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SCATTERING MATRICES AND SCATTERING
GEODESICS OF LOCALLY SYMMETRIC SPACES

BY LIZHEN JI AND MACIEJ ZWORSKI

ABSTRACT. – Let Γ/X be a Q-rank one locally symmetric space. We describe the frequencies of
oscillation of scattering matrices onΓ/X in the energy variable in terms of sojourn times of scattering
geodesics. Scattering geodesics are the geodesics which move to infinity in both directions and are distance
minimizing near both infinities. The sojourn time of a scattering geodesic is the time it spends in a fixed
compact region. The frequencies of oscillation come from the singularities of the Fourier transforms of
scattering matrices and we show that these occur atsojourn timesof scattering geodesics on the locally
symmetric space. This generalizes a result of Guillemin obtained in the case of finite volume noncompact
Riemann surfaces. 2001 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – SoitΓ/X un espace localement symétrique de rang 1 surQ. Nous décrivons les fréquences
d’oscillations de la matrice de scattering deΓ/X dans les variables d’énergie. Définissons pour cela les
géodésiques de scattering de l’espace localement symétrique comme les géodésiques atteignant l’infini à
leurs deux extrémités, et qui sont minimisantes au voisinage de l’infini. Appelons temps de séjour d’une telle
géodésique le temps qu’elle passe dans un domaine compact fixé. Nous prouvons que les singularités de
la transformée de Fourier (relativement au paramètre d’énergie) de la matrice de scattering sont contenues
dans l’ensemble des temps de séjour, et décrivons la nature de ces singularités. Cela généralise un résultat
de Guillemin obtenu dans le cas des surfaces de Riemann non compactes de volume fini. 2001 Éditions
scientifiques et médicales Elsevier SAS

1. Introduction

The purpose of this paper is to describe the frequencies of oscillation (in the energy variable) of
scattering matrices onQ-rank one locally symmetric spacesΓ\X . In other words, we describe
the singularities of the Fourier transforms (with respect to the energy parameter) of scattering
matrices and show that they occur atsojourn timesof scattering geodesics on the locally
symmetric space. This generalizes a result of Guillemin [9] obtained in the case of finite volume
noncompact Riemann surfaces. In the case whenQ-rank is greater than one, the method of this
paper would also give some results (see Remarks at the end of Section 3) but we restrict ourselves
to a simpler case at this early stage.

Scattering geodesics are the geodesics which move to infinity in both directions and are
distance minimizing near both infinities – see Proposition 2.5 and Definition 2.4 for a more
direct geometric description. The sojourn time of a scattering geodesic is, roughly speaking, the
time it spends in a fixed compact region.

Let X =G/K be a symmetric space of noncompact type, andΓ ⊂G an arithmetic discrete
subgroup of finite covolume. ThenΓ\X is a locally symmetric space of finite volume. When
Γ\X is noncompact, it has both discrete and continuous spectra. The continuous spectrum is
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given by the Eisenstein series, and the constant terms of the Eisenstein series along rational
parabolic subgroups are described by the scattering matrices. For generalΓ\X , the Eisenstein
series and scattering matrices were studied by Langlands in [18] (see Lemma 3.5 and (3.3)
below). Roughly speaking, the scattering matrices measure the density of the continuous
spectrum, and their analytic properties and functional equations play an important role in the
Langlands’ program (see [19]).

The scattering matrices in theQ-rank one case take a particularly simple form. Specifically, in
theQ-rank case, there is a one-to-one correspondence between the set of ends ofΓ\X and the
set ofΓ-conjugacy classes of rational parabolic subgroups. Topologically, each end is a cylinder.
For each end of the space, let us denote the associated parabolic subgroup byP . We associate
to it a compact locally symmetric space,ΓXP \XP , of smaller dimension (see Proposition 2.3).
Then, a section of the topological end associated withP is a fiber bundle overΓXP \XP , with
fiber equal toΓNP \NP , a compact quotient of a unipotent groupNP . LetP1, . . . , Pn be a set of
representatives ofΓ-conjugacy classes of rational parabolic subgroups. For eachµ ∈R we then
consider the direct sum of theµ-eigenspaces of the Laplacians onΓXPi

\XPi , i= 1, . . . , n. The
scattering matrixSµ (also denoted bycµ below) is a unitary operator on that space. Forµ= 0,
the dimension of the space is equal to the number of the ends ofΓ\X , and it is non-zero only for
a discrete set ofµ’s in

⋃n
i=1 Spec(ΓPi\XPi). For a particular orthonormal basis of eigenvectors

corresponding toµ,

φµ1 , . . . , φ
µ
K(µ), φµj ∈ L2(ΓXPk(j)

\XPk(j)),(1.1)

whereK(µ) is the dimension of the direct sum of the eigenspaces, andk(j) ∈ {1, . . . , n} is
the unique index such thatφµj is an eigenfunction onΓXPk(j)

\XPk(j) , we have the following

expression for the scattering matrixSµ(λ):

Sµ(λ) =
{
sµij(−iλ)

}
1�i,j�K(µ)

.

The operatorSµ(λ) is meromorphic inλ ∈ C (we are in theQ-rank one case) and we are
interested in values ofλ ∈R, corresponding to the continuous spectrum.

Using this notation we can now state our results. The detailed definitions of all other objects
appearing in the statement will be given in Section 2.

THEOREM 1. – LetΓ\X be aQ-rank one locally symmetric space. Forl,m∈ {1, . . . , n}, let
Tlm ⊂ R be the set of sojourn times of scattering geodesics between the ends corresponding to
parabolic subgroupsPl andPm. ThenTlm is discrete and for eachT ∈ Tlm the corresponding
scattering geodesics form a smooth family parametrized by a common finite coverXT,ml of
ΓXPl

\XPl
andΓXPm

\XPm with projections

XT,ml

πl,T ↙↘ πm,T

ΓXPl
\XPl

ΓXPm
\XPm

(1.2)

defined in(2.4).

If we think of the geometric Theorem 1 as aclassicalstatement, the next theorem provides the
correspondingquantumproperty of locally symmetric spaces. It partially answers [16, Question
13.17.2].

To formulate it, we need to discuss the structure ofΓ\X more – it will be carefully reviewed
in Section 2. As recalled above, to each infinite end we associate a parabolic subgroupP , which
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admits the Langlands decompositionNPMPAP . LetΦ+(P,AP ) be the set of the roots ina∗P of
the adjoint action ofAP onNP . We then define

2ρ= 2ρP = sum of the roots inΦ+(P,AP ),(1.3)

where we add with multiplicities equal to the dimensions of the root spaces. In theQ-rank one
case,dimAP = 1, anda∗P can be identified withR such that the norm ona∗P defined by the
Killing form is equal to the standard Euclidean norm ofR and the roots inΦ+(P,AP ) and hence
ρP are identified with positive numbers. Thenρ is the same positive number for all rational
parabolic subgroupsP . The groupNP can be identified with the Riemannian submanifoldNPx0

in X , wherex0 =K ∈X =G/K . We then have a natural quotientΓNP \NP , ΓNP = Γ ∩NP ,
also equipped with a Riemannian density.

THEOREM 2. – Let Γ\X be a Q-rank 1 locally symmetric space, andsµij(λ) be the
components of the scattering matrix for the eigenvalueµ with respect to the orthonormal basis
φµ1 , . . . , φ

µ
K(µ) as above. Letl = k(i),m= k(j) ∈ {1, . . . , n} be defined as in1.1, andTlm the

set of sojourn times between the ends ofPl andPm as in Theorem1. Then

sing supp ŝµij ⊂ Tlm,

and, more precisely,̂sµij(t) is equal to

∑
T∈Tlm

e−ρT
(2π)−e

ml
T /2+1

vmvl

( ∫
XT,ml

π∗
l,Tφiπ

∗
m,Tφj

)∑
±
(t− T ± i0)−1/2−eml

T /2
(
1 + gmlT (t)

)
,

wheregmlT are smooth in a neighbourhood ofT , gmlT (T ) = 0,

emlT = dimXT,ml,

vp is the volume ofΓNPp
\NPp with respect to the induced Riemannian metric,p = l,m, ρ is

given by(1.3), and the integration overXT,ml is with respect to the Riemannian density.

The statement of the theorem can be transformed into a statement about the frequencies of
oscillations of the scattering matrix. Suppose thatφ ∈ C∞c (R). Then

sµij ∗ φ̂(λ) =
∑

T∈suppφ∩Tlm

amlT,φ(λ)e
−iTλ +Oφ

(
λ−∞),

amlT,φ(λ) =
∑
k�0

amlT,φ,kλ
eml

T /2−1/2−k,
(1.4)

with coefficients easily determined from the leading coefficient in Theorem 2 and the Taylor
expansion ofgmlT atT . It is possible (see (1.5) below) that a finer analysis based on less general
methods will give an expansion without the need for a cut-offφ.

As mentioned above, whenX = SL(2,R)/SO(2) andΓ is a co-finite discrete subgroup of
SL(2,R), the result is due to Guillemin [9], [10]. In that case the only contribution comes from
µ= 0, the spacesXT,ml reduce to points andm, l range from one to the number of cusp ends.
The argument of [9] was a direct computation, and in a more general case of a non-constant
curvature, an application of the method coming from Euclidean scattering. It was based on the
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construction of wave operators using the theory of Fourier Integral Operators. A nice feature
of the Riemann surface case is that the same theorem holds if a compactly supported metric
perturbation is introduced. In Theorem 2 that isnot the case. The spectral decomposition changes
dramatically when the structure of a locally symmetric space is perturbed and we do not know
a proper analogue of the quantum statement. Similarly, the structure of scattering geodesics will
also change dramatically under perturbations: for example, the set of sojourn times may not be
discrete anymore.

To compare with (1.4), we recall Guillemin’s explicit expansion in the case ofΓ\H2:

sij(λ) = c(λ)
∑
T∈Tij

e−T/2e−iλT , c(λ) =

∞∫
−∞

dq
(1 + q2)1/2+iλ

,(1.5)

where now we only haveµ= 0 andk(i) = i, k(j) = j, index the cusps.
In this paper, rather than to follow [9] and construct the wave operators or to study Eisenstein

series explicitly, we adapt an observation of Zelditch [25]. It was in turn inspired byKuznecov
sum formulæ: the real part of the scattering matrix can be given as an integral of the wave group
over horocycles (see Proposition 4.1). That gives an easy way for understanding the singularities
of the Fourier transform of the real part of the scattering matrix [25, (2.10),(2.12)]. We observe
(Lemma 5.1) that we can also obtain singularities of the Fourier transform of the scattering matrix
itself that way. Once the geometry is understood (Theorem 1 and Section 2), the same method
applies in the case studied here.

We also point out that in the Euclidean setting, sojourn times are an old object of classical (and
semi-classical) scattering. For that, and for pointers to recent work, we refer to [22].

2. Geometry of locally symmetric spaces

In this section, we define arithmetic subgroups, locally symmetric spaces and their geometry
at infinity. The geometry at infinity is needed to understand scattering geodesics and hence their
sojourn time, and is also crucial to understanding the continuous spectrum and the spectral
decomposition. Though we will mainly study locally symmetric spaces ofQ-rank 1 in §4 and
§5, we formulate some results in §2 and §3 without this restriction. An important class ofQ-rank
1 locally symmetric spaces consists of Hilbert modular varieties (see [7]).

We begin by recalling some notions from algebraic group theory. The references are [1–4].
Let G =G(C) be a connected semisimple linear algebraic group defined overQ, G =G(R)
the real locus ofG, which is a semisimple Lie group with finitely many connected components.
Let K ⊂G be a maximal compact subgroup. The Killing form of the Lie algebra ofG defines
a G-invariant Riemannian metric onX = G/K , andX is a Riemannian symmetric space of
noncompact type.

DEFINITION 2.1. – A subgroupΓ of the rational locusG(Q) of G is called an arithmetic
subgroup if under an embeddingG→GL(n,C) which is defined overQ, Γ is commensurable
to G∩GL(n,Z).

The embeddingG→ GL(n,C) exists becauseG is by definition a linear algebraic group
defined overQ. The class of arithmetic subgroups is well-defined and does not depend on
the embeddingG→ GL(n,C). Furthermore, a result of Selberg [24, Lemma 8] says that any
arithmetic subgroup has a subgroup of finite index which is torsion free, and which is also clearly
arithmetic.
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Any torsion free arithmetic subgroupΓ acts properly discontinuously and fixed point freely
onX , and the quotientΓ\X is a locally symmetric space of finite volume. In the following, we
assume thatΓ is torsion free, andΓ\X is noncompact . A good example to keep in mind while
reading this paper isΓ = Γn = {g ∈ SL(n,Z) | g ≡ Id mod n}, andX is the space of positive
definite unimodular matrices.

The first natural question is to understand the geometry ofΓ\X near infinity, and hence to see
how geodesics and points ofΓ\X go to infinity. For this purpose, we need to recall the reduction
theory, in particular, rational parabolic subgroups and their Langlands decomposition.

A closed subgroupP of G is called a parabolic subgroup ifP contains a maximal connected
solvable subgroup, i.e., a Borel subgroup, ofG. This condition is equivalent to the condition that
the quotientP\G is compact (or a projective variety, to be precise). IfP is defined overQ, P is
called a rational parabolic subgroup.

For any rational parabolic subgroupP, let NP be the greatest unipotent normal subgroup
of P, which is called the unipotent radical ofP and is defined overQ. WhenG = SL(n), the
subgroup of upper triangular matrices is a rational parabolic subgroupP, andNP is the subgroup
of upper triangular matrices with 1 on the diagonal, i.e., unipotent upper triangular matrices. The
quotientNP \P is called the Levi quotient ofP and is a reductive algebraic group defined over
Q, denoted byLP .

To decomposeP, we need to liftLP to a subgroup ofP (see [4, §1]). Letx0 =K ∈X =G/K
be a fixed basepoint. Then there is a unique liftix0 :LP → P such thatix0(LP ) is a closed
subgroup ofG stable under the Cartan involutionθ associated withK . In the following,ix0 is
also denoted byi0 for simplicity.

Let NP = NP (R), P = P(R),L = L(R). Let SP be the maximal torus inLP split over
Q, i.e., isomorphic toC× over Q, and letAP = SP (R)0, the identity component of the real
locusSP (R). Then there is a complementary subgroupMP of LP defined overQ such that
LP =MPAP �MP ×AP , whereMP =MP (R).

Under the lifti0 :LP →P, we identityAP ,MP with their imagesi0(AP ), i0(MP ) in P . Then
we have the following (rational) Langlands decomposition ofP :

P =NPMPAP �NP ×MP ×AP ,(2.1)

i.e., the map(n,m,a)→ nma is a diffeomorphism fromNP ×AP ×MP to P . The dimension
of AP is called the split rank ofP, and theQ-rank ofG is the maximum of the split rank of all
rational parabolic subgroupsP of G.

When theQ-rank of G is equal to 1,Γ\X is called aQ-rank 1 locally symmetric space.
More generally, theQ-rank of G is also called theQ-rank of Γ\X . For n � 2, the space
SL(n,Z)\SL(n,R)/SO(n) hasQ-rankn − 1, and hence is ofQ-rank 1 if and only ifn = 2.
An important classΓ\X of Q-rank 1 consists of Hilbert modular varieties. See [7] for details.

SinceG= PK , the parabolic subgroupP acts transitively onX =G/K , and the Langlands
decomposition ofP induces the following horospherical decomposition ofX :

X ∼=NP ×MP /(K ∩ P )×AP ,(2.2)

where the map is given by(n,a,m(K∩P ), a)→ namK ∈X . Note that this map is well-defined
sinceAP ,MP commute. In the above identification, we used the fact thatK ∩ P =K ∩MP is
a maximal compact subgroup ofMP . DenoteK ∩MP by KP , andMP /KP by XP , called
the boundary symmetric space associated with the rational parabolic subgroupP . Then the
horospherical decomposition can be written as

X =NP ×XP ×AP .(2.3)
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This is a basic decomposition in this paper and plays an important role in describing the
geometry at infinity ofΓ\X and the continuous spectrum ofΓ\X . WhenX = SL(2,R)/SO(2)
is identified with the upper half plane andP consists of upper triangular matrices,XP reduces to
a point,NP corresponds to thex-coordinates, andAP to they-coordinates. For a generalQ-rank
1 spaceΓ\X , XP is nontrivial. For example, for the Hilbert modular varieties in [7],XP is an
Euclidean space.

In the following, the coordinates of a pointx ∈ X in this horospherical decomposition are
denoted by

x=
(
n(x),m(x), a(x)

)
∈NP ×XP ×AP .

Let aP be the Lie algebra ofAP , thenH(x) = loga(x) ∈ aP , andx is also written as

x=
(
n(x),m(x), eH(x)

)
.

The arithmetic subgroupΓ induces several subgroups. LetΓNP = Γ ∩NP . ThenΓNP is a
cocompact discrete subgroup inNP . Under the projectionP → LP , the subgroupΓP = Γ ∩ P
is mapped to an arithmetic subgroup ofLP , which turns out to be contained inMP . Denote
this image inMP by ΓXP and identify it with its lift in P underi0. ThenΓXP acts properly
discontinuously onXP with a quotient of finite volume. In general,ΓXP is not torsion free even
if Γ is. On the other hand, if we assumeΓ to be neat, i.e., every element inΓ realized as a matrix
via a linear embedding ofG has no root of unity except 1 as an eigenvalue, thenΓ is torsion free,
and furthermore,ΓXP is also torsion free. It is known that any arithmetic subgroup contains a
neat subgroup of finite index. In fact, the neat condition is motivated by this property. (See [1,
§17].) For convenience, we assume in the rest of the paper thatΓ is neat. The quotientΓXP \XP
is a smooth locally symmetric space and called the boundary component ofΓ\X associated with
the rational parabolic subgroupP .

LetΦ+(P,AP ) be the set of roots of the adjoint action ofAP onNP . For any real numberr,
define

AP,r =
{
a ∈AP | α(log a)> r, for all α ∈Φ+(P,AP )

}
,

in particular, whenr = 0, AP,r is the positive chamberA+
P . The corresponding chamber in

aP is denoted bya+
P = logA+

P . For any bounded setw in NP × XP , the setw × AP,r
in NP × XP × AP � X is called a Siegel set ofX associated with the rational parabolic
subgroupP .

The main result in the reduction theory of arithmetic subgroups can be summarized as follows
(see [3],[23]).

PROPOSITION 2.2. –There are only finitely manyΓ-conjugacy classes of(proper) rational
parabolic subgroups ofG. LetP1, . . . , Pn be a set of representatives of these conjugacy classes.
For everyr � 0, and eachPi, there is a bounded setwi = wi(r) such thatwi is mapped
injectively to a compact set inΓP \NP × XP and wi × APi,r is injectively intoΓ\X under
the mapπ :X =NP ×XP ×AP → Γ\X , and there is also a compact setw0 =w0(r) in Γ\X
such that the following disjoint decomposition holds:

Γ\X =w0 ∪
n∐
i=1

π(wi ×APi,r).

For convenience, we often identifywi×APi,r with its imageπ(wi×APi,r) in Γ\X . Basically,
the reduction theory says that the noncompactness ofΓ\X comes from the Siegel sets of rational
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parabolic subgroups. For the case of a Riemann surfaceΓ\H , each Siegel setπ(wi × APi,r)
corresponds to a cusp neighborhood ofΓ\H . So, in general, we can say that there is a one-to-
one correspondence between the “cusps” ofΓ\X andΓ-conjugacy classes of rational parabolic
subgroups ofG.

In theQ-rank 1 case, the shape ofΓ\X near infinity and the reduction theory can be described
more explicitly as follows. In this case, all rational parabolic subgroupsPi have split rank 1, i.e.,
dimAPi = 1, andΓXPi

\XPi is a compact locally symmetric space. SinceΓPi , ΓNPi
andΓXPi

fit into an exact sequence0→ ΓNPi
→ ΓPi → ΓXPi

→ 0, andΓNPi
is a normal subgroup ofΓPi ,

the quotientΓPi\(NPi ×XPi) is a fiber bundle overΓXPi
\XPi with fiber equal toΓNPi

\NPi ,
which is a compact nilmanifold. The bundleΓPi\(NPi ×XPi) admits a flat connection whose
(horizontal) sections are images of{n} × XPi . Such sections will appear later as parameter
spaces for scattering geodesics.

PROPOSITION 2.3. – AssumeG is of Q-rank 1, i.e., theQ-rank of Γ\X is equal to1.
Whenr� 0, two points inNPi × XPi × APi,r ⊂ X are Γ-equivalent if and only if they are
ΓPi -equivalent, and henceΓPi\NPi ×XPi ×APi,r is mapped injectively intoΓ\X under the
projectionΓPi\X→ Γ\X . Each subsetΓPi\NPi ×XPi ×APi,r is a topological cylinder with
a section equal toΓPi\NPi ×XPi , and is an end ofΓ\X . Furthermore, all ends ofΓ\X are of
this form, and hence there exists a compact subsetw0 ⊂ Γ\X such thatΓ\X admits a disjoint
decomposition:

Γ\X =w0 ∪
n∐
i=1

ΓPi\NPi ×XPi ×APi,r .

Briefly, the above proposition says that in theQ-rank 1 case, all the ends ofΓ\X are
topological cylinders, with one end corresponding to oneΓ-conjugacy class of rational parabolic
subgroups. On the other hand, we would like to emphasize that each end is not a metric cylinder
which is defined to be an isometric productR�0 × B, whereB is a compact Riemannian
manifold. In fact, in the decomposition

ΓPi\(NPi ×XPi ×APi,r ) = (ΓPi\NPi ×XPi)×APi,r ,

when theAPi,r -component goes to the positive infinity, the fibersΓNPi
\NPi in the bundle

ΓPi\NPi ×XPi shrink exponentially while the baseΓXPi
\XPi stays fixed. In a certain sense, an

end of aQ-rank 1 locally symmetric spaceΓ\X is combination of a cusp of a Riemann surface
and a (metric) cylindrical end, where the shrinking factorΓNPi

\NPi corresponds to the horocycle
of a cusp, andΓXPi

\XPi corresponds to a section of a cylindrical end. This combination will also
be reflected in the description of the spectral decomposition ofΓ\X , in particular, the continuous
spectrum.

Next we study geodesics inΓ\X which run from one “cusp” to another one, the so-called
scattering geodesics.

DEFINITION 2.4. – A geodesicγ : (−∞,∞)→ Γ\X is called a scattering geodesic if there
exist two numberst1 < t2 and two rational parabolic subgroupsPi, Pj such that (1) for all
t � t2, γ(t) ∈ wi ×APi,r in Proposition 2.2 for some larger, and in the decompositionγ(t) =
(n,m,a(t)), the componentsn,m are independent oft for t � t2, and loga(t) = tH + H0,
whereH0 ∈ aP , H ∈ a

+
P . (2) The same conditions are satisfied byγ(t) for t� t1 with respect to

the rational parabolic subgroupPj , andloga(t) =−tH+H0. (Note that the minus sign in front
of s is needed sincet→−∞ in this case.) When the above conditions are satisfied,γ is called
a scattering geodesics between the ends associated withPi, Pj , or a scattering geodesic fromPi
to Pj .
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In theQ-rank 1 case, a scattering geodesicγ runs from the infinity of one end to the infinity
of another end, and inside each end, the coordinate on the sectionΓPi\NPi ×XPi is constant.
This latter condition is automatically satisfied for Riemann surfaces. On the other hand, in the
generalQ-rank 1 case, there are geodesics going out to infinity of an end which do not satisfy
this condition, i.e., the component ofΓXPi

\XPi is not constant and they spiral out to infinity.
Therefore, in the generalQ-rank 1 case, scattering geodesics are not exactly the geodesics going
from one end to another. But the additional condition imposed in the above definition is natural
in view of the following result (see [16]).

PROPOSITION 2.5. – A geodesicγ in Γ\X is a scattering geodesic if and only if there exist
two numberst1 < t2 such that both raysγ(t), t � t2;γ(t), t � t1 are distance minimizing in
Γ\X , i.e.,γ is eventually distance minimizing in both directions.

More importantly, the condition on the scattering geodesics is also natural from the point of
view of microlocal analysis, in particular, the wave equation as seen below. In the following, we
only consider scattering geodesics between parabolic subgroups of rank 1.

For each parabolic subgroupP of rank 1, i.e.,dimAP = 1, and for every sufficiently large
heightr, let YP,r = ΓP \NP ×XP × {r}, a section at heightr of the end associated withP .
ThenYP,r is a codimension 1 submanifold inΓ\X . Let NYP,r be the normal bundle ofYP,r .
The complement of the zero section inNYP,r has two connected components. Denote the one
containing the positive directionA+

P byN+YP,r, and the other component byN−YP,r . Then we
have the following characterization of scattering geodesics.

PROPOSITION 2.6. – A geodesicγ(t) is a scattering geodesic from a parabolic subgroupPi
to another parabolic subgroupPj if and only if for every sufficiently larger, there existt1, t2
such thatγ(t1) ∈ YPi,r, γ

′(t1) ∈N+YPi,r, andγ(t2) ∈ YPj ,r, γ
′(t2) ∈N−YPj ,r .

Proof. –If γ(t) is a scattering geodesic, it is clear that it satisfies the conditions in the
proposition. On the other hand, ifγ(t) satisfies the above condition, then a liftγ̃ of γ(t) in
the universal covering spaceX is of the form γ̃(t) = (ni,mi, ai(t)) ∈ NPi × XPi × APi in
the horospherical decomposition ofX with respect toPi, whereni,mi are independent oft,
and logai(t) is linear in t. The reason for these expressions is that every geodesic inX is of
the form(n,m, exp(H0 + tH)) ∈NP ×XP ×AP for a unique real parabolic subgroupP of
G, wheren ∈NP , m ∈XP , andH ∈ a

+
P . Since theAPi component of̃γ(t) goes to+∞ when

t→+∞, it is clear thatAPi ⊂AP andP ⊂ Pi. The conditions̃γ(t1) ∈ ỸPi,r =NPi×XPi×{r}
and γ̃′(t1) ∈ N+ỸPi,r imply thatAP = APi and henceP = Pi. By considering the direction
t→−∞, we get a similar expression for another liftγ̃(t) in the horospherical decomposition
determined byPj . These expressions imply thatγ(t) is a scattering geodesic as defined in
Definition 2.4. ✷

An important invariant of a scattering geodesics is its sojourn time. In the following, all
geodesics have unit speed and are directed.

DEFINITION 2.7. – Letr be a sufficiently large height, as in Proposition 2.2. For a scattering
geodesicγ(t) as in Definition 2.4, lett2(r) be the largest numbert such thatγ(t) ∈ YPi,r

the first time ast decreases from+∞. Similarly, let t1(r) be the smallest numbert such that
γ(t) ∈ YPj ,r for the first time ast increases from−∞. Then thesojourn timeof γ is defined to
bet2(r)− t1(r)− 2r, and will be denoted byT (γ).

We observe thatt2(r′) − t2(r) = t1(r) − t1(r′) = r − r′ and hencet2(r) − t1(r) − 2r is
independent of the heightr. The sojourn times defined with this modification are not necessarily
positive, though they are uniformly bounded from below by−2r.
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In the case of Riemann surfaces, this sojourn time was first introduced by Guillemin [9]. In
theQ-rank 1 case, the sojourn time of a scattering geodesic is the length of the geodesic segment
between two sectionsYPi,r, PPj ,r of the ends ofPi, Pj at the heightr modified by the heightr
so that it is independent ofr.

PROPOSITION 2.8. –If X has strictly negative sectional curvature, i.e., the rank ofX (or
the R-rank of G) is equal to1, then there are countably infinitely many scattering geodesics
between every pair of ends, and their sojourn times form a discrete sequence of numbers with
finite multiplicity inR.

Proof. –Two unit speed geodesicsγ(t), γ′(t) in X are defined to be equivalent if

lim
t→+∞

supd
(
γ(t), γ′(t)

)
<+∞.

Let X(∞) be the set of equivalence classes of geodesics inX , called the sphere at infinity, and
X ∪ X(∞) the usual geodesic compactification. Since the rank ofX is equal to 1, there is a
one-to-one correspondence between real parabolic subgroups ofG and the points inX(∞), and
furthermore, for any two distinct pointsp, q in X(∞), there is a unique geodesicγ(t) in X
such thatlimt→+∞ γ(t) = p, andlimt→−∞ γ(t) = q. For each parabolic subgroupP , denote the
corresponding point inX(∞) by [P ].

Fix two representativesPi, Pj of Γ-conjugacy classes of rational parabolic subgroups as in
Proposition 2.2. For any two rational parabolic subgroupsP ′

i , P
′
j which areΓ-equivalent to

Pi, Pj , let γ(t) be the unique geodesic connecting the points[P ′
i ], [P

′
j ] as above. Then the image

of γ in Γ\X is a scattering geodesic from the end ofPi to the end ofPj . Conversely, any
scattering geodesic from the end ofPi to that ofPj is of this form.

To show that the sojourn times form a discrete sequence, we denote the unique geodesicγ(t) in
X connecting[P ′

i ], [P
′
j ] by P ′

i , P
′
j . Then every scattering geodesic connecting the ends ofPi, Pj

is the image inΓ\X of one of the geodesics in the union⋃
γ∈ΓPi

\Γ
γ−1Piγ,Pj.

As γ runs over the cosets and off to infinity, it can be shown that the sojourn time of the geodesic
γ−1Piγ,Pj goes to infinity. The reason is that the sojourn time ofγ−1Piγ,Pj is greater than the
norm of theaPi -component ofγ in the Langlands decomposition, up to a constant independent
of γ. By the proof of absolute convergence of Eisenstein series for large parameters (see [11,
§2]), these norms form a discrete sequence. This implies that the sojourn times of the scattering
geodesics between the ends ofPi andPj form a discrete sequence. SinceΓ\X has only finitely
many ends, the discreteness of the spectrum of the sojourn times ofΓ\X follows. ✷

An immediate corollary of the above proposition is that if theR-rank ofG is equal to 1, the
scattering geodesics ofΓ\X are isolated. On the other hand, if theR-rank ofG is greater than
one, scattering geodesics are often embedded in smooth, non-discrete families.

PROPOSITION 2.9. –Assume that theQ-rank of G is equal to1. Let γ(t) be a scattering
geodesic inΓ\X between the ends associated with two rational parabolic subgroupsPi andPj .
Thenγ(t) lies in a smooth family of scattering geodesics of the same sojourn time parametrized
by a common finite covering spaceXT,ij of the boundary locally symmetric spacesΓXPi

\XPi

andΓXPj
\XPj .

Proof. –First, we assume that a lift̃γ(t) in X of γ(t) is of the formγ̃(t) = (id,m,a(t)) ∈
NPi ×XPi × APi,r , wherem ∈XPi , a(t) = expH0 + tH,H ∈ a

+
Pi

. Let P−
i be the opposite
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parabolic subgroup ofPi with respect to the split componentAPi , i.e., P−
i = N−

Pi
MPiAPi ,

where the Lie algebra ofN−
Pi

is equal to sum of the root spaces of the roots−α, for
α ∈ Φ+(P,APi ). Since theNPi component of̃γ(t) is trivial, the horospherical coordinates of
γ̃(t) for Pi are also the horospherical coordinates forP−

i . Therefore,̃γ(t) is a scattering geodesic
betweenPi andP−

i . By assumption,̃γ(t) is a scattering geodesic betweenPi and aΓ-conjugate
of Pj . This implies thatP−

i is a rational parabolic subgroup, hence the lifted Levi quotient
i0(MPiAPi), which is also denoted byMPiAPi , is given byMPiAPi = Pi ∩ P−

i and hence is a
rational subgroup. In particular, the lifted subgroupMPi = ix0(MPi) is defined overQ, and the
split componentAPi is also rational.

The above argument shows that in the equationγ̃(t) = (id ,m, a(t)), the componentm can
be changed to another point inXPi andγ̃(t) is still a scattering geodesic betweenPi andP−

i .
It is clear that the sojourn time of̃γ(t) does not depend onm. The projections of two such
geodesics̃γ1(t) = (id ,m1, a(t)), γ̃2(t) = (id ,m2, a(t)) in Γ\X define the same geodesic if and
only if there exists an elementγ ∈ Γ such thatγm1 =m2. This implies thatγ ∈MPi and hence
γ ∈ Γ ∩MPi = ΓPi ∩MPi . Therefore, the projectionγ(t) of γ̃(t) = (id ,m, a(t)) in Γ\X only
depends on the image ofm in the quotientΓPi ∩MPi\XPi , and hence the scattering geodesic
γ(t) belongs to a smooth family parametrized byΓPi ∩MPi\XPi . The spaceΓPi ∩MPi\XPi

can be identified with the image of{id} ×XPi in the bundleΓPi\NPi ×XPi and hence is a
horizontal section of this bundle (see the comments before Proposition 2.3). This implies that
ΓPi ∩MPi\XPi is a covering space of the baseΓXPi

\XPi of this bundle. SinceΓ is torsion free,
ΓPi ∩MPi is also torsion free, and henceΓPi ∩MPi\XPi is a smooth manifold which we will
denote byXT,ij .

As mentioned earlier,MPi is a rational subgroup ofPi. This implies thatΓPi ∩MPi is an
arithmetic subgroup ofMPi and hence a subgroup of finite index ofΓXPi

, which is defined
earlier as the image ofΓPi in MPi under the projection defined by the Langlands decomposition.
Therefore,ΓPi ∩MPi\XPi is a finite covering space ofΓXPi

\XPi . SincePj is Γ-conjugate to
P−
i andMP−

i
=MPi , it follows thatXPj =XPi andΓPj ∩MPj =Γ∩MPj =ΓPi ∩MPi , and

ΓPj ∩MPj\XPj can be identified withΓPi ∩MPi\XPi . This implies thatΓPi ∩MPi\XPi is a
finite common covering space ofΓXPi

\XPi andΓXPj
\XPj . The proposition is proved in this

case.
On the other hand, suppose that a liftγ̃(t) has a non-trivialNPi -componentn, γ̃(t) =

(n,m,a(t)). Let x1 = nx0 be a new basepoint. Then with respect to this basepointx1, the
Langlands decomposition ofPi becomes

Pi =NPi ×
(
nMPin

−1
)
×
(
nAPin

−1
)
.

In the induced horospherical decomposition ofX :

X =NPi × nMPin
−1/
(
nKPin

−1
)
× nAPin

−1,

the components of̃γ(t) are given by

γ̃(t) =
(
id ,nmn−1

(
nKPin

−1
)
,na(t)n−1

)
.

Since theNPi -component is trivial, by the previous argument,γ̃(t) is a scattering geodesic
betweenPi and opposite parabolic subgroup ofPi with respect to this split componentnAPin

−1.
If we denote the opposite parabolic subgroup ofPi with respect to the fixed split component
APi as above byP−

i , then this opposite parabolic subgroup with respect to the split component
nAPin

−1 is equal tonP−
i n−1. By assumption,γ(t) is a scattering geodesic between two
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rational parabolic subgroupsPi and Pj . This implies thatnP−
i n−1 is also rational andΓ-

conjugate toPj . This in turn implies that the split componentnAPin
−1 is rational, and the

lift ix1(MPi) = nMPin
−1 is also defined overQ.

As in the previous case, theMPi component of̃γ(t) can be moved inXPi andγ̃(t) is still a
scattering geodesic of the same sojourn time. Two such geodesics(n,m1, a(t)) and(n,m2, a(s))
in X project to the same geodesic inΓ\X if and only if there exists an elementγ ∈ Γ such that
γnm1 = nm2. This implies thatn−1γn ∈ n−1Γn ∩MPi . Therefore, the image inΓ\X of a
geodesic(n,m,a(t)) in X only depends on the image ofm in n−1Γn∩MPi\XPi . This shows
thatγ(t) belongs to a smooth family of scattering geodesics parametrized byn−1Γn∩MPi\XPi .
As above, sinceΓ is torsion free,n−1Γn ∩MPi is also torsion free and hence the parameter
spacen−1Γn ∩MPi\XPi is a smooth manifold. This parameter space can be identified with
the image of the horizontal section{n} ×XPi in the bundleΓPi\NPi ×XPi and hence is a
covering space of the baseΓXPi

\XPi . In fact it is a finite covering space ofΓXPi
\XPi . First

note thatn−1Γn ∩MPi\XPi can be identified withΓ ∩ nMPin
−1\nMPin

−1/(nKPin
−1).

SincenMPin
−1 is a rational subgroup, the intersectionΓ∩nMPin

−1 is an arithmetic subgroup
in nMPin

−1, and hencen−1Γn ∩MPi is a cofinite discrete subgroup ofMPi . This proves
the finiteness of the coveringn−1Γn ∩MPi\XPi → ΓXPi

\XPi . The corresponding smooth
manifold will be denoted byXT,ij .

SincePj is Γ-conjugate tonP−
i n−1 andn−1Γn ∩MPi\XPi

∼= Γ ∩ nMPin
−1\XPi can be

identified withΓ ∩MPj\XPj , it follows that the parameter spacen−1Γn ∩MPi\XPi is also a
common finite covering space ofΓXPi

\XPi andΓXPj
\XPj . This completes the proof of this

proposition. ✷
Remark. – If a sojourn time has a multiplicity, then we will have different manifoldsXT,ij for

each different family of geodesics with the same sojourn time. To fix an identification ofXT,ij ,
we will identify it with the quotient ofXPi as in the proof of the proposition.

Remark. – In this paper, we fixed a basepointx0 =K ∈X and identified the subgroupMP in
the Levi quotient of a rational parabolic subgroupP with its lift ix0(MP ). In general,ix0(MP )
is not a rational subgroup. But for any rational parabolic subgroupP , we can always find a
basepointx1 such thatix1(MP ) is rational. The existence of such a basepoint can be seen from
the proof of the above proposition.

Suppose thatix0(MP ) is rational. Then the set of connected components of the continuous
families of scattering geodesics coming out of the parabolic subgroupP are parametrized by
ΓNP \NP (Q). Precisely, letm0 =KP be a basepoint inXP =MP /KP . Let H be the unique
unit vector ina

+
P . Then the proof of the above proposition shows that for everyn ∈NP (Q), the

geodesic(n,m0, exp tH) in X projects to a scattering geodesic inΓ\X coming fromP . Two
such scattering geodesics belong to one connected family if and only if theirNP components are
in the sameΓNP orbit. Furthermore, every scattering geodesic coming out ofP is of this form.

This parametrization of scattering geodesics coming out of a cusp can be seen clearly in the
case of Riemann surfaces.

Each connected family of scattering geodesics between two rational parabolic subgroups or
two ends ofΓ\X has a common sojourn time. All these sojourn times form a spectrum of sojourn
times. In the following, we say a geodesic inX is a scattering geodesic if its image inΓ\X is a
scattering geodesic, and its sojourn time is equal to the sojourn time of the image.

PROPOSITION 2.10. –Assume thatQ-rank ofΓ\X is equal to1 as above. Then for any two
(not necessarily different) ends ofΓ\X , there are countably infinitely many smooth families of
scattering geodesics between them, and the spectrum of sojourn times of all scattering geodesics
forms a discrete sequence of points inR of finite multiplicities.
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Proof. –We first prove that for any two different rational parabolic subgroupsP1, P2 of G,
there is a unique connected family of scattering geodesics inX which project to a family of
scattering geodesics inΓ\X of the same sojourn time. By [5, Proposition 4.7],P1, P2 contains
a unique common maximal rational split torusA: A ⊂ P1 ∩ P2. SinceG hasQ rank 1,A is a
common split component ofP1, P2. Let P1 =NP1MP1A, P2 =NP2MP2A be their Langlands
decomposition. ThenMP1 =MP2 . SinceP1 is different fromP2, NP1 �= NP2 , andP2 is the
opposite parabolic subgroup ofP1 with respect to the split componentA. Then the proof of
Proposition 2.9 shows that there is a smooth family of scattering geodesics inX betweenP1 and
P2. Its projection inΓ\X gives a smooth family of scattering geodesics of the same sojourn time
parametrized byΓ∩MP1\XP1 .

Let P1, . . . , Pn be representatives ofΓ-conjugacy classes of rational parabolic subgroups,
which corresponds to the set of ends ofΓ\X as mentioned earlier. Suppose two ends ofΓ\X
correspond toPi andPj . WhenPi = Pj , i.e., when the two ends agree, for anyγ ∈ Γ \ ΓPi ,
Pi �= γPiγ

−1. Then the family of scattering geodesics inX betweenPi andγPiγ−1 projects to
a family of scattering geodesics inΓ\X between this common end. Conversely, every scattering
geodesic inΓ\X between this end lies in such a family. This shows that there are countably
infinitely many families of scattering geodesics connecting any one end. On the other hand,
whenPi �= Pj , Pi �= γPjγ

−1 for everyγ ∈ Γ, and the family betweenPi andγPjγ−1 projects
to a family of scattering geodesics inΓ\X between the two ends, and any family of scattering
geodesics inΓ\X between the two ends is of this form. This shows that for any two different
ends, there are countably infinitely many families of scattering geodesics between them. This
proves the first part of the proposition.

For every pair of parabolic subgroupsPi, Pj as above andγ ∈ Γ, whenPi �= γPjγ
−1, the

sojourn time of the family of scattering geodesics determined byPi andγPjγ−1 is greater than
the norm of theaPj -component ofγ in the Langlands decomposition with respect toPj , up to
a constant independent ofγ. By the proof of absolute convergence of Eisenstein series for large
parameters (see [11, §2, Remark 1]), these norms form a discrete sequence inR. This in turn
implies the discreteness of the spectrum of the sojourn times of all the scattering geodesics in
Γ\X . ✷

Remark. – When theQ-rank of Γ\X is equal to 1, it is easy to see directly that there are
scattering geodesics between any two different ends. In fact, for each end, pick a sequence of
points inΓ\X converging the infinity of that end and connect these two sequences of points by
distance minimizing geodesic segments. Then any limit of such a sequence of geodesic segments
is a required scattering geodesic. But this argument does not work if two ends are the same.

Let T (Γ\X) be the tangent bundle ofΓ\X , andS(Γ\X) be the unit sphere bundle.

PROPOSITION 2.11. – Assume that theQ-rank of Γ\X is equal to1. Let P1, . . . , Pn be
representatives ofΓ-conjugacy classes of rational parabolic subgroups. LetΦt be the geodesic
flow in the tangent bundleT (Γ\X) minus the zero section. For every pairPi, Pj , let YP1,r,
YP2,r be the sections at the heightr� 0 (defined before Proposition2.6). ThenΦT (NYPi,r) ∩
NYPj ,r �= ∅ if and only if one of the following holds:

(1) T = 0, andPi = Pj and henceYPi,r = YPj ,r .
(2) T �= 0, and|T |−2r is the sojourn time of a family of scattering geodesic between the ends

associated withPi andPj , and each connected component of the family is a common finite
cover ofΓXPi

\XPi andΓXPj
\XPj .

If ΦT (NYPi,r) and NYPj ,r intersect, they intersect cleanly, and the excess is equal to
dimXT,ij = dimXPi = dimXPj . (In this proposition and below, the zero sections of the normal
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bundlesNYPi,r, NYPj ,r have been removed.) Furthermore,ΦT (NYPi,r) ∩NYPj ,r �= ∅ if and
only ifΦ−T (NYPi,r)∩NYPj ,r �= ∅.

Proof. –Whenr� 0, Proposition 2.3 shows thatYPi,r is disjoint fromYPj ,r whenPi �= Pj .
This implies that whenT = 0, ΦT (NYPi,r) ∩NYPj ,r �= ∅ if and only if Pi = Pj .

Next we consider the caseT �= 0. SinceΦT (NYPi,r) ∩NYPj ,r �= ∅ if and only if NYPi,r ∩
Φ−T (NYPj ,r) �= ∅. We can assumeT > 0. LetN±YP,r be the two connected components of the
complement inNYP,R of the zero section as in Proposition 2.6. Whenr� 0, ΦT (N+YPi,r) =
N+YPi,r+T . By Proposition 2.3 again,YPi,r+T is disjoint fromYPj ,r . This implies that

ΦT (NYPi,r) ∩NYPj ,r =Φ
T (N−YPi,r)∩N+YPj ,r.

Let S(Γ\X) be the unit sphere bundle in the tangent bundleT (Γ\X). Since the geodesic flow
preserves the length,ΦT (N−YPi,r) ∩ N+YPj ,r ∩ S(Γ\X) �= ∅. By Proposition 2.6, the orbit
under the geodesic flowΦt of any intersection point in

ΦT (N−YPi,r)∩N+YPj ,r ∩ S(Γ\X)

is a scattering geodesic fromPj andPi, and|T |−2r is exactly the sojourn time of this scattering
geodesic. Each connected component of this intersection setΦT (N−YPi,r) ∩ N+YPj ,r ∩
S(Γ\X) parametrizes a continuous family of scattering geodesics betweenPi andPj and hence
is a common finite cover ofΓXPi

\XPi andΓXPj
\XPj by Proposition 2.9. This proves the first

statement.
We next prove the clean intersection property. Recall that two submanifoldsM1,M2 of a

manifoldM intersect cleanly ifTM1∩TM2 = T (M1∩M2). Clearly, whenT = 0 andPi = Pj ,
ΦT (NYPi,r) intersectsNYPj ,r cleanly. As above, we can assume now thatT > 0. Since each
connected component ofΦT (NYPi,r)∩NYPj ,r corresponds to a continuous family of scattering
geodesics which has a common sojourn time, the previous proposition then implies that there are
at most only finitely connected components of the intersection. Each connected component can
be studied via its lift inTX . Let ỸP,r be the lift inX of YP,r , andNỸP,r the normal bundle
of ỸP,r in TX . The intersection ofΦT (NYPi,r) andNYPj ,r is clean if the intersection of their

lifts ΦT (NỸPi,r) ∩ NỸγPjγ−1,r in TX is clean for allγ ∈ Γ. The reason is that discreteness
of Γ shows that locally we can identify the quotient with the lift, so if that is done for all lifts
associated withγ ∈ Γ, we have cleanness of the intersection in the quotient.

For simplicity of notation, we only prove the case whenγ = id. Under the geodesic flowΦt,
ΦT (N+ỸPi,r) =N+ỸPi,r+T , andΦT (N−ỸPi,r) =N−ỸPi,r−T . Then as observed earlier, for
T � 0,

ΦT (NỸPi,r) ∩NỸPj ,r =Φ
T (N−ỸPi,r)∩N+ỸPj ,r.

Let v be a point inΦT (N−ỸPi,r) ∩ N+ỸPj ,r ∩ S(Γ\X). The G-orbit of v in TX is a
smooth submanifold which is diffeomorphic toG/KPi , since the stabilizer ofv in G is equal
to KPi . The orbit ofv under the subgroupNPiMPi is equal toN−ỸPi,r ∩ S(Γ\X), which is
diffeomorphic toNPi×XPi . And the map fromNPiMPi to its orbitN−ỸPi,r∩S(Γ\X) in G ·v
is a submersion. The same conclusion holds forPj . As explained in the proof of Propositions
2.9 and 2.11,Pi andPj are the opposite parabolic subgroups of a common split component,
and hence for their Langlands decompositions with respect to this common split component,
MPi =MPj , NPj = NPi

− . Then the setsΦT (N−ỸPi,r) ∩ S(Γ\X), N+ỸPj ,r ∩ S(Γ\X) can
be identified with the orbits of the common submanifoldMPiv

∼=XPi in G · v ⊂ TX under the
groupsNPi , NPj , and the intersection setΦT (N−ỸPi,r) ∩N+ỸPj ,r ∩ S(Γ\X) is the common
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submanifoldMPiv
∼=XPi . The normal directions ofMPiv

∼=XPi in ΦT (N−ỸPi,r) ∩ S(Γ\X)
andN+ỸPj ,r ∩ S(Γ\X) can be identified with the Lie algebrasnPi , nPj of NPi , NPj =NPi

−

respectively when theG-orbit throughv is identified withG/KPi . Since these Lie algebras
nPi , nPj = n

−1
Pi

are sums of root spaces of roots of different signs,nPi ∩ nPj = {0}, and

henceΦT (N−ỸPi,r) ∩ S(Γ\X) and N+ỸPj ,r ∩ S(Γ\X) intersect cleanly atMPiv
∼= XPi .

By scaling the length of the normal vectors, this implies thatΦT (N−ỸPi,r) andN+ỸPj ,r also

intersect cleanly. Furthermore, the excess,codim(T (ΦT (N−ỸPi,r))+(TN+ỸPj ,r)), is equal to
dimXi + dimAi = dim Xi + 1. This follows from the decompositionX =NPi ×APi ×XPi

and the fact thatnPi ∩ nPj = {0}, dimnPi = dimnPj .
To prove the last statement, assumeT > 0. We observe as above that

ΦT (N−YPi,r) ∩N+YPj ,r =Φ
T (NYPi,r)∩NYPj ,r,

Φ−T (N+YPi,r) ∩N−YPj ,r =Φ
−T (NYPi,r)∩NYPj ,r.

SinceΦT (N−YPi,r) ∩ N+YPj ,r �= ∅ if and only if Φ−T (N+YPi,r) ∩ N−YPj ,r �= ∅, the last
statement is clear.✷

Remark. – Let SX be the unit sphere bundle inTX . ThenG acts onSX . ThisG-action is
transitive if and only if the rank ofX , i.e., theR-rank ofG is equal to 1, and the action is simply
transitive if and only ifG = SL(2,R). In this latter case,SX can be identified withG. When
the rank ofX is greater than 1, there are infinitely manyG-orbits inSX , and each of them is a
smooth submanifold.

Remark. – For higher rank rational parabolic subgroupsP , i.e., whendimAP > 1, scattering
geodesics between them also lie in continuous families. In fact each smooth family of scattering
geodesics betweenPi and Pj is parametrized by the product of a common finite cover of
ΓXPi

\XPi andΓXPj
\XPj , and a vector subspace contained inaPi , which is the orthogonal

complement of theaPi component of the geodesics. In theQ-rank 1 case,dimaP = 1, and
the factor of the vector subspace reduces to a point. In the higher rank case, it should be the
scattering flats, i.e., flat subspaces which are immersions ofRl ∼= aP , that play the role of
scattering geodesics in theQ-rank 1 case. It can be shown that each smooth family of scattering
flats betweenPi, Pj is parametrized by a common finite cover ofΓXPi

\XPi andΓXPj
\XPj .

LetT ∗(Γ\X) be the cotangent bundle ofΓ\X , S∗(Γ\X) the unit sphere bundle inS∗(Γ\X),
N∗YP,r the conormal bundle. Under the Riemannian metric, these co-bundles can be identified
with the corresponding bundles. Then the results of this section are summarized in Theorem 1
and in the following commutative diagram: whenT �= 0,

(2.4)

N∗YPi,r ∩ S∗(Γ\X) id←− N∗YPi,r ∩Φ−T (N∗YPj ,r)∩ S∗(Γ\X) ΦT

−→ N∗YPj ,r ∩ S∗(Γ\X) � 
ΓXPi

\Xi
πi,T←− XT,ij

πj,T−→ ΓXPj
\Xj

The spaceXT,ij parametrizes the family of scattering geodesics between the ends ofPi andPj
with sojourn time|T | − 2r, and because of the clean intersection property (Proposition 2.11)
it can be identified withN∗YPi,r ∩ Φ−T (N∗YPj ,r) ∩ S∗(Γ\X): the middle vertical map is a
diffeomorphism.
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3. Spectral theory of locally symmetric spaces

In this section, we recall the spectral decomposition for locally symmetric spacesΓ\X ,
and a decomposition suitable for studying the relation between the sojourn times of scattering
geodesics and the scattering matrices in the continuous spectrum. For example, the latter
decomposition shows that for aQ-rank 1 spaceΓ\X , L2(Γ\X) can be thought of as a countable
sum ofL2(S) whereS is a Riemann surface, and these summands do not interact with each
other for the purpose of scattering theory. Under compact perturbations, such a decomposition
does not hold in general. This is the reason that the results in Theorem 2 do not hold for compact
perturbations ofΓ\X as mentioned in the introduction. In the following, we always identify a
function onΓ\X with its lift on X , which is aΓ-invariant function onX .

For any locally integrable functionf on Γ\X , and any rational parabolic subgroupP , the
constant termfP of f alongP is defined by

fP (x) =
∫

ΓNP
\NP

f(nx)dn,(3.1)

where the Haar measuredn onΓNP \NP has total measure 1. ClearlyfP is invariant underNP
and hencefP is a function onΓXP \XP ×AP .

A function ϕ on Γ\X is called cuspidal if for all proper rational parabolic subgroupsP of
G, the constant termsfP vanish. The subspace ofL2(Γ\X) consisting of cuspidal functions
is called the cuspidal subspace and denoted byL2

cus(Γ\X). Let ∆ be the Beltrami–Laplace
operator ofΓ\X . Then an important result of Gelfand and Piatetski–Shapiro [8] is the following

PROPOSITION 3.1. –The restriction of∆ to L2
cus(Γ\X) has a discrete spectrum.

Let L2
dis(Γ\X) be the subspace ofL2(Γ\X) spanned by allL2-eigenfunctions of∆,

andL2
con(Γ\X) the orthogonal complement ofL2

dis(Γ\X) in L2(Γ\X). ThenL2
cus(Γ\X) is

contained inL2
dis(Γ\X) and the inclusion is proper. For example, the constant functions are

in L2
dis(Γ\X) but not inL2

cus(Γ\X). Both the continuous subspaceL2
con(Γ\X) and the non-

cuspidal discrete spectrumL2
dis(Γ\X) − L2

cus(Γ\X) can be described in terms of Eisenstein
series. In fact,L2

dis(Γ\X) − L2
cus(Γ\X) is spanned by square integrable residues of (linear

combinations of) Eisenstein series, and hence is called the residue subspace, denoted by
L2

res(Γ\X).
For any proper rational parabolic subgroupP , let ρP be half the sum of roots inΦ+(P,AP )

with the multiplicity equal to the dimension of the root spaces. For anyx ∈ X , write the
horospherical coordinates as above:

x=
(
n(x),m(x), eH(x)

)
∈NP ×XP ×AP =X,

whereH(x) ∈ aP . For any cuspidal eigenfunctionφ on the boundary locally symmetric space
ΓXP \XP , andΛ ∈ a∗P ⊗C with ReΛ� 0 in the sense thatα(ReΛ)� 0 for all α ∈Φ+(P,AP ),
the Eisenstein series

E(P,φ,Λ)(x) =
∑
ΓP \Γ

e(ρP +Λ)(H(γx))φ
(
m(γx)

)
converge absolutely and uniformly forx in compact subsets ofX . Clearly, E(P,φ,Λ) is
Γ-invariant and hence defines a function onΓ\X . The Eisenstein seriesE(P,φ,Λ) is locally
integrable onΓ\X but does not belong toL2(Γ\X).
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Remark. – WhenX is the upper half plane, the above definition reduces to the usual definition.
In this case,φ= 1 or constant,ρP = 1

2 , andH(z) = log Im(z), z ∈X = {z ∈C | Im(z)> 0}.

To get functions inL2(Γ\X), we need to define pseudo-Eisenstein series (or incomplete theta
series). For anyv ∈C∞

0 (aP ), define

E(P,φ, v)(x) =
∑
ΓP \Γ

v
(
H(γx)

)
φ(m(γx)).

This series converges absolutely and uniformly forx in compact subsets inX , andE(P,φ, v) ∈
L2(Γ\X). We note that formally, if we takev(H) = exp(ρP + Λ)(H), the pseudo-Eisenstein
series becomes the Eisenstein series, and hence the pseudo-Eisenstein series are truncated
versions of the Eisenstein series.

For a fixedP and a cuspidal eigenfunctionφ onΓXP \XP , whenv runs over all functions in
C∞

0 (aP ), the pseudo-Eisenstein seriesE(P,φ, v) span a subspace ofL2(Γ\X) whose closure
is invariant under∆. Denote this closed subspace byL2

P,φ(Γ\X). Then it is a basic fact due to
Langlands ([18], see also [11, p. 16]) that the subspacesL2

P,φ(Γ\X) for all possible choices of
the pairP,φ span the orthogonal complement ofL2

cus(Γ\X) in L2(Γ\X), in other words,

L2(Γ\X) = L2
cus(Γ\X)⊕

∑
P,φ

L2
P,φ(Γ\X),

and hence

L2
con(Γ\X)⊕L2

res(Γ\X) =
∑
P,φ

L2
P,φ(Γ\X).

But a difficulty with the right hand side is that the subspacesL2
P,φ(Γ\X) are not orthogonal to

each other and hence the sum is not a direct sum. Therefore, we need to understand the interaction
(or intersection) of these subspaces. The scattering matrices introduced below describe this
interaction and overcome the difficulty.

DEFINITION 3.2. – Two rational parabolic subgroupsP1, P2 are called associate if there exists
an elementg ∈G such thatgAP1g

−1 =AP2 .

Remark. – In the above definition,AP1 ,AP2 are lifts inG of the identity components of the
split center of the Levi quotientsLP1 ,LP2 , and hence they are not necessarily defined overQ in
general. On the other hand, if they are defined overQ, then we can chooseg ∈G(Q) such that
gAP1g

−1 =AP2 (see [11, pp. 33–34]).

If the Q-rank ofG is equal to 1, then all parabolic subgroups are minimal and hence conjugate
underG(Q) and hence associate.

LEMMA 3.3. –let P1, φ1;P2, φ2 be two pairs as above. ThenL2
P1,φ1

(Γ\X) is perpendicular
to L2

P2,φ2
(Γ\X) if P1, P2 are not associate, orP1, P2 are associated butφ1, φ2 have different

eigenvalues.

This lemma suggests the following decomposition ofL2(Γ\X). Since any two conjugate
rational parabolic subgroups are automatically associate, there are finitely many associate
classes of rational parabolic subgroups, denoted byC1, . . . ,Cm. For each associate classCi, let
Pi,1, . . . , Pi,ri be representatives ofΓ-conjugacy classes inCi. Let Speccus(Ci) be the union of
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the cuspidal eigenvalues ofΓXPi,j
\XPi,j , 1� j � rr . Then for anyµ ∈ Speccus(Ci), define

L2
Ci,µ
(Γ\X) =

∑
L2
Pi,j;φ

(Γ\X),

where 1 � j � ri, and φ ranges over all cuspidal eigenfunctionsφ on ΓXPi,j
\XPi,j with

eigenvalueµ. It is important to note that this sum is not direct.
Then the above discussions and Lemma 3.3 can be summarized into the following:

LEMMA 3.4. –For 1� i � m, µ ∈ Speccus(Ci), L2(Γ\X) admits the orthogonal decompo-
sition

L2(Γ\X) = L2
cus(Γ\X)⊕

∑
i,µ

⊕L2
Ci,µ(Γ\X),

and this decomposition is invariant under∆.

As mentioned earlier, there is only one association classC in theQ-rank 1 case. For simplicity,
in this case,L2

C,µ(Γ\X) is denoted byL2
µ(Γ\X) also, and thenL2(Γ\X) admits the following

decomposition

L2(Γ\X) = L2
cus(Γ\X)⊕

∑
µ∈Spec(C)

⊕L2
µ(Γ\X).(3.2)

Besides being orthogonal, this decomposition in Lemma 3.4 has another property which is
crucial for our study of the relation between the scattering matrices and the scattering geodesics.
The property is that for any two distinct subspacesL2

Ci,µ
(Γ\X), L2

Cj,ν
(Γ\X) and any two

functionsf, g belonging to them, and for any rational parabolic subgroupP , the constant terms
fP , gP of f, g alongP are perpendicular to each other if restricted to sectionsΓXP \XP in
ΓXP \XP ×AP . (Recall that this latter space is the space where the constant terms live.)

To get the spectral decomposition of each subspaceL2
Ci,µ
(Γ\X) and henceL2(Γ\X), we need

meromorphic continuation of Eisenstein seriesE(P,φ,Λ), their constant terms, and functional
equations satisfied by them.

Recall thatE(P,φ,Λ) converges absolutely whenReΛ� 0. Langlands [18] showed that
E(P,φ,Λ) admits a meromorphic continuation ina∗P ⊗C.

LEMMA 3.5. – Let P ′ be a rational parabolic subgroup. Ifrank(P ′) � rank(P ) andP ′ is
not associate toP , then the constant termEP ′(P,φ,Λ) = 0. On the other hand, ifP ′ is associate
to P , then the constant term ofE(P,φ,Λ) alongP ′ is given by

EP ′(P,φ,Λ)
(
meH

)
=

∑
W (aP ,aP ′ )

e(ρP ′+sΛ)(H)(cµ(s : Λ)φ)(m),

whereW (aP ,aP ′) is the set of all linear maps fromaP to aP ′ of the formAd(g)|aP , whereg
satisfiesgAP g−1 = AP ′ in the definition of associate parabolic subgroups,µ is the eigenvalue
of the cuspidal eigenfunctionφ and cµ(s : Λ) is a meromorphic family of linear maps from
the cuspidal eigenspace ofΓXP \XP to the cuspidal eigenspace ofΓXP ′ \XP ′ of the same
eigenvalueµ.

The linear mapscµ(s : Λ) are called scattering matrices fromP to P ′ for the eigenvalueµ.
WhenReΛ� 0, this lemma is proved in [11, Chap. II, §4, 5]. By meromorphic continuation,
the same results hold for allΛ ∈ a∗P ⊗C.
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Remark. – It is not obvious that a cuspidal eigenfunctionφ on the boundary locally symmetric
spaceΓXP \XP of eigenvalueµ is scattered only to another cuspidal eigenfunction onΓXP ′ \XP ′

of the same eigenvalueµ. This fact is not clear from the eigen-equation∆φ= µφ alone. In fact,
we need all theG-invariant differential operators to draw this conclusion.

Since all the invariant differential operators ofXP leaves theµ-eigenspace inL2
cus(ΓXP \XP )

invariant and commute with each other, we can assume thatφ is a joint eigenfunction of all the
invariant differential operators. ThenE(P,φ,Λ) is also a joint eigenfunction of all the invariant
differential operators ofX , since each summand in the series is so. This implies the constant term
EP ′(P,φ,Λ) is also a joint eigenfunction with the same eigenvalue, which in turn implies that for
each fixeda in AP ′ , the restriction ofEP ′(P,φ,Λ) toΓXP ′\XP ′ ×{a} in ΓXP ′ \XP ′×AP ′ is a
joint eigenfunction of all invariant differential operators onXP ′ , and in particular the eigenvalue
for the Beltrami–Laplace operator is equal toµ. In this brief argument, a crucial point is that
the eigenvalues of a joint eigenfunction of all invariant differential operators onX is determined
by a point in a Cartan subalgebra up to the action of the Weyl group. This is the reason that
W (aP ,ap′) enters into the equation forEP ′(P,φ,Λ) in the above lemma. For details, see [11,
Chap. II, §5].

WhenReΛ = 0,E(P,φ,Λ) are the generalized eigenfunctions for the continuous spectrum.
These generalized eigenfunctions are not linearly independent. Instead, they are related by
functional equations.

For simplicity, we assume in the rest of this section thatG is of Q-rank 1 unless
otherwise specified, and state the functional equation for the Eisenstein series and the spectral
decomposition in thisQ-rank 1 case. Near the end, we will comment on the higher rank case.

For every rational parabolic subgroupP , dimAP = 1. IdentifyaP with R such that the norm
on aP defined by the Killing form becomes the standard Euclidean norm ofR and the roots in
Φ+(P,AP ) are positive linear functionals onR. Similarly, we identifyaP with R, and hence
a∗P ⊗C with C. SinceΓXP \XP is compact, the cuspidal condition for functions onΓXP \XP is
empty and hence automatically satisfied.

As mentioned earlier, there is only one association classC of parabolic subgroups, and
ΓXP \XP is compact for every rational parabolic subgroupP , and henceSpeccus(C) = Spec (C)
is the union of the eigenvalues of the compact locally symmetric spacesΓXPi

\XPi , where
P1, . . . , Pn are representatives ofΓ-conjugacy classes of rational parabolic subgroups. For
everyµ ∈ Spec (C), and every1 � j � n, choose an orthonormal basis of theµ-eigenspace
of ΓXPj

\XPj . As explained above, we can also choose them to be joint eigenfunctions of all the

invariant differential operators onXPj . Put all these eigenfunctions into a listφµ1 , . . . , φ
µ
K(µ).

Eachφµk is associated with a unique rational parabolic subgroupPj(k) such thatφµk is an
eigenfunction onΓXPj(k)

\XPj(k) , and hence defines an Eisenstein seriesE(Pj(k), φ
µ
k ,Λ). For

simplicity, we also denote the Eisenstein series byE(φµk ,Λ).
For an Eisenstein seriesE(φµk ,Λ) and a parabolic subgroupPj , the constant term alongPj

EPj (φ
µ
k ,Λ)

(
meH

)
= δj,j(k)e(ρ+Λ)(H)φµk (m) +

K(µ)∑
i=1

e(ρ−Λ)(H)cki(Λ)φ
µ
i (m),(3.3)

whereρ = ρPj is the half sum of roots inΦ+(Pj ,APj ) and is identified with a number inR
as mentioned earlier,δj,j(k) is equal to 1 ifj = j(k) and zero otherwise, and the sum overi
runs over thoseφµi which are eigenfunctions of the boundary spaceΓXPj

\XPj , andcki(Λ) are
components of the scattering matrixcµ(s : Λ) in Lemma 3.5 with respect to the orthonormal
basisφµ1 , . . . , φ

µ
K(µ).
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For eachµ ∈ Spec (C), let E(ΓXj\XPj , µ) be the eigenspace of eigenvalueµ, and

E(C, µ) =
n⊕
j=1

E(ΓXj\XPj , µ).

For anyφ= (ψ1, . . . , ψn) ∈ E(C, µ), define its Eisenstein series

E(φ, s) =
n∑
j=1

E(Pj , ψj ,Λ).(3.4)

The eigenfunctionsφµ1 , . . . , φ
µ
K(µ) can be identified with functions inE(C, µ) and form an

orthonormal basis. With respect to this basis, the matrixcµ(Λ) = (cij(Λ)) defines a linear map

cµ(Λ) :E(C, µ)→E(C, µ).

This matrix is called the scattering matrix forΓ\X at the eigenvalueµ.
Then the functional equation for the Eisenstein series can be stated as follows: For any

φ∈ E(C, µ),
E
(
cµ(Λ)φ,−Λ

)
=E(φ,Λ).(3.5)

From this equation, we obtain that

cµ(Λ)cµ(−Λ) = Id .

Sincecµ(Λ) is unitary whenRe(Λ) = 0, we get that whenRe(Λ) = 0, the matrixcµ(Λ) is also
symmetric.

We note that the functional equation for Eisenstein series of a Riemann surface is stated in a
different way that the scattering matrix acts on the Eisenstein series instead of the function inside,
and the index for the scattering matrix is parametrized by the cusps. In the generalQ-rank 1
case, there are many Eisenstein series associated with one parabolic subgroup, and the functional
equation (3.5) relates one Eisenstein series to a linear combination of Eisenstein series for
functionsψj defined on different boundary componentsΓXPi

\XPi as defined in equation (3.4).
The Eisenstein seriesE(φµ1 ,Λ), . . . ,E(φ

µ
K(µ),Λ) have only finitely many poles forΛ ∈ [0, ρ],

and these poles give rise to the residual subspaceL2
res(Γ\X)∩L2

µ(Γ\X)which is therefore finite
dimensional.

Using the above notation, we can describe the spectral decomposition of the subspace
L2
µ(Γ\X) of L2(Γ\X) (see Eq. (3.1)) in the following two propositions:

PROPOSITION 3.6. – For everyµ ∈ Spec(C) =
⋃n
i=1 Spec(ΓPi\XPi), let eµ1 , . . . , e

µ
L(µ) be

an orthonormal basis of the finite dimensional residual subspace inL2
µ(Γ\X). Then for any

f ∈ L2
µ(Γ\X), the following expression holds in theL2-sense:

f =
L(µ)∑
l=1

(
f, eµl

)
eµl +

1
4π

K(µ)∑
k=1

∫
R

(
f,E

(
φµk , iλ

))
E
(
φµk , iλ

)
dλ.

PROPOSITION 3.7. – If µ1 �= µ2, then for any functionsf ∈ L2
µ1
(Γ\X), g ∈ L2

µ2
(Γ\X), and

any rational parabolic subgroupP , the constant termsfP , gP are orthogonal to each other when
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restricted to every sectionΓXP \XP in ΓXP \XP ×AP , i.e., for anya ∈AP :∫
ΓXP

\XP

fP (ma)gP (ma)dm= 0.

Proof. –For two different eigenvaluesµ1, µ2, the constant terms of their Eisenstein series
E(φµ1

i ,Λ) andE(φµ1
j ,Λ) along any rational parabolic subgroupP are given by eigenfunctions

of different eigenvalues and hence orthogonal to each other when restricted to any section
ΓXP \XP in ΓXP \XP × AP . Clearly, the same conclusion holds for residual eigenfunctions.
This proves the proposition.✷

This spectral decomposition of each subspaceL2
µ(Γ\X) is similar to the spectral decomposi-

tion of a Riemann surface withK(µ) cusps. When theQ-rank ofΓ\X is equal to 1, by (2.2),

L2(Γ\X) = L2
cus(Γ\X)⊕

∑
µ∈Spec(C)

⊕L2
µ(Γ\X).

Putting together the spectral decomposition ofL2
µ(Γ\X) for all µ ∈ Spec(C) andL2

cus(Γ\X),
we get the spectral decomposition ofL2(Γ\X). Therefore, as commented in the beginning of
this section, forQ-rank 1 spaceΓ\X , its spectral decomposition is similar to union of countably
many Riemann surfaces. A basic reason why we need this decomposition is that even though
the full residual spaceL2

res(Γ\X) can be of infinite dimension, the residual subspace in each
L2
Ci,µ

(Γ\X) is at most finite dimensional.
Both the functional equation for Eisenstein series and the spectral decomposition in the higher

rank is much more complicated. Instead of giving detailed, complicated statements, we make
several remarks.

Remark. – If theQ-rank ofG is greater than 1, there are in general more than one association
classes of rational parabolic subgroups of split rank 1. For each such association classCi, the
subspaceL2

Ci,µ
(Γ\X) admits a spectral decomposition similar to theQ-rank 1 case.

On the other hand, if the parabolic subgroupsP in an association classCi have split rank
greater than one, then the spectral decomposition of the subspaceL2

Ci,µ
(Γ\X) is different in

the sense that some new non-cuspidal Eisenstein series of parabolic subgroups not contained in
the association classCi arise, i.e., Eisenstein seriesE(Q,φ,Λ) associated with a non-cuspidal
eigenfunctionφ on ΓXQ\XQ, whereQ is a rational parabolic subgroup containing a subgroup
P in Ci.

Remark. – Though the scattering matrices for higher rank rational parabolic subgroups are
more complicated, they can be factorized into products of rank one scattering matrices of some
boundary locally symmetric spaces. More precisely, letCi be an association class of rank greater
than or equal to 2, then a scattering matrix forCi is product of scattering matrices of parabolic
subgroups inCi when they are considered as rank 1 parabolic subgroups of larger parabolic
subgroups. For details, see [11, pp. 124–125], [21, pp. 524–525], and [15, § 2.7]. From this point
of view, it is crucial to understand the rank 1 scattering matrices.

4. Scattering matrix in terms of the wave group

In the Q-rank one case, all the rational parabolic subgroupsP are conjugate and hence the
half sumsρP of roots inΦ+(P,AP ) are all equal if each is identified with a positive number as
in the introduction. Denote this common number byρ.
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For any µ ∈ Spec(C) =
⋃n
i=1 Spec(ΓPi\XPi), let Uµ(t) denote the following modified

propagator for the wave equation acting on the subspaceL2
µ(Γ\X):

Uµ(t) = cos t
√
∆− ρ2 − µ2,(4.1)

where we choose the branch of the square root which is positive on the real axis and apply the
spectral theorem. Using Proposition 3.6 we can write the wave group in terms of Eisenstein
series: forf ∈L2

µ(Γ\X),

Uµ(t)f =
L(µ)∑
l=1

cos(t
√
λµl − ρ2 − µ2)

(
f, eµl

)
eµl +

1
4π

K(µ)∑
k=1

∫
R

(
f,E

(
φµk , iλ

))
E
(
φµk , iλ

)
eitλ dλ.

(4.2)
In fact, by Proposition 3.6,

Uµ(t)f =
L(µ)∑
l=1

cos(t
√

λµl − ρ2 − µ2)
(
f, eµl

)
eµl

+
1
4π

K(µ)∑
k=1

∫
R

(
f,E

(
φµk , iλ

))
E
(
φµk , iλ

)1
2
(
eit|λ| + e−it|λ|)dλ.

The functional equation for the Eisenstein series and the fact that the scattering matrixcµ(iλ) is
unitary forλ ∈R imply that

K(µ)∑
k=1

E
(
φµk ,−iλ

)
E
(
φµk ,−iλ

)
=
K(µ)∑
k=1

E
(
φµk , iλ

)
E
(
φµk , iλ

)
,

from which (4.2) follows.
In the discussion below we will identify the operatorUµ(t) with its distributional kernel

Uµ(•) ∈D′(R× Γ\X × Γ\X).
We now follow a modification of Zelditch’s argument [25] which in turn was inspired by

Kuznecov’s sum formulæ [17]. Thus, for two parabolic subgroupsPi andPj we define

Uµij ∈D′(R× (ΓXPi
\XPi ×APi)× (ΓXPj

\XPj ×APj )
)
,

Uµij(t)(x, y) =
∫

ΓNPi
\NPi

∫
ΓNPj

\NPj

Uµ(t)(nx,n′y)dndn′.(4.3)

We note thatUµij is the constant term ofUµ, and hence the measuresdn,dn′ have been
normalized so that the total measuresvol(ΓNPi

\NPi), vol(ΓNPj
\NPj ) are equal to 1.

For0� k1, k2 � K(µ), letPi, Pj be parabolic subgroups such thatφµk1 ∈L2(ΓXPi
\XPi) and

φµk2 ∈ L2(ΓXPj
\XPj ). Fora ∈APi , a

′ ∈APj we now put

uµk1k2 ∈D
′(R×APi ×APj ),

uµk1k2(t, a, a
′) =

∫
ΓXPi

\XPi

∫
ΓXPj

\XPj

Uµij(t)(ma,m′a′)φµk1(m)φ
µ
k2
(m′)dmdm′,(4.4)
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noting that in the Riemann surface case discussed in [25], the spaceΓXPi
\XPi reduces to a

point, and only the terms withφµk1 = φµk2 = 1 appeared.
Let us put

vµk1k2(t, a, a
′) =

L(µ)∑
l=1

eit
√
λµ

l
−ρ2−µ2

∫
ΓXPi

\XPi

(
eµl
)
Pi
(ma)φµk1(m)dm

×
∫

ΓXPj
\XPj

(
eµl
)
Pj
(m′a′)φµk2(m

′)dm′.

Thenvk1,k2 ∈ C∞(R × APi × APj ) and when we use (4.2), (3.3) and Proposition 3.7 in this
definition we obtain

uµk1k2(t, a, a
′)− vµk1k2(t, a, a

′)

=
1
4π

K(µ)∑
k=1

∫
R

∫
ΓXPi

\XPi

EPi

(
φµk , iλ

)
(ma)φµk1 (m)dm

×
∫

ΓXPj
\XPj

EPj

(
φµk , iλ

)
(m′a′)φµk2(m

′)dm′eitλ dλ

=
1
4π

K(µ)∑
k=1

∫
R

dλ
∫

ΓXPi
\XPi

(
δi,j(k)e(ρ+iλ)Hφµk (m)

+
K(µ)∑
l=1

e(ρ−iλ)Hckl(iλ)φ
µ
l (m)

)
φµk1(m)dm

×
∫

ΓXPj
\XPj

(
δj,j(k)e(ρ+iλ)H′φµk (m′) +

K(µ)∑
l=1

e(ρ−iλ)H′ckl(iλ)φ
µ
l (m′)

)
φµk2 (m

′)dm

=
1
4π

K(µ)∑
k=1

∫
R

(
δk1ke

(ρ+iλ)H + e(ρ−iλ)Hckk1(iλ)
)(
δkk2e(ρ+iλ)H′ + e(ρ−iλ)H′ckk2 (iλ)

)
dλ

=
1
2π

∫
R

eρ(H+H′)
(
Reeiλ(H−H′)δk1k2 +Re(e

−iλ(H+H′)cµk1k2(iλ))
)
eiλt dλ,

wherea = eH , a′ = eH
′
. In the second equation, we used the formula for the constant term

EPi(φ
µ
k , iλ) in (3.3), and whenj(k) �= i, φµk (m) is defined to be zero form ∈ ΓXPi

\XPi ; in the
third equation, we used the fact thatφµk are orthonormal eigenfunctions; and in the last equation,
we used the fact that the scattering matrix(cµk1k2(iλ)) is both unitary and symmetric for realλ
(see the comments after (3.5)).

We can summarize this discussion in
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PROPOSITION 4.1. – Let sµk1k2(λ) = cµk1k2(−iλ) be the entries of the scattering matrix

defined in(3.3). Then for anya= eH ∈APi anda′ = eH
′ ∈APj we have

ŝµk1k2(t− (H +H ′)) + ŝµk1k2(−(H +H ′)− t)

− 4πe−ρ(H+H′)uµk1,k2(t, a, a
′) + 2π

(
δ0(t+H −H ′) + δ0(t−H +H ′)

)
δk1k2

∈ C∞(R×APi ×APj ),

(4.5)

whereuµk1k2 is defined by(4.4).

5. Frequencies of the scattering matrix

It is clear from Proposition 4.1 that the singularities ofŝk1k2 are directly related to the
singularities ofuµk1k2 . That this relation is exact will follow from the following elementary

LEMMA 5.1. – Suppose thatu∈ C∞([r0,∞)r;D′(Rt)) satisfies

sing suppu(r,•)⊂ {:j + r}∞j=0 ∪ {−:j − r}∞j=0, 0� :j→∞.

If for v,w ∈D′(R) we have

u(r, t) = v(t− r) +w(−t− r)

thensing suppv ⊂ {:j}∞j=0 and forr1 � r0 such that2r0 − :j /∈ {:i}∞i=0,

v(x)− u(r1, r1 + x) ∈ C∞
(
(−:j − εj ,−:j + εj)x

)
, εj > 0.

Similarly,sing suppw ⊂ {:j}∞j=0.

Proof. –Since(∂2
r − ∂2

t )u(r, t) = 0 for r > 0 the lemma follows from the statement about
propagation of singularities for the wave equation. More directly, we can make a change of
variables,x = t − r andy = −(r + t), so that forx + y � −2r0, ũ(x, y) = v(x) + w(y) and
sing supp ũ⊂ {x= :j}∪ {y= :j}. Thenv(x) = ũ(x, y)−w(y) and by choosingy �= :j we see
thatsing suppv ⊂ {:j}. Also, fory /∈ {:j}, v(x)− ũ(x, y) ∈ C∞y . ✷
We remark that the emergence of the one dimensional wave equation in this context is very
natural and could be phrased in terms of the Lax–Phillips scattering theory [20].

Proposition 4.1 and Lemma 5.1 show that indeed, it suffices to studyuµk1k2(t, a, a
′), for

a family of values ofa, a′. For that let us consider the decomposition ofΓ\X given in
Proposition 2.3. We will fixr� 0 and put

BP,r = ∂AP,r = {a ∈AP |α(log a) = r},

whereα is the short root inΦ+(P,AP ) if there are both short and long roots. We can arrange this
so thatH = r for a= eH ∈BP,r. We then define as above (near Proposition 2.6) the sections at
the heightr of the ends ofΓ\X :

YPi,r =ΓPi\NPi ×XPi ×BPi,r.(5.1)
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Then fora ∈BPi,r anda′ ∈BPj ,r we have

uµk1k2(t, a, a
′) = e2ρ(H+H′) 1

vivj

∫
YPi,r

∫
YPj,r

U(t)(x, y)φµk1
(
m(x)

)
φµk2
(
m′(y)

)
dYPi,rxdYPj ,ry,

(5.2)
where dYPi,rx and dYPj,ry are the induced Riemannian metrics on the closed embedded
manifoldsYPi,r andYPj ,r in Γ\X , andvi is the volume ofΓNPi

\NPi when the Riemannian
metric ofNPi is induced from the identification ofNPi with the orbitNPix0 as a Riemannian
submanifold inX , vj is similarly defined.

In the above equation, we used the following

LEMMA 5.2. – Let fPi be given by(3.1). Then∫
ΓXPi

\XPi

fPi(x)|ΓXPi
\XPi

×BPi,r
dx

=
∫

ΓXPi
\XPi

1
vol(ΓNPi

\NPi × {m}×BPi,r)

∫
ΓNPi

\NPi
×{m}×BPi,r

f(nm)dndm

=
∫

YPi,r

1
vol(ΓNPi

\NPi × {m}×BPi,r)
f(x)dYPi,rx

=
1
vi
e2ρr

∫
YPi,r

f(x)dYPi,rx,

wherem is any point ofXPi , and the measure onΓNPi
\NPi × {m}×BPi,r is the Riemannian

density as a submanifold ofΓNPi
\NPi ×XPi ×APi = ΓNP \X and hence the total measure is

equal toe−2ρrvi.

The reason for the coefficient in front of the last integral is the fact that in the definition of the
constant terms in (3.1), the total measure ofΓNPi

\NPi is normalized to be equal to 1.
A statement about the singular support ofuµk1k2 follows from the following general lemma

which is a standard result about wave front sets.

LEMMA 5.3. – LetM be a Riemannian manifold andY1, Y2 two closed embedded submani-
folds ofM . Let∆ denote the(positive) Laplacian inM andΦt the geodesic flow onT ∗M \0. Let

dYPi,rx be the induced Riemannian measure onYPi,r, i= 1,2, A ∈Ψ0
phg(M,Ω1/2

M ), a classical
pseudodifferential operator onM andφi ∈ C∞(Yi), i= 1,2. If we define

u(t) =
∫
Y1

∫
Y2

(
Aeit

√
∆
)
(x1, x2)φ1(x1)φ2(x2)dY1x1 dY2x2(5.3)

then

sing suppu⊂ T def=
{
Tj |ΦTj (N∗Y1)∩N∗Y2 �= ∅

}
.

Proof. –We recall first the well known statement about propagation of singularities for the
wave equation: ifU(t, x, y) = exp(it

√
∆)(x, y) ∈D′(R×M ×M), then

WF (U) =
{
(t, x, y; τ, ξ, η) ∈ T ∗(R×M ×M) | τ = σ(

√
∆)(x, ξ), (x, ξ) = Φt(y, η)

}
.
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Sinceτ �= 0 on WF (AU) we conclude thatN∗(R × Y1 × Y2) ∩ WF (AU) = ∅ (we recall
that the zero section ofT ∗M is removed). Applying Corollary 8.2.7 of [13] we conclude that

Ũ
def= AU |R×Y1×Y2 is well defined and that

WF (Ũ)⊂
{
(t, x1, x2; τ, ξ1, ξ2) ∈ T ∗(R× Y1 × Y2) |Φt(x2, ξ̃2) = (x1, ξ̃1),

τ = σ(
√
∆)(x1, ξ̃1), π1(ξ̃1) = ξ1, π2(ξ̃2) = ξ2

}
,

whereπi projectsT ∗
xi
M to T ∗

xi
Yi alongN∗

xi
Yi. The distributionu(t) is just the pushforward of

Ũ alongY1 × Y2 and consequently, by Theorem 8.2.12 of [13], obtain

WF (u)⊂
{
(t, τ) | ∃(x1, ξ1) ∈N∗Y1, (x2, ξ2) ∈N∗Y2, such thatΦt(x2, ξ̃2) = (x1, ξ̃1)

}
.

The lemma is an immediate consequence.✷
Refinements of this bring us into the framework of “Kuznecov formulæ” for manifolds studied

in [25]. It is clear that the precise description of singularities ofu(t) under further geometric
assumptions follows from the calculus of Lagrangian distributions of Hörmander – see [12], [6]
and Section 25.2 of [14]. In fact, as carried out in [25] (see Proposition 1.10 there), the calculus
of Fourier Integral Operators gives the following

LEMMA 5.4. – Let u(t) be the distribution defined in Lemma5.3. If we assume in addition
that

Φt(N∗Y1) intersectsN∗Y2 cleanly for all timest,(5.4)

and forTj ∈ T define,

Wj =
{
Φt(x, ξ) ∈ T ∗M | 0� t � |Tj |, (x, ξ) ∈N∗Y1 ∩Φ−Tj (N∗Y2)

}
,

assuming(for simplicity only) thatWj is connected then,

u(t) = (2π)−
ej
2 e

iπ
4 mj

∞∑
l=0

σjl(t−Tj + i0)−
1
2 ej− 1

2 +l mod C∞, t ∈ (Tj − εj, Tj + εj),(5.5)

whereej = dimWj − 2, mj ∈ Z, the Maslov index ofWj and

σj0 =
∫

N∗Y1∩Φ−Tj (N∗Y2)∩S∗M

π∗φ1(m)
(
Φ−Tj

)∗
π∗φ2(m)σ(A)(m)dµj(m), π :N∗Y1 → Y1.

Heredµj is a natural density defined in(2.6.1)of [25] (see also(5.7)below).

To compute the principal symbol of̂sµk1k2 we need to review the construction of the
densitydµj on N∗Y1 ∩ Φ−Tj (N∗Y2) ∩ S∗M and for that we follow [6] (or Section 21.6 and
Section 25.2 of [14]) as in Section 2(a) of [25]. Since the construction is quite involved we review
the construction. The half-density computations provide an invariant description of the symbols
– in local coordinates and in direct representation of Fourier Integral Operators, they correspond
to computing the Hessian factors in applications of the stationary phase method.

An a-density on ak-dimensional vector spaceW , is a mapf :
∧kW → R+, satisfying

f(tv) = |t|af(v). The space ofa-densities onW is denoted byΩa(W ). For a choice of a basis
and with the corresponding coordinatesw = (w1, . . . ,wk), we write ana-density asα|dw|a.
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Let Vj ⊂ V , j = 1,2, be two Lagrangian subspaces of a symplectic vector spaceV . We then
have a short exact sequence

0−→ V1 ∩ V2
ı−→ V1 ⊕ V2

τ−→ V −→ V/Im τ −→ 0,

ı(v) = (v, v), τ(v1, v2) = v1 − v2.

Then,

Ω1/2(V1 ∩ V2)�Ω1/2(V1 ⊕ V2)⊗Ω−1/2(V )⊗Ω1/2(V/Im τ),

where the identification is determined byı and τ . It is easy to visualize it in the coordinates
in which the maps take the formRk → Rk × R2n−k → R2n−k × Rk → Rk, successively as
v #→ (v,0), (v,w) #→ (w,0), (v′,w) #→ v′:

|dv|1/2 = |dv dw|1/2|dwdv′|−1/2|dv′|1/2.

The symplectic form identifies(V1 ∩ V2)∗ with V/Imτ since

(Im τ)⊥ = (V1 + V2)⊥ = V ⊥
1 ∩ V ⊥

2 = V1 ∩ V2,

where we used the fact thatVj ’s are Lagrangian:V ⊥
j = Vj . Hence, with this identification,

Ω1/2(V/Im τ)�Ω1/2((V1 ∩V2)∗)�Ω−1/2(V1 ∩V2), where the last isomorphism is canonical.
Finally,

Ω1(V1 ∩ V2)�Ω1/2(V1)⊗Ω1/2(V2)⊗Ω−1/2(V ),(5.6)

where the isomorphism depends oni, τ and the symplectic structure.
Using this identification, we can now define the density appearing in Lemma 5.4:

µ̃j =
σ1 ⊗

(
ΦTj

)∗
σ2

|ωnT∗M |1/2
, µj = µ̃j ⊗ |dq|−1,

V1 = Tp(N∗Y1), V2 = Tp
(
Φ−Tj (N∗Y2)

)
, V = Tp(T ∗M),

σj ∈C∞(N∗Yj ;Ω1/2(T (N∗Yj))
)
, is induced by the Riemannian metric onM,

q is the metric on the fibers ofT ∗M,

ω is the symplectic form onT ∗M, n= dimM.

(5.7)

We will now use Proposition 2.11 to describe this half density in our setting:

LEMMA 5.5. – WhenM = Γ\X , Y1 = YPi,r , Y2 = YPj ,r, T ∈ T = {Tj | ΦTj (N∗Y1) ∩
N∗Y2 �= ∅} and T �= 0, then, under the identification betweenN∗YPi,r ∩ Φ−1(N∗YPj ,r) ∩
S∗(Γ\X) with XT,ij given by(2.4),the densityµT in (5.7) is given by

µT = e−|T |ρ(πT,i)∗ dgΓXPi
\XPi

,

wheredgΓXPi
\XPi

is the Riemannian density, and

ρ= ρPj = ρPi

is the half sum of roots inΦ+(Pj ,APj ) and is identified with a number inR� aPj .
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Proof. –On the universal covering spaceX , scattering geodesics always scatter between two
opposite parabolic subgroups with respect to some common split component (see the proof of
Proposition 2.9), we can assume thatPi andPj are opposite parabolic subgroups. We observe
that if T = 0, the densityµ is equal to the Riemannian density onN∗YPi,r ∩ N∗YPj ,r ∩
S∗(Γ\X) ≡XT,ml (see Diagram (2.4) for the identification of the spaces). The reason is that
all the densities are canonically induced from the Riemannian metric ofΓ\X . Assume next
T > 0. Under the geodesic flowΦT , ΦT (N−ỸPj ,r) =N−ỸPj ,r−T . Hence, all the horospheres

ỸPj ,r of Pj can be identified under the geodesic flow. Letdy be the Riemannian density of the

horospherẽYPj ,0 as a submanifold ofX . Then the Riemannian density of the horosphereỸPj ,r

is equal toe−2rρ dy. This implies that the pushed forward density(ΦT )∗σ2 onYPj ,r−T is equal
to the half Riemannian density ofYPj ,r−T timese−Tρ. Combined with the above observation,
this proves Lemma 5.5.✷

We now have all the components needed to prove Theorem 2.

Proof of Theorem 2. –As stated in the beginning of this section, we need to understand the
singularities ofuµ(t, a, a′) defined in (4.4). First, we notice that the modified wave kernel,

cos t
√
∆− ρ2 − µ=

1
2
(
eit
√

∆−ρ2−µ + e−it
√

∆−ρ2−µ ),
is a sum of two terms of the formAe±i

√
∆, discussed in Lemma 5.3, with the principal symbol

of A equal to1/2. Using Lemma 5.2, we can apply Lemma 5.4 (with Maslov indicesmj = 0
since we are on a negatively curved manifold), and Lemma 5.5 touµ(t, a, a′). Let us fixa and
a′ so thatH = H ′ = r. The propagation lemma (Lemma 5.3) shows that the singularities of
uµ(t, a, a′) are contained in the setT = {Tk}, and a precise statement about the structure of
the singularity comes from (5.5): the trace involving our modified propagator corresponds to
(u(t) + u(t) )/2.

To understand the singularities of the scattering matrix(ŝk1k2), we consider two cases.
When k1 �= k2, Proposition 4.1 and Lemma 5.1 show that the singularities ofŝk1k2(t − 2r)
are determined by the singularitiesuµk1k2(t, a, a

′). By Proposition 2.11, when the parabolic
subgroupsPi, Pj for φµk1 , φ

µ
k2

are different, the setT in Lemma 5.5 does not contain zero,
and{Tk − 2r | Tk ∈ T , Tk > 0} is exactly the setTij of sojourn times of scattering geodesics
betweenPi andPj . Then it follows from Lemma 5.3 that the singularities ofuµk1k2(t, a, a

′) are
included in the set{T + 2r | T ∈ Tij} ∪ {−T − 2r | T ∈ Tij}. Therefore, by Lemma 5.1, the
singularities of̂sk1k2(t) are exactly located at the setTij of sojourn times. To get the structure of
the singularities, we notice that the factorse−ρ(H+H′) in Proposition 4.1,e2ρ(H+H′) in (5.2) and
e−Tkρ in Lemma 5.5 combine intoe−(Tk−2r)ρ, whereTk − 2r is a sojourn time as mentioned
earlier. On the other hand, when the parabolic subgroupsPi, Pj are the same, the setT in
Lemma 5.5 contains zero. By Lemma 5.4 and a variant of Lemma 5.5, this pointTk = 0 does not
contribute to the singularities ofuµk1k2(t, a, a

′) sinceφµk1 , φ
µ
k2

are orthogonal to each other – see
the description of the propagatorUµ(t) in terms of Eisenstein series (4.2), and their construction
in Lemma 3.5 (and also (3.3)).

For the casek1 = k2, there is an additional singularity att = 0 given byδ0(t) = δ0(t)δk1k2
in Proposition 4.1: the setT in Lemma 5.5 does contain zero. The singularity ofuµk1k2(t, a, a

′)
at t = 0 is nontrivial and cancels out the singularity ofδ0(t). The easiest way to see that is
to suppose that the singularities do not cancel out. Then, Proposition 4.1 shows thatŝµk1k2(t)
is singular at either2r or −2r. Sincer is arbitrary, this is impossible. In fact, (4.5) applied
with a fixed r (H = H ′ = r) shows that the singularities of the left hand side form a
discrete set. Same argument as before shows that the singularities ofŝk1k2(t) are located at
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{Tk−2r | T ∈ T , Tk > 0}, which is the set of sojourn timesTij . The structure of the singularities
can be determined as in the casek1 �= k2. ✷
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