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In this paper, we establish some combinatorial identities involving harmonic numbers via 
the package Sigma, by which we confirm some conjectural congruences of Z.-W. Sun. For 
example, for any prime p > 3, we have

(p−3)/2∑
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)2
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k ≡ −7B p−3 (mod p),
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2k ≡ B p−3 (mod p),
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k=1

(2k
k

)2

k16k
(H2k − Hk) ≡ − 7

3
pB p−3 (mod p2),

where H(m)
n = ∑n

k=1 1/km (m ∈ Z+ = {1, 2, . . .}) is the n-th harmonic numbers of order m
and Bn is the n-th Bernoulli number.
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r é s u m é

Nous montrons ici, à l’aide du progiciel Sigma, quelques identités combinatoires faisant 
intervenir les nombres harmoniques. Nous établissons ainsi des congruences conjecturées 
par Z.-W. Sun. Par exemple, pour p > 3 premier, on a

(p−3)/2∑
k=0

(2k
k

)2

(2k + 1)16k
H (2)

k ≡ −7B p−3 (mod p),

p−1∑
k=1

(2k
k

)2

k16k
H (2)

2k ≡ B p−3 (mod p),

E-mail addresses: maogsmath@163.com (G.-S. Mao), cwang@smail.nju.edu.cn (C. Wang), 576297794@qq.com (J. Wang).
https://doi.org/10.1016/j.crma.2019.10.005
1631-073X/© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

https://doi.org/10.1016/j.crma.2019.10.005
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:maogsmath@163.com
mailto:cwang@smail.nju.edu.cn
mailto:576297794@qq.com
https://doi.org/10.1016/j.crma.2019.10.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2019.10.005&domain=pdf


G.-S. Mao et al. / C. R. Acad. Sci. Paris, Ser. I 357 (2019) 756–765 757
(p−1)/2∑
k=1

(2k
k

)2

k16k
(H2k − Hk) ≡ − 7

3
pB p−3 (mod p2),

où H(m)
n = ∑n

k=1 1/km (m ∈ {1, 2, . . . }) désigne le n-ième nombre harmonique d’ordre m et 
Bn est le n-ième nombre de Bernoulli.

© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

For m ∈Z+ , define the n-th harmonic numbers of order m as follows,

H (m)
n :=

n∑
k=1

1

km
(n ∈N = {0,1, . . .}),

where H (m)
0 := 0. For the sake of convenience, we often use Hn instead of H (1)

n . So far, lots of number-theoretic properties 
of harmonic numbers have been discovered by mathematicians. For instance, the following celebrated congruences hold for 
any odd prime p,

H p−1 ≡ 0 (mod p2) and H (2)
p−1 ≡ 0 (mod p),

which were showed by J. Wolstenholme [15] in 1862.
The Bernoulli numbers {Bn}n≥0 and Bernoulli polynomials {Bn(x)}n≥0 are defined as follows:

B0 = 1,

n−1∑
k=0

(
n

k

)
Bk = 0 (n = 2,3, . . .),

Bn(x) =
n∑

k=0

(
n

k

)
Bkxn−k (n = 0,1, . . .).

The Bernoulli polynomials play an important role in the study of congruences involving harmonic numbers. In the past 
two decades, Z.-H. Sun [8,9] investigated the congruence relations between harmonic numbers and Bernoulli polynomials 
systematically. For example, he showed that, for any prime p > 5,

B2p−4

2p − 4
≡ B p−3

p − 3
(mod p), (1.1)

H (2)
�p/4� ≡ 4(−1)(p−1)/2(2E p−3 − E2p−4) + 14

3
pB p−3 (mod p2), (1.2)

H (3)
�p/4� ≡ −9B p−3 (mod p), (1.3)

H (2)
(p−1)/2 ≡ 7p

(
B2p−4

2p − 4
− 2

B p−3

p − 3

)
(mod p3), (1.4)

H (3)
(p−1)/2 ≡ 6

(
2

B p−3

p − 3
− B2p−4

2p − 4

)
(mod p2), (1.5)

where {En}n≥0 are the Euler numbers defined by

2

ex + e−x
=

∞∑
n=0

En
xn

n!
(
|x| < π

2

)
.

We can check directly that the above congruences also hold for p = 5.
For more interesting properties of harmonic numbers, one may consult [1–5,8–14,16].
In 2015, Z.-W. Sun [12] showed that, if p > 3 is a prime,

p−1∑ (2k
k

)
4k

Hk ≡ 2 − 2p + 4p2qp(2) (mod p3),
k=0
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(p−1)/2∑
k=0

(
2k

k

)2 H (2)

k

16k
≡ −4E p−3 (mod p)

and

(p−1)/2∑
k=0

(
2k

k

)2 Hk

k16k
≡ 4

(−1

p

)
E p−3 (mod p),

where qp(2) = (2p−1 − 1)/p is the Fermat quotient and (−) is the Legendre symbol. In the same paper, Z.-W. Sun posed 
some conjectures involving harmonic numbers. The first author [5] confirmed two of the conjectures.

With the above backgrounds, we first establish the following results, which confirm some conjectures of Z.-W. Sun [12]
by using the package Sigma. (The readers may consult [6,7] to see how to use such package to find and prove identities.)

Theorem 1.1. For each prime p > 3, we have

(p−3)/2∑
k=0

(2k
k

)2

(2k + 1)16k
H (2)

k ≡ −7B p−3 (mod p). (1.6)

Theorem 1.2. Let p > 3 be a prime. Then

(p−1)/2∑
k=1

(2k
k

)2

k16k
H (2)

k ≡ −12
H p−1

p2
(mod p2), (1.7)

(p−1)/2∑
k=1

(2k
k

)2

k16k
H (2)

2k ≡ −5

2
B p−3 (mod p), (1.8)

p−1∑
k=1

(2k
k

)2

k16k
H (2)

2k ≡ B p−3 (mod p). (1.9)

Theorem 1.3. For each prime p > 3, we have:

p−1∑
k=1

(2k
k

)
H2k

k24k
≡ 5

2
B p−3 (mod p), (1.10)

p−1∑
k=1

(2k
k

)
k24k

≡ − H2
(p−1)/2

2
− 7

4

H p−1

p
(mod p2). (1.11)

Remark 1.1. Actually, there are some more conjectures in [12] that might be proved. For example, for any prime p > 3,

p−1∑
k=1

(2k
k

)
H2k

k4k
≡ 7

3
pB p−3 (mod p2)

and for each prime p > 5,

p−1∑
k=1

(2k
k

)
k24k

≡ − H2
(p−1)/2

2
− 7

4

H p−1

p
(mod p3).

We can prove the first one modulo p in the same way as the proof of (1.10).

In [11], Z.-W. Sun also raised some conjectures involving harmonic numbers, for example, if p > 3 is a prime, then

(p−1)/2∑
k=0

(2k
k

)2

k16k
H2k ≡ 4

(−1

p

)
E p−3 (mod p), (1.12)

(p−1)/2∑
k=0

(2k
k

)2

k16k
(H2k − Hk) ≡ −7

3
pB p−3 (mod p2). (1.13)

The first one was confirmed by the first author [4]. We will prove (1.13) by establishing the following results.
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Theorem 1.4. Let p > 3 be a prime. Then we have

(p−1)/2∑
k=1

(2k
k

)2

k16k
Hk ≡ 4

(−1

p

)
(2E p−3 − E2p−4) (mod p2), (1.14)

(p−1)/2∑
k=1

(2k
k

)2

k16k
H2k ≡ 4

(−1

p

)
(2E p−3 − E2p−4) − 7

3
pB p−3 (mod p2). (1.15)

Remark 1.2. In light of [9, (3.1)], (1.15) is an extension of (1.12).

We now give the outline of this paper. We will prove Theorem 1.1 in Section 2. Theorems 1.2–1.4 will be confirmed in 
Sections 3–5, respectively. The key idea in this paper is that some identities can be found via Sigma when you divide the 
sum into two cases with n odd or even, while you cannot find the identities if you just deal with the sum for n. Another 
idea is that we use 

∑n
j=1 1/(2 j − 1) and Hn to replace H2n because we find that the identities of the sum with H2n is 

difficult to deal with, while the identities of the sum involving 
∑n

j=1 1/(2 j − 1) and Hn are easier.

2. Proof of Theorem 1.1

Recall that for any k ∈N the Pochhammer symbol (x)k is defined by

(x)k :=
{

x(x + 1) · · · (x + k − 1) if k ≥ 1,

1 if k = 0.

In order to prove Theorem 1.1, we first show the following two lemmas.

Lemma 2.1. Let n be a nonnegative integer. Then

n∑
k=0

(−n)k(n + 1)k

(2k + 1)(1)2
k

H (2)

k =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

− 2

2n + 1
+ 1

2(2n + 1)

(n−1)/2∑
k=1

−8k2 − 4k − 1

k2(2k + 1)2
n ≡ 1 (mod 2),

1

2(2n + 1)

n/2∑
k=1

−8k2 + 4k − 1

k2(2k − 1)2
n ≡ 0 (mod 2).

(2.1)

Proof. The proofs of these two cases are similar, so we only show the case when n is odd. Set

Sn :=
2n+1∑
k=1

(−1 − 2n)k(2 + 2n)k

(1 + 2k)(1)2
k

H (2)

k .

We shall complete the proof by making use of the Mathematica package Sigma [7]. Here we list the procedure of compu-
tation in Mathematica.

Step 1: load Sigma and input Sn;
Step 2: use the command GenerateRecurrence to find that Sn satisfies

(3 + 4n)Sn + (−7 − 4n)Sn+1 = (13 + 20n + 8n2)/(2(1 + n)2(3 + 2n)2);
Step 3: use the command SolveRecurrence to solve the above recurrence relation and obtain a particular solution∑n

l=1
−1−4l−8l2

l2(1+2l)2

2(3 + 4n)

and the basic system of solutions {1/(4n + 3)} of the homogeneous version;
Step 4: use the command FindLinearCombination to get another form of Sn as follows:

Sn = − 2

4n + 3
+

∑n
l=1

−1−4l−8l2

l2(1+2l)2

2(3 + 4n)
.

Thus we deduce the desired identity by substituting n for 2n + 1. �
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Lemma 2.2. Let p be an odd prime. For any k = 1, 2, . . . , (p − 1)/2, we have:

(
1−p

2 )k(
1+p

2 )k

(1)2
k

≡
(2k

k

)2

16k

⎛
⎝1 − p2

k∑
j=1

1

(2 j − 1)2

⎞
⎠ (mod p4). (2.2)

Proof. First, by simple computation, we have:(
1 − p

2

)
k

(
1 + p

2

)
k
=

k∏
j=1

((
1 − p

2
+ j − 1

)(
1 + p

2
+ j − 1

))

= 1

4k

k∏
j=1

(2 j − 1 − p)(2 j − 1 + p)

= 1

4k

k∏
j=1

(2 j − 1)2
k∏

j=1

(
1 − p2

(2 j − 1)2

)
.

Then the desired result follows from∏k
j=1(2 j − 1)2

(1)2
k 4k

=
(2k

k

)2

16k

and

k∏
j=1

(
1 − p2

(2 j − 1)2

)
≡ 1 − p2

k∑
j=1

1

(2 j − 1)2
(mod p4). �

Proof of Theorem 1.1. We will divide our proof into two cases.
Case 1. If p ≡ 3 (mod 4).
Substituting (p − 1)/2 for n in (2.1), we have

(p−1)/2∑
k=0

(
1−p

2 )k(
1+p

2 )k

(2k + 1)(1)2
k

H (2)

k = − 2

p
+ 1

2p

(p−3)/4∑
k=1

−8k2 − 4k − 1

k2(2k + 1)2
.

Note that

(p−3)/4∑
k=1

−8k2 − 4k − 1

k2(2k + 1)2
= −4

(p−3)/4∑
k=1

(
1

(2k)2
+ 1

(2k + 1)2

)
= −4(H (2)

(p−1)/2 − 1)

and

(
1−p

2 )(p−1)/2(
1+p

2 )(p−1)/2

p(1)2
(p−1)/2

H (2)
(p−1)/2 ≡ 1

p
H(2)

(p−1)/2 (mod p)

in view of (1.4) and (2.2). Thus we arrive at

(p−3)/2∑
k=0

(
1−p

2 )k(
1+p

2 )k

(2k + 1)(1)2
k

H (2)

k ≡ − 3

p
H(2)

(p−1)/2 ≡ −7B p−3 (mod p)

by (1.4) and (1.1). Therefore, we obtain:

(p−3)/2∑
k=0

(2k
k

)2

(2k + 1)16k
H (2)

k ≡ −7B p−3 (mod p)

in light of (2.2).
Case 2. If p ≡ 1 (mod 4).
By setting n = (p − 1)/2 in (2.1), we obtain that

(p−1)/2∑ (
1−p

2 )k(
1+p

2 )k

(2k + 1)(1)2
H (2)

k = 1

2p

(p−1)/4∑ −8k2 + 4k − 1

k2(2k − 1)2
.

k=0 k k=1
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A discussion similar to the one in the proof of Case 1 gives:

(p−3)/2∑
k=0

(2k
k

)2

(2k + 1)16k
H (2)

k ≡ −7B p−3 (mod p).

The proof of Theorem 1.1 is now complete. �
3. Proof of Theorem 1.2

We need the known result.

Lemma 3.1. [11, (2.1)] Let p be an odd prime. Then for k ∈ {1, 2, . . . , p − 1}, we have:

k

(
2k

k

)(
2(p − k)

p − k

)
≡ (−1)�2k/p�−12p (mod p2). (3.1)

Proof of Theorem 1.2. First we show (1.7). Via Sigma, we find that for any nonnegative integer n, we have:

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

H (2)

k =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−2 − 1

4

(n−1)/2∑
k=1

(4k + 1)(4k2 + 2k + 1)

k3(2k + 1)3
n ≡ 1 (mod 2),

−1

4

n/2∑
k=1

(4k − 1)(4k2 − 2k + 1)

k3(2k − 1)3
n ≡ 0 (mod 2).

(3.2)

If p ≡ 3 (mod 4), substituting n = (p − 1)/2 into (3.2), we have:

(p−1)/2∑
k=1

(
1−p

2 )k(
1+p

2 )k

k(1)2
k

H (2)

k = −2 − 1

4

(p−3)/4∑
k=1

(4k + 1)(4k2 + 2k + 1)

k3(2k + 1)3
.

Clearly,

(p−3)/4∑
k=1

(4k + 1)(4k2 + 2k + 1)

k3(2k + 1)3
= 8H(3)

(p−1)/2 − 8.

It follows that

(p−1)/2∑
k=1

(
1−p

2 )k(
1+p

2 )k

k(1)2
k

H (2)

k = −2H(3)
(p−1)/2.

If p ≡ 1 (mod 4), letting n = (p − 1)/2 in (3.2), we have:

(p−1)/2∑
k=1

(
1−p

2 )k(
1+p

2 )k

k(1)2
k

H (2)

k = −1

4

(p−1)/4∑
k=1

(4k − 1)(4k2 − 2k + 1)

k3(2k − 1)3
.

By a discussion similar to the discussion above, we find that the identity

(p−1)/2∑
k=1

(
1−p

2 )k(
1+p

2 )k

k(1)2
k

H (2)

k = −2H(3)
(p−1)/2

holds again. Thus, we arrive at

(p−1)/2∑
k=1

(2k
k

)2

k16k
H (2)

k ≡ −2H(3)
(p−1)/2 ≡ −12

H p−1

p2
(mod p2)

in view of (1.5), (2.2) and [8, Remark 5.1].
We next show (1.8). Write n = (p − 1)/2. By (2.2), we have

n∑
k=1

(−n)k(n + 1)k

k(1)2
k

≡
n∑

k=0

(1/2)2
k

k(1)2
k

⎛
⎝1 − p2

k∑
j=1

1

(2 j − 1)2

⎞
⎠ (mod p3).
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Via Sigma, we find that

n∑
k=1

(−n)k(n + 1)k

k(1)2
k

= −2Hn.

Sun [11, (1.3)] proved that

n∑
k=1

(1/2)2
k

k(1)2
k

≡ −2Hn − 7

2
p2 B p−3 (mod p3).

Thus we deduce that

n∑
k=1

(1/2)2
k

k(1)2
k

k∑
j=1

1

(2 j − 1)2
≡ −7

2
B p−3 (mod p).

So we further obtain
n∑

k=1

(1/2)2
k

k(1)2
k

H (2)

2k ≡ 1

4

n∑
k=1

(1/2)2
k

k(1)2
k

H (2)

k − 7

2
B p−3 ≡ −5

2
B p−3 (mod p)

as desired in view of (1.7).
Now we prove (1.9). In view of (1.8), we have:

p−1∑
k=1

(2k
k

)2

k16k
H (2)

2k ≡
(p−1)/2∑

k=1

(1/2)2
k

k(1)2
k

H (2)

2k +
p−1∑

k=(p+1)/2

(2k
k

)2

k16k
H (2)

2k

≡ − 5

2
B p−3 +

p−1∑
k=(p+1)/2

(2k
k

)2

k16k
H (2)

2k (mod p).

It suffices to show that

p−1∑
k=(p+1)/2

(2k
k

)2

k16k
H (2)

2k ≡ 7

2
B p−3 (mod p).

By Fermat’s little theorem and (3.1), we deduce that

p−1∑
k=(p+1)/2

(2k
k

)2

k16k
H (2)

2k ≡ 4p2

16p

(p−1)/2∑
k=1

16k H (2)

2p−2k

(p − k)3
(2k

k

)2
≡ −1

4

(p−1)/2∑
k=1

16k p2 H (2)

2p−2k

k3
(2k

k

)2
(mod p).

Note that p2 H (2)

2p−2k ≡ 1 (mod p) for each k = 1, 2, . . . , (p − 1)/2. Thus by [11, (1.4)] we have:

p−1∑
k=(p+1)/2

(2k
k

)2

k16k
H (2)

2k ≡ −1

4

(p−1)/2∑
k=1

16k

k3
(2k

k

)2
≡ −1

4
× (−14B p−3) = 7

2
B p−3 (mod p).

This concludes the proof. �
4. Proof of Theorem 1.3

Lemma 4.1. [10, Lemma 4.2] Let p be an odd prime and write n = (p − 1)/2. Then, for k ∈ {0, . . . , n},(n
k

)
(2k

k

)
/(−4)k

≡ 1 − p
k∑

j=1

1

2 j − 1
(mod p2).

In order to prove Theorem 1.3, we also need some identities as the following ones, which were found by using the 
package Sigma:

n∑(
n

k

)
(−1)k

k2

k∑ 1

2 j − 1
= −1

2
Hn

n∑ 4k

k2
(2k) + 1

2

n∑ 4k Hk

k2
(2k) − 1

2

n∑ 4k

k3
(2k) , (4.1)
k=1 j=1 k=1 k k=1 k k=1 k
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n∑
k=1

(−1)k

k2
(n

k

) = H (2)
n + 2

n∑
k=1

(−1)k

k2
, (4.2)

n∑
k=1

(−1)k

k3
(n

k

) = −Hn −
n∑

k=1

1

k

k∑
j=2

j2 − (−1) j(4 j2 − 2 j + 1)

j2( j − 1)2

= H (3)
n −

n∑
k=1

1

k

k∑
j=1

1 + 2(−1) j

j2
+ 3

n∑
k=1

(−1)k

k3
, (4.3)

n∑
k=1

(−1)k Hk

k2
(n

k

) = 2
n∑

k=1

(−1)k Hk

k2
−

n∑
k=1

1

k

k∑
j=1

1 + 2(−1) j

j2
. (4.4)

Proof of (1.10). By (3.1) and the fact that pH2p−2k ≡ 1 (mod p) for each k = 1, 2, · · · , (p − 1)/2, we have:

p−1∑
k=1

(2k
k

)
k24k

(H2k − 1

2
Hk) ≡

(p−1)/2∑
k=1

(2k
k

)
k24k

k∑
j=1

1

2 j − 1
+

p−1∑
k=(p+1)/2

H2k

k24k

2p

k
(2p−2k

p−k

)

≡
(p−1)/2∑

k=1

(2k
k

)
k24k

k∑
j=1

1

2 j − 1
− 1

2

(p−1)/2∑
k=1

4k

k3
(2k

k

) (mod p). (4.5)

It is known that 
(2k

k

)
/(−4)k ≡ ((p−1)/2

k

)
(mod p). Setting n = (p − 1)/2 in the above identities (4.1)–(4.4), we have:

p−1∑
k=1

(2k
k

)
k24k

(
H2k − 1

2
Hk

)
≡ −1

2
Hn

(
H (2)

n + 2
n∑

k=1

(−1)k

k2

)

+ 1

2

⎛
⎝2

n∑
k=1

(−1)k Hk

k2
−

n∑
k=1

1

k

k∑
j=1

1 + 2(−1) j

j2

⎞
⎠

−
⎛
⎝H (3)

n −
n∑

k=1

1

k

k∑
j=1

1 + 2(−1) j

j2
+ 3

n∑
k=1

(−1)k

k3

⎞
⎠ (mod p).

Note that

n∑
k=1

1

k

k∑
j=1

(−1) j

j2
=

n∑
j=1

(−1) j

j2

n∑
k= j

1

k
= Hn

n∑
j=1

(−1) j

j2
−

n∑
j=1

(−1) j

j2
H j−1

and

n∑
k=1

1

k

k∑
j=1

1

j2
=

n∑
j=1

1

j2

n∑
k= j

1

k
= Hn H (2)

n −
n∑

j=1

H j−1

j2
.

These, together with (1.4), yield that

p−1∑
k=1

(2k
k

)
k24k

(
H2k − 1

2
Hk

)
≡ 3

2
H (3)

n − 1

2

n∑
k=1

Hk

k2
− 1

2
H (3)

�n/2� (mod p). (4.6)

In view of (1.3), (1.5) and [5, Lemma 3.2, (1.3)], we immediately get the result as desired.

Proof of (1.11). Let n = (p − 1)/2. By Lemma 3.1, Lemma 4.1, (4.5) and (4.6), we have:

p−1∑
k=1

(2k
k

)
k24k

≡
n∑

k=1

(−1)k

k2

(
n

k

)⎛
⎝1 + p

k∑
j=1

1

2 j − 1

⎞
⎠ − p

2

n∑
k=1

4k

k3
(2k

k

)

=
n∑

k=1

(−1)k

k2

(
n

k

)
+ p

⎛
⎝ n∑

k=1

(n
k

)
(−1)k

k2

k∑
j=1

1

2 j − 1
− 1

2

n∑
k=1

4k

k3
(2k

k

)
⎞
⎠



764 G.-S. Mao et al. / C. R. Acad. Sci. Paris, Ser. I 357 (2019) 756–765
≡
n∑

k=1

(−1)k

k2

(
n

k

)
+ p

(
3

2
H (3)

n − 1

2

n∑
k=1

Hk

k2
− 1

2
H (3)

�n/2�

)
(mod p2).

By making use of the package Sigma, we also find that

n∑
k=1

(−1)k

k2

(
n

k

)
= −1

2
H (2)

n − 1

2
(Hn)

2.

This, together with H p−1 ≡ − 1
3 p2 B p−3 (mod p3) in [9], (1.3), (1.5) and [5, Lemma 3.2, (1.3)] yield that

p−1∑
k=1

(2k
k

)
k24k

≡ − H2
(p−1)/2

2
− 7

4

H p−1

p
(mod p2).

Now the proof of Theorem 1.4 is complete. �
5. Proof of Theorem 1.4

By using the package Sigma in the same way as in Section 2, we obtain the following identities:

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

Hk =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−2 + 2
(n−1)/2∑

k=1

(
1

(2k)2
− 1

(2k + 1)2

)
if n ≡ 1 (mod 2),

−2
n/2∑
k=1

(
1

(2k − 1)2
− 1

(2k)2

)
if n ≡ 0 (mod 2).

(5.1)

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

k∑
j=1

1

2 j − 1
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−2
(n−1)/2∑

k=0

1

(2k + 1)2
if n ≡ 1 (mod 2),

−2
n/2∑
k=1

1

(2k − 1)2
if n ≡ 0 (mod 2).

(5.2)

Substituting n = (p − 1)/2 into (5.1) and (5.2), we have:

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

Hk = H (2)
�p/4� − 2H(2)

(p−1)/2 (5.3)

and

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

k∑
j=1

1

2 j − 1
= 1

2
H (2)

�p/4� − 2H(2)
(p−1)/2.

Hence,

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

H2k = 1

2

n∑
k=1

(−n)k(1 + n)k

k(1)2
k

Hk +
n∑

k=1

(−n)k(1 + n)k

k(1)2
k

k∑
j=1

1

2 j − 1

= 1

2

(
H (2)

�p/4� − 2H(2)
(p−1)/2

)
+ 1

2
H (2)

�p/4� − 2H(2)
(p−1)/2 = H (2)

�p/4� − 3H(2)
(p−1)/2.

Therefore,

n∑
k=1

(2k
k

)2

k16k
Hk ≡ 4

(−1

p

)(
2E p−3 − E2p−4

)
(mod p2)

and

n∑
k=1

(2k
k

)2

k16k
H2k ≡ 4

(−1

p

)(
2E p−3 − E2p−4

) − 7

3
pB p−3 (mod p2)

in view of (1.2), (1.4), (2.2) and (5.3). Now the proof of Theorem 1.4 is finished. �



G.-S. Mao et al. / C. R. Acad. Sci. Paris, Ser. I 357 (2019) 756–765 765
Acknowledgements

The first author is funded by the Startup Foundation for Introducing Talent of Nanjing University of Information Science 
and Technology (grant 2019r062). The authors would like to thank the referee for his (her) careful reading and valuable 
comments.

References

[1] H.-Q. Cao, H. Pan, Note on some congruences of Lehmer, J. Number Theory 129 (8) (2009) 1813–1819.
[2] Kh. Hessami Pilehrood, T. Hessami Pilehrood, R. Tauraso, New properties of multiple harmonic sums modulo p and p-analogues of Leshchiner’s series, 

Trans. Amer. Math. Soc. 366 (6) (2014) 3131–3159.
[3] G.-S. Mao, Z.-W. Sun, Two congruences involving harmonic numbers with applications, Int. J. Number Theory 12 (2) (2016) 527–539.
[4] G.-S. Mao, Proof of two conjectural supercongruences involving Catalan–Larcombe–French numbers, J. Number Theory 179 (2017) 88–96.
[5] G.-S. Mao, Proof of some congruences conjectured by Z.-W. Sun, Int. J. Number Theory 13 (2017) 1983–1993.
[6] R. Osburn, C. Schneider, Gaussian hypergeometric series and supercongruences, Math. Comput. 78 (2009) 275–292.
[7] C. Schneider, Symbolic summation assists combinatorics, Sémin. Lothar. Comb. 56 (2007) B56b.
[8] Z.-H. Sun, Congruences concerning Bernoulli numbers and Bernoulli polynomials, Discrete Appl. Math. 105 (2000) 193–223.
[9] Z.-H. Sun, Congruences involving Bernoulli and Euler numbers, J. Number Theory 128 (2) (2008) 280–312.

[10] Z.-W. Sun, Super congruences and Euler numbers, Sci. China Math. 54 (2011) 2509–2535.
[11] Z.-W. Sun, p-adic congruences motivated by series, J. Number Theory 134 (2014) 181–196.
[12] Z.-W. Sun, A new series for π3 and related congruences, Internat. J. Math. 26 (8) (2015) 1550055.
[13] Z.-W. Sun, L.-L. Zhao, Arithmetic theory of harmonic numbers (II), Colloq. Math. 130 (1) (2013) 67–78.
[14] R. Tauraso, Supercongruences related to 3 F2(1) involving harmonic numbers, Int. J. Number Theory 14 (4) (2018) 1093–1109.
[15] J. Wolstenholme, On certain properties of prime numbers, Q. J. Math. 5 (1862) 35–39.
[16] L.-L. Zhao, Z.-W. Sun, Some curious congruences modulo primes, J. Number Theory 130 (4) (2010) 930–935.

http://refhub.elsevier.com/S1631-073X(19)30215-8/bib4350s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib484854s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib484854s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib4D53s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib4D31s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib4D32s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib4F53s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib53s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib534832s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib534831s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib537533s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib537532s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib537531s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib5A5331s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib54s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib57s1
http://refhub.elsevier.com/S1631-073X(19)30215-8/bib5A5332s1

	Symbolic summation methods and congruences involving harmonic numbers
	1 Introduction
	2 Proof of Theorem 1.1
	3 Proof of Theorem 1.2
	4 Proof of Theorem 1.3
	5 Proof of Theorem 1.4
	Acknowledgements
	References


