifolds for which the almost global existence holds (see [10,2,4,7,8,3]). Let
us recall that X is said to be a Zoll manifold if each geodesic is closed with the same length (say 27 for simplicity). It turns
out that those manifolds fulfill the following spectral property

BbeR Ic>0 Sp(«/—A)CU[n—i—b—#,n—i—b—i—nil] (3)
n>0

The following theorem is the most general result of almost global existence [3].

Theorem 1.3. Assume that X is a Zoll manifold and consider a real number A > 1. Then, the local existence time ¢ " of Eq. (2) can be
improved to £ ~" generically in m.

We will use below a very interesting element of the proof of Theorem 1.3 that does not require X to be a Zoll man-
ifold. Indeed, the eigenfunctions on an arbitrary compact boundaryless Riemannian manifold satisfy universal multilinear
estimates (see [8, Proposition 1.2.1]).

Proposition 1.4. Consider a sequence of compact intervals Iy := [Ax — ok, Ak + o] with supoy < +o0 and Ay > 0 for each k € N.

keN
Denote by T : L*(X) — L2(X) the spectral projector 1;, (v —A) on the subspace of functions whose spectrum lies in Iy. For any
positive integer n > 2, there is v = v(n, dim X) > 0 such that for any (k1, ..., kn12) € (N\{0})"+? with Mapys 00 S Ay < Ay, any
(U1, ..., upp2) € C(X)"*2 and any integer N € N*, one has
Moy — Mg —Nn+2
/ I, (1) .. T, (Un2)dx| < C(X, 1, N)Ay, (1 + 71%/ 2) 1_[ [ujllzzexy- (4)
K3 .
X j=1

We have written the previous inequalities for the product of n + 2 functions because they are relevant for the analysis
of the nonlinearity w"*!. Let us recall that the famous Lagrange’s four-square theorem ensures that the spectrum of «/—A
on T¢, for any d > 4, is nothing else than

{,/n%+---+n§, (n1,...,nd)eNd}:{x/E,keN}.

Clearly, the previous spectrum is badly separated by comparison with (3). With a new method, Delort proved in [6] that
the local existence time for the semilinear Klein-Gordon equation (2) on the torus T¢, with d > 2, can be improved to ¢~ 4"
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(up to a logarithmic term) generically in m for any A< (1,1+ %). Combining the previous proof and considering packets of

eigenfunctions on T¢ that are associated with the same eigenvalues, Fang and Zang obtained a time of order g 3n (see [9]),
which is independent of the dimension of the torus. Such an analysis has also been used by Zhang in [13] for the following
Klein-Gordon equation with the harmonic oscillator:

Rw—Aw+ xPw4+mPw=w"1 (¢, eRxR! d>2. (5)

The time &~ 3" is reached generically in m for the previous equation. Such an analysis has also been extended to the
Klein-Gordon equation with a superquadratic oscillator —8,? +x2¢ and we get the longer time 2" for any integer o > 4
(see more explanations in [12] about how the separation of the spectrum of —83 + x** ensures a longer time). We will
explain below that the combination of the proof of [13] and Proposition 1.4 lead to the following new theorem (which
applies for instance to X =S% x S3 x $%).

Theorem 1.5. Assume there is p > 0 such that any eigenvalue of A belongs to pZ. For any real number A € (1, %), the local existence
time e~ of Eq. (2) can be improved to e ~A" generically in m.

. 4y . . . .

However, the time £~ 3" is less than the one Delort, Fang and Zhang get for tori. That means that it is probably possible
to improve the time of Theorem 1.5 if we make use of the harmonic analysis on specific manifolds as in [6] or [9]. The
following diagram recaps the previous discussion:

—A+ V() —A 4+ |x)? —32 + x%®

xe R4 d>2 d=1.0>4

compact ; , 5 '
manifold sp(A) CZ T¢,d >4 T T Zoll manifold

improvement of the

_4 _3 _3 -2 —An
. . n n n n
local existence time &™" € 3 €2 £73 & e VA>1

2. Explanation of the proof of Theorem 1.5

The natural Sobolev spaces of —A —+ |x|2 on L%(R?) are defined by

Vs>0 HRY) :=Dom((—A + |x*)2) = { f e H'RY), /|x|25|f(x)|2dx<+oo
Rd

Let us also recall that the spectrum of —A + |x|2 on L2(R%) is d + 2N. Let us repeat a third time the type of result that
Zhang obtained in [13], but for that new category of Sobolev spaces.

Theorem 2.1. Assume d > 2 and consider a real number A € (1, %). There is a full Lebesgue measure subset £ C (0, +00) such that
the following holds. For any m € &, there is so = so(d, n, A, m) > 0 such that for any s > sg, one can find o(d, n, A, m, s) € (0, 1) such
that for any couple (wg, w1) € HSTHRY) x H(RY) of real-valued functions, with lIwollggs+1 mey + [IWillysmey < 1, Eq. (5) admits
a unique solution in the space:

CO((=Ce™ A 4ce= ) HH T RY)) Nl ((—=Ce™ ", +Ce "), H5(RY)), C=C(d,n, A,m,s) >0,

with initial data (w(0, -), w(0, -)) = (¢wg, ewq) and € € (0, &). Furthermore, there is K = K(d,n, A, m, s) > 0 such that
Vee (—Ce™ " +Ce™ ™) [[w(O)]lgss1gey + WO s gay < Ke.

A careful reading shows that [13] uses a normal form procedure that only needs the two following facts:

Fact 1: there is a positive number p such that the spectrum of —A + |x|2 on L2(RY) is included in pN. That point is of
interest in view to get adequate estimates of small divisors (see [13, Part 2.3]).

Fact 2: the eigenfunctions of the harmonic oscillator —A + |x|? fulfill the estimates given by the following result.
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Proposition 2.2. For any integer k € N, let us denote by ITy : L>(RY) — L%(RY) the spectral projector on ker(—A + |x|? — A2)

with Ay = +/2k + d. For any positive integer n > 2, there is v = v(d,n) > 0 such that for any (ki, ..., kn12) € (N\{O})"2 with
knio <--- <k, any (uq, ..., unp2) € C(X)™2 and any integer N € N*, one has

e Nni2
/Hkl(ul)~~-nkn+2(un+2)dx <Cd.n, N, | ———*5——= HllujllLZ- (6)
¥ Ay Mz + )‘lq - )"kz i1

Proof. It suffices to follow the proof of [11, Proposition 3.6]. O

Since we do not need a specific harmonic analysis of the eigenfunctions of —A +|x|2, this gives a hope to handle compact
manifolds X whose eigenvalues are integers but for which we have no knowledge of eigenfunctions. The estimates (4) and
(6) play the same role to decompose the non-linearity w"*! in (2) and (5). Their proofs are different, but rely on the same
idea of computing commutators. However, it turns out that (4) and (6) are equivalent because of the following inequalities
that hold for any nonnegative integers k3 <k, <kj:

2
( - ) T (7)
)Ll<3 + )bkl - )\kz )&kz)\k3 + )‘k1 - )”kz )”l<3 + )”kl - )‘kz

The right-hand side of (7) is obvious thanks to the inequality A%l > Ak, Ak, The left-hand side of (7) is a consequence of the
following straightforward computation:

Mg My ey + My — Mep)® = A, g My + 2, — M) = Mt ey — Mt )> iy — hks) = 0.

In conclusion, one could use the same strategy of that of Theorem 2.1 to prove Theorem 1.5: we order the spectrum of
+~/—A on the compact Riemannian manifold X as an increasing sequence (iy)k>o and we make use of the Delort-Szeftel
estimates (4) to handle the non-linearity w"*! with a normal form.

References

[1] D. Bambusi, Birkhoff normal form for some nonlinear PDEs, Commun. Math. Phys. 234 (2003) 253-285.
[2] D. Bambusi, A Birkhoff normal form theorem for some semilinear PDEs, in: Hamiltonian Dynamical Systems and Applications, Springer, 2007,
pp. 213-247.
[3] D. Bambusi, J.-M. Delort, B. Grébert, J. Szeftel, Almost global existence for Hamiltonian semilinear Klein-Gordon equations with small Cauchy data on
Zoll manifolds, Commun. Pure Appl. Math. 60 (11) (2007) 1665-1690.
[4] D. Bambusi, B. Grébert, Birkhoff normal form for PDEs with tame modulus, Duke Math. J. 135 (2006) 507-567.
[5] J. Bourgain, Construction of approximative and almost periodic solutions of perturbed linear Schrédinger and wave equations, Geom. Funct. Anal. 6 (2)
(1996) 201-230.
[6] J.-M. Delort, On long time existence for small solutions of semi-linear Klein-Gordon equations on the torus, J. Anal. Math. 107 (1) (2009) 161-194.
[7] J.-M. Delort, ]. Szeftel, Long-time existence for small data nonlinear Klein-Gordon equations on tori and spheres, Int. Math. Res. Not. 37 (2004)
1897-1966.
[8] J.-M. Delort, J. Szeftel, Long-time existence for semi-linear Klein-Gordon equations with small Cauchy data on Zoll manifolds, Amer. ]. Math. 128 (2006)
1187-1218.
[9] D. Fang, Q. Zhang, Long-time existence for semi-linear Klein-Gordon equations on tori, J. Differ. Equ. 249 (1) (2010) 151-179.
[10] B. Grébert, Birkhoff normal form and Hamiltonian PDEs, in: Partial Differential Equations and Applications, in: Sémin. Congr., vol. 15, Soc. Math. France,
Paris, 2007, pp. 1-46.
[11] B. Grébert, R. Imekraz, E. Paturel, Normal forms for semilinear quantum harmonic oscillators, Commun. Math. Phys. 291 (3) (2009) 763-798.
[12] R. Imekraz, Normal form for semi-linear Klein-Gordon equations with superquadratic oscillator, Monatshefte Math. (2015), http://dx.doi.org/
10.1007/s00605-015-0739-2.
[13] Q. Zhang, Long-time existence for semi-linear Klein-Gordon equations with quadratic potential, Commun. Partial Differ. Equ. 35 (4) (2010) 630-668.


http://refhub.elsevier.com/S1631-073X(15)00176-4/bib62616D32303033s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib42616D3037s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib42616D3037s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib424447533037s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib424447533037s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib42473036s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib626F75726761696E31393936s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib626F75726761696E31393936s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib64656C6F72742D746F7275736432s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib445331s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib445331s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib445332s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib445332s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib716964697A68616E672D6B672D746F7269s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib4772653037s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib4772653037s1
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib676970s1
http://dx.doi.org/10.1007/s00605-015-0739-2
http://refhub.elsevier.com/S1631-073X(15)00176-4/bib716964697A68616E672D6B672D7832s1
http://dx.doi.org/10.1007/s00605-015-0739-2

	Long-time existence for semilinear Klein-Gordon equations on compact manifolds for a generic mass
	Version française abrégée
	1 The semilinear Klein-Gordon equation
	2 Explanation of the proof of Theorem 1.5
	References


