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oll H,ﬁ"” =Y p_11/k™ (me{1,2,...}) désigne le n-iéme nombre harmonique d’'ordre m et
B, est le n-iéme nombre de Bernoulli.
© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

For m € Z, define the n-th harmonic numbers of order m as follows,

n

1
H™ ::Zk—m meN=1{01,...}),
k=1

where Hém) := 0. For the sake of convenience, we often use H, instead of Hﬁll). So far, lots of number-theoretic properties

of harmonic numbers have been discovered by mathematicians. For instance, the following celebrated congruences hold for
any odd prime p,

2)

Hp_1 =0 (mod p?) and H; , =0 (mod p),

which were showed by J. Wolstenholme [15] in 1862.
The Bernoulli numbers {B,}n>0 and Bernoulli polynomials {Bn(x)},>0 are defined as follows:

n—1
n
Bo=1 B, =0 =2,3,..),
0 ,Z<k) k=0 (n )
k=0
n

Ba(X) =) (Z)ka"*" n=0,1,...).

k=0

The Bernoulli polynomials play an important role in the study of congruences involving harmonic numbers. In the past
two decades, Z.-H. Sun [8,9] investigated the congruence relations between harmonic numbers and Bernoulli polynomials
systematically. For example, he showed that, for any prime p > 5,

Bap-4a  Bp-_3

b= d p), 11
e g =5 (mod ) (11)
@ _ (p—1)/2 14 2
Hipa) =41~V QEp_3 — Eap_a) + 5 pBp-3 (mod p?), (12)
HSJMJ = —9B,_3 (mod p), (1.3)
Byp— By_
@ — 2p—4 p—3 3
H(P—”/2:7p<2p—4_2p—3) (mod p°), (1.4)
By Byp—
3) _ p—3 2p—4 2
H(p_])/2=6(2p_3 _2p—4> (mod p-), (1.5)

where {Ep}n>0 are the Euler numbers defined by

2 X" n
Tre L (W<2).

We can check directly that the above congruences also hold for p =5.
For more interesting properties of harmonic numbers, one may consult [1-5,8-14,16].
In 2015, Z.-W. Sun [12] showed that, if p > 3 is a prime,
1 2k
()

~KZHi=2—2p +4p%qp(2) (mod p),

=
|

=
Il
o
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= —4E,_3 (mod p)

P2 o2
= k) 16k

and

(piﬂ 2\* Hi _ (1) (mod p)
o \k) ket~ "\p p-3 P

where q,(2) = (2P~1 —1)/p is the Fermat quotient and (—) is the Legendre symbol. In the same paper, Z.-W. Sun p
some conjectures involving harmonic numbers. The first author [5] confirmed two of the conjectures.

With the above backgrounds, we first establish the following results, which confirm some conjectures of Z.-W. Sun
by using the package Sigma. (The readers may consult [6,7] to see how to use such package to find and prove identiti

Theorem 1.1. For each prime p > 3, we have

(p—3)/2 (Zk)z @
k

KD — 7B 5 (mod p).

,;] 2k + )16k p-3 (mod p)

Theorem 1.2. Let p > 3 be a prime. Then

(P=1)/2 (2k\?

Hp—
3 () H® = 12221 (mod p?),
~ k16" p?

(r-1)/2 (2k)2 @ 5
2 k —
msz =—§Bp73 (mod p),
k=1
2

—~ () HO g d
Z K16k 2k =7p-3 (mod p).
k=1

Theorem 1.3. For each prime p > 3, we have:

p-1 ) Hy, 5

osed

[12]
es.)

(1.6)

(1.7)

(1.8)

(1.9)

Z T EEBH (mod p), (1.10)

() _ Honp 7H

k24 2 4

pBp—3 (mod p?)

and for each prime p > 5,

p—1 24 2
» (&) _ Ho-np  7Hp (mod p?)

R4k 2 i p P
k=1

We can prove the first one modulo p in the same way as the proof of (1.10).

In [11], Z.-W. Sun also raised some conjectures involving harmonic numbers, for example, if p > 3 is a prime, then

(p—1)/2 (2I<)2

k=0
(p—1)/2 (Zk)z

p_l (mOd p2) (111)
p

-1
> k’;WHZ" =4 (7) Ep_3 (mod p), (112)

7
Y iigr (M= Ho =—3pBps (mod p?). (113)

k=0
The first one was confirmed by the first author [4]. We will prove (1.13) by establishing the following results.
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Theorem 1.4. Let p > 3 be a prime. Then we have
(p=1/2 (2k)2
k
-2 H,=4 2E —E mod
’;—] 168 <p>( p—3— E2p_a) ( p?),

(p-1)/2 (2k)2 ,
e = 2
2 e tin= 4< P )(25,, 3 — E3p-4) — 5PBp-3 (mod p?).

k=1

Remark 1.2. In light of [9, (3.1)], (1.15) is an extension of (1.12).

759

(114)

(1.15)

We now give the outline of this paper. We will prove Theorem 1.1 in Section 2. Theorems 1.2-1.4 will be confirmed in
Sections 3-5, respectively. The key idea in this paper is that some identities can be found via Sigma when you divide the
sum into two cases with n odd or even, while you cannot find the identities if you just deal with the sum for n. Another
idea is that we use Z'}:] 1/(2j — 1) and H, to replace Hy, because we find that the identities of the sum with Hy, is

difficult to deal with, while the identities of the sum involving Z'}Zl 1/(2j —1) and Hj are easier.

2. Proof of Theorem 1.1

Recall that for any k € N the Pochhammer symbol (X)) is defined by

xx+1)---x+k—1) ifk>1,
Xk = .
1 ifk=0

In order to prove Theorem 1.1, we first show the following two lemmas.

Lemma 2.1. Let n be a nonnegative integer. Then

2 1 8% ek 4k -1
" Tondl 22n40) Car1y M=1mod2).
s Cent Deyo =
Ck+ DM 1 L8k k-1
0 = n=0 (mod 2).

22n+1) l; k% (2k — 1)2
Proof. The proofs of these two cases are similar, so we only show the case when n is odd. Set

2n+1
Sf(—l—zmu2+2mk @

Sni= .
! a+20mg

k=1

(21)

We shall complete the proof by making use of the Mathematica package Sigma [7]. Here we list the procedure of compu-

tation in Mathematica.
Step 1: load Sigma and input Sp;
Step 2: use the command GenerateRecurrence to find that S, satisfies

(3+4n)Sp + (=7 — 4n)Sp1 = (13 +20n + 8n?)/(2(1 + n)*> (3 + 2n)?);

Step 3: use the command SolveRecurrence to solve the above recurrence relation and obtain a particular solution

—1-41-8I
Z:l 1 20+2n2
2(3+4n)

and the basic system of solutions {1/(4n + 3)} of the homogeneous version;
Step 4: use the command FindLinearCombination to get another form of S, as follows:

—1-41-81%
2 Zl 17 2Za+2n2
4n+3 2(3+4n)
Thus we deduce the desired identity by substituting n for 2n+1. O

Sn:—
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Lemma 2.2. Let p be an odd prime. Foranyk=1,2, ..., (p — 1)/2, we have:

e TN Y PR T s
= 1-p —— | (mod p~).
(17 16k ; (2j —1)?

Proof. First, by simple computation, we have:

(552), (50), (52 +5-) (552 +5-1))

k
4,<1_[(2J—1—P)(2J—1+P)
j=1

-5 H<21 - H (- %)

Then the desired result follows from

2
M@i-n? _ 3
(1)74k 16k
and
k pz " 1
]1]](17 1)2>_ P Z(z iy (mod v, O

Proof of Theorem 1.1. We will divide our proof into two cases.
Case 1. If p =3 (mod 4).
Substituting (p — 1)/2 for n in (2.1), we have

-1/2 1- —3)/4
@25/(lg5kdgﬁnfﬂb__ 2 1 P2V gk —ak—1

Qk+HM2 K~ pl2p K22k +1)2

k=0
Note that
(p—3)/4

k=1

(p-3)/4

—8k2 — 4k —1 1 1 o
T K 4 ) =——anH

122k + 1) :; <(2k)2 + (2k+1)2> Hip—1)2
and

o0 e-ns
2
P12

in view of (1.4) and (2.2). Thus we arrive at

1
@ @
Hip—1)2 = 5 Hp-1)2 (mod p)

=-2H

(r-3)/2 /1 1
pz R o 3.2 _
Qk+ 112 " p V2=

—7Bp—3 (mod p)
k=0
by (1.4) and (1.1). Therefore, we obtain:

(p—3)/2 (21<)2 o
k
—* ___H“=-7B,_3 (mod
2 2k +1)16k p-3 (mod p)
k=0
in light of (2.2).
Case 2. If p=1 (mod 4).
By setting n = (p — 1)/2 in (2.1), we obtain that

-1/2 1- -1)/4
PSP CEn o 1 PN 8 4 ak— 1

2k TKR2Ek—1)2
=y (k+ 1)) 2p = KR@k-1)

-1

(2.2)
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A discussion similar to the one in the proof of Case 1 gives:
(p—3)/2 (2I<)2
k H® = —7B,_3 (mod p).

Y. s i
pars (2k+1)16

The proof of Theorem 1.1 is now complete. O

3. Proof of Theorem 1.2

We need the known result.

Lemma 3.1.[11, (2.1)] Let p be an odd prime. Then fork € {1,2,...,p

k(Zk) (2(p - k)> = (=1)2/PI"12p (mod p?).
k p—k

Proof of Theorem 1.2. First we show (1.7). Via Sigma, we find that for any nonnegative integer n, we have:

— 1}, we have:

) 1(n§/2(4k+1)(4k2+2k+1)
1 : 3
X":( e+ o) 4 = BEk+1)
k
o k(g ‘ %2:(4k—1)(4k —2k+1)
4 BRk—1)

If p=3 (mod 4), substituting n = (p — 1)/2 into (3.2), we have:

n=0 (mod 2).

~1/2 1— -3)/4
P2 ARk o) 1 P2 4k + D@k +2k+ 1)
Yo 2 LT kg - Y

2 k =
k=1 k(l)k 4 k=1
Clearly,
(p—3)/4
PV 4+ 1)@k + 2k + 1) _eH®, s
3 3 p— :
pa k3Qk + 1)
It follows that
(p=1)/2 [ 1=p\ 14p
Z (T)k(T)k H/(Z) _ —ZHEB) b2
2 k p—1/2°
=1 k(1)

If p=1 (mod 4), letting n = (p — 1)/2 in (3.2), we have:

K32k +1)3

-1)/2 — -1)/4
P2 ARy Ry o 1 P k- 1)@k — 2k + 1)
22K k@ 2 E

k(1)?2 k™ a4

k=1 k=1

K3(2k — 1)3

By a discussion similar to the discussion above, we find that the identity

1)/2
(p—1)/ (12p) (1+p)k @

3
E 7H =—-2H
2 k (p-1)/2
k=1 k(l )k

holds again. Thus, we arrive at
(p—1)/2 (Zk)z

H
§ k (2) 3)
wHk ——ZH(p l)/z_ 12— (modp )
k=1

in view of (1.5), (2.2) and [8, Remark 5.1].
We next show (1.8). Write n = (p — 1)/2. By (2.2), we have

L (=men+ D - (1/2)F 5 1
= 1-— _
k; k(1)2 kg;k(l)ﬁ P 2(21—1)2

j=1

(mod p3).

n=1 (mod?2),

761

(31)

(3.2)
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Via Sigma, we find that

n

(=) + 1)
Z R Kk

— _2H,.
k(1) !

k=1
Sun [11, (1.3)] proved that

n 2
(1/2); 7 5 3
=—-2H, — —=p“B,_3 (mod .
k§=1 k(D)2 n=5P"Bp 3 ( p?)

Thus we deduce that
n 2 k
(1/2); 1 7
=——B,_ dp).
2y LGt = gl medp)

k=1 j=1

So we further obtain

n 2 n 2
(1/2)k Q@) 1 (1/2)k @) 7 5
HY =- H; — —-B,_ 3=——B,_3 (mod
2 M =3 L M 2B = gl (medp)

as desired in view of (1.7).
Now we prove (1.9). In view of (1.8), we have:

-1 2 -1)/2 -1 2
@ H<2>=(p2§/ (1/2); e pz: (%) e

k-16k 2k — k(l)z 2k k" 2k
k=1 k=1 k k=(p+1)/2

5 pzfl () e
— k
=_§BP*3+ WHZR (modp)
k=(p+1)/2

It suffices to show that

p—1 (21()2 5 7
3 k’;WH;k) 5 Bp-3 (mod p).
k=(p+1)/2

By Fermat's little theorem and (3.1), we deduce that

-1 Ky 2 -1)/2 k7 (2) —1)/2 1ckn2 @)
] (zkc) @ _4p° P2 16 Hyp e 1 P/ 164p Hap—ak
Z k16k Hye = =" —————— (mod p).

~ 160 2= 2
k=(p+1)/2 16" 35 3% 43 kB3

Note that szQ)_ =1 (mod p) for each k=1,2,...,(p —1)/2. Thus by [11, (1.4)] we have:
2p—2k

— 2 _
p—1 (Zk) @ l(P 1)/2 16k

D

2k
k=(p+1)/2 =1 k(%)
This concludes the proof. O

1 7
~1 x (=14Bp_3) = EBp_g (mod p).

4. Proof of Theorem 1.3

Lemma 4.1. [10, Lemma 4.2] Let p be an odd prime and writen = (p — 1)/2. Then, fork € {0, ..., n},

(i) 1 2
—  —=1-p —— (mod p°).
(zkk)/(_4)k ; 2j—1

In order to prove Theorem 1.3, we also need some identities as the following ones, which were found by using the
package Sigma:
n k k n k n k n k
n\ (—=1) 1 1 4 1 4H, 1 4
——=——H — + = —_— — = —_—, 41
Y ()T L e 1 e 1 e =

k=1 i k2 (Zkk) k=1 k=1
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LD ) o (DK
—=H;" +2 , (4.2)
I; kz(k) k; k?
S (-DF P2 =14 -2j+1)
P k3 (k) ’;kz 23 —-1)?

YO ZRZHZ( 1) 32( 1)"’ (43)

n k n
(—1)*H, (- 1) H; 1+2( 1)1
I (a9
k=1 k k=1 k=1 " j=1
Proof of (1.10). By (3.1) and the fact that pHpp_ox =1 (mod p) for each k=1,2,---,(p —1)/2, we have:
p—1 21< (p=1)/2 2ky k p—1
1 ) 1 Hy 2p
A  3p e R D e
2 k Hai 24Kk _ 24k 1, 2p—2k
k=1 k*4 k=1 k=4 j=1 2j—1 k=(p+1)/2 k=4 k( p—k )
(r— 1)/2 1 P-1/2 i
= Z 2 ; Z— =5 2 g (Modp). (45)
k= k4 k=1 k3(k<)

It is known that (zkk)/(—4)" = ((p—k1)/2) (mod p). Setting n= (p — 1)/2 in the above identities (4.1)-(4.4), we have:

p—1 2k k
1 1 1
§ k(24)’< (HZk EHk> =~ Hn (H(Z) +2 § ) )

=1 k=1

n

(—1H 1+2( 1))
>y T e Z Z

1
2
n k i n K
1 1+2(-1)/ (=1~
(3)
_(Hn _ZEZT+3Z 3 (mod p).
k=1" j=1 k=1

Note that
n k i n n n i n i
1 (=1) (=1)! 1 (=1) (=1)
ZEZ 2 ZZ 2 EZH” 2 - 2 Hj
k=1 " j=1 j=1 k=j j=1 j=1
and
n k n n n
1 1 1 1 Hi_
— _ (2 j—1
;Zj—z—Zj—z % = HnHn _Z]-—z
k=1" j=1 j=1" k=j j=1
These, together with (1.4), yield that
- 2I< n
1 3.3 1 Hy 1 3
Z A ( *— —Hk> =SHy =2 ) 15 — 3 Hlyy (mod p). (4.6)
=1 k=1

In view of (1.3), (1.5) and [5, Lemma 3.2, (1.3)], we immediately get the result as desired.
Proof of (1.11). Let n=(p — 1)/2. By Lemma 3.1, Lemma 4.1, (4.5) and (4.6), we have:

n k k n k

=Y () e | - o

24k 2 _ 2k

k=1 k =1 k k j=1 2j-1 2 k=1 k3(k)

k n

- (=DFm L () =DF 1 1 4k
B k2 <k)+p > K2 ;21_1_5;’9(2@

k=1




764 G.-S. Mao et al. / C. R. Acad. Sci. Paris, Ser. 1 357 (2019) 756-765
n

_ (D 30 15 He 1.6 2
=2 ) +el5H __Zkz_zHLnﬂJ (mod p%).
k=

k=1

By making use of the package Sigma, we also find that

L (=Dk 1o )
I; k2 (k) —3Hn (H")'

This, together with Hp_1 = ——p Bp 3 (mod p?) in [9], (1.3), (1.5) and [5, Lemma 3.2, (1.3)] yield that

Hep1)/2 _ 7THp
2 4

(mod pz).

M‘
||

k=1

Now the proof of Theorem 1.4 is complete. O
5. Proof of Theorem 1.4

By using the package Sigma in the same way as in Section 2, we obtain the following identities:

(nin/z 1 .
—-2+2 (——7 ifn=1 (mod 2),
(k)2 (2k+ 1)2>

Z( DR Dy, k=t (5.1)
k=1 k(1) ny2 ) ] |

_2;<m_w> ifn =0 (mod 2).

(n—1)/2
—— ifn=1 2
L\ (—)(1 +n) k 1 12 2k +1)2 irn (mod 2),

Nowp mE 3 (52)
— k(l)k =1 2]—] n/2

= 1
-2 _— ifn=0 d?2).
I; Kk —1)2 ifn (mod 2)

Substituting n = (p — 1)/2 into (5.1) and (5.2), we have:

n

k; %1);””{ = H{pa) = 2H( )2 (53)
and

1L (—n)k(1+n)k Ii 1 1H(2) _og®

P k(l)i = 2j—1 2 "Lp/Al (p—1/2°
Hence,

L (—mr(1 4 ) 1 s (—mk(1 4 ) L+ e 1

2 k2 = 72 k(1)2 Hit ) k(1)2 Z2j—1

k=1 k k=1 k k=1 k j=1

= % (H(L?MJ 2H(. 1)/2) + %H(L?/zu 2H 12 = Hipra) = 3HG 1) 2
Therefore,

= (2) -1 2

> WHk =4 (7> (2Ep—3 — E2p_4) (mod p?)

k=1
and

) 1 .
Z k16k Hae = (7) (2Ep-3 — Ezp-a) — §P3p—3 (mod p?)
k=1

in view of (1.2), (1.4), (2.2) and (5.3). Now the proof of Theorem 1.4 is finished. O
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