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SOME EXAMPLES FOR THE POINCARÉ
AND PAINLEVÉ PROBLEMS

BY ALCIDES LINS NETO 1

ABSTRACT. – In 1891, Poincaré started a series of three papers in which he tried to answer the following
question (cf. [21–23]): “Is it possible to decide if an algebraic differential equation in two variables is
algebraically integrable?” (in the sense that it has a rational first integral). More or less at the same time
P. Painlevé asked the following question: “Is it possible to recognize the genus of the general solution of an
algebraic differential equation in two variables which has a rational first integral?”. In this paper we give
examples of one-parameter families which show that both problems have a negative answer. With some of
the families we can also answer a question posed by M. Brunella in [5].

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – En 1891, Poincaré commençait une série de trois articles dans lesquels il tentait de répondre
à la question suivante (cf. [21–23]) : « Est-il possible de décider si une équation différentielle algébrique en
deux variables est algébriquement intégrable ? » (au sens où il admet une intégrale première rationnelle).
À peu près à la même époque, P. Painlevé posait la question suivante : « Est-il possible de déterminer
le genre de la solution générale d’une équation différentielle algébrique en deux variables qui admet une
intégrale première rationnelle ? ». Dans cet article, nous donnons des exemples de familles à un paramètre
qui montrent que les deux problèmes ont une réponse négative. À l’aide de certaines de ces familles, nous
pouvons également répondre à une question de M. Brunella dans [5].

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

The main purpose of this paper is to describe some examples of one-parameter families
of algebraic differential equations on two variables which show that the so-called “Poincaré
problem” and “Painlevé problem” have a negative answer. With some of the families we give an
answer for a problem stated by M. Brunella in [5].

H. Poincaré in three papers [21,22] and [23], studied the following problem:

“Is it possible to decide if an algebraic differential equation in two variables has a rational first
integral?”

In [22] he starts, by observing that it is sufficient to bound the degree of a possible algebraic
solution. In fact, in [22] and [23] he tries to bound this degree, by supposing that the equation has
a fixed degree (he calls “dimension” of the equation, its degree) and non-degenerate singularities
of fixed local analytic type, that is, with local first integral of the typeup.vq = cte, wherep
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andq are non zero relatively primes integers which depend of the singularity. Whenp > 0 and
q < 0, the equation has a local meromorphic first integral and he calls the singularity “dicritical”
or “node” (“nœud”). Whenp, q > 0 the equation has a local holomorphic first integral and he
calls the singularity a “saddle” (“col”). In [21] he announces the results that he proves in [22]. In
particular, he solves the problem in some particular cases like, for instance, in the case where in
all the saddles we havep/q =−1. He also observes that this problem was studied twenty years
before by Darboux (cf. [11]) and also by Painlevé and Autonne more or less at the same time
than himself. Another problem, posed by P. Painlevé, is the following (cf. [20] and [21]):

“Is it possible to recognize the genus of the general solution of an algebraic differential
equation in two variables which has a rational first integral?”

As we will see, in the families constructed in the begining, all differential equations with
rational first integral have their general integral curve of genus one. However, by pulling-back
these examples by rational maps, it is possible to construct families which contain differential
equations with general integral curves of arbitrarily large genus.

More recently the problem of bounding the degree of a solution, was studied by several authors
in a more general context, that is, without the hypothesis that the equation has a rational first
integral. In particular, it was solved in some particular cases, where conditions are imposed either
on the solution or on the singular points of the equation (cf. [9,8] and [7]).

Before stating our results, we will recall some basic notions which will be used along
the text. We will use freely some basic facts and the terminology of the theory of foliations
(leaf, holonomy, etc. . .) (cf. [13] and [6]). Given a vector fieldX = P (x, y) ∂∂x + Q(x, y) ∂∂y ,

whereP andQ are polynomials onC2, the singular set ofX is, by definition, the algebraic set
sing(X) = {(x, y) ∈ C2; P (x, y) =Q(x, y) = 0}. In this paper we will suppose thatsing(X)
is finite (i.e.,P andQ are relatively prime polynomials). A singular pointpo = (xo, yo) of X
is non-degenerateif the jacobian matrixDX(po) is non singular. In this case, ifλ1 andλ2 are
the eigenvalues ofDX(po), then the quotientsλ1/λ2 andλ2/λ1 are called thecharacteristic
numbersof the singularity. These characteristic numbers are analytic invariants of the singularity
(cf. [2] or [18]).

Outsidesing(X), the system of complex differential equations associated toX :

dx

dt
= P (x, y)

dy

dt
=Q(x, y),(1)

generates a foliation ofC2, whose leaves are the images of the complete solutions of (1), that is,
the immersed Riemann surfaces onC2 locally parametrized by the solutions of (1). SinceP
andQ are polynomials, this foliation can be extended to a unique singular foliation on the
projective spaceCP (2), sayF . We will say that the vector fieldX representsF in the affine
chartC2 ⊂ CP (2). The degreeof F is, by definition, the number of tangencies ofF with a
generic line, linearly embeded inCP (2). If F is of degreed then the vector fieldX is of the
form

X =
[
p(x, y) + x.g(x, y)

] ∂
∂x

+
[
q(x, y) + y.g(x, y)

] ∂
∂y
,(2)

wherep, q are polynomials of degree� d andg is a homogeneous polynomial of degreed, such
that, if g ≡ 0 thenmax{dg(p), dg(q)} = d and the homogeneous part ofp andq of degreed
are not of the formx.h andy.h, respectively. When all singularities ofF are non-degenerate,
thenF has exactlyd2 + d+1 singularities (where in this number we count also the singularities
which appear at line of infinite after the compactification). This formula is also true when all
singularities ofF are isolated, if we count the singularities with multiplicity (cf. [17]).
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SOME EXAMPLES FOR THE POINCARÉ AND PAINLEVÉ PROBLEMS 233

We say that an algebraic curveC is invariant by F , or asolutionof F , if it is the union of
leaves and singularities ofF . For instance, the line at infinity ofC2, L = CP (2) \ C2, is an
algebraic solution ofF if and only if g ≡ 0 in (2). More generally, ifC 	= L is given in the
affine coordinate systemC2 by (f = 0), wheref is a reduced polynomial, thenC is a solution
of F if, and only if,X(f) := P ∂f∂x +Q∂f∂y = f.h, whereh is some polynomial (cf. [17]). The
foliation F has arational first integral(or is algebraically integrable) if there exists a rational
functionF :CP (2)−→C such that all level curves ofF are solutions ofF .

Another way of representing the foliationF defined by (1) inC2, is by the differential equation
ω = 0, whereω = P (x, y)dy −Q(x, y)dx. When we representF in this way, then the rational
functionF is a first integral ofF if, and only if, dF = H.ω, whereH is a rational function.
SinceF is a quotient of polynomials, sayF = g/h, then this condition is equivalent to

h.dg − g.dh= r.ω,(3)

wherer is some polynomial. One of the main difficulties of the problem to recognize if a
differential equation is algebraically integrable or not, is that, although the degree ofω is fixed,
the degrees ofg, h andr are, in principle, arbitrary. If we could, in some way, bound the degree
of a possible algebraic solution of (1), then the existence ofg, h and r like in (3) would be
reduced to an algebraic system of equations involving the (unknown) coefficients of these three
polynomials and the (known) coefficients ofP andQ.

Example. – We say that a foliationF in CP(2) has aDarboux first integralif it can be defined
in an affine chart by a differential equationω = f.η = 0, wheref is a rational function andη is
a closed meromorphic form. It can be shown thatη must be of the following type:

η =
r∑
j=1

λj
dfj
fj

+ dg

wheref1, . . . , fr are polynomials andg is a rational function (cf. [10]). The Darboux integral is
fλ1
1 · · ·fλr

r .e
g, in this case.

A simple example in which a family of differential equations of some fixed degree contains
members with first integrals of arbitrarily large degrees is given by a family like above, when
g = 0. Consider the family of foliations inCP (2) given in an affine chart by the differential
equations

ωλ := f1 · · ·fr
r∑
j=1

λj
dfj
fj

= 0,(4)

wherer � 2, λ = (λ1, . . . , λr) ∈ (C∗)r and f1, . . . , fr are polynomials inC2. The foliation
F(ωλ), defined by (4) inCP(2), has a meromorphic first integral if, and only if,λ= c.m where
m= (m1, . . . ,mr) ∈ Zr andc ∈C∗. However, in this family the singularities ofF(ωλ) are not
of fixed analytic type. In fact, suppose thatr � 2 and thatf1, . . . , fr are chosen in such a way
that there is a pointp ∈ (f1 = f2 = 0) \

⋃
j�3(fj = 0), which is not a singularity of the curves

(f1 = 0) and(f2 = 0), and that these two curves meet transversely atp. In this case, a simple
calculation shows thatωλ(p) = 0, that this singularity is non-degenerate and their characteristic
numbers are−λ1/λ2 and−λ2/λ1.

The above example shows that, in order to bound the degree of a possible algebraic solution,
we must fix the analytic type of the singularities of the foliation.
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234 A. LINS NETO

DEFINITION 1. – Let(Fs)s∈S be a family of algebraic foliations onCP (2), whereS is some
complex manifold of parameters and the coefficients of the differential equations which define
the family in some fixed affine chart depend holomorphically ofs ∈ S. We say that the family
has singularities offixed analytic type,if

(i) The set of singularities ofFs, s ∈ S, can be written assing(Fs) = {p1(s), . . . , pk(s)},
where the functionss ∈ S �→ pj(s) are holomorphic.

(ii) For each j ∈ {1, . . . , k} and s1, s2 ∈ S, there exists a biholomorphismg from a
neighborhoodU1 of pj(s1) to a neighborhoodU2 of pj(s2) which sendspj(s1) to pj(s2)
and leaves ofFs1 in U1 onto leaves ofFs2 in U2. In particular, if the singularitypj(s1) is
non-degenerate forFs1 thenpj(s2) is also non-degenerate forFs2 and they have the same
characteristic numbers. When all singularities ofFs are non-degenerate (for alls ∈ S), we
will say that the family hasnon-degenerate singularities.

Our main result is the following:

MAIN THEOREM. – For d= 2,3,4, there are families of foliations inCP(2), say(Fdα)α∈C
, of

degree d, with the following properties:
(a) There is a finite set of parametersAd ⊂C such that the restricted family(Fdα)α∈C\Ad has

non-degenerate singularities of fixed analytic type.
(b) There exists a countable and dense set of parametersE ⊂ C, such that for anyα ∈ E

the foliationFda has a rational first integral, sayFα = Pα/Qα, of degreedα (that is the
general level curveFα = cte is irreducible of degreedα), satisfying the property that for
anyk > 0 the set{α ∈E; dα � k} is finite. In particular, the degrees of the rational first
integrals can be chosen arbitrarily large and these families provide counterexample for
the Poincaré problem.

(c) If α /∈ E, thenFdα has no rational first integral. In particular, almost all leaves ofFdα
are transcendent(non-algebraic). Furthermore, for any of these transcendent leaves,
sayL, there exists a holomorphic non-constant mapf :C→ CP (2), such thatf(C) ⊂
L∪ sing(Fdα).

Remark1. – For the foliations like in (b) of the theorem, almost all levelsFα = cte are elliptic
curves, that is are curves of genus one (see Proposition 6 of §2.2). Therefore these families are
not couterexamples for the Painlevé problem. However, by pulling-back such families by rational
mapsΦ:CP (2)→CP (2) of topological degree> 1, we can obtain such couterexamples, as in
the following:

COROLLARY. – For any d � 5, there exists a family of foliations of degreed in CP(2), say
(Fdα)α∈C

, satisfying(a)of the main Theorem and

(b.1)There exists a countable and dense set of parametersE ⊂C, such that for anyα ∈E the
foliation Fda has a rational first integral, sayFα, of degreedα, satisfying the property that for
anyk > 0 the sets{α ∈Ed; dα � k} and

{α ∈E; such that the genus of the general level curve ofFα is � k}

are finite. In particular, the degrees of the rational first integrals and the genus of their general
level curves can be chosen arbitrarily large and these families provide couterexamples for
Painlevé problem.

Remark2. – As we will see, the singularities of the foliations inFdα, α /∈Ad, are singularities
with local first integrals of the following analytic types:

(a.1) In the degree four situation:v/u= cte for the dicritical singularities andv3.u= cte for
the saddles.
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SOME EXAMPLES FOR THE POINCARÉ AND PAINLEVÉ PROBLEMS 235

(a.2) In the degree three situation:v/u= cte or v2/u= cte for the dicritical singularities and
v3.u= cte or v6.u= cte for the saddles.

(a.3) In the degree two situation:v2/u = cte or v3/u2 = cte for the dicritical singularities
andv3.u= cte or v6.u= cte for the saddles.

Remark3. – At the end of §2.2 we will prove that, for the foliationsF4
α in the main

Theorem,α /∈ E, after the resolution of the dicritical singularities ofF4
a , almost all leaves of

the resolved foliation are biholomorphic toC. We observe that these foliations answer a question
of M. Brunella in [5]. In [5], Brunella proved that, ifF is a foliation inCP(2) of degree� 5,
whose singularities are non-degenerate, and iff :C→CP(2) is a non-constant holomorphic map
tangent toF , thenf(C) must be contained in an algebraic solution ofF . At the end of [5] he
asks if the same result could be proved for foliations of degree� 2.

Remark4. – In the main Theorem and in the Corollary, whenα /∈ E the foliationFdα is not
Darboux integrable. On the other hand, it is Liouvillian integrable, that is, the foliationFdα can
be defined by a meromorphic1-formωα in CP(2) in such a way that there exists a meromorphic
closed1-form η such thatdωα = η ∧ ωα. This fact will be proved for the family of degree four
in Remark 6 of §2.2. We would like to observe also that, since the families are not Darboux
integrable, the setE cannot be described explicitly (in principle). It would be interesting to know
what kinds of properties this set has.

Remark5. – Another interesting fact about any of the families is that, ifα /∈E then:
(i) For anyp ∈CP(2), there exists a neighborhoodU of p such thatFdα|U has a first integral

(holomorphic or meromorphic).
(ii) Fdα has no meromorphic global first integral.

As far as we know, these are the first known examples of algebraic foliations inCP(2) with
such properties.

We would like to state some problems which arise naturally from the examples and some
well-known results.

Problem 1. – An useful result, due to Darboux and later generalized by Jouanolou, is the
following (cf. [14] (p. 29), [11] and [15]):

THEOREM. – For all d� 1 there existsN(d) ∈N such that if a foliation of degreed has more
thanN(d) algebraic solutions, then it has a rational first integral. In particular, a foliation with
infinitely many algebraic solutions has a rational first integral.

A natural question should be the following: givend � 2, is thereM(d) ∈ N such that if a
foliation of degreed has an algebraic solution of degree greater than or equal toM(d), then it has
a rational first integral? However, I recently have received a preprint by J. Moulin Ollagnier [19]
in which he claims that this question has a negative answer, at least for foliations of degree two. In
this paper he exhibits a countable family of Lotka–Volterra polynomial differential equations, say
LV (,), , ∈N, without rational first integrals, with associated foliations of degree two, and such
thatLV (,) has an irreducible algebraic solution of degree2,. We observe that the singularities
of the foliations in Ollagnier’s family are not of fixed analytic type. On the other hand, all such
foliations have Liouvillian first integrals, so that a more realistic question would be the following:

Question. – Givend� 2, is thereM(d) ∈N such that if a foliation of degreed has an algebraic
solution of degree greater than or equal toM(d), then it has a Liouvillian first integral?

Problem 2. – Classify all families of foliations inCP(2) having properties (a), (b) and (c) of
the families of the main Theorem.
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236 A. LINS NETO

Problem 3. – Classify all families of foliations inCP(2) having properties (a) and (b.1) of
the families of the Corollary.

I would like to thank the referee for helpful ideas and suggestions which enabled me to
simplify and improve some of the steps of the proofs.

2. Proof of the main Theorem

We begin by describing a configuration of lines and points inCP(2) that will be used in the
construction of the family of degree four.

2.1. A particular configuration of lines and points

Let us consider the lines inCP(2) defined in homogeneous coordinates by the equation(
Y 3 −X3

)(
Z3 − Y 3

)(
X3 −Z3

)
= 0.(5)

It is not difficult to see that the nine lines defined by (5), say,1, . . . , ,9, intersect in twelve points
of CP(2), which we will denote byp1, . . . , p12. We will use the notationj for the primitive cubic
root of the unitye2πi/3.

In Fig. 1 we sketch the configuration in the affine plane(Z = 1). The lines,1, . . . , ,9 in
this case are represented by(x = 1), (x = j), (x = j2), (y = 1), (y = j), (y = j2), (y = x),
(y = jx) and(y = j2x). The points of the configuration in the finite plane are(0,0) and(jk, j�),
k, ,∈ {0,1,2}, and the two points[1 : 0 : 0] and[0 : 1 : 0] at the line(Z = 0). We will denote this
configuration byC = (L,P), whereL= {,1, . . . , ,9} andP = {p1, . . . , p12}.

We observe that the configurationC satisfies the following properties:
(I) Each line contains four points of the configuration.

(II) Each point belongs to three lines of the configuration.
(III) If three points ofP are not in a line, ∈L, then the points are not aligned.
In the next proposition we obtain some symmetries of the configurationC and prove that it is

essentially the unique configuration satisfying (I), (II) and (III).

Fig. 1.
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SOME EXAMPLES FOR THE POINCARÉ AND PAINLEVÉ PROBLEMS 237

PROPOSITION 1. – LetC′ = (L′,P ′) be a configuration of nine lines and twelve points, where
L′ = {,′1, . . . , ,′9} andP ′ = {p′1, . . . , p′12} are the sets of lines and points ofC′. Suppose thatC′
satisfies properties(I), (II) and(III) above. ThenP ′ can be divided into four subsetsP1, . . . , P4,
each one containing three points, with the following properties:

(a) Pi ∩Pj = ∅ if i 	= j.
(b) If Pj = {p′1, p′2, p′3}, then there exists an automorphismT of CP(2) which sendsC′

into C (that is T (L′) = L and T (P ′) = P) in such a way thatT (p′1) = [0 : 0 : 1],
T (p′2) = [0 : 1 : 0] andT (p′3) = [1 : 0 : 0].

(c) Given i, j ∈ {1, . . . ,4}, i 	= j, there exists an automorphismS of CP(2) such that
S(C′) = C′ andS(Pi) = Pj .

(d) Given p′i, p
′
j ∈ P , there exists an automorphismS of CP(2) such thatS(C′) = C′ and

S(p′i) = p
′
j .

Proof. –Choose a pointp′1 ∈ P ′. It follows from (II) thatp′1 belongs to three lines, say,′1, ,
′
2

and,′3. Since each of these lines contain four points ofP ′, it is clear that,′1 ∪ ,′2 ∪ ,′3 contains
ten points ofP ′, so that there are two other points inP ′, which we can suppose to bep′2 andp′3.
Let P1 = {p′1, p′2, p′3}. If we consider now a pointp′i ∈ P ′ \ P1, then we can define in a similar
way a subsetP2, with three points, such thatp′i ∈ P2, P1 ∩ P2 = ∅ and the other two points of
P2 are not contained in the three lines ofL′ which containp′i.

In the same way, we can define subsetsP3 andP4 (inductively), such thatP1, . . . , P4 satisfy (a)
of the proposition and for eachj ∈ {1, . . . ,4} the three points ofPj are not aligned and two of
them do not belong to the same line ofL′. We leave the details for the reader.

Now, let us considerP1 = {p′1, p′2, p′3} and prove that it satisfies (b). Sincep′1, p
′
2 and p′3

are not aligned, there exists an automorphismT1 of CP(2) such thatT1(p′1) = [0 : 0 : 1],
T1(p′2) = [0 : 1 : 0] and T1(p′3) = [1 : 0 : 0], and so we can suppose thatp′1 = [0 : 0 : 1],
p′2 = [0 : 1 : 0] andp′3 = [1 : 0 : 0]. Let us consider the configuration in the affine plane(Z = 1),
with affine coordinates(x, y) ∈ C

2. In this coordinate system, the three lines ofL′ throughp′2
are of the form(x = a1),(x = a2) and(x= a3), and the three lines throughp′3 are of the form
(y = b1),(y = b2) and(y = b3) (see Fig. 2).

Now, each one of the other three lines of the configuration containsp1 = (0,0), is neither
horizontal nor vertical and contains exactly three points in the set{(ai, bj); 1 � i, j � 3}. After
changing the sub-indexes in theaj′s, if necessary, we can suppose that one of these lines contains
the points(aj , bj), j = 1,2,3. In this way, one of the other lines contains the points(a1, b2),
(a2, b3) and(a3, b1) and the third one the points(a1, b3), (a2, b1) and(a3, b2). This implies that

b1
a1

=
b2
a2

=
b3
a3

= α,
b2
a1

=
b3
a2

=
b1
a3

= β and
b3
a1

=
b1
a2

=
b2
a3

= γ,(6)

Fig. 2.
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whereα, β, γ 	= 0, are distinct complex numbers. It follows from (6) thatα3 = β3 = γ3, and
soβ/α andγ/α are distinct primitive cubic roots of the unity. Let us suppose, for instance, that
β/α= j andγ/α= j2. This implies that

(a1, a2, a3) = a1
(
1, j, j2

)
and (b1, b2, b3) = αa1

(
1, j, j2

)
as the reader can check. Now, it is not difficult to see that the automorphismT of CP(2) defined
by

T [X : Y :Z] =
[
a−1
1 X : (αa1)−1Y :Z

]
satisfies (b). Assertions (c) and (d) follow easily from (b). We leave the details for the reader.✷
2.2. The family of degree four

Let F be a foliation of degree four inCP(2) for which all the lines of the configurationC
are invariant. In the affine chart(x, y) ∈ C2 such that the lines ofL are the components of
(y3 − 1).(x3 − 1).(y3 − x3) = 0, such a foliationF must be given by a differential equation of
the form: {

dx
dt =

(
x3 − 1

)
.
[
a0 + a10x+ a01y+ by2

]
,

dy
dt =

(
y3 − 1

)
.
[
b0 + b10x+ b01y+ bx2

](7)

because the components of(x3 − 1).(y3 − 1) = 0 are invariants byF . We recall that a foliation
of degree four in the affine chartz = (x, y), is defined by a differential equation of the form
dz
dt = F (x, y) + g(x, y)R(x, y), whereF = (p, q), p and q are polynomials of degree� 4, g
is a homogeneous polynomial of degree4 andR(x, y) = (x, y) (see (2) in §1). Therefore, the
homogeneous part of fifth degree in the right side of (7) must be of the formx3.by2 in the first
component andy3.bx2 in the second. Since the components of(y3− x3) = 0 are also invariants,
(0,0) must be a singularity ofF , so thata0 = b0 = 0. On the other hand, the fact that the lines
(y = x), (y = jx) and(y = j2x) are invariant, implies that


b10 + b01 = a10 + a01

b10 + b01j = a10j + a01j2

b10 + b01j2 = a10j2 + a01j

⇒ a01 = b10 = 0 anda10 = b01

so that, if we multiply both components of (7) by a convenient constant, we can write (7) in one
of the following forms: {

dx
dt = Pα =

(
x3 − 1

)
.
(
x−αy2

)
,

dy
dt =Qα =

(
y3 − 1

)
.
(
y−αx2

)
,

or(8) {
dx
dt = P∞ =

(
x3 − 1

)
y2,

dy
dt =Q∞ =

(
y3 − 1

)
x2.

(9)

We callF4
α the foliation given by (8) andF4

∞ the foliation given by (9). This defines the family
(F4
a)α∈C

, of degree four.
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Remark6. – The foliationF4
α is Liouvillian integrable as asserted in Remark 4 of §1. Let us

verify this fact. Observe first thatF4
α can be defined by the meromorphic1-form

ωα =
x− αy2
y3 − 1

dy− y−αx
2

x3 − 1
dx.

On the other hand,dωα = η ∧ ωα where

η =
H + 1

3H(H − 1)
dH, and H =

y3 − 1
x3 − 1

.

Sincedη = 0, F4
α is Liouvillian integrable.

Remark7. – LetS be an automorphism ofCP(2) such thatS(C) = C (see (c) and (d) of
Proposition 1). It follows from the above arguments, thatS sends the family(F4

a)α∈C
in itself,

that is, for everyα ∈C, we have thatS∗(F4
a) =F4

β for someβ ∈C.

PROPOSITION 2. – Let (F4
a )α∈C

be as above. Then:
(a) All points of the configurationC are singularities ofF4

α, for all α ∈C.
(b) If α /∈ {1, j, j2,∞}, then all singularities ofF4

α are non-degenerate. Moreover, these
singularities are the following:

(b.1) Twelve singularities of radial type at the points ofP = {p1, . . . , p12}. The foliationF4
α

has a local meromorphic first integral of the typev/u= cte, in a neighborhood of each
singularity of this set.

(b.2) Nine singularities of saddle type, say{q1(α), . . . , q9(α)}, where, for eachj ∈ {1, . . . ,9},
qj(α) ∈ ,j , a line ofL. The foliationF4

α has a local holomorphic first integral of the
typev3.u= cte, in a neighborhood of eachqj(α).

(c) If α ∈ {1, j, j2,∞}, thensing(F4
α) = P . Among the points inP , nine are of radial type

(like in (b.1))and the three others are contained in one of the subsetsPj , j = 1,2,3,4,
as in Proposition1. Moreover,F4

α has a rational first integral of the typeHα = Pα/Qα,
wherePα andQα are the product of three lines inL. These six lines can be chosen in the
following way: Suppose that the three non radial singularities ofF4

α arep1, p2, p3 ∈ Pj .
Let ,1, ,2, ,3 and,4, ,5, ,6 be the lines ofL which pass through two of the points ofPj .
ThenHα = �1.�2.�3

�4.�5.�6
is a rational first integral ofF4

α. In particular, forα=∞, the first
integral can be chosen to be:

H(x, y) :=H∞(x, y) =
y3 − 1
x3 − 1

.(10)

Proof. –Assertion (a) follows from the fact that the points ofP are the singularities of the
algebraic set(Y 3−Z3).(X3−Z3).(Y 3−X3) = 0, which is invariant for allF4

α′s. Let us prove
assertion (b).

The fact that the singularities ofF4
α are non-degenerate forα /∈ {1, j, j2,∞} can be proved

by calculating directly its singularities and the Jacobian matrix of the vector field given by (8) in
these points. However, another way to prove it, is just observing thatsing(F4

α) contains exactly
21 = 42+4+1 points, ifα /∈ {1, j, j2,∞} (see §1). Let us prove this fact. Consider, for instance
the singularities ofF4

α in the line(x= 1). SinceF4
α has degree four, this line must contain five

singularities (counted with multiplicities). Four of these singularities are the points(1,1), (1, j),
(1, j2) (in the finite plane) and[0 : 1 : 0] ∈ (Z = 0). The other one is, of course, the solution of
x−1 = y−αx2 = 0, which is(1, α). If α /∈ {1, j, j2,∞}, then this singularity does not coincide
with any of the others, so that, in this case(x= 1) contains exactly five singularities ofF4

α. With
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a similar computation, it can be proved that ifα /∈ {1, j, j2,∞}, then each line ofL contains
exactly five singularities ofF4

α. This implies thatF4
α has nine singularities outside the setP , so

that it has exactly21 singularities. Let us prove (b.1).
Let Y be the polynomial vector field which representsF4

α in an affine chart which contains
p ∈ P . Sincep is a non-degenerate singularity ofF4

α, the Jacobian matrixDY (p) has two
non zero eigenvalues, sayλ1, λ2 	= 0. On the other hand, sinceF4

α has three invariant straight
lines throughp, it is clear thatλ1 = λ2 = λ andDY (p) = λ.I, whereI is the2 × 2 identity
matrix. Now, it follows from the Poincaré’s linearization theorem, thatY is linearizable in a
neighborhood ofp (cf. [2]). Therefore, there exists a (local) holomorphic coordinate system
(U, (u, v)) such thatp ∈ U , u(p) = v(p) = 0 andY (u, v) = λ(u ∂∂u + v ∂∂v ), so that, in these
coordinatesv/u is a meromorphic first integral ofF4

α in U .
In order to prove (b.2), let us fix a singularityqj(α) ∈ ,j ∈ L, say (1, α) ∈ ,1 = (x = 1).

Consider the vector fieldX which representsF4
α in the affine chart(x, y) (see (8)):

X(x, y) =
[(
x3 − 1

)
.
(
x−αy2

)] ∂
∂x

+
[(
y3 − 1

)
.
(
y−αx2

)] ∂
∂y
.

A direct computation shows that

DX(1, α) =

 3
(
1− α3

)
0

0 α3 − 1


and so the eigenvalues ofDX(1, α) areλ1 = 3(1−α3) andλ2 = α3−1 and satisfyλ1 =−3.λ2,
whereλ1 is the eigenvalue in the normal direction to,1 andλ2 in the tangent direction to,1.
With a similar calculation (or using Proposition1), it can be proved that this property is true for
all singularitiesqj(α), j = 2, . . . ,9. It remains to prove thatF4

α has a local holomorphic first
integral in a neighborhood ofqj(α) of the formv3.u= cte. In order to prove this fact, we recall
that the other four singularities ofF4

α on,j are radial and we will consider the resolution of these
singularities by blowing-up. From now on, we shall use the following notations:

(i) M will be the manifold obtained fromCP(2) by blowing-up in the twelve points ofP .
The blowing-up map will be denoted byΠ:M → CP(2).

(ii) F̃α will be the strict transform ofF4
α by Π.

(iii) ,̃j , j = 1, . . . ,9, will be the strict transform of the line,j ∈ L byΠ andL=
⋃9
j=1 ,̃j .

(iv) Di will be the divisorΠ−1(pi).
Observe thatF̃α has just one singularity oñ,j , say q̃j(α), whereΠ(q̃j(α)) = qj(α). This

implies that,̃j \ {q̃j(α)} is a leaf ofF̃α biholomorphic toC. Therefore, the holonomy of this
leaf is trivial, and this implies that the holonomy of the local separatrix ofq̃j(α) contained
in ,̃j is the identity. In particular, this holonomy is linearizable. It follows from a Theorem of
Mattei and Moussu (cf. [18]), that̃Fα is linearizable in a neighborhood of̃qj(α). SinceΠ is a
biholomorphism in a neighborhood ofq̃j(α), the same is true forF4

α in a neighborhood ofqj(α).
Therefore, we can suppose that in a suitable holomorphic coordinate system(V, (u, v)) around
qj(α), we have

f(u, v).X(u, v) = 3u
∂

∂u
− v ∂

∂v
,(11)

wheref ∈O∗(V ) andV ∩ ,j = (u= 0). This implies thatv3.u is a holomorphic first integral of
F4
α in V , which proves (b.2).
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Let us consider now the rational mapH(x, y) = y3−1
x3−1 = P

Q . Then

dH

H
=
dP

P
− dQ
Q

=
3y2dy
y3 − 1

− 3x2dx

x3 − 1
=

3
(x3 − 1)(y3 − 1)

.
[(
x3 − 1

)
y2 dy−

(
y3 − 1

)
x2 dx

]
.

This implies thatH =H∞ is a rational first integral forF4
∞ (see (9)). Observe thatH − 1 =

y3−x3
x3−1 and 1

H − 1 = x3−y3
y3−1 are also rational first integrals forF4

∞. Therefore, if we choose six
lines ofL, say,1, . . . , ,6, such that,1, . . . , ,3 pass through one of the points ofP1 = {[1 : 0 : 0],
[0 : 1 : 0], [0 : 0 : 1]} and ,4, . . . , ,6 pass through another one, then�1.�2.�3�4.�5�6

is a rational first
integral forF4

∞. Now letPj , j ∈ {2,3,4}, be another subset ofP as in Proposition 1. It follows
from (c) of Proposition 1 that there exists an automorphismS of CP(2) such thatS(C) = C
andS(Pj) = P1. SinceS(C) = C we must haveS∗(F4

∞) = F4
T for someT ∈ C \ {∞}. In

fact,T ∈ {1, j, j2}, because forα /∈ {1, j, j2,∞}, F4
α has21 singularities, whereasF4

∞ has12
singularities. It follows thatH ◦ S is a rational first integral ofFT of the type required in (c).
This finishes the proof of Proposition 2.✷

One of the main facts about the family(F4
α)α∈C

, is the following:

PROPOSITION 3. – If α 	= β thenF̃α andF̃β are transversal outsideL= ,̃1 ∪ · · · ∪ ,̃9.

Proof. –We will prove the proposition forα,β 	= ∞ and leave for the reader the case
where eitherα = ∞ or β = ∞. Let us prove first thatF̃α and F̃β are transversal outside
L ∪D1 ∪ · · · ∪D12. SinceΠ is a biholomorphism outsideD1 ∪ · · · ∪D12, it is sufficient to
prove thatF4

α andF4
β are transversal outside,1 ∪ · · · ∪ ,9. By considering the determinant of the

components of vector fields which defineF4
α andF4

β (see (8)), we get:

Pα.Qβ − Pβ .Qα = (β −α).
(
x3 − 1

)
.
(
y3 − 1

)
.
(
y3 − x3

)
.

This proves thatF4
α andF4

β are transversal outside,1∪ · · ·∪ ,9 ∪ (Z = 0). In order to verify that
they are tranversal in(Z = 0)\ (,1∪· · ·∪ ,9) = (Z = 0)\{[1 : 0 : 0], [0 : 1 : 0]} we can use (c) of
Proposition 1. It follows from (c) of Proposition 1, that it is possible to find an automorphismS
of CP(2) such thatS(C) = C andS((Z = 0) \ {[1 : 0 : 0], [0 : 1 : 0]}) ⊂ C2. It follows from
Remark 7 and the above computation thatF4

α andF4
β are transversal in(Z = 0) \ {[1 : 0 : 0],

[0 : 1 : 0]}. This proves that̃Fα andF̃β are transversal outsideL∪D1 ∪ · · · ∪D12.
It remains to prove that̃Fα and F̃β are transversal in(D1 ∪ · · · ∪D12) \ L. Observe that,

(d) of Proposition 1 and Remark 7, imply that it is sufficient to prove that they are tranversal in
Dj \ L, for somej ∈ {1, . . . ,12}. Sincep1 = (0,0) ∈ P , we will prove that they are tranversal
in D1 \ L, by doing a blowing-upπ at 0 ∈ C2. Consider, for instance this blowing-up in the
chart(u,x) ∈C2, whereπ(u,x) = (x,u.x). A straightforward computation shows that the strict
transform ofF̃α can be defined in this chart by:{

du
dt = α

(
u3 − 1

)
+ x.h1(u,x),

dx
dt = 1+ x.h2(u,x),

(12)

whereh1 andh2 are polynomials. In this chart, the equation of the divisorD1 is (x = 0), so
that the slopes of̃Fα and F̃β alongD1 are given bydudx = α(u3 − 1) and dudx = β(u3 − 1),
respectively. This implies that they are tranversal alongD1, outside(u3 − 1 = 0), which is the
equation ofL in this chart. With a similar computation, it is possible to prove that they are also
tranversal outsideL in the other chart(v, y), whereπ(v, y) = (v.y, y). We leave this computation
for the reader. This finishes the proof of Proposition 3.✷
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Fig. 3.

Now, consider the first integralH = y3−1
x3−1 of F4

∞ and seth =H ◦ Π. Since the base points
of H are contained inP and these base points are radial points forF∞, it is not difficult to see
thath :M → C is holomorphic and the singular fibers ofh areh−1(0), h−1(1) andh−1(∞).
Moreover, ifV =M \ h−1{0,1,∞} andW = C \ {0,1,∞}, thenh|V :V →W is an elliptic
regular fibration. The idea of the proof of the main Theorem is to use Proposition 3, this fibration
and the theory of foliations transversal to the fibers of a fibration (see for instance [12] or [6]).
According to this theory, if we fix one of the foliations̃Fα, α 	=∞ and a fiber ofh|V , say
Ta = h−1(a), then there exists a group representation

Hα :Π1(W,a)→ diff (Ta),

calledglobal holonomy representation, with the following properties:
(I) If Lo is a leaf ofF̃α|V , thenh|Lo :Lo→W is a covering map.
(II) Given a closed pathγ : [0,1]→W such thatγ(0) = γ(1) = a, with class[γ] ∈Π1(W,a),

and a pointq ∈ Lo ∩ Ta, thenHα([γ])(q) is the end point of the unique path̃γ : [0,1]→ Lo such
that γ̃(0) = q andh ◦ γ̃ = γ. In particular, the orbit ofq byHα([γ]) is contained inLo ∩ Ta.

(III) If we denote byGα the subgroupHα(Π1(W,a)) of diff (Ta), then

Lo ∩ Ta =
{
f(q): f ∈Gα

}
,(13)

that isLo ∩ Ta is the orbit of some pointq ∈Lo ∩ Ta by the group of diffeomorphimsGα.

Remark8. – Since the foliatioñFα and the fibrationh|V are holomorphic, it follows that all
elementsf ∈ Gα are automorphims of the elliptic curveTa. Moreover, if we fixγ ∈ Π1(W,a)
then we can define a mapFγ :C× Ta→ Ta by

Fγ(α, q) =Hα(γ)(q),

whereHα is the global holonomy of̃Fα. It follows from the theorem of holomorphic dependence
of the solutions of a holomorphic differential equation with respect to parameters and initial
conditions, that the mapFγ is holomorphic in both variables.

On the other hand,W = C \ {0,1,∞}= C \ {0,1}, so thatΠ1(W,a) is generated by the two
closed pathsγ1 andγ2 illustrated in Fig. 3. We will denote byfα andgα the automorphisms of
Ta defined by

fα(q) = Fγ1(α, q) and gα(q) = Fγ2(α, q),

respectively. In particular,Gα is generated byfα andgα. In the next result, we will see howfα
andgα look like.

PROPOSITION 4. –Leth, Ta = h−1(a), F̃α, fα andgα be as before. Then:
(a) For all b ∈W , the fiberTb = h−1(b) is biholomorphic to the torusC/Γ, whereΓ= 〈1, j〉

is lattice generated by1 andj = e2πi/3.

4e SÉRIE– TOME 35 – 2002 –N◦ 2



SOME EXAMPLES FOR THE POINCARÉ AND PAINLEVÉ PROBLEMS 243

(b) There exists a holomorphic mapA :C→ C/Γ, such that for everyα ∈ C, the global
holonomy groupGα of F̃α in the fiberTa, written in a suitable holomorphic universal
coveringPα :C→ Ta, is generated byfα(z) = j.z andgα(z) = j.z+A(α).

(c) The mapA :C→C/Γ is not constant.

Proof. –Since the fibers ofh|V are tranverse tõFα, α 	=∞, it follows that all these fibers are
biholomorphic. The fact that they are biholomorphic toC/Γ is a consequence of the following:

ASSERTION. – f3
α = id (resp.g3α = id ), fa (resp.gα) has a fixed point, butfα 	= id (resp.

gα 	= id ).

It is well-known that an elliptic curve which admits an automorphism satisfying the properties
of fα in the assertion is biholomorphic toC/Γ (cf. [1]).

Proof of the assertion. –We will use (b.2) of Proposition 2. Consider the singular level
h−1(0) = D1 ∪ ,̃1 ∪ ,̃2 ∪ ,̃3, whereD1 is the divisorΠ−1(0) and ,̃1, ,̃2 and ,̃3 are the strict
tranforms of(y = x), (y = jx) and(y = j2x), respectively. Let̃qk(α) ∈ ,̃k be the singularity
of saddle type ofF̃α, such thatΠ(q̃k(α)) = qk(α) = (jk−1/α, j2(k−1)/α) ∈ (y = jk−1x),
k = 1,2,3. SinceΠ is a biholomorphism outside

⋃12
i=1Di, there are neighborhoods̃Uk of q̃k(α)

andUk of qk(α) such thatΠ|
Ũk

: Ũk→ Uk is a biholomorphism. In particular, the foliations̃Fα
andF4

α are analytically equivalent iñUk andUk, respectively. For simplicity, let us consider the
casek = 1. In this case, there exists an analytic coordinate system(u, v) : Ũ1→C2 such that:

(i) u(q̃1(α)) = v(q̃1(α)) = 0 and,̃1 ∩ Ũ1 = (u= 0).
(ii) F̃α|Ũ1

is defined inŨ1 by the differential equation3udv + v du = 0, so thatv3.u is a

holomorphic first integral of̃Fα|Ũ1
.

(iii) The mapsh|
Ũ1

=H ◦Π|
Ũ1

andH |U1 are equivalent.
It follows from (ii) that the holonomy of the local separatrix(v = 0) of q̃1(α) in a transversal

(u = uo) (uo 	= 0), is fo(v) = e−2πi/3.v = j2.v. In particular, we havefo 	= id andf3
o = id .

This implies that, ifΣ ⊂ Ũ1 is any transversal to(v = 0) through a pointqo ∈ (v = 0) and
f : (Σ, qo)→ (Σ, qo) is the holonomy of(v = 0) in this transversal, then

(iv) f(qo) = qo, f 	= id andf3 = id .

Now, observe thatH |U1 = 1 + y3−x3
x3−1 , and soh has multiplicity one along the curvẽ,1, that

is, there exists an analytic coordinate system(W1, (u1, v1)) around(0,0) such that
(v) W1 ⊂ Ũ1, W1 = {(u1, v1); |u1|, |v1| < δ}, (u = 0) ∩ W1 = (u1 = 0), v1 = v and
h(u1, v1) = 1 + u1.

Let us suppose for a moment that|a| < δ and that the curveγ1 is contained inDδ =
{z; |z − 1| < δ}. In this case, the fiberTa = h−1(a) cutsW1 in the transversal to(v1 = 0),
Σ= {(u1, v1); u1 = 1+ a}. Moreover, the global holonomyfα of γ1, is such thatfα|Σ = f−1,
wheref is the holonomy of the local separatrix(v1 = 0) as in (iv) (observe thatγ1 in Fig. 3
is oriented in the negative sense ofC). Sincefα is holomorphic, (iv) implies thatfα 	= id and
f3
α = id . The proof of the assertion in the general case, that isγ1 	⊂Dδ, follows from this case.

In fact, it is enough to observe thatfα = k−1 ◦ f1 ◦ k, wheref1 is the global holonomy of simple
curveγ(s) = 1 + δ

2 exp(2πis), s ∈ [0,1], contained inDδ andk :h−1(a)→ h−1(1+δ
2 ) is the

global holonomy of a simple curve joininga to 1+ δ
2 (see Fig. 3). This proves the assertion.✷

Remark9. – It follows from Remark 8 that the assertion is also true forα ∈ {1, j, j2}.

Let us fix a holomorphic universal coveringP :C→ Ta, with associated latticeΓ. It follows
from the assertion, that the liftings offα andgα, which we will denote by the same symbols, can
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be written as

fα(z) = j.z + a(α) and gα(z) = j.z+ b(α),

wherea :C→C/Γ andb :C→C/Γ are holomorphic (observe that the senses ofγ1 andγ2 were
chosen in Fig. 3 in such a way thatf ′α = g′α = j). On the other hand, the pointzo(α) =

a(α)
1−j

is a fixed point offα, so thatk−1
α ◦ fα ◦ kα(z) = j.z, where kα(z) = z + zo(α). Since

k−1
α ◦ gα ◦ kα(z) = j.z + A(α), whereA(α) = b(α) − a(α), we obtain that in the covering
Pα = P ◦ kα :C→ Ta the generatorsfα andgα of the global holonomy, are written as in (b).
This proves (b).

In order to prove (c), it is enough to exhibit two foliations̃Fα1 andF̃α2 , such that the global
holonomy groups,Gα1 andGα2 are finite and have a different number of elements. In fact, we
will prove that, in the representation of (b),G1 has three elements (in this caseG1 = 〈j.z〉 and
f1(z) = g1(z) = j.z) andG0 has at least nine elements, so thatA(1) = 0 (modΓ) andA(0) 	= 0
(modΓ).

(c.1) We assert thatG1 has three elements.
In fact, as we have seen in (c) of Proposition 2,F4

1 has a rational first integral, sayH1 = p1
q1

,
where p1 and q1 are the product of three lines which pass through two of the points of
P2 = {(1,1), (j, j2), (j2, j)}, so that we can take

H1(x, y) =
(x− j2)(y− j)(y− j2x)
(x− j)(y − j2)(y − jx) .

It follows from Bézout’s Theorem, that the general fiberH−1
1 (c) of H1, cutsH−1

∞ (a) = Π(Ta)
in 3× 3 = 9 points, counted with multiplicities. Now, observe that, between the twelve points of
P ,H−1

1 (c) does not pass through the points ofP2 andH−1
∞ (a) does not pass through the points

of P1 = {(0,0), [1 : 0 : 0], [0 : 1 : 0]}. It follows thatP ∩H−1
1 (c) ∩H−1

∞ (a) contains six points
of P . As the reader can check, the intersection number ofH−1

1 (c) andH−1
∞ (a) in each of these

points is one. This implies that, the general leaf ofF̃1 cuts the fiberh−1(a) = Ta in 3 = 9− 6
points, so that#G1 = 3. Thereforef1(z) = g1(z) = j.z andG1 = 〈j.z〉.

(c.2) We assert thatG0 has at least nine elements, so thatG0 	=G1 andA(0) 	= 0 (modΓ).
First of all observe that

H0(x, y) =
p0
q0

=
x3(y3 − 1)
y3(x3 − 1)

is a rational first integral ofF4
0 . In fact, we have

q20 .dH0 = q0 dp0 − p0 dq0 = 3x2y2
[
x
(
x3 − 1

)
dy− y

(
y3 − 1

)
dx

]
,

which implies thatH0 is a first integral ofF4
0 (see (8)).

Now, the line, = (x = 0), which is contained inH−1
0 (0), cuts the general levelH−1(a) in

three points,(0, yk), wherey1, y2, y3 are cubic roots of1− a. SinceH0 has multiplicity three
along(x = 0), it follows that, if |b| is small, thenH−1

0 (b) cutsH−1(a) in at least nine points,
which are near the points(0, yk), k = 1,2,3. But (0, yk) /∈ P , k = 1,2,3, so that if|b| is small,
none of these nine points is inP . This implies thath−1(a) contains at least nine points of the
generic leaf ofF̃0. Therefore,#(G0) � 9, which proves (c.2) and the proposition.✷

In the next result, we will see how a groupG of the form〈j.z, j.z +A〉 looks like. We will
also characterize the finite groups of this form.
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PROPOSITION 5. –LetG be a subgroup of the group of automorphisms ofC/Γ, generated by
two elementsf(z) = j.z andg(z) = j.z +A. Then

G=
{
k; k(z) = c.z+ d.A wherec ∈ {1, j, j2} andd ∈ Z⊕ j.Z

}
.(14)

In particular, the following assertions are equivalent:
(a) G is finite.
(b) There existsn ∈ Z such thatnA ∈ Γ.
(c) G has a finite orbit inC/Γ.

Proof. –We will prove (14) and leave the proof of the equivalence between (a), (b) and (c) for
the reader. Set

G1 =
{
k; k(z) = c.z + d.A wherec ∈ {1, j, j2} andd ∈ Z⊕ j.Z

}
.

It is not difficult to see thatG1 is a subgroup ofAut(C/Γ). Sincef, g ∈ G1, it is clear that
G⊂G1.

On the other hand, sincef andg have order three andG= 〈f, g〉, anyk ∈G can be written as
a word

k = fα1 ◦ gβ1 ◦ · · · ◦ fαr ◦ gβr ,

wherer � 1, 0 � α1, βr � 2, 1 � αm, βn � 2, if 2 �m � r and1 � n � r − 1. Let us define
the lengthof the wordk as |k| := α1 + · · ·+ αr + β1 + · · · + βr and prove that anyk ∈ G1

is in G, by induction on|k|. If |k| = 0 thenk is the identity map, so thatk ∈ G1. Suppose
that for any elementk ∈ G with 1 � |k| < n we havek ∈ G1. Let h ∈ G be of lengthn. Then
h= f ◦ k or h= g ◦ k, where|k|< n. By the induction hypothesis, we havek(z) = c.z + d.A,
wherec ∈ {1, j, j2} andd ∈ Z⊕ j.Z. On the other hand,f ◦ k(z) = j.c.z+ j.d.A andg ◦ k(z) =
j.c.z + (j.d + 1).A, so thath ∈ G1, as the reader can check. This finishes the proof of the
proposition. ✷

As a consequence, we obtain the following:

COROLLARY. – The following assertions are equivalent:
(a) F4

α has a rational first integral.
(b) There existsn ∈ Z such thatnA(α) ∈ Γ, whereA(α) is like in Proposition4.
(c) F4

α has an algebraic leaf which is not contained in the lines ofL.

Proof. –Clearly (a)⇒ (c). Let us prove that (c)⇒ (b)⇒ (a).
(c)⇒ (b). LetL be an algebraic leaf ofF4

α which is not contained in the lines ofL andL̃ be
its strict transform byΠ. SinceL is algebraic, it follows that̃L ∩ Ta is finite. But,L̃ ∩ Ta is an
orbit ofGα, so thatGα has a finite orbit. Therefore (c)⇒ (b).

(b) ⇒ (a). Observe that (b) implies thatGα is finite, say#Gα = m. Therefore, ifL 	⊂ L
is a leaf of F̃α, then#L ∩ Tb � m, for any fiberTb = h−1(b), b ∈ W . On the other hand,
if L does not contain the local separatrices of the singularitiesqj(α), thenL cuts the singular
levelsh−1(c), c= 0,1,∞, transversely in the divisors contained in these levels (Proposition 3),
sayD1, D2 andD3. It is not difficult to see that this implies that#L ∩Dj �m and thatL can
be covered by a finite number of relatively compact disks, so thatL is compact. In particular,
F4
α has infinitely many algebraic solutions and so a meromorphic first integral, by Darboux’s

Theorem. ✷
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We have already proved assertion (a) of the main Theorem for the family(F4
α)α∈C

. In order
to prove (b) we have to define the setE of the statement of the main Theorem. Let

E =
{
α ∈C; there existsn ∈ Z such thatn.A(α) ∈ Γ

}
∪ {∞}.

SinceA :C→ C(modΓ) is holomorphic and not constant, it follows thatE is countable and
dense. The Corollary of Proposition 5 implies thatF4

α has a rational first integralFα = Pα

Qα
if, and

only if, α ∈E. Letd(α) be the degree of a generic level curve ofFα, sayLc := (Pα−c.Qα = 0),
andL̃c be the strict transform ofLc by Π. By Bézout’s Theorem, we have

3.d(α) =#
(
Lc ∩H−1

∞ (a)
)

� #
(
L̃c ∩ h−1(a)

)
=#Gα,

and sod(α) � 1
3#Gα. On the other hand, givenA ∈ C∗ such that there existsn ∈ Z with

n.A ∈ Γ, let

k = k(A) =min{n∈ Z; n > 0 andn.A ∈ Γ}.(15)

Then, it is not difficult to see from (14) that#(〈j.z, j.z +A〉) � 3.k2. Therefore, ifα ∈E then
d(α) � k(A(α))2 . Givenko ∈N, let

Eko =
{
α ∈E; k

(
A(α)

)
� ko

}
∪ {∞}.

It is not difficult to see thatEko is finite and that, ifα /∈Eko , thend(α) � k2o . This implies (b) of
the main Theorem. It remains to prove (c) for the family(F4

α)α∈C
. We need a definition.

DEFINITION 2. – LetG = 〈j.z, j.z + A〉. We say thatb ∈ C/Γ is genericfor G, if for any
f ∈ G \ {id} the pointb is not a fixed point off . We observe that the set of pointsb ∈ C/Γ
which are not generic forG is countable. In particular, the set of generic points is dense and non
countable in a fundamental domain ofΓ.

Let α ∈C andL be a leaf ofF4
α. We say thatL is generic, if

(i) L 	⊂ L.
(ii) Let L̃ be a leaf ofF̃α such thatΠ(L̃) = L. ThenTa∩ L̃ contains a pointb which is generic

for Gα.
We will say also that̃L is generic. We observe that condition (ii) does not depend on the point

b ∈ Ta ∩ L̃. Moreover, for allα ∈ C, the set of generic leaves of̃Fα contains a non countable
and dense set of leaves. We would like to observe also that, the leaves ofF̃α which contain the
local separatrices of the saddle points of this foliation are not generic (see the proof of (b) of
Proposition 4). Assertion (c) of the main Theorem will follow from the next result.

PROPOSITION 6. –Let L̃ be a generic leaf of̃Fα. Then there exists a holomorphic covering
mapπ : L̃→C/Γ. In particular, if α ∈E then the generic leaf ofF4

α has genus one.

Proof. –We will use (a) of Proposition 4 and the first integralH1 of F4
1 in the proof of

this proposition. LetL̃1 be a generic leaf ofF̃1. According to (a) of Proposition 4,̃L1 is
biholomorphic toC/Γ. Let V = M \ h−1{0,1,∞} be as before. Denote byL1 andL the
intersections of̃L1 andL̃ with V . We know thath1 := h|L1 :L1→W andho := h|L :L→W
are covering maps, whereW = C \ {0,1,∞}. Moreover, the fiberh−1

1 (z) of a pointz ∈W has
three points inL1 (see (c.1) in the proof of Proposition 4). Let us constructπ|L :L→ L1 in such
a way thatho = h1 ◦ π.

Fix a pointb1 ∈ h−1
1 (a) ⊂ Ta ∩ L1 and a pointbo ∈ h−1

o (a) ⊂ Ta ∩ L and setπ(bo) = b1.
Given m ∈ L, fix a path γ̃m : [0,1] → L such that γ̃m(0) = bo and γ̃m(1) = m. Let
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γm = ho ◦ γ̃m : [0,1]→W and γ̂m : [0,1]→ L1 be the lifting of γm by h1 in L1, such that
γ̂m(0) = b1. In order to defineπ(m) it is enough to prove the following:

ASSERTION 1. –The final point of̂γm, γ̂m(1), does not depend on the pathγ̃m. Therefore,
we can defineπ(m) = γ̂m(1).

Proof. –It is enough to prove the assertion in the case where the pathγ̃m is closed, that
is γ̃m(0) = γ̃m(1) = bo. In this case, sincẽL is generic forF̃α, the global holonomy of the
pathγm = ho ◦ γ̃m in Gα is the identity. In fact, if we denote this holonomy byk ∈ Gα, then
k(bo) = γ̃m(1) = bo. Therefore, the definition implies thatk = id . Now, writeγm as a word inγ1
andγ2, γm = γm1

1 ◦ γn1
2 ◦ · · · ◦ γmr

1 ◦ γnr
2 . We have

k(z) = fm1
α ◦ gn1

α ◦ · · · ◦ fmr
α ◦ gnr

α (z) = c.z+ e,

wherec= jm1+n1+···+mr+nr . Sincec= 1, it follows that3 dividesm1 + n1 + · · ·+mr + nr .
Now, letK be the global holonomy ofγm with respect to the foliatioñF1. As we have seen
in (c.1) of the proof of Proposition 4,G1 = 〈j.z, j.z〉, so thatK(z) = jm1+n1+···+mr+nr .z = z.
This implies that̂γm is closed and the assertion.✷

Now, we have to extendπ to L̃∩ h−1{0,1,∞}. To do this, we first observe thatL̃1 ∩ h−1(c)
contains exactly one point, for allc ∈ {0,1,∞}, say p(c). Moreover, L̃1 and L̃ intersect
transverselyh−1(c) (Proposition 3).

In fact, let us consider, for instance, the casec = 1. Sinceh−1(1) = D1 ∪ ,̃1 ∪ ,̃2 ∪ ,̃3 and
,̃1 ∪ ,̃2 ∪ ,̃3 is invariant forF̃1 andF̃α, we must have,̃L1 ∩h−1(1)⊂D1 andL̃∩h−1(1)⊂D1.
On the other hand,̃L1 = h̃−1

1 (e), whereh̃1 =H1 ◦Π ande ∈ C. In the chart(u,x) ∈M , such
thatΠ(u,x) = (x,u.x), we have

h̃1(u,x) =H1 ◦Π(u,x) =
(x− j2)(ux− j)(u− j2)
(x− j)(ux− j2)(u− j) ⇒ h̃1(u,0) =

u− j2
u− j ,

and soL̃1 ∩D1 = ( je−j
2

1−e ,0) = p(0). Hence, we can defineπ in L̃∩ h−1(1), by π(q) = p(0) for

all q ∈ L̃∩h−1(1). In the same way, we can extendπ to L̃∩h−1(0) andL̃∩h−1(∞), obtaining
a map

π : L̃→ L̃1,

which is holomorphic inL= L̃ \ h−1{0,1,∞}.
ASSERTION 2. –π is holomorphic in L̃. Moreover, it is a local homeomorphism in a

neighborhood of each pointq ∈ L̃ \L.

Proof. –Let q ∈ L̃ ∩ h−1{0,1,∞}. We can suppose without lost of generality thatq ∈
L̃ ∩ h−1(1), so thatq ∈ L̃ ∩D1. Let us consider the case whereq is in the domain of the chart
(u,x) in which the blowing up at0 ∈ C2 is written asΠ(u,x) = (x,ux). In this chart, we have

q = (uo,0), p(0) = (ao,0) = ( je−j
2

1−e ,0) and

h(u,x)− 1 =
x3(1− u3)
1− x3

.(16)

SinceL̃ and L̃1 intersect transverselyD1 we can parametrize these leaves in a neighborhood
of q andp(0) asx �→ (u(x), x) andx �→ (u1(x), x) respectively, whereu,u1 :D(0, r)→ C are
holomorphic anduo = u(0), ao = u1(0). It follows from (16) that there are local chartsz andw
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in L̃ andL̃1, aroundq andp(0), respectively, such thatz(q) = w(p(0)) = 0 andho(z) = 1 + z3

andh1(w) = 1+w3. Sinceho = h1 ◦ π outsideD1 ∩ L̃, we get

z3 =
(
w

(
π(z)

))3 ∀z 	= 0⇒ w
(
π(z)

)
= δ.z whereδ3 = 1.(17)

Clearly (17) implies the assertion.✷
Now, in order to prove thatπ : L̃→ L̃1 is a covering map, we use the so-called “property of

the unique lifting of paths” (cf. [16]):
“Let f :X→ Y be a local homeomorphism, whereX andY are connected manifolds. Then,

f is a covering map if, and only if, it has the property of the unique lifting of paths, that is, given
a pathγ : [0,1]→ Y such thatγ(0) = yo ∈ Y andxo ∈X such thatf(xo) = yo, then there exists
a unique path̃γ : [0,1]→X such that̃γ(0) = xo andf ◦ γ̃ = γ.”

It is not very difficult to verify thatπ : L̃→ L̃1 satisfies the property of the unique lifting of
paths. We leave the proof of this fact for the reader. This proves Proposition 6.✷

Let us prove assertion (c) of the main Theorem for the family(F4
α)α∈C

. Letα /∈ E andL̃ be

a generic leaf ofF̃α. Let π : L̃→ L̃1 � C/Γ be the covering of Proposition 6. SincẽL is not
compact (see (c) of the Corollary of Proposition 5), we must haveL̃ � C or L̃ � C∗. Since the
holomorphic universal covering ofC∗ is C, in both cases there exists a holomorphic non-constant
mapf̃ :C→ L̃. Hencef =Π ◦ f̃ :C→ L=Π(L̃) is a non-constant holomorphic map such that
f(C)⊂ L∪ sing(F4

α), which proves (c) of the main Theorem.
It remains to prove that a generic leaf ofF̃α is biholomorphic toC, as asserted in Remark 3.

Let us consider the automorphisms of the coveringπ; Aut(π) = {k ∈ Aut(L̃); π ◦ k = π}. We
have two possibilities: either (i)̃L� C∗ andAut(π) � |Z, or (ii) L̃� C andAut(π) � Z2. We
will prove thatAut(π)� Z2.

First of all, fix a point b1 ∈ L̃1 and a pointb ∈ L̃, such thath(b1) = h(b) = a ∈ W =
C\ {0,1,∞}. Recall that for any class of closed curve[δ] ∈Π1(L̃1, b1) there existskδ ∈Aut(π)
such that, ifδ̃ is the lifting of d by π such that̃δ(0) = b, thenδ̃(1) = kδ(b). Now, consider the
curvesγ2 ◦ γ2

1 andγ1 ◦ γ2 ◦ γ1 in W . The lifting of each one of these curves byh1 in L̃1 is a
closed curve, becauseg1 ◦ f2

1 = f1 ◦ g1 ◦ f1 = idTa . Let us denote byδ1 andδ2, respectively,
these liftings (whereδ1(0) = δ2(0) = b1), by δ̃1 and δ̃2 the liftings of δ1 andδ2 by π (where
δ̃1(0) = δ̃2(0) = b) and byk1 andk2 the associate elements ofAut(π). Sinceho = h1 ◦ π, δ̃1
andδ̃2 coincide with the liftings ofγ2 ◦ γ2

1 andγ1 ◦ γ2 ◦ γ1, respectively, byh1. It follows that

k1(b) = δ̃1(1) = gα ◦ f2
α(b) = b+A

(
mod(Γ)

)
and

k2(b) = δ̃2(1) = fα ◦ gα ◦ fα(b) = b+ j.A
(
mod(Γ)

)
,

whereA=A(α). Now, suppose by contradiction thatAut(π)�Z. If k is a generator ofAut(π),
thenk1 = km andk2 = kn form,n ∈ Z, so thatkn1 = km2 . But, this implies that

b+ n.A
(
mod(Γ)

)
=

(
gα ◦ f2

α

)n(b) = (fα ◦ gα ◦ fα)m(b) = b+mj.A
(
mod(Γ)

)
so that

(n−mj).A ∈ Γ⇒
(
n2 +m2 +mn

)
A ∈ Γ

as the reader can check. This contradiction finishes the proof of Remark 3.

2.3. The family of degree three

In order to construct the family of degree three, we observe that the equations in (8) and (9),
which define the family(F4

α)α∈C
, are symmetric with respect to the change of variables
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S(x, y) = (y, x). It is possible to prove that any foliaton with this property is the pull-back of
another foliation by the mapT (x, y) = (x+ y, x.y). In our case, the vector field which defines
the foliationF4

α is Ẑα = X̂ − αŶ , where

X̂ = x
(
x3 − 1

) ∂
∂x

+ y
(
y3 − 1

) ∂
∂y

and Ŷ = y2
(
x3 − 1

) ∂
∂x

+ x2
(
y3 − 1

) ∂
∂y
.

As the reader can check, we haveX̂ = T ∗(X) andŶ = T ∗(Y ), where

X(u, v) =
(
−u+ 2v2 − 4u2v+ u4

) ∂
∂u

+ v
(
−2− 3uv+ u3

) ∂
∂v
,

and

Y (u, v) =
(
2v− u2 + uv2

) ∂
∂u

+
(
3uv− u3 + 2v3

) ∂
∂v
,

so thatẐα = T ∗(Zα), whereZα =X −αY .
Observe that, although the vector fieldZα has degree four, its homogeneous part of degree

four is u4 ∂
∂u + v u3 ∂

∂v = u
3(u ∂∂u + v ∂∂v ), so that the foliation defined byZα has degree three.

We will denote this foliation byF3
α. The foliationF3

∞ will be the foliation defined by the vector
field Y , which is also of degree three.

In order to study the foliationF3
α, let us see first how the rational mapT transforms the lines

of the configurationC. Observe that:
(I) The lines(x= jk) and(y = jk) are sent byT into the line(v = jk u− j2k), k = 0,1,2.

This implies that the foliationF3
α has three invariant lines;,k := (v = jku − j2k),

k = 0,1,2.
(II) The line (y = x) is sent byT into the conicC1 := (v = 1

4u
2).

(III) The lines(y = j x) and(y = j2 x) are sent byT into the conicC2 := (v = u2).
It follows from (I), (II) and (III) that, for allα ∈ C, F3

α leaves invariant an algebraic curve of
degree7, which is the union of five rational curves: three lines,,k, k = 0,1,2, and two conics
C1 andC2. The conics are tangent in the pointsq1 = [0 : 0 : 1] andq2 = [0 : 1 : 0]. The lines,k,
k = 0,1,2, intersect in the pointsp01 = [−j2 : j : 1] ∈ ,0 ∩ ,1, p02 = [−j : j2 : 1] ∈ ,0 ∩ ,2
andp12 = [−1 : 1 : 1] ∈ ,1 ∩ ,2. Observe thatp01, p02, p12 ∈ C2. Finally, the lines are tangent
to the conicC1 in the pointsp0 = [2 : 1 : 1] ∈ ,0 ∩ C1, p1 = [2j : j2 : 1] ∈ ,1 ∩ C1 and
p2 = [2j2 : j : 1] ∈ ,2 ∩C1. In Fig. 4, we sketch the five curves and the points.

Since the five curves are invariant forF3
α, for all α ∈ C, it follows that all points in the

intersections of the curves are singularities forF3
α. As we will see, ifα /∈ {0,1, j, j2,∞}, then

the foliationF3
α has five more singularities, one in each curve of the configuration sketched in

Fig. 4. In the next result we precise how the family of foliations(F3
α)α∈C

looks like.

PROPOSITION 7. –Assertions(a), (b) and (c) of the main Theorem are true for the family
(F3
α)α∈C

. Moreover, the setA3 of (a) is {0,1, j, j2,∞} and if α /∈ A3 then the singularities of
F3
α are of the following local analytic types:
(a.1) The eight points in the intersection of the five curves are dicritical; p01, p02 andp12 are

of radial type and in a neighborhood of each of the pointsq1, q2, p0, p1 andp2, F3
α has

a meromorphic first integral of the typez2/w= cte.
(a.2) Each of the five curves contains another singularity, sayP1(α) ∈ C1, P2(α) ∈ C2

andQk(α) ∈ ,k, k = 0,1,2. Moreover,F3
α has a local holomorphic first integral in

a neighborhood of each of these singularities, of the following types: z6.w = cte in a
neighborhood ofP1(α) ∈C1 andz3.w = cte in a neighborhood of the others.
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Fig. 4.

Proof. –We observe that most of the above assertions follow from the analysis that we have
done for the familyF4

α. So, for instance, the fact that ifα ∈ E thenF4
α has a first integral,

implies that all leaves ofF3
α are algebraic, and so it has a rational first integral, by Darboux’s

Theorem.
Let us prove thatA3 = {0,1, j, j2,∞} and assertions (a.1) and (a.2). Observe first that

the eight intersection points of the five curves are singularities ofF3
α. Moreover, in each of

the five invariant curves,F3
α has a unique singularity contained inT {q1(α), . . . , q9(α)} (see

Proposition 2). These singularities are:

T

(
1
α
,
1
α

)
=

(
2
α
,
1
α2

)
:= P1(α) ∈C1,

T

(
j

α
,
j2

α

)
= T

(
j2

α
,
j

α

)
=

(
−1
α
,
1
α2

)
:= P2(α) ∈C2,

T (1, α) = T (α,1) = (1 +α,α) :=Q0(α) ∈ ,0,

T
(
j, j2α

)
= T

(
j2α, j

)
=

(
j + j2α,α

)
:=Q1(α) ∈ ,1

and

T
(
j2, jα

)
= T

(
jα, j2

)
=

(
j2 + jα,α

)
:=Q2(α) ∈ ,2.

If α /∈ {0,1, j, j2,∞}, then these singularities do not coincide with the points in the intersections
of the curves. Therefore, in this case,F3

α has8+5= 13 = 32+3+1 distinct singularities, which
implies that all singularities are non-degenerate.

In order to prove (a.1) and (a.2), we will study the mapT near the points ofsing(F4
α). In

homogeneous coordinates, we can writeT (X,Y,Z) = (Z(X + Y ),X.Y,Z2) = (U,V,W ). It
follows thatT is not defined in the points[1 : 0 : 0] and [0 : 1 : 0]. Moreover, the singular set
of T is S = (Y =X) ∪ (Z = 0), where(Y =X) is the ramification set ofT andT (Z = 0) =
[0 : 1 : 0] ∈C1 ∩C2. Remark also that:

(i) T (Y =X) =C1.
(ii) If m ∈CP(2) \C1, thenT−1(m) contains two points, saym1 andm2. MoreoverT is a

local biholomorphism in a neighborhood ofmk, k = 1,2.

4e SÉRIE– TOME 35 – 2002 –N◦ 2



SOME EXAMPLES FOR THE POINCARÉ AND PAINLEVÉ PROBLEMS 251

(iii) If m ∈ C1 \ {[0 : 1 : 0]} = {(u, v) ∈ C2; v = 1
4u

2}, say mo = (uo, 14u
2
o), then

T−1(mo) = {(1
2uo,

1
2uo)} = {m}. Moreover, there exists a holomorphic coordinate

system,(W1, (z1,w1)) in a neighborhood ofm and(W2, (z2,w2)) in a neighborhood of
mo, such thatz1(m) =w1(m) = 0, z2(mo) =w2(mo) = 0,W1 ∩ (Y =X) = (w1 = 0),
W2 ∩C1 = (w2 = 0) andT (z1,w1) = (z1,w2

1).
It follows from (ii) that for any singularityp of F3

α, which is not inC1, there is a singularityq
of F4

α such thatT (q) = p. Moreover,F3
α andF4

α are locally equivalent atp andq. Using this
fact, it is not difficult to see that:

(iv) p01, p02 andp12 are radial singularities forF3
α.

(v) F3
α has a local holomorphic first integral of the typez3.w = cte, in a neighborhood of

each one of the singularitiesP2(α), Q0(α), Q1(α) andQ2(α).
The next result will allow us to study the dicritical singularities ofF3

α which are contained
in C1.

LEMMA 1. –LetZ(x, y) = p(x, y) ∂∂x + q(x, y)
∂
∂y be a holomorphic vector field defined in a

neighborhood of0 ∈C2. Suppose that:
(a) 0 is a non-degenerate singularity ofZ and the characteristic numbers ofZ at 0 are

rational and positive, sayp/q andq/p, wherep, q ∈N are relatively primes.
(b) Eitherp, q � 2 or Z has at least two distinct local analytic separatrices through0.
Then there exists a holomorphic coordinate system(W, (u, v)) with 0 ∈W , u(0) = v(0) = 0,

in whichZ can be written as

Z(u, v) = k
(
q.u

∂

∂u
+ p.v

∂

∂v

)
,

wherek ∈C∗. In particular, u
p

vq is a meromorphic first integral ofZ in a neighborhood of0.

Proof. –If p, q � 2 thenZ has no resonance at0 and the Poincaré’s linearization Theorem
implies thatZ is linearizable (cf. [2]). Therefore, we can suppose thatp= 1 andq � 1. In this
case, Dulac’s normal form (cf. [2]) implies that in a suitable coordinate system(W, (u, v)) such
that0 ∈W andu(0) = v(0) = 0, the vector fieldZ can be written as

Z(u, v) = k
(
u
∂

∂u
+

(
qv+ b.uq

) ∂
∂v

)
,

wherek ∈ C∗. Let us prove that hypothesis (b) implies thatb = 0. Observe that, if this is the
case, thenv/uq is a local meromorphic first integral ofZ .

Suppose by contradiction thatb 	= 0. In this case, the functionF :C2 \ (u= 0)→C given by

F (u, v) = u. exp
(
− v

b.uq

)
,

is a first integral ofZ , as the reader can check. Observe thatZ has a holomorphic local analytic
separatrix through0: (u = 0). If it had another local separatrix through0, then it would be
contained in a level curve ofF , say(F = c), wherec 	= 0. But (u= 0) is an essential singularity
of F , and so these level curves are not analytic at0 ∈C2. ✷

COROLLARY. – Let Z(x, y) = p(x, y) ∂∂x + q(x, y) ∂∂y be a holomorphic vector field defined

in a neighborhood of0 ∈ C2. Suppose that0 is a non-degenerate singularity ofZ and thatZ
has two smooth invariant separatrices through0, with a tangency of order two at0. Then the
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characteristic numbers ofZ at 0 are 2 and1/2 andZ has a local meromorphic first integral of
the formz2.w = cte.

Proof. –It is sufficient to prove that the characteristic numbers ofZ at 0 are2 and1/2. Let
γ1, γ2 be the smooth invariant separatrices through0. Since they have a tangency of order two
at 0, there is a holomorphic coordinate system(W, (u, v)) such that0 ∈W , u(0) = v(0) = 0,
γ1∩W = (v = 0) andγ2∩W = (v−u2 = 0). Since(v = 0) is invariant forZ , in this coordinate
systemZ can be written as

Z(u, v) =
(
au+ bv+ r1(u, v)

) ∂
∂u

+ v
(
c+ r2(u, v)

) ∂
∂v
,

where the linear part ofZ at 0 is (au+ bv) ∂∂u + c.v ∂∂v and the characteristic numbers arec/a,
a/c. Now, sinceγ2 is invariant forZ , we must have

Z
(
v− u2

)
=−2u

(
au+ bv+ r1(u, v)

)
+ v

(
c+ r2(u, v)

)
= f(u, v).

(
v− u2

)
,

wheref is holomorphic. By comparing the two jets of−2u(au+ bv + r1(u, v)) andf(u, v).
(v − u2) at 0, it is not difficult to see thatc = f(0,0) and thatf(0,0) = 2a. Therefore
c/a= 2. ✷

The above result implies thatF3
α has a meromorphic first integral of the formz

2

w in a
neighborhood of each one of the singularitiesp0, p1, p2, q1 and q2, because each of those
singularities belongs toC1 and to another one of the four other invariant curves, andC1 has
a tangency of order two with the curve at the point (see Fig. 4).

We have already proved (a.1) of Proposition 7. In order to finish the proof of (a.2), it remains
to prove thatF3

α has a holomorphic first integral of the formz6.w = cte in a neighborhood
of P1(α) ∈ C1. We will use (iii). SinceT−1(P1(α)) = q1(α) ∈ (Y =X), there exists a holo-
morphic coordinate system,(W1, (z1,w1)) in a neighborhood ofm= q1(α) and(W2, (z2,w2))
in a neighborhood ofmo = P1(α), such thatz1(m) =w1(m) = 0, z2(mo) =w2(mo) = 0,
W1 ∩ (Y = X) = (w1 = 0), W2 ∩ C1 = (w2 = 0) andT (z1,w1) = (z1,w2

1). We assert that
the characteristic numbers ofF3

α atP1(α) are−6 and−1/6.
Observe first thatF3

α can be represented in the coordinate system(z2,w2) by a differential
equation of the form (

az2 + bw2 + r(z2,w2)
)
dw2 + 6w2 dz2 = 0,(18)

where the characteristic numbers are−6/a and−a/6, because(w2 = 0) is invariant forF3
α.

SinceT (z1,w1) = (z1,w2
1), we get from (18) thatF4

α is represented in a neighborhood ofq1(α)
by (

az1 + bw2
1 + r

(
z1,w

2
1

))
2w1.dw1 +6w2

1 dz1 = 0

=⇒
(
az1 + bw2

1 + r
(
z1,w

2
1

))
dw1 + 3w1 dz1 = 0.

By using the local form ofF4
α in a neighborhood of( 1

α ,
1
α ) = q1(α) (see (b.2) of Proposition 2),

it follows that a = 1, which proves that the characteristic numbers ofF3
α at P1(α) are−6

and−1/6. Moreover, after a linear change of coordinates, we can suppose that the linear
part in (18) isz2 dw2 + 6w2 dz2 = 0. We want to prove that the foliationF3

α is linearizable
in a neighborhood ofP1(α), which means thatF3

α can be represented byz dw+ 6wdz = 0,
after a holomorphic local change of coordinates. In order to prove this fact we use the
following:
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(vi) F4
α has a holomorphic first integral in a neighborhood ofq1(α) (Proposition 2).

(vii) If there is a neighborhoodV of P1(α) such that the leaves of the restricted foliation
F3
α|V are closed inV , thenF3

α has a holomorphic first integral in (a possibly smaller)
neighborhoodU of P1(α) (cf. [18]). In particular,F3

α is linearizable inU .
SinceF4

α = T ∗(F3
α), it is clear that (vi)⇒ (vii). This finishes the proof of (a.2).

Let us prove that the family(F3
α)α∈C

satisfies (b) of the main Theorem. First of all, observe
that the rational map

R(u, v) =
(u3 − 3uv)2 − 4v3

v3 − u3 + 3uv+1

is a first integral ofF3
∞, because

R̂(x, y) =R ◦ T (x, y) = (y3 − x3)2

(y3 − 1)(x3 − 1)
=
H2

H + 1
,

whereH = H(x, y) = y3−x3
x3−1 is a first integral ofF4

∞. Let α ∈ E. As we have seen in the
beginning of the proof,F3

α has a rational first integral, sayRα, which we suppose primitive (that
is, with irreducible generic level curve) and of degreed′α. It follows from Bézout’s Theorem,
that the generic level(Rα = c1) cuts the generic level(R = c) in 6d′α points, counted with
multiplicities. On the other hand, the foliationsF3

∞ andF3
α are transversal outside the curve

C =
⋃3
k=0 ,k ∪C1 ∪C2. This implies that the intersection number of(R= c) and(Rα = c1) in

each point of(R = c) ∩ (Rα = c1) \ C is one. Letkα =#((R = c) ∩ (Rα = c1) \ C), so that
6d′α > kα. Now, observe that,T−1((R = c) ∩ (Rα = c1) \ C) is contained in the intersection
of two leaves ofF4

∞ with at most two algebraic leaves ofF4
α, but outside the set of linesL. It

follows from (ii) above, that2kα =#(T−1((R= c)∩(Rα = c1)\C)) � 2#(Gα) � 2k(A(α))2.
Therefore,6d′α � kα � k(A(α))2, wherek(A) is like in (15). This proves that the family
(F3
α)α∈C

satisfies (b) of the main Theorem.
Now, let us see how the resolution of the elements of the family looks like. We have seen that

F3
α has eight dicritical singularities, three radial and five with local meromorphic first integrals of

the typez
2

w = cte. The resolution of each of these five singularities is done with two blowing-ups,
as sketched in Fig. 5.

In Fig. 5, π1 and π2 are the two blowing-ups,D1 andD2 the two divisors, andm is a
singularity ofπ∗(F3

α), in which this foliation has a local holomorphic first integral of the type
z2.w = cte, whereπ = π1 ◦ π2.

We observe thatD1 is invariant forπ∗(F3
α), whereasD2 is not. It follows that the resolution of

F3
α involves a total of 13 blowing-ups, one at each radial singularity and two at each singularity

as in Fig. 5. We callM1 the manifold obtained fromCP(2) after these blowing-ups, and
Π1 :M1 → CP(2) the blowing-up map. We denote bŷFα the strict transform ofF3

α by Π1.

Fig. 5.
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Let T1 :M−→M1 be the map which makes the diagram below commute:

M
T1

Π

M1

Π1

CP(2)
T

CP(2)

whereΠ:M →CP(2) is the resolution of the foliationF4
α.

Now, let us prove that the family satisfies (c) of the main Theorem and Remark 3 of §1. Let
α /∈ E. If L is a leaf ofF̃α such thatL 	⊂ L andL1 = T1(L), thenL1 is a leaf of F̂α and
the restrictionT1|L :L→ L1 extends to a holomorphic mapTL :L→ L1, which is a ramified
covering of degree at most two (see (ii) in the proof of Proposition 7). Moreover, sinceL is
a transcendent leaf of̃Fα, thenL1 is also transcendent. WhenL is a generic leaf ofF̃α, then
L � C and we have a ramified coveringTL :C� L→ L1 of degree at most two. This implies
thatL1 is biholomorphic toC and finishes the proof of Proposition 7.✷
2.4. The family of degree two

The family of degree two is obtained fromF3
α by a Cremona transformation, as illustrated in

Fig. 6.
In this figure, we denote byπ1 :N → CP(2) the blowing-up at the three pointsp01, p02

andp12. After this blowing-up process, we obtain three divisors,Dij = π−1
1 (pij), not invariant

for the strict transformπ∗1(F3
α), becausep01, p02 and p12 are radial singularities (α /∈

{0,1, j, j2,∞}). Moreover, the strict transforms of,0, ,1 and ,2, say ,̂0 ,̂1 and ,̂2, have
self-intersection−1 in N , so that we can blow down these three curves, obtaining another
surface, sayN1, with three points,J,K,L ∈ N1 and blowing-up mapπ2 :N → N1, such that
π−1

2 {J,K,L} = ,̂0 ∪ ,̂1 ∪ ,̂2. The mapπ = π2 ◦ (π1)−1 is well defined, holomorphic and
injective outside

⋃
j ,j . This type of blowing-up-blowing-down process is known in the literature

as a “Cremona transformation”. It is well-known that the surfaceN1, obtained after a Cremona
transformation inCP(2), is againCP(2).

The curve indicated bŷC1 in Fig. 6.2 is the strict transform of the curveC1. This curve is
sent byπ2 to the curveQ of Fig. 6.3. This curve has degree four. In fact, the conics through the
base pointspij of π are sent byπ to straight lines. Since a generic conic passing through these
points cutsC1 in four points, its image byπ has intersection number four withQ, so thatQ has
degree four. Observe that the curveC2 is conic passing through the base points ofπ, therefore it
is transformed byπ into a line, indicated byR in Fig. 7. The quadricQ has three cuspidal points,

Fig. 6.

4e SÉRIE– TOME 35 – 2002 –N◦ 2



SOME EXAMPLES FOR THE POINCARÉ AND PAINLEVÉ PROBLEMS 255

Fig. 7.

indicated byJ ,K andL in Fig. 6.3 and in Fig. 7. The lineR and the curveQ are tangent in two
points indicated byM andN . Observe thatM = π(q1) andN = π(q2) (or vice-versa), whereq1
andq2 are the tangent points betweenC1 andC2.

LetF2
α be the strict transform ofF3

α by π−1. We will see that the foliationF2
α has degree two

for all α ∈C, but first let us study the singularities ofF2
α for α /∈ {0,1, j, j2,∞}.

We begin by observing that the foliationF3
α has four non-degenerate singularities outside⋃2

k=0 ,k namelyq1, q2 ∈C1 ∩C2, P1(α) ∈C1 andP2(α) ∈C2 (see Fig. 4). These singularities
are sent byπ into singularities of the same analytic type, becauseπ is a biholomorphism

outside
⋃2
k=0 ,k. After the three blowing-upsπ1, each of the invariant curveŝ,k contains

two non-degenerate singularities,pk andqk(α). This implies that after the blowing-downπ2,
these curves are contracted in the three pointsJ , K andL, which are singularities ofF2

α.
Therefore, the singularities ofF2

α are J , K , L and the four non-degenerate singularities
π{q1, q2, P1(α), P2(α)}. We will use the same symbols to denotePj(α) andπ(Pj(α)), j = 1,2.
Sinceπ(q1) = M , π(q2) = N and π(P2(α)) = P2(α) are non-degenerate, belong to lineR
and this line contains no other singularity ofF2

α, it follows that this foliation has degree two
(see [17]). This implies thatJ ,K andL are also non-degenerate because if a foliation of degree
two has7 = 22 + 2 + 1 singularities, then these singularities are non-degenerate. Sinceπ is a
biholomorphism outside

⋃2
k=0 ,k, we have already proved thatF2

α has the following local first
integrals (α /∈ {0,1, j, j2,∞}):

(i) Meromorphic of the typez
2

w = cte in neighborhoods ofM andN .
(ii) Holomorphic of the typez6.w = cte in a neighborhood ofP1(α).
(iii) Holomorphic of the typez3.w = cte in a neighborhood ofP2(α).
In order to prove that the family has singularities of fixed analytic type, we will prove that:
(iv) If α /∈ {0,1, j, j2,∞}, then F2

α has a local meromorphic of the typez
3

w2 = cte in
neighborhoods ofJ ,K andL.

This follows from the fact that the characteristic numbers ofF2
α at J , K andL are2/3 and

3/2. In fact, the curveQ has cuspidal singularities at these points, that is in a convenient local
chart(u, v) near one of them,Q has an equation of the formv2 − u3 = 0. As the reader can
check, sinceF2

α is non-degenerate andQ is invariant, this implies that the characteristic numbers
are2/3 and3/2. Now, the Poincaré’s linearization Theorem implies thatF2

α is linearizable near
J ,K andL, so that it has a local meromorphic first integral like in (iv).
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We have proved that the family(F2
α)α∈C\{0,1,j,j2,∞} is a family of degree two with

singularities of fixed analytic type. Since this family is obtained from(F3
α)α∈C

by a Cremona
transformation, it is not difficult to see that it satisfies also (b) and (c) of the main Theorem. We
leave the details for the reader.

Remark10. – We would like to observe that in a suitable affine coordinate system, the
foliationF2

α is defined by the following differential equations:

F2
α

{
dx
dt = 4x− 9x2 + y2 + α(2y− 4xy),
dy
dt = 6y− 12xy+ 3α

(
x2 − y2

)
,

or F2
∞

{
dx
dt = 2y− 4xy,
dy
dt = 3

(
x2 − y2

)
.

In this coordinate system, the lineR is the line at infinity and the quarticQ is given by

4y2(1− 3x)− 4x3 +
(
3x2 + y2

)2 = 0.

The finite singularities areJ = (1/2,−1/2),K = (0,0),L= (1/2,1/2) andP1(α) = (4(α2+1)
(α2+3)2 ,

−8α
(α2+3)2 ) ∈ Q and the singularities at the lineR areM = [1 :

√
3 i : 0], N = [1 :−

√
3 i : 0] and

P2(α) = [1 : α : 0].

3. Proof of the Corollary

The families of degree greater than four are obtained by pulling back one of the families of §2.
The idea is that, iff :S→ T is a non-constant holomorphic map between two compact Riemann
surfacesS andT , whereT is an elliptic curve andf hask points of ramification, then

X (S) �−k,(22)

whereX (S) is the Euler characteristic ofS. We observe that (22) follows from Riemann–
Hurwitz formula. In fact, if the ramification points arez1, . . . , zk and the ramification number
of f at zj is nj � 2, j = 1, . . . , k, then the Riemann–Hurwitz formula says that,

X (S) = dg(f).X (T )−
k∑
j=1

(nj − 1) =−
k∑
j=1

(nj − 1)�−k,

wheredg(f) is the topological degree off .

3.1. The families of degree 3r− 1, r � 2

Let us sketch how to obtain a family of degree3r − 1, r � 2, from the family of degree
two. Consider homogeneous coordinates(X,Y,Z) on C

3 such that the invariant lineR for all
F2
α is the line(Z = 0). Let F :CP(2)→ CP(2) be a rational map which in this homogeneous

coordinates in the target, is written as

F (U,V,W ) =
(
P (U,V,W ),Q(U,V,W ),W r

)
,(23)

whereP andQ are homogeneous polynomials of degreer. We make the following generic
assumptions onP andQ:
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(i) {(U,V ); P (U,V,0) =Q(U,V,0) = 0}= {(0,0)}. This condition implies thatF is well
defined.

(ii) Let ∆̃ = ∂P
∂U

∂Q
∂V −

∂P
∂V

∂Q
∂U and∆ = Π(∆̃ = 0), whereΠ:C3 \ {0} → CP(2) is the

canonical projection. Then∆ is a smooth curve of degree2r − 2, transversal to the
lineL∞ =Π(W = 0).

(iii) If po ∈∆ \L∞, thendimC(ker(dF (po)) = 1.
(iv) The setP = {po ∈∆ \L∞; Tpo∆= ker(dF (po))} is finite.
(v) If po ∈∆ \ (P ∪L∞) andγ : (C,0)→ (CP(2), po) is a curve such that

0 	= γ′(0) ∈ ker(dF (po)), then(F ◦ γ)′′(0) 	= 0.
In this case, there are holomorphic coordinate systems(W1, (u, v)) and(W2, (x, y)) around

po and F (po), respectively, such thatu(po) = v(po) = 0, x(F (po)) = y(F (po)) = 0 and
F (u, v) = (u, v2). In these coordinates, we have∆∩W1 = (v = 0) andF (∆) ∩W2 = (y = 0).

(vi) If po ∈ P then there are holomorphic coordinate systems(W1, (u, v)) and(W2, (x, y))
aroundpo andF (po), respectively, such thatu(po) = v(po) = 0, x(F (po)) = y(F (po))
= 0 andF (u, v) = (u, 13v

3 − uv). In these coordinates, we have∆ ∩W1 = (u = v2)
andF (∆)∩W2 = (9y2 = 4x3).

(vii) Let C = F (∆). ThenC has two types of singularities: the points inF (P ), which are
singularities of cuspidal type; and singularities of nodal type. Ifqo ∈ C is a singularity
of nodal type, thenF−1(qo)∩∆ contains two points, which are not onP .

Assumptions (ii)–(vii) are calledWhitney’s conditions. It is well-known that they are generic
in the set of maps as in(23). We impose another condition in the points of∆ ∩ L∞. Observe
that the critical points of the mapF |L∞ :L∞→ L∞, F [u : v : 0] = [P (u, v,0) : Q(u, v,0) : 0],
coincide with the critical points of the map[P :Q].

(viii) The critical points of[P :Q] :C→C are of order two.
Let us denote byCr the set of critical points ofF |L∞ . We observe thatCr = L∞ ∩∆. This

follows from the fact that,

po = [1 : vo : 0] ∈Cr⇔ 0 = r
(
P.
∂Q

∂v
−Q.∂P

∂v

)
(po)

=
∂P

∂u
(po)

∂Q

∂v
(po)−

∂P

∂v
(po)

∂Q

∂u
(po),

where in the second equality, we have used Euler’s identity. It is not difficult to see that, if
po ∈ Cr then there are holomorphic coordinate systems(W1, (v,w)) and (W2, (x, y)) around
po and F (po), respectively, such that,v(po) = w(po) = 0, x(F (po)) = y(F (po)) = 0 and
F (v,w) = (v2 + f(w),wr), wheref is holomorphic.

Now, we take the quarticQ, which is invariant for allF2
α, in such a way that:

(ix) The pointsM andN of tangency betweenL∞ =R andQ are not inC (see Fig. 7).
(x) C cutsQ transversely, so that the cuspidal points ofQ (J ,K andL) are not inC ∪L∞

and the singular points ofC are not inQ∪L∞.
Let us consider the family of foliations(Gα)α∈C

, whereGα = F ∗(F2
α).

LEMMA 2. –There exists a finite subsetF0 ⊂ C, such that the family(Gα)α∈C\F0
is non-

degenerate with singularities of fixed local analytic type. Moreover, the degree of anyGα is
3r− 1.

Proof. –Let P1(α) ∈Q andP2(α) ∈ R be as in (ii) and (iii) of §2.4. Observe that the maps
α �→ P1(α) andα �→ P2(α) are1–1 parametrizations ofQ andR, respectively. We have seen
that, if α /∈ F1 := {0,1, j, j2,∞}, then all singularities ofF2

α are non-degenerate. This means
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thatP1(F1) = {J,K,L,M,N} andP2(F1)⊃ {M,N}. Define

F2 = F1 ∪
{
α ∈C; P1(α) ∈C orP2(α) ∈C

}
.

It is not difficult to see thatF2 is finite. Now, observe that the topological degree ofF is r2 and
the set of critical values ofF is C ∪R. This implies that, ifp ∈CP(2) \ (C ∪R), thenF−1(p)
containsr2 points. Moreover, for anyq ∈ F−1(p), F is a biholomorphism in a neighborhood
of q. It follows that, ifα /∈ F2, thenGα has:

(a) 3r2 non-degenerate singularities with a local meromorphic first integral of the type
z3

w2 = cte, namely, the points inF−1(J)∪ F−1(K)∪ F−1(L).
(b) r2 non-degenerate singularities with a local holomorphic first integral of the type
z6.w = cte, namely, the points inF−1(P1(α)).

Now, the topological degree ofF |L∞ :L∞ → R is r. This implies that ifp ∈ R \ C,
then F−1(p) containsr points, all of them inL∞ \ ∆. It follows that if α /∈ F2, then
F−1(M)∪F−1(N) contains2r points, andF−1(P2(α)) r points. Let us study the singularities
of Gα in F−1{M,N,P2(α)}.

Observe that, ifq ∈ L∞ \∆, then there are holomorphic coordinate systems(W1, (v,w)) and
(W2, (x, y)) aroundq andp= F (q), respectively, such thatv(q) = w(q) = 0, x(p) = y(p) = 0,
W1 ∩L∞ = (w = 0), F (v,w) = (v,wr) andR∩W2 = L∞ ∩W2 = (y = 0). Let us see how the
foliation Gα looks like in a neighborhood of a pointq ∈ L∞ \∆. SinceR= (y = 0) is invariant
for F2

α, this foliation can be defined inW2 by a differential equation of the form

η = y dx− (a+ bx+ cy+ h.o.t)dy = 0,(24)

wherea= 0 if, and only if p is a singular point ofF2
α. If α /∈ F2 andp is a singular point ofF2

α,
thena = 0 andb 	= 0 (becausep is non-degenerate). It follows from (24) thatGα is defined in
W1 by

F ∗(η) =wr dv− (a+ bv+ h.o.t.)rwr−1 dw = 0

⇒wdv − r(a+ bv+ h.o.t.)dw = 0.

This implies that, ifα /∈ F2 andp is not a singularity ofF2
α, thenq is not a singularity ofGα.

Moreover, if p is a singularity ofF2
α, thenq is a non-degenerate singularity ofGα and their

characteristic numbers arerb and 1
rb . It follows that, ifα /∈ F2, thenGα has:

(c) 2r non-degenerate singularities onL∞ with a local meromorphic first integral of the type
wr

z2 = cte. These singularities are the points ofF−1(M)∪F−1(N).
(d) r non-degenerate singularities onL∞ with a local holomorphic first integral of the type
wr.z3 = cte. These singularities are the points ofF−1(P2(α)).

The proofs of (c) and (d) are based on Lemma 1 and are left for the reader. Let us consider
now the points inCr =∆∩L∞. If α /∈ F2 andq ∈Cr, thenp= F (q) is not a singularity ofF2

α,
so that (24) and the local form ofF in (viii) imply that Gα can be defined in a neighborhood ofq
by a differential equation of the type:

wr d
(
v2 + f(w)

)
−

[
a+ b

(
v2 + f(w)

)
+ cwr + · · ·

]
rwr−1 dw = 0

⇒wd
(
v2 + f(w)

)
− r(a+ h.o.t.)dw = 0.

Therefore,q is not a singularity ofGα.
It remains to study the singularities ofGα on∆1 := ∆ \L∞. Let us define

F3 = {α ∈C; Gα has some degenerate singularity on∆1}
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andF0 = F2 ∪ F3. In order to finish the proof of the lemma it is enough to prove thatF3 is
finite.

Observe first that condition (x) implies thatC is not invariant forF2
α. In fact,Q is invariant

for F2
α andC ∩Q contains more than one point. IfC was an invariant forF2

α for someα, then
all points inC ∩Q would be singular points ofF2

α. On the other hand, the unique singularity
of F2

α in Q \ {J,K,L} ∪ L∞ is P1(α), which implies that one of the points ofC ∩Q is not a
singularity ofF2

α.
Another fact that we will use is thatF (∆1) =C1 :=C \R. Let us consider an affine coordinate

system(x, y) ∈C2 = CP(2)\R, two polynomial vector fieldsX andY such thatXα =X+αY
definesF2

α in this system (see Remark 10) and a reduced polynomialf such thatC1 = (f = 0).
Definegα =Xα(f) andhα =Xα(gα). The fact thatF3 is finite follows easily from the following
assertions:

ASSERTION 1. –Let α ∈ C be such thatGα has some degenerate singularityq ∈∆1. Then
p= F (q) satisfiesf(p) = gα(p) = hα(p) = 0.

ASSERTION 2. –The subsetA of C×C2 defined by

A=
{
(α,x, y) ∈C×C

2; f(x, y) = gα(x, y) = hα(x, y) = 0
}
⊂C×C1

is algebraic of dimension zero.

Proof of Assertion 1. –We will prove that ifq ∈∆1 is such thatF (q) ∈C1 but (α,F (q)) /∈A
then, eitherq is not a singularity ofGα, or q is a non-degenerate singularity ofGα.

Let us observe first, that the conditionsf(p) = gα(p) = hα(p) = 0 depend only on the divisor
f and on the foliationF2

α. In other words, ifU is an open set ofC2, Zα is a holomorphic vector
field onU which representsF2

α|U , f1 ∈ O(U) is reduced and such thatC1 ∩U = (f1 = 0) and
g1α = Zα(f

1), h1
α = Zα(g

1
α), then{

p ∈ U ; f1(p) = g1α(p) = h
1
α(p) = 0

}
=

{
p ∈U ; f(p) = gα(p) = hα(p) = 0

}
.

This follows from the fact thatZα = u.Xα andf1 = v.f whereu, v ∈O∗(U), as the reader can
check.

Let q ∈ ∆1 and p = F (q) ∈ C1, so thatf(p) = 0. Suppose thatgα(p) 	= 0. Sincegα =
Xα(f) = df(Xα), it follows that p is neither a singularity ofXα nor a singularity off , so
that p /∈ P . Let us consider local coordinate systems(W1, (u, v)) and (W2, (z,w)) aroundq
andp= F (q), respectively, such thatu(q) = v(q) = 0, x(p) = y(p) = 0 andF (u, v) = (u, v2),
like in (v). In these coordinates, we have∆1 ∩W1 = (v = 0) andC1 ∩W2 = (w = 0). The
vector fieldX can be written in the coordinate system(W2, (z,w)) asXα(z,w) = P (z,w) ∂∂z +
Q(z,w) ∂∂w andF2

α can be represented inW2 by the 1-formωα = Q(z,w)dz − P (z,w)dw.
SinceC1 ∩W2 = (w = 0) andgα(p) 	= 0, we must haveXα(w)(p) =Q(0,0) 	= 0. Now, Gα is
represented inW1 by

ηα := F ∗(ωα) =Q
(
u, v2

)
du− P

(
u, v2

)
2v dv,(25)

so thatηα(0) 	= 0 andq is not a singular point ofGα.
Suppose now thatgα(p) = 0, buthα(p) 	= 0. Sincehα =Xα(gα), p is not a singularity ofXα,

but it can be a singularity off . We can have one of the following cases: (I)p is not a singularity
of f ; (II) p is a singularity of nodal type off and (III) p is a cuspidal singularity off .
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Case(I). In this case we can consider local coordinate systems(W1, (u, v)) and(W2, (z,w))
as before. Now, consider

g1α =Xα(w) =Q(z,w)

and

h1
α =Xα

(
g1α

)
= P (z,w)Qz(z,w) +Q(z,w)Qw(z,w).

Sincegα(p) = 0 andhα(p) 	= 0 we must haveQ(0,0) = 0 andP (0,0)Qz(0,0) 	= 0, so that
P (z,w) = a+ h.o.t andQ(z,w) = bz + cw + h.o.t., wherea, b 	= 0. It follows from (25) that
Gα can be represented in a neighborhood ofq = (0,0) by a vector field of the form

2v.P
(
u, v2

) ∂
∂u

+Q
(
u, v2

) ∂
∂v

= 2av
∂

∂u
+ bu

∂

∂v
+ h.o.t.,

so thatq is a non-degenerate singularity ofGα.
Case(II). In this case, we have local charts(W1, (u, v)) and(W2, (z,w)) in neighborhoods

of q andp, as before. Moreover, we have thatf =w.f1, wheref1(z,w) = az+bw+h.o.t.where
a 	= 0. On the other hand, a straightforward computation shows thatgα =Q.f1 +w(P.(f1)z +
Q.(f1)w) andhα(0) =Q(0,0)[2aQ(0,0)+ 2bP (0,0)] 	= 0, so thatQ(0,0) 	= 0. Therefore (25)
implies thatq is not a singularity forGα.

Case(III). In this case we take holomorphic coordinate systems(W1, (u, v)) and(W2, (z,w))
aroundq andp, respectively, such that

u(q) = v(q) = 0, z(p) =w(p) = 0 and F (u, v) =
(
u,

1
3
v3 − uv

)
.

In these coordinates, we have

∆1 ∩W1 =
(
u= v2

)
and C1 ∩W2 =

(
9w2 − 4z3 = 0

)
.

If we setf1 = 9w2 − 4z3, g1α =Xα(f
1) andh1

α =Xα(g
1
α), whereXα is as before, then

h1
α(0,0) = 18

(
Q(0,0)

)2 =⇒Q(0,0) 	= 0,

as the reader can check. Therefore, ifωα =Q(z,w)dz − P (z,w)dw, then

ηα = F ∗(ωα) = [Q ◦ F + vP ◦F ]du+P ◦ F.
[
u− 3v2

]
dv =⇒ ηα(q) =Q(0,0)du 	= 0.

Thereforeq is not a singularity ofGα.

Proof of Assertion 2. –Sincef , gα andhα are polynomials in the three variables(α,x, y), it
is clear thatA is an algebraic subset ofC × C2. In order to prove that it has dimension zero,
it is sufficient to show that their points are isolated. Fix a point(α0, p0) = (α0, x0, y0) ∈ A.
Suppose first thatp0 is not a singularity ofC1. Observe that there existsα1 	= αo such thatF2

α1
is

transversal toC1 atp0. LetX andY be two polynomial vector fields onC2 which representF2
α0

andF2
α1

, respectively, and such thatF2
α is represented byXα = (α−α1)X +(α−α0)Y . Since

p0 is a smooth point ofC1 andY is transversal toC1 atp0, there exists a local coordinate system
(W, (u, v)) aroundp0 such thatu(p0) = v(p0) = 0,W ∩C1 = (f1 = v = 0) andY (u, v) = ∂

∂v .
In this coordinate systemX can be written as

X(u, v) =A(u, v)
∂

∂u
+

(
k(u) + v,(u, v)

) ∂
∂v
.
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SinceC1 is not invariant forFα0 , we must havek(u) 	≡ 0. Moreover,A(u,0) 	≡ 0, becauseY
is transversal toX in almost all points ofC1 ∩W = (v = 0). Let g1α =Xα(f1) =Xα(v) and
h1
α =Xα(g1α), so thatA∩ (C×W ) = (v = g1α = h1

α = 0). Now, a straighforward computation
shows that

g1α(u, v) = α−α0 + (α− α1)
(
k(u) + v,(u, v)

)
and

h1
α(u,0) = (α− α1)

[
(α− α1)

(
A(u,0)k′(u) + k(u),(u,0)

)
+ (α−α0),(u,0)

]
.

Therefore, the setA can be defined inC×W by g1α(u,0) = h
1
α(u,0) = 0 =⇒

α− α0 + (α− α1)k(u) = (α− α1)2.A(u,0).k′(u) = 0,(26)

as the reader can check. Since(α0−α1)k(0) = g1α0
(0,0) = 0, the functionk is non-constant, so

thatk′(u) 	≡ 0. This fact together with (26) imply that(α0, p0) is an isolated point ofA.
The above argument implies that, ifS is the set of singularities ofC1, then all irreducible

components ofA in C× (C1 \ S) have dimension zero. SinceS is finite, if A contains some
irreducible component, sayB, of dimension greater than one, thenB = C× {p}, wherep ∈ S.
However, as the reader can verify in the proofs of cases (II) and (III) in Assertion 1, we have the
following:

(II.1) If p is a nodal point ofC1 thenA∩ (C× {p}) contains exactly two points: the points
(α,p) such thatXα(p) is tangent to one of the branchs ofC1 atp.

(III.1) If p is a cuspidal point ofC1 thenA∩ (C× {p}) contains exactly one point: the point
(α,p) such thatXα(p) is in the direction of the tangent cone ofC1 atp.

We leave the details of the proof of these facts for the reader. This finishes the proof of
Assertion 2.

Now, let α /∈ F0. It follows from the above arguments that all singularities ofGa are non-
degenerate as in (a), (b), (c), (d) or

(e) Singularities ofGa on∆1. The foliationGα has a local first integral of the typez.w= cte
in a neighborhood of each singularity of this type.

In fact, if q ∈∆1 is a singularity ofGα, as we have seen in the proof of case (I) in Assertion 1,
the linear of a vector field which representsGα in a neighborhood ofq, can be written in a
suitable coordinate system as2av ∂∂u + bu

∂
∂v , wherea, b 	= 0. This implies that the characteristic

numbers ofGα at q are both−1. On the other hand, sincep= F (q) is not a singularity forF2
α,

this foliation has a local regular holomorphic first integral, sayh, in a neighborhood ofp. It
follows thath ◦ F is a local holomorphic first integral forGα. Since the characteristic numbers
of Gα at q are both−1, this first integral is of Morse type, so that it can be written in a suitable
coordinate system asz.w= cte.

It remains to prove thatGα has degree3r − 1. We will use Baum–Bott formula in the proof
(cf. [4] and [3]). The Baum–Bott index of a foliationF in a non-degenerate singularityp is
defined as follows. LetZ be a holomorphic vector field which representsF in a neighborhood

of p andA=DZ(p). The numbertr(A)2

det(A) does not depend on the vector fieldZ , representingF
nearp. Define the Baum–Bott index ofF at p by

BB(F , p) = tr(A)2

det(A)
.

In particular, if the characteristic numbers ofF atp area anda−1, thenBB(F , p) = a+a−1+2.
We would like to observe that the Baum–Bott index can be defined for any isolated singularity
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of F (cf [4]), but we will use it only in the non-degenerate case. The Baum–Bott formula in
CP(2) can be stated as follows (cf. [17]): letF be a foliation of degreed in CP(2). Then∑

p∈sing(F)

BB(F , p) = (d+ 2)2.

In our case, ifα /∈ F0, then the singularities ofGα are the following:

Case(a).3r2 singularities of index(2+3)2

2×3 = 25
6 .

Case(b). r2 singularities of index(1−6)2

−6×1 =− 25
6 .

Case(c). 2r singularities of index(2+r)
2

2×r = (r+2)2

2r .

Case(d). r singularities of index(3−r)
2

−r×3 =− (r−3)2

3r .
Case(e). The singularities like in (e) have Baum–Bott index zero.
This implies that:∑

p∈sing(Gα)

BB(F , p) = 25
6
× 3r2 − 25

6
× r2 + (r+ 2)2

2r
× 2r− (r− 3)2

3r
× r

= (3r+ 1)2 = (3r− 1 + 2)2.

Thereforedg(Gα) = 3r− 1, which proves the lemma.✷
We now finish the proof of the Corollary for this type of family.

LEMMA 3. –LetE be as in the main Theorem. Ifα ∈ E, then the foliationGa has a rational
first integral, say of degreedα. Moreover, for anyk ∈N, the sets{α ∈E; dα � k} and

{α ∈E; the genus of the general integral curve ofFα is � k}

are finite.

Proof. –If α ∈E thenF2
α has a rational first integral, saŷRα, where the general level surface

R̂α = cte is irreducible of degreêdα. Observe that the rational mapRα = R̂α ◦ F is a first
integral ofGα, whose general levelRα = cte is irreducible. This implies that the degree of the
general level surfaceRα = cte is dα = r2.d̂α. Therefore the set{α ∈E; dα < k} is finite for all
k > 0.

Now consider an irreducible level surfaceLc = (Rα = c) such thatLc does not contain
any non-dicritical singularity ofGα andF (Lc) does not contain any singular point ofC. Let
L̂c = F (Lc). SinceLc is irreducible, we must haveLc = F−1(L̂c), so that the topological degree
of F |Lc :Lc→ L̂c is r2 � 4. Observe that̂Lc is transversal toC. In fact, if it was not transversal
to C it would be tangent toC in a pointp ∈ L̂c ∩ C. This point is not a singular point ofC,
by assumption. Thereforep must be a tangency in a regular point ofC, so thatF−1(p) contains
some non-dicritical singularity ofGα (see case (I) in the proof of Assertion 2 in Lemma 2), which
contradicts the choice ofLc. This implies that̂Lc∩C containsδ.d̂α points,δ = dg(C). Now, for
each pointp ∈ L̂c ∩C, let q(p) ∈∆ be such thatp= F (q(p)). It is clear that the pointq(p) ∈Lc
is a ramification point ofF |Lc , so thatF |Lc has at leastδ.d̂α ramification points. This implies

that, if L̃c is the normalization ofLc, thenX (L̃c)�−δ.d̂α, so thatg(Lc) � 1 + δ.d̂α

2 . It follows
that{α ∈E; the genus of the general integral curve ofFα is � k} is finite for anyk > 0. ✷

This finishes the proof of the Corollary for families of degrees of the form3r − 1, r � 2.
In order to obtain families of degrees of the form3r and3r + 1 we can use the same type of
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construction, but now using the families of degrees3 and4, respectively. In what follows, we
will sketch how these families can be constructed. Since the proof of the Corollary for them is
analogous to the previous case, we will only say how is the mapF :CP(2)→ CP(2) and how
are the singularities of the families.

3.2. The families of degree 3r, r � 2

Consider the family(F3
α)α∈C

. Let ,1 and,2 be two of the straight lines invariant for all folia-
tions of the family. Consider homogeneous coordinates(X,Y,Z)∈C

3 such that,1 =Π(Y = 0)
and ,2 = Π(Z = 0). TakeF :CP(2)→ CP(2), which in homogeneous coordinates is of the
form (X,Y,Z) = F (U,V,W ) = (P (U,V,W ), V r,W r), whereP is a homogeneous polyno-
mial of degreer. Let ∆ = Π({(U,V,W ); ∂P∂U (U,V,W ) = 0}), L1 = (V = 0), L2 = (W = 0),
andC = F (∆), so that the set of critical points ofF is∆∪L1∪L2,F (L1) = ,1 andF (L2) = ,2.
We suppose thatP satisfies the following generic properties:

(i.1) {U ; P (U,0,0) = 0} = {0}. This implies that the mapF is well defined and that
[1 : 0 : 0] = L1 ∩L2 /∈∆.

(ii.1) The curve∆ is smooth of degreer− 1 and transversal toL1 ∪L2.
(iii.1) F satisfies Whitney’s conditions inCP(2) \ (L1 ∪ L2) (see conditions (iii)–(vii)

in §3.1).
(iv.1) The critical points of the polynomialsU �→ P (U,1,0) andV �→ P (U,0,1) are of order

two (see condition (viii) in §3.1).
(v.1) The curveC is transversal to the curveC1∪C2∪ ,0∪ ,1∪ ,2. In particular the dicritical

singularities of the generic foliationF3
α, p01, p02, p12, p0, p1, p2, q1 andq2 are not in

the curveC.
We defineHα = F ∗(F3

α). It can be proved that there exists a finite setH0 such that, ifα /∈H0

then all singularities ofHα are non-degenerate of the following types:
(a.1) One radial singularity at the pointp= [1 : 0 : 0] = F−1(p12). In this caseHα has a local

meromorphic first integral of the typewz = cte in a neighborhood ofp and Baum–Bott
index 4.

(b.1) 3r2 singularities atF−1{q1, q2, p0} with Baum–Bott indexes92 . In this caseHα has a

local meromorphic first integral of the typew
2

z = cte in a neighborhood of each of these
points.

(c.1) 2r singularities atF−1({p01, p02}) with Baum–Bott indexes(r+1)2

r . In this caseHα
has a local meromorphic first integral of the typew

r

z = cte in a neighborhood of each of
these points.

(d.1) 2r singularities atF−1({p1, p2}) with Baum–Bott indexes(r+2)2

2r . In this caseHα has a
local meromorphic first integral of the typew

r

z2 = cte in a neighborhood of each of these
points.

(e.1) 2r singularities atF−1({Q1(α),Q2(α)}) with Baum–Bott indexes− (r−3)2

3r . In this
caseHα has a local holomorphic first integral of the typewr .z3 = cte in a neighborhood
of each of these points.

(f.1) 2r2 singularities atF−1({P2(α),Q0(α)}) with Baum–Bott indexes− 4
3 . In this case

Hα has a local holomorphic first integral of the typew3.z = cte in a neighborhood of
each of these points.

(g.1) r2 singularities atF−1(P1(α)) with Baum–Bott indexes− 25
6 . In this caseHα has a

local holomorphic first integral of the typew6.z = cte in a neighborhood of each of
these points.
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(h.1) The remaining singularities correspond to the points of tangency betweenF3
α andC.

They have Baum–Bott index 0 andHα has a local holomorphic first integral of the type
w.z = cte in a neighborhood of each of these points.

The foliationHα has degree3r because:

4 + 3r2 × 9
2
+ 2r× (r +1)2

r
+2r× (r +2)2

2r
− 2r× (r− 3)2

3r

− 2r2 × 4
3
− r2 × 25

6
= (3r+2)2.

3.3. The families of degree 3r+ 1, r � 2

Consider the family(F4
α)α∈C

. Let ,1, ,2 and ,3 be three of the straight lines invari-
ant for all foliations of the family, such that,1 ∩ ,2 	= ,1 ∩ ,3. Consider homogeneous
coordinates(X,Y,Z)∈C3 such that,1 =Π(X = 0), ,2 =Π(Y = 0) and,3 =Π(Z = 0). Take
F :CP(2)→CP(2), which in homogeneous coordinates is of the form

(X,Y,Z) = F (U,V,W ) =
(
U r, V r,W r

)
.

Let Kα = F ∗(F4
α). It can be proved that ifα /∈ {1, j, j2,∞} then all singularities ofKα are

non-degenerate of the following types:
(a.2) 3r2 + 3 radial singularities. The foliationKα has Baum–Bott index 4 and a local

meromorphic first integral of the typewz = cte in a neighborhood of each of these points.

(b.2) 6r singularities with Baum–Bott indexes(r+1)2

r and a local meromorphic first integral
of the typew

r

z = cte in a neighborhood of each of these points. This set of points is

F−1({p1, . . . , p6}), wherep1, . . . , p6 are the six radial singularities contained in
⋃3
i=1 ,i

which are not in the intersection of any two of these lines.

(c.2) 3r singularities with Baum–Bott indexes− (r−3)2

3r and a local holomorphic first integral
of the typewr.z3 = cte in a neighborhood of each of these points.

(d.2) 6r2 singularities with Baum–Bott indexes−4/3 and a local holomorphic first integral
of the typew3.z = cte in a neighborhood of each of these points.

Therefore,∑
p∈sing(Kα)

BB(Kα, p)

=
(
3r2 + 3

)
× 4 + 6r× (r+ 1)2

r
− 3r× (r− 3)2

3r
− 6r2 × 4

3
= (3r+ 3)2,

which implies thatdg(Kα) = 3r+ 1.
We observe that the set of singular points ofF is (U = 0)∪ (V = 0)∪ (W = 0) and its image

byF is ,1∪,2∪,3, which is invariant for all foliationsF4
α. In particular, there are no singularities

which come from tangencies, like in (e) or (h.1).
We remark also that, ifL is a leaf ofKα such that the leaf ofF4

α, F (L) := L̂, is not contained
in the setL of straight lines invariant forF4

α, then the “ramification points” ofF |L :L→ L̂
are “contained” in the dicritical points of type (b.2). In order to precise this sentence, we must
solve by blowing-up these dicritical points. Let us give an idea. Fix a pointq ∈ F−1(p1), for
instance, wherep1 ∈ ,1 andq ∈ L1. Then there are holomorphic coordinate systems(W1, (u, v))
and(W2, (x, y)) aroundq andp1 respectively, such thatu(q) = v(q) = 0, x(p1) = y(p1) = 0,
W1 ∩ L1 = (v = 0), W2 ∩ ,1 = (y = 0) and(x, y) = F (u, v) = (u, vr). Sincep1 is radial and
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(y = 0) is invariant forF4
α, this foliation can be defined in a neighborhood ofp1 by a differential

equation of the form

η = y dx−
(
x+A(x, y)

)
dy = 0,

where the order ofA at (0,0) is at least two. This implies thatKα is defined byω = 1
vr−1F

∗(η),
which can be written as

ω = v du−
(
ru+ u2A1

(
u, vr

)
+ uvrA2

(
u, vr

)
+ v2rA3

(
u, vr

))
dv = 0,

as the reader can check. Therefore, the resolution ofKα at q involvesr blowing-ups in which
a dicritical divisor appears at the last blowing-up. Let us denote byπ the composition of these
blowing-ups and byD the last divisor. One of the charts ofD can be written as(t, v), where
π(t, v) = (tvr , v). Observe thatπ∗(Kα) is defined in this chart by 1

vr+1π
∗(ω), which can be

written as

dt− vr−1
(
t2A1

(
tvr, v

)
+ tA2

(
tvr, vr

)
+A3

(
tvr, vr

))
dv = 0,

so that the foliation is transversal to the divisorD = (v = 0). Let us consider now the chart
(s, y) of the blowing-upπ1 at p1 such thatπ1(s, y) = (sy, y). If F1 is the rational map such that
π1 ◦F1 = F ◦π, then it is not difficult to see thatF1(t, v) = (t, vr), so thatF1 ramifies in orderr
alongD. This procedure provides us the “points of ramification” ofF |L needed to use (22) and
to prove the analogous of Lemma 3 for the familyKα.
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