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2 4

RESUME

Soit G un groupe compact moyennable et soient A (G) et B(G) l'algébre de Fourier et
I'algebre de Fourier-Stieltjes de G, respectivement. Pour un u € B (G) donné, posons &, :=
{g €G:|u(g)|=1}. Le résultat principal de cet article établit que, si [lullg) <1 et si u ()
est dénombrable (en particulier si £, est compacte et éparpillé), alors
. n .
Jim[lu"v | ) =dist(v.Ig,) . YV € A(G),
oulg, ={veA(G):v(g)=0, Vgel,}.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let X be a complex Banach space and let B (X) be the algebra of all bounded linear operators on X. As usual, by o (T)
we denote the spectrum of T € B (X). Throughout this paper, we always assume that A is a complex, commutative, and
semisimple Banach algebra. By X4 we will denote the Gelfand space of A equipped with the w*-topology and by @, where
a(y)=1y (a), y € Ty, the Gelfand transform of a € A. A linear mapping T : A — A is called a multiplier of A if (Ta)b =aT (b)
holds for all a, b € A. The set M (A) of all multipliers of A is a commutative, unital, closed, and full subalgebra of B (A). The
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Gelfand space of M (A) may be represented as the disjoint union of X4 and hull (A), where X4 is canonically embedded in
2 ma) and hull (A) denotes the hull of A in Zpa).
For each T € M (A), there is a uniquely determined bounded continuous function T (HT” < ||T||) on X4 such that

Ta)(y)=T ()A(y), Yac A, y € Ta.

In fact, T is the restriction to I, of the Gelfand transform of T on ZM(A)- The function T is often called the Helgason-Wang
representation of T [10,12]. It follows from the preceding formula that if T (y)=0forall y € ¥4, then T=0.If T € M (A),
by Gelfand theory,

o (T)=omua () ={T (@) :¢ € Tuw}.
Since X4 is a subset of Xy a), we have f(ZA) Co(T) forall T € M (A).
2. Distance formulas

Recall that an operator T on a Banach space that satisfies
Cr:=sup |T"| <oo
n>0
is called power bounded (if T is power bounded, then by passing to an equivalent norm T can be made contractive). If
T € B (X) is power bounded, then
Er:={xeX:lim, |T"x| =0}

is a closed T-invariant subspace, where Lim. is a fixed Banach limit (it can be seen that Lim.,|T"x| =0 implies
limy_ o0 | T"x| = 0). If X € E7, then from the relations

T < | T"x — T"%o || + | T"%o| < Cr llx — xoll + | T"

we have
Lim,, | T"x| < Crdist (x, Et). (2.1)

We have written D:={zeC:|z| <1} and I':={zeC:|z|=1}. If T € B(X) is power bounded, then clearly, o (T) C D.
A discrete version of [14, Theorem 5.5.10] states that if T € B (X) is a contraction and the unitary spectrum o (T) N T of T
is countable, then

lim | T"x| =dist(x, ET), ¥x € X.
n—oo
Now, let A be a commutative semisimple Banach algebra and let T be a power-bounded multiplier of A. Then
Ir :={ae A:lim, ||T"a| =0}
is a closed ideal in A. Notice that |T(y)| <1 forall y € £4. We put

Er={yeza: |f(y)|:1}.

Recall that a commutative Banach algebra A is said to be regular if, given a closed subset S of X4 and y € X4\S,
there exists an a € A such that @(S) = {0} and @(y) # 0. Let A be a regular semisimple Banach algebra and Agg :=
{a e A:suppa is compact}. For a closed subset S of X4, there are two distinguished closed ideals in A with hull equal
to S, namely

Is:={aeA:a(y)=0, Vy € S}
is the largest closed ideal whose hull is S and Js :=j_2 is the smallest closed ideal whose hull is S, where
f(s) :={a e Ago:suppanS=4y}.

The set S is said to be a set of synthesis for A if Is = Js [11, Section 8.3].

Proposition 2.1. Let A be a commutative, semisimple, and regular Banach algebra and let T be a power-bounded multiplier of A. Then
hull (IT) = 5'[.
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Proof. If y € & and a € Zr, then as

T = |T)[" @] =[@w)|, neN,

we have [a@(y)| <Lim., |T"a|| = 0. This shows that & C hull (Z7). For the opposite inclusion, assume that ﬁ(yo)| <1 for
some )p € X4. Then there is a compact neighborhood U of yp such that ﬁ(y)\ <1 for all y eU. Let K be a compact
subset of X4 such that yo € K C U. Then there exists an a € A such that a@(K) = {1} and @(Za\U) = {0}. As suppa C U,
we have ]T(y)\ <1 for all y € supp@. Since suppd is compact, using the formula

lim ||T”a||% =max {|T (y)| : y € suppa}

n—oo

[12, Proposition 4.7.8], we have limy_, | T"a|| = 0 and therefore, a € Zr. As @(yo) = 1, we obtain that yp ¢ hull (Zr). O

The same result was obtained in [9, Theorem 2.6]. Our proof is shorter and different.
If T € M (A), then clearly,

T(Er) Co (T)NT.

We now give an example of a multiplier T € M (A) such that I C o (T), but T(ST) is finite.

Let G be a locally compact Abelian group with dual group G. As usual, by L' (G) and M (G) respectively, we denote
the group algebra and the convolution measure algebra of G. For every © € M (G), the convolution operator T, : L' (G) —
L' (G), defined by T, f = * f, f €L'(G), is a multiplier of L' (G). By Wendel-Helson’s theorem [10, Theorem 0.1.1],
every multiplier of L!(G) is obtained in this way and the map u — T, is an isometric isomorphism. In other words,
M (L1 (G)) = M (G). By ? and i respectively, we will denote the Fourier and the Fourier-Stieltjes transform of f € L! (G)
and & € M (G). Clearly, T; Y)=m(@),ye G.

For n €N, by u" we denote the n-th convolution power of ©t € M (G). A measure © € M (G) is said to be power bounded
if sup,>o |||, < oc. If € M(G) is power bounded, then

I, = If e L' (G): Limy "+ f], =O}

is a closed ideal in L! (G). Clearly, Ir, =Z,. For a power-bounded measure p € M (G), we have i (%) <1 forall x € G.
If

Eui={xeG:1mG0I=1},

then as T, = fi, we have Er, = &y By Proposition 2.1 (or [9, Theorem 2.6]), hull (Z,,) = &,.

Recall that the measure @ € M (G) has independent powers if ©" L™, whenever 0 <m < n < oo. Recall also that a mea-
sure 1 € M (G) is said to be Hermitian if i (—A) := u (A) for each Borel subset A of G. It was proved in [5, Theorem 6.8.1]
that if u € M (G) is a Hermitian probability measure with independent powers, then o) (1) =D. As

o (Tu)= OM(L1(G)) (Tu) =om@) (m) =D,

we have that I' € o (T,). On the other hand, since [ is real-valued, ﬁ (r,) = m(Ey) S {-1,1}

A locally compact Hausdorff space Q2 is said to be scattered if it contains no non-empty compact perfect subset. For
example, scattered subsets of the complex plane are precisely countable sets. A locally compact Abelian group is scattered
if and only if it is discrete. Recall [12, Lemma 4.8.3] that  is scattered if and only if every continuous function on
vanishing at {oo} has countable range.

The main result of this paper is the following.

Theorem 2.2. Let A be a commutative, semisimple, and regular Banach algebra and let T be a contractive multiplier of A. Suppose
that Et is a set of synthesis for A and T (Er) is countable. Then

) Rl s
nll)ngo |T"a|| =dist (a, I;). Ya € A,
where Ig, ={ae A:Q(y) =0, Vy € Er}. In particular, if Er is a singleton, say Er = {y } and {y } is a set of synthesis for A, then

lim | T"a| = [@(y)|, VaeA.
n—oo

For the proof of Theorem 2.2, we need some preliminary results.
Recall that the Wiener algebra A is the space of all continuous functions f on I' such that
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1fl =" [F )| < oo,

nez

where T(n) is the n-th Fourier coefficient of f. We denote by .4, the Banach algebra of all functions f (z) = Zrﬁof(n)z”
analytic on D and satisfying

1fllh =" [Fm)| < oo

n=0

The algebra A, can be considered as a subalgebra of A. If T € M (A) is power bounded, then for arbitrary f € A, we can
define f (T) € M (A), by

o
fm=Y fmt
n=0
Then, the mapping f + f (T) is a homomorphism and || f (T)|| < Cr || fll;. We say that T is a Cy-multiplier if Zt = {0}. It
follows from Proposition 2.1 (or [9, Theorem 2.6]) that if T is a Ci-multiplier on a regular semisimple Banach algebra A,
then T (Z4) Co (T)NT.

Lemma 2.3. Let A be a commutative, semisimple, and regular Banach algebra and let T be a contractive C1-multiplier on A. Iff (Za)
is countable, then T is a surjective isometry.

Proof. Let K :=T(EA) and let
Ix:={feA: f(K)={0}}; I{ :={f e Ay : f(K)={0}}.

We know [8, Ch. XI, Section 7] that if K is an arbitrary compact countable subset of I, then the map « : .A+/I,“; — A/ Ik,
defined by

a(f+1f)=f+Ik, feA;,
is an isometric isomorphism. In other words, for every f € A, there exists an f; € A, such that f = f; on K and
Ifr+ 15, =1F + Ikl -
Define a mapping 8:.A,/Ix — M (A), by
B(f+Ik)=f+(T), feA
From the identity
fr M =f(T@)=FTW), ¥y € Za,

we can see that if f € A vanishes on K, then m vanishes on ¥, and therefore, fi (T) =0. It follows that if g € A is
another function for which g (§) = f (§) for all & € K, then g (T) = f4 (T). Consequently, 8 is an algebra-homomorphism.
Further, if f? e I}/, then as f? (T) =0, we can write

1+ = £ D+ @] < |1+ 12
which implies
1+ DN f+TE ] =15 + Ikl

Hence B is a contractive homomorphism. If S := g (e~ + Ix), then as T = g (el +Ix) and I = B (1 +Ix), we have TS =1
and ||S|| < 1. This shows that T is a surjective isometry. 0O

Let T be a contraction on a Banach space X and let T “Et be the quotient operator induced by T on the quotient space
X/Er;

T/Er:x+Er— Tx+ETr,x€ X.

Lemma 2.4. If T is a contraction on a Banach space X, then

lim (T /Er)" (x+Er)| = lim |T"x
n—oo n—oo

, Vx e X.
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Proof. Let x € X and
d(x):= lim |(T/Er)" (x+Er)| = lim |T"x+Er|.
n—oo n—oo
Clearly, d (x) < limy— | T"x|. On the other hand, since

d(x) = r1r>1(f) [T"x+ Er

)

for any € > 0, there exists np € N and y € Et such that
[T"ox —y| <d(x) +e.
It follows that
JTmox] < T rox— Ty |+ [Ty | <d o+ e+ 17
As n — oo, we have
nlLrgo [T"x|| <d (x) +e,
so that limy_ o | T"x| <d (x). O

Now, we are in a position to prove Theorem 2.2.

Proof of Theorem 2.2. By Proposition 2.1 (or [9, Theorem 2.6]), hull (Zr) = £r. Since &7 is a set of synthesis for A, we
have Iy = Ig,. Therefore, A /Zr is a regular semisimple Banach algebra whose Gelfand space is £r. Notice also that

T//—TT €r) =T(€T). Since the set T//?T(ST) is countable, by Lemma 2.3, the operator T /Zr is a surjective isometry
on A/ Zr. Consequently, by Lemma 2.4 we can write

lim || T"a| = lla+ Zr || = dist (a, I¢;) , Va € A.

n—oo
If & ={y} and {y} is a set of synthesis for A, then as dist(a, I¢,) = [@(y)|, we have
, Va e A.

Jim [T = [a ()
The proof is complete. O

Next, we present several corollaries of Theorem 2.2.

Let G be a locally compact Abelian group and let ¢ € M (G) be a power-bounded measure. The classical Foguel theorem
[2] states that limy o | " * f ||, =0 for all f € L' (G) such that f (0) =0 if and only if £, = {0}. In [6, Theorem 2], Granirer
has proved that if f € L' (G), then limy_.« | " % f||, =0 if and only if T vanishes on Eu.

Recall that the coset ring of a locally compact group G (not necessarily Abelian), denoted by R (G), is the smallest Boolean
algebra of subsets of G containing left cosets of all subgroups of G. As in [3], define the closed coset ring R. (G) of G, by

R (G) ={E € R(Gy) : E isclosed in G},

where G is the algebraic group G with the discrete topology. As proved in [13, Lemma 6.1], if © € M (G) is power bounded,
where G is Abelian, then &, € R, (G). On the other hand, each subset of R (G) is a set of synthesis for L! (G) [4, Theo-

rem 3.9]. Consequently, £, is a set of synthesis for L1 (G).

Corollary 2.5. Let G be a locally compact Abelian group and let ;v € M (G) such that |ul; < 1.If @ (5u) is countable (in particular,
if £, is compact and scattered), then

. . 1
dim [ f, =dist(f.1e,). YfeL' (G).
where Ig, = {f € L' (G) ‘T (x)=0, Vx e &y} In particular, if £, = {x}, then

dim [ £ =[F 00l ¥ e L' (©).

If G is a compact Abelian group, then LP (G) (1 < p < oo) with the convolution as multiplication and the usual norm
is a commutative, semisimple, and regular Banach algebra. The Gelfand space of L? (G) is G and the Gelfand transform of
f € LP (G) is just the Fourier transform of f. As G is discrete, every subset of G is a set of synthesis for L? (G). Further,
for every p € M (G), the convolution operator Ty, : LP (G) — LP (G), defined by T, f = * f, f € LP (G), is a multiplier of
LP (G) and | T, Hp < llptlly. Moreover, we have T, =i and therefore, 1, = &,.
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Corollary 2.6. Let G be a compact Abelian group and let € M (G) such that |||l < 1.If (5;4) is countable (in particular, if £, is
finite), then

nango ||,u">|<f||p =dist(f,IgM), Vfel?(G) (1<p<o0),
where Ig, = {f € L? (G) :F(x)=0, Vx € &y} Inparticular, if £, = {x}, then

, Vfel?(G).

. n _ i
Jim " f =100

Let G be a locally compact (not necessarily Abelian) group. By A (G) and B (G) respectively, we denote the Fourier and
the Fourier-Stieltjes algebra of G. With pointwise multiplication A (G) is a commutative, semisimple, and regular Banach
algebra whose Gelfand space is G (via Dirac measures) [7]. For each u € B (G), the operator L, : A(G) — A (G), defined by
Lyv=uv, veA(G), is a multiplier of A (G). If G is amenable, then every multiplier of A (G) is of this form and the map
u+> Ly is isometric [1]. For a power-bounded element u of B (G), we put

Ey:={geCG:|u(®|=1}.

As proved in [9, Theorem 4.1], £, € R¢ (G). On the other hand, if G is amenable, then every subset of R, (G) is a set of
synthesis for A (G) [3, Lemma 2.2]. Therefore, in the case when G is amenable, &, is a set of synthesis for A (G).

Corollary 2.7. Let G be a locally compact amenable group and let u € B (G) such that |[ullg(c) < 1. If u (€y) is countable (in particular,
if £, is compact and scattered), then

lim ||u”v||A(G) =dist(v,lg,), Vv €A(G),

n—-oo

where lg, ={v e A(G):v(g) =0, Vg € &,}. In particular, if £, = {g}, then

lim ”u”v”A(G) =|v(g)|, Vv e A(G).

n—-oo
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