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RESUME

Dans la présente Note, nous étudions les estimations du gradient de Hamilton-Souplet-
Zhang pour les solutions positives de I'’équation non linéaire parabolique

ur = Au+ru®

sur une variété riemannienne non compacte, oll A et @ sont deux constantes réelles. Nous
en déduisons, comme application, un théoréme de type Liouville.
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1. Introduction

After Cheng-Yau’s work in [1] and Li-Yau's work in [7] on gradient estimates of the heat equation

ur = Au (11)

on a complete Riemannian manifold, there have been plenty of results obtained concerning gradient estimates, for example,
[2-6,8-10,12,13,16] and the references therein. Generalizing Hamilton’s estimates in [3], Souplet and Zhang in [11] proved
the following theorem.

Theorem A. [11] Let (M", g) be an n-dimensional Riemannian manifold with Ric(M") > —K, where K is a non-negative constant.
Suppose that u is a positive solution to the equation (1.1)in Qg1 := Bx,(R) X [to — T, tg] C M" X (—00, 00). Let Umax = man u(x).

R, T
Then, in Qgr.T,

|Vu| 1 1 Umax
T§C<ﬁ+§+ﬁ>( +log ) (12)

where the constant C depends only on the dimension n.

In this paper, we consider the following nonlinear parabolic equation

ur = Au+ ru®, (1.3)

where A, are two real constants. The gradient estimate of the elliptic equation Au + A u® =0 has been studied by Yang
[14] and Zhang and Ma in [15]. When A <0 and M" is a bounded smooth domain in R", the equation Au + Au® =0 is
known as the thin film equation, which describes a steady state of the thin film.

In this paper, we study Hamilton-Souplet-Zhang’s gradient estimates for positive solutions to the nonlinear parabolic
equation (1.3) and obtain the following theorem.

Theorem 1.1. Let (M", g) be an n-dimensional Riemannian manifold with Ric(M™) > —K, where K is a non-negative constant. Sup-

pose that u is a positive solution to the equation (1.3) in Qg1 := Bx,(R) x [0, T] C M" x (—00, 00). Let Umax = man u(x) and
X R,T

Umin = min u(x). Thenin Qg 1, we have:
XeQR.T

1)ifA<0and o € (—o00,0) U (0, 1),

|Vu|2 1 1 1 max 2

o =C(K+ A Dug (1+log ) : (14)
2)ifr<0and x € (1, +00),

|Vu|2 1 1 1 max \ 2

o < C(K g A - Dugy (1+log ) : (15)
3)if A >0and o € (—o0,0) U (1, +00),

Vul|? 1 2

| u2| <C <K+ += +Aau‘r’na£) (1 + log max) ; (1.6)
4)if»>0and @ € (0, 1),

|Vu|2 1 1 max \ 2

o =C(K+ gy (1+log =22 ; ) (1.7)

Here, the constant C depends only on the dimension n.
As an application, we get the following Liouville-type theorem.

Corollary 1.2. Let (M", g) be an n-dimensional complete noncompact Riemannian manifold with nonnegative Ricci curvature. Let u
be a positive ancient solution to the equation (1.3) such that

ux, t) = 0@+

near infinity. If A < 0 and « € (1, +00) (or A > 0 and @ € (—o0, 0)), then u must be a constant.
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Remark 1.1. When A — 0, the equation (1.3) becomes the heat equation (1.1). In particular, from the estimates (1.5) or (1.6),
we have

|Vul? 11 Umax \ 2
<C(K+—+- ( lo ) , 18
2 = st ) (1+lg— = (1.8)
which gives
[Vul 1 1 Umax
P (VK4 = 4+ — (1 Io ) 19
u trt )ty (19)

Noticing that the estimate (1.9) is the same as (1.2) of Souplet and Zhang. Therefore, our Theorem 1.1 generalizes the
Theorem A of Souplet and Zhang in [11].

Remark 1.2. In [16], Zhu considered Souplet and Zhang's gradient estimates for positive solutions to the nonlinear parabolic

= Au+ A(x, Hu®, (110)

where A(x, t) is a nonnegative function defined on M" x (—o00, 0], and « a real constant satisfying 0 < @ < 1. The results in
this paper can be seen as complementary to those of Zhu in [16].

2. Proof of the theorem

Let i = ——. Then we have 0 < i < 1. From (1.3), we obtain that & satisfies the following equation
= Al +11%, (2.1)
where 1 =Au%;}. Let f =logii <0 and

w = |Vlog(1 - f)I%

Then,
fo=Af +|Vf?+he@ DI (2.2)
A direct calculation yields
We = f)2 — fi(fo)i + f)3f It
2
f)2 filfj+ fz +Ae@- ])f)
f)3 FEFi5+ f7+Re@ DY) (2.3)
2
A= il 2ffif + K(a—1)e@ I f2]
2 c (e
+7(1—f)3fi2(fﬁ+fj2+“( v,
From the definition of w, we have
__ 1 o
A=
which shows
Wi = f)3 flf] f)2 f] f]l (2.4)
and
Wii = f)4f f2 f)3fuf2 f)3f11f1f1
+ f)2 i+ f)2 fifjii 05
_( f)4f1 f] f)3fllf] f)3f]lf1fj
2 2
+ a—7? ]‘2i+ f)2 fifiij+ —=— a7z Rij fi fj.
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where, in the second equality, we used the Ricci formula:

fjii = fiji = fiij + Rij fi.
By (2.3) and (2.5), we obtain
2, 6 2
il T
8 2
+[(1—f)3 f)z]fjlflf] _f)ZRijfifj

o[> T Je@nfp2
Aot

Note that from (2.4), we have

AW — w; =

|55

(Vf,Vw) =fiw; = f fz f]zflf]

f)3 f)2

Therefore, (2.6) can be written as
Aw — Wt—8<Vf,VW>
_ 2 3 _ 1+¢ 2
B f)zf” [(1—f)4 (1—f>3]f" Ji

4 2+¢ 2
+2[(1 —f)3 - (l_f)z]f]lflf] f)2 l]flf]

-2 —_f1>2 T . i

where ¢ = ¢(f) is a function depending on f. Applying

@-1f ¢2
7,

2 5 4 2+e¢
(1—f)2fff+2[ — 3 a-p?

f)z{fﬁ E f_(2+8)]fjififj}

]fjififj

1 4 2 5.2
2—72(1_f)2[—1_f—(2+8)] fi fj

into (2.8) gives
Aw —wr —e(Vf,Vw)

2 6+2¢  2+8%*7.5.
Z[_<1—f)4+(1—f)3 _2<1—f)2]f' I

a—1 1
(@=1)f ¢2
Rijfifj— [ a— 172 + a —f)3]e fi

1 1
_W{ -5 =P’ =200- ==l

—-R201-f*-601 —f>+z]}f,-2fj2+

a—1 1 @=1)f ¢2
a—fz " (1—f)3]e Ii

a2 f>2

2
mRijfifj

—22[

Taking

E=-24+——
+1—f

553

(2.6)

(2.7)

(2.9)
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in (2.9), we derive

AwW—w; +2 _—fwf, vw)

=7
2 . 2
——|V ——Riififi
=a—pp VI At (210)
T a—1 1 ’
_ @-1f £2
ey 1] L

_yw?_ 95— —F Nea-ns
>2(1—flw?—2Kw zx(a l—f>e w.

Denote by B,(R) the geodesic ball centered at p with radius R. Take a cut-off function ¢ of Li-Yau [7] satisfying
supp(¢) C Bp(2R), ¢lp,r) =1 and

Vg2 _ C
c¢ « C ] (211)
—Ap =3 (1 +«/Ecoth(ﬁR)) <@ (1 + VK + i) :

where C is a constant depending only on n.

Let G =t¢ w. Next, we are going to apply the maximum principle to G on Bp(2R) x [0, T]. Assume G achieves its
maximum at the point (xo, s) € By (2R) x [0, T] and assume G(xg, s) > 0 (otherwise the proof is trivial), which implies s > 0.
Then, at the point (xg, s), it holds that

(A—0)G <0, Vw= —%qu
and

0=(A—-03)G

Ag G
:5¢(A_at)W+7(;+ZSV¢VW— S

—f )e<a—1)fw

zs¢>{2(1—f)w2—21<w—zi(a—l

—f A G (212)
~2 LV, VW)} + G259V —

2 J—
=2(1 _f)f_¢ —ZKG—ZX(O{— %)e(a—l)fc

—f G A V| G
T2 VAV S+ 62 G-

where in the second inequality we used (2.10). Thus, multiplying both sides of (2.12) by % yields

0=>2(1- f)g —2K¢ — 2X(a - %)e(a—l)f(p

—f Vo2 ¢ (213)
+2ﬁ(Vf,V¢)+A¢—2 4 -5
Applying the Cauchy inequality
—f G f? Ve
2ﬁ<w,w>z—<1—f);—1_f ) (2.14)
into (2.13) gives
0>1-nC —21<¢—2X(a - _—f>e(""1)f¢
S 1-
(2.15)

+A¢—(2+1f_2f)|v¢|2 _®

¢ s
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Thus, we have
(1-HGCKxT)<(1- f)G(xo,s)

<2Ks¢+ 24 (- %)ewmfm

2 \.IVel?
—sA¢>+(2+ )s + .
1-f ®
Case one: o < 0.
If A <0, then we have
_ —f
0<1-(1—-f)l=——<1.
<1-(1-NHT'=175<

Therefore, we obtain from (2.16) that
G, T)<2KT+2i(a—1)a% T

min

C 1
—(1+VK+-)T+1
+R2<+ +R>+

<C(KT T 14+ 4 Hae It
=< tgg tl+r@— Dy, T).

Notice that ¢ =1 in By(R), w = (\1V_ff\;_ Therefore, we obtain from (2.17)

IVfI?

m R2 T min

1 1 Y ~a—1
<C|K+—S+=+A(x—-1u .
(x,t)

Since f = log(#) and . = »u%7], we have from (2.18)

ax

|Vul?
2

1 1 1 Umax \ 2
§C<K+F+¥+k(a—l)uf‘nin)<1+log ; )
(x,6)

If A > 0, then we have from (2.16) that
G T)<2KT+2rat® T

max

C 1
— (14+~K+—=)T+1
+ R2 ( + + R) +
T T, moa—1
<C I(T—f—ﬁ—i—l +raug, T).
Therefore, we obtain from (2.20)

|Vul?
2

1 1 -1 Umax \ 2
§C(1<+p+¥+kau%ax)(1+10gT) .
(x,0)

Casetwo: O < < 1.
If A <0, similarly, we obtain from (2.16) that
G, T)<2KT+2i(x —1)a% 1T

min

C 1
—(1+VK+=)T+1
+R2<+ +R>+

<C(KT+ 1+1+i(a—1)aa71 T
- R2 min °
Therefore, we obtain from (2.22)

|Vul?
2

1 1 u 2
<C(K+ — + = +21(@—1ue! (1 Io ﬂ)
< (+R2+T+( ) ) +log =

min

(x,t)
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(2.16)

(217)

(218)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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If A > 0, then we have from (2.16) that
G, T)<2KT+2iad® T

C 1
+—2(1+JE+E>T+1 (2.24)

T a—1
<C KT+R +14+iail T

min
Therefore, we obtain from (2.24)

|Vul?
2

11 2
§C<K+R +T+Aaugm1> (1+10g ma") : (2.25)
()

Case three: o > 1.
If A <0, similarly, we obtain from (2.16) that

G, T)<2KT+2i(a—1)a% T

min

+R2<1+«/_+ >T+1 (2.26)

<C(kT T 14+ 4 HEeIT
tr Tt (=D ' T).

Therefore, we obtain from (2.26)

|Vul?
2

1 1 u 2
<C <1<+ R 1)u‘;‘mn1> ( + log ma") . (2.27)

*x,0)
If A > 0, then we have from (2.16) that

Gx,T)<2KT+2xiai®lT

max
C
+—2<1+JE+E>T+1 (2.28)
T a—1
SC(KT+ o5 + 1+ Rl T

Therefore, we obtain from (2.28)

|Vul?
2

1 1 2
§C<K+R +T+Aauﬁw;> (1+10g ma") . (2.29)

(x.t)

This completes the proof of Theorem 1.1.
Proof of Corollary 1.2. If A <0 and « € (1, +00) or A >0 and « € (—o0, 0), then from (1.5) and (1.6), we obtain
|VU|2 1 1 Umax \ 2
<C(K+ -+~ (1 lo ) , 2.30
2= Tt +log —= (2.30)
which gives
Vu 1 1 u
usC(JK—i——-i——) <1+1 g ma") (2.31)
u R T

By the assumption that the function u + 1 satisfies log(u + 1) = o(d(x) + +/[t]) near infinity, fixing a point (xg, tp) in space-
time and using the estimate (2.31), we have

|VU(X0,fo)|
u(xp,to) +1 R

Letting R — oo, it follows that |Vu(xg, tg)| = 0. Since (xg, to) is arbitrary, we infer that u is a constant. This concludes the
proof of Corollary 1.2. O

-0(R).
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