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SEMISIMPLE STRATA
FORp-ADIC CLASSICAL GROUPS✩

BY SHAUN STEVENS

ABSTRACT. – LetF0 be a non-archimedean local field, of residual characteristic different from2, and let
G be a unitary, symplectic or orthogonal group defined overF0. In this paper, we prove some fundamental
results towards the classification of the representations ofG via types[8]. In particular, we show that
any positive level supercuspidal representation ofG contains asemisimple skew stratum, that is, a special
character of a certain compact open subgroup ofG. The intertwining of such a stratum has been calculated
in [19].

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – SoitF0 un corps local non archimédien, de caractéristique résiduelle différente de2, et soit
G un groupe unitaire, symplectique ou orthogonal défini surF0. Dans cet article, nous démontrons des
résultats fondamentaux pour la classification des représentations deG par lestypes[8]. En particulier, nous
démontrons que toute représentation supercuspidale deG de niveau strictement positif contient unestrate
gauche semi-simple, c’est-à-dire un caractère particulier d’un certain sous-groupe ouvert compact deG.
L’entrelacement d’une telle strate a été calculé dans [19].

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Let F be a non-archimedean local field of residual characteristic different from2, equipped
with a Galois involution with fixed fieldF0 (here, we allow the possibilityF0 = F ). Let V be
anN -dimensional vector space overF and leth be a nondegenerateε-hermitian form onV . We
putA=EndF V and let be the adjoint involution onA induced byh. PutG̃=AutF V and let
σ be the involution ofG̃ given byg �→ ḡ−1, for g ∈ G̃; σ also acts on the Lie algebraA via the
differential,x �→ −x̄. Finally, we putG= G̃σ , the fixed points ofσ in G̃, a unitary group defined
overF0 (possibly symplectic or orthogonal) andA− =Aσ .

We are seeking a classification of the representations ofG via the theory oftypes[8]. Let π
be an irreducible smooth complex representation ofG. The representations of level zero of any
connected reductive group have been classified by Morris [15] and Moy and Prasad [17] so we
will only consider positive level representations here.

A basic result of Moy and Prasad [16] states thatπ contains anunrefined minimalK-type, that
is, a certain character of a compact open subgroup ofG. In this paper we both refine and make
explicit these constructions.

✩ The research for this paper was partially funded by the EU network TMR “Arithmetic Algebraic Geometry” and by
the Sonderforschungsbereich 478 “Geometrische Strukturen in der Mathematik”, Münster.
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Let Λ be a self-dual lattice sequence inV (see §2.1). Associated toΛ, we have a parahoric
subgroupP , equipped with a filtration by normal open subgroupsPn+1, n � 0. The characters
of Pn trivial on Pn+1 are parametrized byskew strata[Λ, n, n − 1, b], for certainb ∈ A−,
and associated to each skew stratum is a characteristic polynomialϕ(X). We call the stratum
fundamentalif ϕ(X) �=XN .

In [18], Pan and Yu show that an unrefined minimalK-type is precisely a fundamental skew
stratum (cf. also Morris [13]). In fact we can also deduce thatπ contains some fundamental skew
stratum from our results here, using the notion of “optimal points” from [16].

We prove the following two results:
(i) If π contains a skew stratum whose characteristic polynomial has a factor which is not fixed

(upto sign) byσ (we call such a stratumG-split) thenπ is not supercuspidal (cf. [11,7,3,
12]).

(ii) Otherwiseπ contains a “refined” fundamental stratum, called asemisimpleskew stratum.
The notion of semisimple here was proposed by the author in [19,20] and generalizes that of

a simple stratum(for G̃) from [6]; it is an orthogonal direct sum of simple or null skew strata
which have coprime characteristic polynomials.

In particular, these results imply that any positive level irreducible supercuspidal representa-
tion of G contains a semisimple skew stratum. Moreover the intertwining of such a stratum is
computable and conforms to the general philosophy of reducing to a smaller reductive group (see
[19]). It makes sense, therefore, to think of this as the first step of an iterative process leading,
eventually, to a full classification of the irreducible representations of classical groups. Further-
more, all of this strictly parallels the constructions forG̃ in [6], both formally and by explicit
transfer.

The first result is proved using the method ofcovers[8], following the techniques of [7] §3
(see also [3] §2). In particular, the idea of using covers here is due to Bushnell. The spirit of the
proof is also the same as the very general result of [12]; however, the language used there is very
different and a comparison of the notions of “split” has not been done.

Part of this work formed a section of my doctoral thesis, although the proofs have changed
considerably since then. I would like to thank my supervisor, Colin Bushnell, for setting me
on this project and for his support and encouragement. Thanks also to Gopal Prasad for some
very useful discussions. Particular thanks are due to Paul Broussous, for many explanations and
conversations; indeed, this paper owes a great debt to [3].

2. Preliminaries and statement of results

2.1. Lattice sequences

Let F be a non-archimedean local field equipped with a Galois involutionwith fixed field
F0; we allow the possibilityF = F0. Let oF be the ring of integers ofF , pF its maximal ideal
andkF = oF /pF the residue field, of characteristic different from2. We denoteo0, p0, k0 the
same objects inF0, and will use similar notation for any non-archimedean local field. We fix a
uniformizer�F of F such that�F = −�F if F/F0 is ramified,�F =�F otherwise. We put
�0 =�2

F if F/F0 is ramified,�0 =�F otherwise; so�0 is a uniformizer ofF0.
Let V be anN -dimensional vector space overF , equipped with a nondegenerateε-hermitian

form, with ε = ±1. We putA = EndF V and denote by the adjoint (anti-)involution onA
induced byh. Set alsoG̃=AutF V and letσ be the involution given byg �→ ḡ−1, for g ∈ G̃. We
also have an action ofσ on the Lie algebraA given bya �→ −ā, for a ∈A (this is the differential
of the action onG̃). We putΣ= {1, σ}, where1 acts as the identity on both̃G andA.
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We putG = G̃Σ = {g ∈ G̃: h(gv, gw) = h(v,w) for all v,w ∈ V }, a unitary, symplectic or
orthogonal group overF0, andA− =AΣ 	 LieG.

Recall from [7] §2, that anoF -lattice sequencein V is a functionΛ from Z to the set of
oF -lattices inV such that

(i) Λ(k)⊂ Λ(j) for k � j;
(ii) there exists a positive integere = e(Λ|oF ), called theoF -period of Λ, such that

�FΛ(k) = Λ(k+ e) for all k ∈ Z.
An oF -lattice sequenceΛ is calledstrict if Λ(k) �=Λ(k + 1), for all k ∈ Z. Note also that an

oF -lattice sequence is certainly ano0-lattice sequence.
We also recall the definition of the direct sum of two lattice sequences: ifV = V1 ⊕ V2 and,

for i= 1,2, Λi is anoF -lattice sequence inVi of oF -periode, then the direct sumΛ=Λ1 ⊕Λ2

is given by

Λ(k) = Λ1(k)⊕Λ2(k), for all k ∈ Z.

For L an oF -lattice in V , we putL# = {v ∈ V : h(v,L) ⊂ pF }. Then we call anoF -
lattice sequenceΛ self-dual if there existsd ∈ Z such thatΛ(k)# = Λ(d − k) for all k ∈ Z.
If Λ=Λ1 ⊕Λ2 is a direct sum of self-dualoF -lattice sequences such thatV = V1 ⊥ V2, then we
write Λ=Λ1 ⊥ Λ2.

Given anoF -lattice sequenceΛ in V , there are two operations we can apply to it. First, we
have “translation”: fork0 ∈ Z we defineΛ′ by Λ′(k) = Λ(k + k0), for k ∈ Z. Second, we have
“normalization”: form ∈ N, we defineΛ′ by Λ′(k) = Λ([ km ]), for k ∈ Z, where[x] denotes the
greatest integer not greater thanx. These two operations do not change the associated objects
which we describe below, except up to a renormalization of the index. In particular, we may
assume, where necessary, that a self-dualoF -lattice sequenceΛ in V is normalized such that
Λ(k)# =Λ(1− k).

Associated to anoF -lattice sequenceΛ in V , we have a decreasing filtration{an(Λ): n ∈ Z}
of A by oF -lattices, given by

an = an(Λ) =
{
x ∈A: aΛ(k)⊂ Λ(k+ n) for all k ∈ Z

}
.

Moreover,a0 is a hereditaryoF -order inA anda1 is its Jacobson radical. IfΛ is self-dual, then
eachan(Λ) is fixed byσ and we puta−n = a−n (Λ) = an(Λ)Σ = an(Λ) ∩ A−, which gives a
filtration of A− by oF -lattices.

The filtration onA gives rise to a valuationνΛ onA, by

νΛ(x) = sup
{
k ∈ Z: x∈ an(Λ)

}
,

with the understanding thatνΛ(0) = +∞. If Λ is self-dual thenνΛ is fixed byσ.
Given anoF -lattice sequenceΛ, we also put

U =U(Λ) = a0(Λ)×;

Un =Un(Λ) = 1+ an(Λ), for n � 1.

ThenU is a compact open subgroup ofG̃ and{Un: n � 1} is a filtration by normal subgroups.
Moreover, for alln � 1, we have an isomorphism

an/an+1
∼→ Un/Un+1(2.1)

induced byx �→ 1 + x. If Λ is self-dual, thenU , Un are fixed byσ and we put
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P = P (Λ) = U(Λ)Σ =U(Λ) ∩G;

Pn = Pn(Λ) =Un(Λ)Σ = Un(Λ)∩G, for n � 1.

As before,P is a compact open subgroup ofG, with a filtration by normal subgroupsPn, and
the isomorphism (2.1) induces an isomorphism ([14] (2.1.4)(b))

a−n /a
−
n+1

∼→ Pn/Pn+1.(2.2)

We define the normalizerK(Λ) to be

K(Λ) =
⋂
n∈Z

N
G̃

(
Un(Λ)

)
,

whereN
G̃

denotes the normalizer iñG. An elementx ∈ A is calledΛ-invertible if x ∈ K(Λ);
equivalently, ifxΛ(k) = Λ(k+ νΛ(x)), for all k ∈ Z. Finally, note that ifΛ is self-dual, then we
haveK(Λ) ∩G= P (Λ).

Now we turn our attention to the characters of the groupsUn, Pn. We fix ψ0 an additive
character ofF0 with conductorp0 and putψF = ψ0 ◦ trF/F0 , where tr denotes trace. SinceF/F0

is at worst tamely ramified,ψF has conductorpF . We also setψA = ψF ◦ trA/F .
ForS anoF -lattice inA, we put

S∗ =
{
x ∈A: ψA(xS) = 1

}
.

Then, forΛ a lattice sequence, we havean(Λ)∗ = a1−n(Λ), by [7] (2.10). If S is fixed byσ,
then, puttingS− = S ∩A−, we have

S∗ ∩A− =
{
x ∈A−: ψA(xS−) = 1

}
.(2.3)

Let̂ denote the Pontrjagin dual. Then, forΛ anoF -lattice sequence inV andn � 1, we obtain
aK(Λ)-equivariant isomorphism

a−n/a1−n
∼→ (Un/Un+1)̂,

b+ a1−n �→
(
ψb: x �→ ψA

(
b(x− 1)

)
, for x ∈Un

)
.(2.4)

Moreover, ifΛ is self-dual then (by [16] (4.19)) this restricts to aP (Λ)-equivariant isomorphism

a
−
−n/a

−
1−n

∼→ (Pn/Pn+1)̂,
b+ a

−
1−n �→

(
ψ−
b :x �→ ψA

(
b(x− 1)

)
, for x∈ Pn

)
.(2.5)

2.2. Strata

DEFINITION 2.6 ([6] (1.5), [7] (3.1)). –
(i) A stratumin A is a 4-tuple[Λ, n, n− 1, b], whereΛ is anoF -lattice sequence,n � 1 is

an integer andb ∈ a−n(Λ).
(ii) Two strata[Λ, n, n− 1, bi], i= 1,2, are calledequivalentif b1 − b2 ∈ a1−n(Λ).
(iii) A stratum [Λ, n, n− 1, b] is calledskewif Λ is self-dual andb ∈A−.

Then, by (2.4), an equivalence class of strata corresponds to a character ofUn(Λ) and, by
(2.5), an equivalence class of skew strata corresponds to a character ofPn(Λ).

Let [Λ, n, n − 1, b] be a stratum inA. Put yb = �
n/g
F be/g ∈ a0(Λ), wheree = e(Λ) and

g = (n, e). Let Φ(X) ∈ oF (X) be the characteristic polynomial ofyb. Then we define the
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characteristic polynomialϕb(X) ∈ kF [X ] of the stratum to be the reduction modulopF of
Φ(X). Note that this depends only on the equivalence class of the stratum and is, moreover,
an intertwining invariant.

DEFINITION 2.7 ([6] (2.3)). –
(i) A stratum[Λ, n, n− 1, b] in A is calledfundamentalif ϕb(X) �=XN .
(ii) A stratum [Λ, n, n− 1, b] in A is calledsplit if ϕb(X) has two coprime factors.

Let f(X) be a polynomial with coefficients inF or kF , written f(X) =
∑n
i=0 aiX

i. We
define the polynomial̄f(X) by f̄(X) =

∑n
i=0 āiX

i.
Now suppose that[Λ, n, n− 1, b] is a skew stratum inA. Then we haveyb = ηȳb, for η = ±

a sign (precisely,η = (−)e/g if F/F0 is unramified,η = (−)n/g(−)e/g otherwise), and thus
Φ(X) = Φ(ηX) andϕb(X) = ϕ̄b(ηX). Then, if we have a factorizationΦ(X) = Φ1(X)Φ2(X),
we haveΦ(X) = Φ(ηX) = Φ1(ηX)Φ2(ηX) so Φ1(ηX) is also a factor ofΦ(X). The same
applies toϕb(X).

DEFINITION 2.8. – We say that the skew stratum[Λ, n, n− 1, b] is G-split if ϕb(X) has an
irreducible factorψ(X) such that(ψ(X), ψ̄(ηX)) = 1.

Note that aG-split stratum is necessarily fundamental, since we haveψ(X) �=X . Further, a
G-split stratum is split, since, by the argument above,ψ̄(ηX) is also a factor ofϕb(X).

DEFINITION 2.9 ([6] (1.5.5), [7] (5.1)). – A stratum[Λ, n, n− 1, b] in A is calledsimpleif
(i) the algebraE = F [b] is a field;
(ii) Λ is anoE-lattice chain;
(iii) νΛ(b) =−n;
(iv) b is minimal, that is, writinge= e(E|F ) for the ramification index andν = νE(b) for the

normalized valuation ofb in E, we have
(a) gcd(ν, e) = 1;
(b) �−ν

F be + pE generates the residue field extensionkE/kF .

Simple strata play an important role in the construction and classification of the representations
of G̃ because the associated characters have a “nice” intertwining formula.

DEFINITION 2.10 (cf. [19] (3.8)). – A skew stratum[Λ, n, n−1, b] in A is calledsemisimpleif
either it is simple or we have a non-trivial splittingV = V0 ⊥ · · · ⊥ Vr such that all the following
hold:

(i) Λ=Λ0 ⊥ · · · ⊥ Λr, whereΛi(k) = Λ(k)∩ Vi, for i= 0, . . . , r;
(ii) b= b0 + · · ·+ br , wherebi = b|Vi , for i= 0, . . . , r;
(iii) the polynomialsϕbi(X) are pairwise coprime;
(iv) the strata[Λi, n, n − 1, bi] in EndF (Vi) are simple, with the possible exception that

b0 = 0.

2.3. The theorems

Let π be a smooth representation ofG. We say thatπ containsa skew stratum[Λ, n, n− 1, b]
if it contains the associated characterψ−

b of Pn(Λ).

THEOREM 2.11. – Let π be a smooth representation ofG of positive level, that is,π has
no fixed vector underP1(Λ), for Λ any self-dual lattice sequence inV . Thenπ contains some
fundamental skew stratum[Λ, n, n− 1, b]. Moreover, puttinge = e(Λ|oF ), g = (n, e), we have
e/g � N .
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Proof. –The first assertion is given by [16] (5.2), where they call a fundamental stratum
an “unrefined minimalK-type” (see [18], especially §5, for a translation into lattice-theoretic
language). We remark that we could also deduce this from the results of §4 (see (4.3)).

For the second assertion, we put

S =
{
(Λ′, n′): Λ′ is strict and(b+ a1−n)∩ a

′
−n′ �= ∅

}
,

where a′−n′ = a(Λ′)−n′ . This is clearly non-empty and, for(Λ′, n′) ∈ S, Λ′ is strict so
e′ = e(Λ′|oF ) � N . Moreover, as in [9] (5.4) (or, more generally, [16] (6.4)), we have
n′/e′ � n/e for all (Λ′, n′) ∈ S.

We choose(Λ′, n′) ∈ S with n′/e′ minimal andb′ ∈ (b+ a1−n)∩ a′−n′ . If [Λ′, n′, n′− 1, b′] is
not fundamental then, by [5] Theorem 1, there exists(Λ′′, n′′) with Λ′′ strict,b′ + a′1−n′ ⊂ a′′−n′′

and n′′/e′′ < n′/e′. But then (Λ′′, n′′) ∈ S, contradicting the minimality ofn′/e′. Hence
[Λ′, n′, n′ − 1, b′] is fundamental so, again as in [9] (5.4), we haven′/e′ = n/e and the result
follows. ✷

THEOREM 2.12. – Let π be a smooth representation ofG which contains aG-split skew
stratum. Thenπ is not supercuspidal.

We will prove this in §3, where we construct a non-trivial Jacquet module forπ.

THEOREM 2.13. – Let π be a smooth representation ofG which contains a non-G-split
fundamental skew stratum. Thenπ contains a semisimple skew stratum.

This is an easy consequence of the following proposition, which we prove in §4:

PROPOSITION 2.14. – Let [Λ, n, n− 1, b] be a non-G-split fundamental skew stratum inA.
Then there exists a semisimple skew stratum[Λ′, n′, n′ − 1, β] in A such that

b+ a
−
1−n(Λ)⊂ β + a

−
1−n′(Λ′)

andn/e(Λ|oF ) = n′/e(Λ′|oF ).
In particular, these three theorems imply that any positive level supercuspidal representation

of G contains a semisimple skew stratum[Λ, n, n− 1, β] such thatn/e(Λ|oF ) has denominator
at mostN (when written in its lowest terms). We also remark that these strata have a “nice”
intertwining formula (see [19] (3.17)).

3. G-split strata

3.1. Intertwining

Let [Λ, n, n− 1, b] be aG-split skew stratum inA and putyb = �
n/g
F be/g ∈ a0(Λ), where

e = e(Λ) and g = (n, e). Let Φ(X) ∈ oF (X) be the characteristic polynomial ofyb and
ϕb(X) its reduction modulopF . Let ψ(X) be a monic irreducible factor ofϕb(X) such that
ψ(X) �= ±ψ̄(ηX) and writeϕb(X) = ψ(X)sψ̄(ηX)sθ(X), with θ(X) coprime toψ(X) and
ψ̄(ηX), θ(X) =±θ̄(ηX). (Note that we may haveθ(X) = 1 here.) By Hensel’s Lemma, there
exist coprime polynomialsΨ(X), Θ(X) ∈ oF [X ], whose reductions modulopF areψ(X)s,
θ(X) respectively, such thatΦ(X) = Ψ(X)Ψ(ηX)Θ(X).

We putV1 = kerΨ(yb), V−1 = kerΨ(ηyb) andV0 = kerΘ(yb). These spaces are preserved
by b and we have

V = V0 ⊥ (V1 ⊕ V−1)
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andV1, V−1 are totally isotropic and in duality with respect toh. (Note that, ifθ(X) = 1 then
V0 = 0.) For i=−1,0,1, we define lattice sequencesΛi in Vi by Λi(k) = Λ(k) ∩ Vi, for k ∈ Z.
Then, as in [11] (3.5), (3.6), we have

Λ(k) = Λ1(k)⊕Λ0(k)⊕Λ−1(k), for all k ∈ Z,

and, puttingbi = b|Vi for −1 � i � 1, we have that, fori = 1,−1, bi is Λi-invertible and
νΛi(bi) =−n. Indeed, in this situation,[Λi, n, n− 1, bi] is non-split fundamental, fori= 1,−1.

Writing Aij =Hom(V j, V i), by [6] (2.9) we have

ak(Λ) =
⊕

−1�i,j�1

ak(Λ) ∩Aij , for all k ∈ Z,

ak(Λ)∩Aii = ak
(
Λi

)
, for − 1 � i � 1, k ∈ Z.

We will abbreviateaijk = ak(Λ)∩Aij , and in the block description

A=


A−1,−1 A−1,0 A−1,1

A0,−1 A0,0 A0,1

A1,−1 A1,0 A1,1


 ,

we will usually omit the superscriptij.
We defineoF -lattices inA by

qh1 =


an aq+1 aq+1

an an aq+1

an an an


 , qh2 =


an+1 aq+1 aq+1

an an+1 aq+1

an an an+1


 ,

for 0 � q � n. We putqHj = 1 + qhj , for j = 1,2, 0 � q � n; we abbreviate0Hj = Hj and

0hj = hj , for j = 1,2. The setsqHj are compact open subgroups ofG̃, for j = 1,2, 0 � q � n,
and the mapx �→ 1 + x induces isomorphisms of groups

qh1/qh2 → qH1/qH2.

For eachq = 0, . . . , n, we define a characterψb of qH1, trivial on qH2, byψb(1 + x) = ψA(bx),
for x ∈ qh1.

We writeM = (A−1,−1)× × (A0,0)× × (A1,1)×; this is a Levi subgroup of̃G. We also put
Au =A−1,0 ⊕A−1,1 ⊕A0,1, Al =A0,−1 ⊕A1,−1 ⊕A1,0 andNu = 1+Au, Nl = 1+Al.

Let K be a compact open subgroup of̃G and let ψ be a character ofK . Then the
G̃-intertwining ofψ is defined to be

I
G̃
(ψ|K) =

{
g ∈ G̃: ψ

(
gkg−1

)
= ψ(k), for all k ∈K ∩ g−1Kg

}
.

PROPOSITION 3.1 (cf. [7] Theorem (3.7), [3] (2.3.2)). –TheG̃-intertwining of the character
ψb|H1 satisfies

I
G̃
(ψb|H1)⊂H1 ·M ·H1.
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Proof. –This follows by iterating [7] (3.7), having observed (see [3] (2.3.2)), that we may
indeed apply it in this, slightly more general, situation. Explicitly, we put

H ′
1 =


1+ an a1 a1

an 1+ an an

an an 1 + an


 , and M ′ =


A−1,−1 0 0

0 A0,0 A0,1

0 A1,0 A1,1




×

.

By [7] (3.7), we haveI
G̃
(ψb|H1)⊂ I

G̃
(ψb|H ′

1)⊂H ′
1M

′H ′
1. SinceH ′

1 ⊂H1 normalizesψb|H1,
we in fact haveI

G̃
(ψb|H1) ⊂ H ′

1IM ′ (ψb|H1 ∩ M ′)H ′
1. But, again by [7] (3.7), we have

IM ′(ψb|H1 ∩M ′)⊂ (H1 ∩M ′)M(H1 ∩M ′) and the result follows. ✷
We observe now that all the groupsqHj are fixed byσ. We put qH

−
j = qHj ∩ G and

qh
−
j = qhj ∩A−, for j = 1,2, 0 � q � n, andM− =M ∩G, N−

u = Nu ∩G, N−
l = Nl ∩G.

Note thatP−
u =M−N−

u is a maximal parabolic subgroup ofG, with Levi componentM− and
unipotent radicalN−

u , andP−
l =M−N−

l is the opposite parabolic.
We writeψ−

b for the restrictionψb|qH−
1 .

PROPOSITION 3.2. – We haveIG(ψ−
b |H

−
1 )⊂H−

1 ·M− ·H−
1 .

Proof. –By [20] (2.5), we have

IG
(
ψ−
b |H

−
1

)
= I

G̃
(ψb|H1) ∩G

and, by [19] (2.3) (see also ibid. (4.15)), we haveH1MH1 ∩ G = H−
1 M−H−

1 so the result
follows from (3.1). ✷
3.2. Covers

We continue in the situation of §3.1. For−1 � i � 1, we putGi = (Aii)× and suppose that
we are given:

(i) a subgroupK1 of U(Λ1) containingH−
1 ∩ G1 and an irreducible representationρ1 of

K1 whose restriction toH−
1 ∩G1 is a multiple ofψb1 ;

(ii) a subgroupK−
0 of P (Λ0) containingH−

1 ∩G0 and an irreducible representationρ−0 of
K−

0 whose restriction toH−
1 ∩G0 is a multiple ofψ−

b0
.

We think ofK1 embedded inG as





k

−1

1
k


: k ∈K1


 .

COROLLARY 3.3 (cf. [7] (3.9)). –
(i) The setK− = (K1 ×K−

0 ).H−
1 is a group.

(ii) There is a unique irreducible representationρ− of K− which is trivial onK− ∩N−
u ,

K− ∩N−
l and whose restriction toK1 ×K−

0 is ρ1 ⊗ ρ−0 .
(iii) The pair(K−, ρ−) is aG-cover of(K1 ×K−

0 , ρ1 ⊗ ρ−0 ).

Proof. –This is identical to [7] (3.9), except we take the elementζ to be

ζ =


�F

1
�F

−1


 . �
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3.3. Jacquet modules

We again continue with the notation of §3.1.

LEMMA 3.4 (cf. [3] (2.3.9)). –Let1 � q < n and putN−
l,q =N−

l ∩Pn−q(Λ). Then the group

N−
l,q normalizesqH

−
1 and acts transitively by conjugation on the set of characters ofq−1H

−
1

agreeing withψ−
b on the subgroupqH

−
1 .

Proof. –By [7] (3.7) Lemma 4, the mapy �→ yb − by, y ∈ A, induces an isomorphism
an−q ∩Al → a−q ∩Al. Moreover, this map preservesA− and hence restricts to an isomorphism,
a
−
n−q ∩Al → a

−
−q ∩Al, and the result follows. ✷

PROPOSITION 3.5 (cf. [3] (2.4.4)). –Let (π,V) be a smooth representation ofG containing
theG-split skew stratum[Λ, n, n− 1, b]. Then it contains the characterψ−

b |H
−
1 also.

Proof. –Given the previous lemma, this is identical to [3] (2.4.4).✷
THEOREM 3.6 (cf. [3] (2.4.2)). –Let (π,V) be a smooth representation ofG containing the

G-split skew stratum[Λ, n, n− 1, b]. Thenπ is not supercuspidal.

Proof. –By the previous proposition,(π,V) contains the characterψ−
b |H

−
1 and, by the

corollary above,(H−
1 , ψ−

b ) is a G-cover of the pair(H−
1 ∩ M,ψ−

b |H
−
1 ∩ M). Then, by [8]

(7.9), we have an isomorphism ofC-spaces

Vψ
−
b →Vψ

−
b
|H−

1 ∩M
u ,

whereVu is the Jacquet module ofV attached toP−
u andVψ−

b is theψ−
b -isotypic component. In

particular,Vu �= 0 soπ is not supercuspidal.✷
Remarks3.7. –
(i) To obtain this, we could have appealed to the very general result of [12]. However, the

language used there is very different and a translation into the lattice-theoretic language
used here has not yet been done.

(ii) Thanks to [8] (8.3), Corollary 3.3 above gives a method for constructing types for certain
(non-supercuspidal) components of the Bernstein spectrum, assuming we have all the
supercuspidal types (cf. [1,2]).

4. Semisimple strata

We now turn to the proof of Proposition 2.14. We adapt the notation of [10] to our situation.
LetΛ be a self-dualoF -lattice chain, normalized so thatΛ(k)# =Λ(1− k) for k ∈ Z, and we

pute0 = e(Λ|o0). We consider the quotients

Λ̃(k) = Λ(k)/Λ(k+ 1), k ∈ Z.

Multiplication by�0 allows us to identifỹΛ(k) with Λ̃(k + e0), for k ∈ Z. Givenk ∈ Z, let k̃
denote its image inZ/e0Z. We put
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Λ̃ =
∑

k̃∈Z/e0Z

Λ̃(k̃),

a vector space overkF , hence overk0. We consider EndkF (Λ̃); we have

EndkF (Λ̃) =
∑

j̃∈Z/e0Z

End(Λ̃)j̃ , where

End(Λ̃)j̃ =
∑

k̃∈Z/e0Z

HomkF

(
Λ̃(k̃), Λ̃(k̃ + j̃)

)
.

Further, we have End(Λ̃)̃iEnd(Λ̃)j̃ ⊂ End(Λ̃)̃i+j̃ , for ĩ, j̃ ∈ Z/e0Z. Altogether, we have the

structure of aZ/e0Z-graded algebra on EndkF (Λ̃).
Given an elementb ∈ a−n(Λ), we obtain, by reduction, maps̃bĩ: Λ̃(̃i)→ Λ̃(̃i− ñ), for each

ĩ∈ Z/e0Z, and hence a map

b̃=
∑

ĩ∈Z/e0Z

b̃ĩ ∈ End(Λ̃)−̃n.

We now describe the duality oñΛ and EndkF (Λ̃) induced byh. We have, fork ∈ Z, a well-
defined pairing

h̃k : Λ̃(k)× Λ̃(−k)→ kF ,(
v +Λ(k+ 1), v′ +Λ(1− k)

)
�→ h(v, v′) + pF .

This pairing isε-hermitian (orε-bilinear if kF = k0) and is, moreover, nondegenerate: for
v ∈ Λ(k), h̃k(v + Λ(k + 1), Λ̃(−k)) = 0 implies v ∈ Λ(−k)# = Λ(k + 1). Multiplication by
�0 transforms̃hk into h̃k+e0 , for all k ∈ Z, and hence we obtain nondegenerateε-hermitian
pairings

h̃k̃ : Λ̃(k̃)× Λ̃(−̃k)→ kF .

Putting these all together, we have a nondegenerate pairing

h̃ : Λ̃× Λ̃→ kF .

The pairingh̃ induces an adjoint involution on EndkF (Λ̃), which we denote. Then, for

b ∈ A we haveb̃ = ˜̄b. In particular, if we put End−kF
(Λ̃) = {2 ∈ EndkF (Λ̃): 2 + 2 = 0}, then

the reduction map̃sendsA− onto End−kF
(Λ̃).

DEFINITION 4.1. – LetΛ be a self-dualoF -lattice sequence. We call a self-dualoF -lattice
sequenceΛ′ a refinementof Λ if there existsm ∈ N oddsuch thatΛ(k) = Λ′(mk) for all k ∈ Z.

Note that akF -subspaceV of Λ̃(k̃) corresponds to a uniqueoF -lattice L such that
Λ(k) ⊃ L ⊃ Λ(k + 1) (more precisely, to the set of lattices{�0

iL: i ∈ Z}). Moreover, if we
put V⊥ = {ṽ ∈ Λ̃(−k̃): h̃(V , ṽ) = 0}, thenV⊥ corresponds to the latticeL#. In particular, a
refinementΛ′ of Λ corresponds to flags ofkF -subspaces

Λ̃(k̃) =W0
k̃
⊃W1

k̃
⊃ · · · ⊃Wm

k̃
= 0, for k̃ ∈ Z/e0Z,

with (Wi
k̃
)⊥ =Wm−i

−k̃ and�̃FWi
k̃
=Wi

k̃+ẽ
, for k̃ ∈ Z/e0Z, 0 � i� m, wheree= e(Λ|oF ).
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PROPOSITION 4.2. –With notation as above, letb ∈ a
−
−n(Λ) \ a

−
1−n(Λ). Then there exists a

refinementΛ′ of Λ andn′ ∈ Z such that
(i) n′/e(Λ′|oF ) = n/e(Λ|oF );
(ii) a1−n(Λ)⊂ a1−n′(Λ′);
(iii) b ∈ a

−
−n′(Λ′) and the reduced map̃b′ ∈ EndkF (Λ̃′) is semisimple.

Proof. –Consider the reduced map̃b ∈ EndkF (Λ̃) and let b̃ = b̃ss + b̃np be its Jordan
decomposition. We havẽbmnp = 0̃, for somem ∈ Z, which we may (and do) assume odd,
m= 2s− 1. Then, following [18] (5.5), we put

V i
k̃
= (b̃np)iΛ̃(k̃ + ĩñ)⊂ Λ̃(k̃) for k̃ ∈ Z/e0Z, 0 � i � m;

Wi
k̃
=

⋂
q−p=2(k−1−i)

(
Vp
k̃
+

(
Vq
−̃k

)⊥)
for k̃ ∈ Z/e0Z, 0 � i � s− 1;

Wi
k̃
= (Wm−i

−̃k
)⊥ for k̃ ∈ Z/e0Z, s� i � 2s− 1.

Thus we have flags ofkF -subspaces̃Λ(k̃) = W0
k̃
⊃ · · · ⊃ Wm

k̃
= 0, which give rise to a

refinementΛ′ of Λ, with

Λ′(km+ i)/Λ(k+1) =Wi
k̃
, for k ∈ Z, 0 � i� m− 1.

We putn′ = nm and (i) is clear sincee(Λ′|oF ) =me(Λ|oF ).
For a ∈ a1−n(Λ), we haveaΛ′(km+ i) ⊂ aΛ(k) ⊂ Λ(k − n+ 1) = Λ′(km+ (m−mn));

butm− i−mn � 1− n′ soa ∈ a1−n′(Λ′) as required. Also, sincẽbWi
k̃
⊂Wi

k̃−ñ, we have that
bΛ′(km+ i)⊂ Λ′((k − n)m+ i), that isb ∈ a−n′(Λ′).

Finally, we haveΛ̃′(k̃′m̃′ + ĩ′) 	Wi
k̃
/Wi+1

k̃
(wherek̃′ denotes the image ofk in Z/e0mZ)

so we may think of̃b′ as a further reduction of̃b. Now b̃np reduces tõ0′ so b̃′ is semisimple as
required. ✷

Remark4.3. – If, in the situation of (4.2),̃b is nilpotent, we have

b+ a1−n(Λ)⊂ a1−n′(Λ′)

and(n′ − 1)/e(Λ′) < n/e(Λ). However, we cannot use this directly to deduce, as in [5,10,13],
that a smooth representationπ of G contains a fundamental skew stratum, sincee(Λ′) is not
bounded. For this, we must use the notion of an “optimal point” from [16] §6.

We adopt the notation of [16], noting that the lattice sequenceΛ′ corresponds to a rational point
xΛ′ in the building ofG̃ (see [4]) which is fixed byΣ. Thenam(Λ′) corresponds tog∗xΛ′ ,m/e(Λ′),
when we have identified the Lie algebraA= g with its dual.

We choose a self-dual basis forΛ′ as in [14] (1.7); this gives rise to a maximal torus iñG
fixed byΣ and a simplexS in the apartment determined by this torus which containsxΛ′ and
is also fixed byΣ (and maximal for this property – it is of codimension at most 2). LetC be a
chamber containingS in its closure and letΦ be the set of affine roots which take values (strictly)
between0 and1 onC. ThenΦ∩ σΦ is the set of affine roots which take values between0 and1
onS.

ForΞ⊂Φ∩σΦ fixed byΣ, the optimal pointxΞ (which may, and will, be taken as a barycentre
of a face ofC – that is, a point corresponding to a strict lattice sequence, period at mostN ) is
in the closure ofS and, moreover,σxΞ is also an optimal point forΞ in the closure ofS. Hence
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yΞ = 1
2 (xΞ + σxΞ) is also an optimal point, fixed byΣ, and the corresponding lattice sequence

ΛΞ is self-dual and of period at most2N .
Now let Ξ ⊂ Φ ∩ σΦ be the set of affine rootsψ such that0 < ψ(xΛ′ ) � 1−n′

e(Λ′) − [ 1−n
′

e(Λ′) ].
This is fixed byΣ and, by the definition of optimal point, there existsnΞ ∈ Z such that
a1−n′(Λ′)⊂ a−nΞ(ΛΞ) andnΞ/e(ΛΞ)< (n′ − 1)/e(Λ′).

We now complete the proof of Proposition 2.14.

THEOREM 4.4. – Let [Λ, n, n− 1, b] be a non-G-split fundamental skew stratum inA. Then
there exists a semisimple skew stratum[Λ′, n′, n′ − 1, β] in A, with Λ′ a refinement ofΛ, such
that

(i) n′/e(Λ′|oF ) = n/e(Λ|oF );
(ii) a1−n(Λ)⊂ a1−n′(Λ′);
(iii) b ∈ β + a

−
1−n′(Λ′).

Proof. –From (4.2) we obtainΛ′, n′ such that (i) and (ii) are satisfied and, since the stratum is
fundamental, the reductioñb′ ∈ EndkF (Λ̃′) is non-zero semisimple.

Puty = be
′/g′�

n′/g′

F , wheree′ = e(Λ′|oF ) andg′ = (e′, n′); soy = ηȳ, for η =± a sign. Let
Φ(X) ∈ oF [X ] be the characteristic polynomial ofy and letϕb(X) ∈ kF [X ] be the characteristic
polynomial of the stratum[Λ′, n′, n′ − 1, b]. Since the stratum is non-G-split, we have

ϕb(X) =
r∏
i=1

φi(X)si ·XM ,

where the φi(X) are monic, irreducible, pairwise coprime,φi(X) = φ̄i(ηX) and∑r
i=1 si +M = N . (Note that we may haveM = 0 here.) By Hensel’s Lemma, we may lift

this to

Φ(X) =
r∏
i=1

Φi(X) ·Θ(X),

where theΦi(X) are monic, pairwise coprime,Φi(X) = Φi(ηX) and reduce modulopF to
φi(X)si , andΘ(X) reduces modulopF to XM .

Put

Vi = kerΦi(y), for i= 1, . . . , r;

V0 = kerΘ(y).

Then, as in [11] (3.4), (3.5), we haveV = V0 ⊥ · · · ⊥ Vr , this decomposition is fixed byb and,
puttingΛi(k) = Λ(k) ∩ Vi for i= 0, . . . , r, we have

Λ(k) =
r⊕
i=0

Λi(k), for k ∈ Z.

Hence we obtain skew strata[Λi, n′, n′−1, bi] in Ai =EndV i, wherebi = b|V i , and the stratum
[Λ′, n′, n′ − 1, b] is the sum of these strata. Moreover, fori = 1, . . . , r, the stratum is non-split
fundamental, while fori= 0 it is non-fundamental.

We treat first the casei = 0. The reduction ofb0 in EndkF (Λ̃0) is semisimple but also
nilpotent, since the stratum is non-fundamental. Hence it is0 and we putβ0 = 0.

Now let 1 � i � r. The skew stratum[Λi, n′, n′ − 1, bi] is non-split fundamental and the

reduction ofbi in EndkF (Λ̃i) is semisimple; hence, by [6] (2.5.8), the stratum is equivalent
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to a simple stratum[Λi, n′, n′ − 1, αi]. Nowαi + ᾱi ∈ a1−n′(Λi) so, by [20] (1.10), the stratum
is equivalent to a simple skew stratum[Λi, n′, n′ − 1, βi].

We now putβ =
∑r
i=0 βi; then [Λ′, n′, n′ − 1, β] is semisimple skew and is equivalent to

[Λ′, n′, n′ − 1, b], as required. ✷
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