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THE AUBERT INVOLUTION AND R-GROUPS

BY DUBRAVKA BAN

ABSTRACT. – We establish the connection between the standard intertwining operators for a square
integrable representation and its Aubert involution. In the cases of special orthogonal groups and symplectic
groups, we define the R-group for a nontempered unitary representation, under the assumption that the
Aubert involution of the representation is square-integrable.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous établissons le lien entre les opérateurs d’entrelacement standard associés à une
série discrète et à son involution d’Aubert. Dans le cas des groupes spéciaux orthogonaux et des
groupes symplectiques, nous définissons le R-groupe pour toute représentation unitaire non-tempérée
dont l’involution d’Aubert est une série discrète, sous l’hypothèse que l’involution d’Aubert de cette
représentation est une série discrète.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

This work is on defining the R-group for a nontempered unitary representation of a connected
reductivep-adic group, under the assumption that the Aubert involution of the representation is
square-integrable.

The R-group determines the reducibility of the induced representation and plays an important
role in the trace formula. Classically, the R-group is defined in terms of the Plancherel measure
and hence requires temperedness. An alternate description of the R-group is in terms of the
L-group and the Langlands correspondence [1]. Arthur conjectured that in this context, one
should be able to define an R-group, with right basic properties, for certain cases of nontempered
representations.

Jantzen in [17] used Iwahori–Matsumoto involution to define the R-group for some unramified
principal series representations. Our main tool is the Aubert involution [4]. This involution
maps an irreducible representation into an irreducible one. Also, it commutes with parabolic
induction at the level of Grothendieck groups. The representation and its Aubert involution share
supercuspidal support and this implies the connection between standard intertwining operators
(Lemma 7.1).

Let G be a split connected reductivep-adic group,P =MU a standard parabolic subgroup.
Let σ be a square integrable representation ofM . Denote byσ̂ the Aubert involution ofσ.
Suppose that̂σ unitary. LetR denote the R-group corresponding toiG,M(σ). Attached to each
elementr ∈R is the normalized standard intertwining operator

A(σ, r) ∈HomG
(
iG,M (σ), iG,M (σ)

)
=C(σ).
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674 D. BAN

The set{A(σ, r) | r ∈R} is a basis forC(σ).
We prove thatiG,M (σ) andiG,M (σ̂) have the same intertwining algebras, i.e.,

HomG
(
iG,M (σ), iG,M (σ)

)∼=HomG(
iG,M (σ̂), iG,M (σ̂)

)
, i.e., C(σ)∼=C(σ̂)

(Corollary 3.4). Knowing thatC(σ̂) is isomorphic toC(σ), we would like to have a basis for
C(σ̂) consisting of standard intertwining operators. We establish the connection between the
normalized intertwining operators

A(σ, r)←→A(σ̂, r),

which is a consequence of the relation between the standard intertwining operators

A(ν, σ, r)←→A(ν, σ̂, r).

In the rank-one case, we prove thatA(ν, σ, r) is holomorphic atν = 0 if and only if
A(ν, σ̂, r) is holomorphic atν = 0 (Lemma 7.1). Consequently,A(σ, r) is a scalar if and
only if A(σ̂, r) is scalar (Lemma 7.1). Moreover,A(σ, r) (respectively,A(σ̂, r)) is non-
scalar if and only if iG,M (σ) (respectively,iG,M (σ̂)) is reducible. In that case,iG,M (σ)
(respectively,iG,M (σ̂)) has length two andA(σ, r) (respectively,A(σ̂, r)) acts on one ir-
reducible component as multiplication by1 and on another irreducible component as mul-
tiplication by −1 (Lemma 5.2). Generally, we have factorizations ofA(σ, r) and A(σ̂, r)
such that each factor is induced by an intertwining operator for a rank-one subgroup (Corol-
lary 6.3).

In the case whenG is the special orthogonal group or symplectic group, explicit description
of R-groups (for square-integrable representations) is given by Goldberg in [13]. Using his result
and the relation between standard intertwining operators forσ andσ̂, we were able to prove that
σ andσ̂ have the same R-group, i.e., that the set

{
A(σ̂, r) | r ∈R

}
is a basis forC(σ̂) (Theorem 8.1).

We now give a short summary of the paper. In the second section, we give notation
and preliminaries. In the third section, we prove thatC(σ) ∼= C(σ̂). The fourth section is
about the Aubert involution of subrepresentations ofiG,M (σ). In the fifth section, we use
the induction by intertwining operators to describe standard and normalized operators. The
sixth section gives a factorization of intertwining operators. The seventh section describes
the relation between standard intertwining operators forσ and σ̂. In the eighth section, we
consider symplectic and special orthogonal group and prove thatσ and σ̂ have the same R-
group.

2. Preliminaries

In this section, we shall introduce basic notation and recall some results that will be needed in
the rest of the paper.

Let G be a split connected reductivep-adic group. We fix a maximal split torusA∅ of G
and a minimal parabolic subgroupP∅ which hasA∅ as its split component. We denote by
W =W (G/A∅) the Weyl group ofG with respect toA∅.
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THE AUBERT INVOLUTION AND R-GROUPS 675

Denote byΣ the set of roots ofG with respect toA∅. The choice ofP∅ determines a basis∆
of Σ (which consists of simple roots). It also determines the set of positive rootsΣ+ and the set
of negative rootsΣ−.

LetΘ be a subset of∆. We defineΣΘ to be the subset of roots in the linear span ofΘ. Then

ΣΘ =Σ+
Θ ∪Σ

−
Θ,

whereΣ+
Θ =Σ

+ ∩ΣΘ, Σ−
Θ =Σ

− ∩ΣΘ.
LetPΘ =MΘUΘ be the standard parabolic subgroup corresponding toΘ⊂∆. Forα ∈Σ, let

Uα be the corresponding root group ([10], Theorem 13.18). Then

AΘ =
⋂
α∈Θ

Kerα, MΘ = ZG(AΘ),

UΘ =
∏

α∈Σ+−Σ+
Θ

Uα, U−
Θ =

∏
α∈Σ−−Σ−

Θ

Uα.

We denote byWΘ =W (MΘ/A∅) the Weyl group ofMΘ with respect toA∅.
LetM =MΘ be the standard Levi subgroup ofG corresponding toΘ and letA=AΘ. Denote

byX(M)F andX(A)F respectively the group of allF -rational characters ofM andA. Let

a=Hom
(
X(M)F ,R

)
=Hom

(
X(A)F ,R

)
be the real Lie algebra ofA and

a∗ =X(M)F ⊗Z R=X(A)F ⊗Z R

its dual. Set

a∗C = a∗ ⊗C.

There is a homomorphism (cf. [15])HM :M → a such that

q〈χ,HM (m)〉 = |χ(m)|

for all m ∈M, χ ∈X(M)F . Givenν ∈ a∗, let us write

expν = q〈ν,HM (·)〉

for the corresponding character.
LetΣ(Θ) be the set of all the roots of(PΘ,AΘ). Forα ∈Σ, we defineαΘ to be the restriction

of α to AΘ. ThenΣ(Θ) = {αΘ | α ∈Σ−ΣΘ}. Givenα ∈Σ−ΣΘ, let

[α] = {γ ∈Σ−ΣΘ | γΘ = αΘ}.

ForΘ,Θ′ ⊆∆, we define

W (Θ,Θ′) = {w ∈W |wΘ′ =Θ}.

We say thatΘ andΘ′ are associated [12] if the setW (Θ,Θ′) is not empty. IfΘ= Θ′, then we
setW (Θ) =W (Θ,Θ) and observe that this is a subgroup ofW .
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676 D. BAN

We denote byAlgG the category of all smooth [12] representations ofG. We will describe
the functors

iG,M :AlgM →AlgG,

rM,G :AlgG→AlgM,

the functor of parabolic induction and Jacquet functor [9,12].
Let (σ,V ) ∈AlgM . Denote byiG,M (V ) the set of all smooth functionsf :G→ V satisfying

f(umg) = δ
1/2
P (m)σ(m)f(g), for all u ∈ U, m ∈M, g ∈ G. (HereδP denotes the module of

P .) TheniG,M(σ) is the representation ofG on iG,M(V ) defined by(
iG,M (σ)(g)f

)
(x) = f(xg), f ∈ iG,M (V ), x, g ∈G

(G acts oniG,M (V ) by right translations). By abuse of notation, we will denoteiG,M (V ) also
by iG,M (σ).

If ϕ ∈ HomM (σ1, σ2), then the induced intertwining operatoriG,M (ϕ) ∈ HomG(iG,M (σ1),
iG,M(σ2)) is defined by

iG,M(ϕ)(f) = ϕ ◦ f.
Let (π,V ) ∈AlgG. Let

V (U) = spanC

{
π(u)v − v | u ∈ U, v ∈ V

}
.

The representationrM,G(π) ∈AlgM is defined on the spacerM,G(V ) = V/V (U) by

rM,G(π)(m)
(
v + V (U)

)
= δ

−1/2
P (m)π(m)v + V (U).

If ϕ is an intertwining operator onπ, then ϕ(V (U)) = V (U). The intertwining operator
rM,G(ϕ) : rM,G(V )→ rM,G(V ) is defined by

rM,G(ϕ)
(
v+ V (U)

)
= ϕ(v) + V (U).

LetR(G) be the Grothendieck group of the category of all smooth finite length representations
of G. For a smooth finite length representationπ of G, we defines.s.(π) ∈R(G) to be the sum
of the irreducible components ofπ, each component taken with the multiplicity corresponding to
its multiplicity in π. Letπ1, π2 ∈R(G). We writeπ1 � π2 if, for each irreducible componentρ of
π1, the multiplicity ofρ in π1 is less than or equal to the multiplicity ofρ in π2. For smooth finite
length representationsπ1 andπ2, we writeπ1 � π2 if s.s.(π1) � s.s.(π2) in the Grothendieck
group.
iG,M andrM,G induce functors

iG,M :R(M)→R(G),

rM,G :R(G)→R(M).

Fix two associated subsetsΘ and Θ′ of ∆. Let (σ,V ) be an irreducible admissible
representation ofM . For w ∈ W (Θ,Θ′), set Uw = U∅ ∩ wU−w−1. Let ν ∈ a∗

C
and f ∈

iG,M(expν ⊗ σ). We formally define

A(ν, σ,w)f(g) =
∫
Uw

f
(
w−1ug

)
du,
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where g ∈ G. If A(ν, σ,w) converges, it defines an intertwining operator between
iG,M(expν ⊗ σ) andiG,M (expwν ⊗wσ). We call it a standard intertwining operator. We also
denoteA(ν, σ,w) by AG(ν, σ,w).

We refer to [2,14,19,26] for properties of standard intertwining operators. We need the
following property:

if l(w2w1) = l(w2) + l(w1), then

A(ν, σ,w2w1) =A(w1ν,w1σ,w2)A(ν, σ,w1)

([14], Proposition 2.13, [2], p. 26). We define a normalized intertwining operator

A′(ν, σ,w) = n(ν, σ,w)A(ν, σ,w),

wheren(ν, σ,w) is a normalizing factor. The existence of normalizing factors for square inte-
grable representations was proved by Harish-Chandra [15]. Shahidi [27] described normalizing
factors in terms ofL-functions and root numbers. We refer to [2], Theorem 2.1, for the proof of
the existence of normalizing factors for any irreducible admissible representation ofG.

Set

A(σ,w) =A(0, σ,w),

A′(σ,w) =A′(0, σ,w).

Let W (σ) = {w ∈W | wσ ∼= σ}. Herewσ is defined in a usual way:wσ(m) = σ(w−1mw),
m ∈M . Forw ∈W (σ), let Tw :V → V be an isomorphism betweenwσ andσ [14]. Define

A(σ,w) = Tw ◦A′(σ,w).

This is an isomorphism betweeniG,M (σ) andiG,M(σ). We have

A(σ,w2w1) = η(w2,w1)A(w1σ,w2)A(σ,w1),

whereη(w2,w1) is given byTw2w1 = η(w2,w1)Tw2Tw1 . In this paper, we shall assume that
η(w2,w1) = 1, ∀w1,w2 ∈W (σ). This is known for:GL(n), SL(n), Sp(2n), SO(n), U(n),
GO(n), GSp(2n), GU (n), and for all principal series of several other groups.

THEOREM 2.1 (Harish-Chandra [15]). –Let σ be an irreducible square integrable represen-
tation of M . The set of normalized intertwining operators{A(σ,w) | w ∈ W (σ)} spans the
commuting algebra

C(σ) = HomG
(
iG,M (σ), iG,M (σ)

)
.

The R-group is defined for square-integrable representations, using the Plancherel measure.
The definition can be found in [3,13] or [14]. The R-group is a subgroup ofW (σ) and its basic
properties are given by the following theorem:

THEOREM 2.2 (Knapp–Stein, Silberger [21,25]). –Letσ be an irreducible square integrable
representation ofM and letR be theR-group forσ.

(1) W (σ) =R�W ′, whereW ′ = {w |A(σ,w) is a scalar}.
(2) {A(σ, r) | r ∈R} is a basis forC(σ).
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3. The Aubert involution

We shall prove that, in the Grothendieck group, an irreducible admissible representation and
its Aubert involution have isomorphic intertwining algebras (Corollary 3.4).

THEOREM 3.1 (Aubert [4]). –Define the operatorDG on the Grothendieck groupR(G) by

DG =
∑
Φ⊂∆

(−1)|Φ|iG,MΦ ◦ rMΦ,G.

DG has the following properties:
(1) DG ◦˜=˜◦DG (here˜denotes contragredient).
(2) DG ◦ iG,M = iG,M ◦DM .
(3) For the standard Levi subgroupM =MΘ,

rM,G ◦DG =w ◦Dw−1(M) ◦ rw−1(M),G,

wherew is the longest element of the set{w ∈W | w−1(Θ)> 0}.
(4) DG is an involution, i.e.,D2

G = id.
(5) If σ is irreducible supercuspidal, thenDG(σ) = (−1)|∆|σ.
(6) DG takes irreducible representations to irreducible representations.

If σ is an irreducible unitary representation ofG, we will denote byσ̂ the representation
±DG(σ), taking the sign+ or − so thatσ̂ is a positive element ofR(G). We will call σ̂ the
Aubert involution ofσ.

LEMMA 3.2. –Suppose that(π1, V1), . . . , (πn, Vn), (π,V ) are representations ofG. Then
(1) HomG(π1 ⊕ · · · ⊕ πn, π)∼=HomG(π1, π)⊕ · · · ⊕HomG(πn, π).
(2) HomG(π,π1 ⊕ · · · ⊕ πn)∼=HomG(π,π1)⊕ · · · ⊕HomG(π,πn).

Proof. –The isomorphisms

HomC(V1 ⊕ · · · ⊕ Vn, V )∼=HomC(V1, V )⊕ · · · ⊕HomC(Vn, V ),

HomC(V,V1 ⊕ · · · ⊕ Vn)∼=HomC(V,V1)⊕ · · · ⊕HomC(V,V1)

defined in [22], map intertwining operators to intertwining operators and give the lemma.✷
LEMMA 3.3. –Suppose that(π,V ) and(π′, V ′) are semisimple finite length representations

of G. If (π,V ) and (π′, V ′) have the same number of irreducible components with the same
multiplicities, thenHomG(π,π) andHomG(π′, π′) are isomorphic algebras.

Proof. –According to Lemma 3.2,

dimCHomG(π,π) = dimCHomG(π′, π′).

This proves the vector spaces isomorphism. To prove isomorphism of algebras, we will show that
HomG(π,π) andHomG(π′, π′) have the same multiplication tables.

First, suppose thatπ is the direct sum ofn equivalent representations. Then

π ∼= σ⊕ · · · ⊕ σ,

V ∼= V ′′ = V1 ⊕ · · · ⊕ Vn,
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whereV1, . . . , Vn aren copies of the same space. Fori, j = 1, . . . , n, defineϕij :Vi→ Vj by

ϕij(v) = v.

DefineΦij :V ′′→ V ′′ by

Φij = 0⊕ · · · ⊕ 0⊕ϕij ⊕ 0⊕ · · · ⊕ 0,

whereϕij is on theith place. Then{Φij | i, j = 1, . . . , n} is a set ofn2 linearly independent
intertwining operators, so it is a basis forHomG(σ⊕ · · · ⊕ σ,σ⊕ · · · ⊕ σ). The multiplication is
given by

Φij ·Φpq =
{
Φpq, if j = p,
0, if j �= p.

Generally, let{σ1, . . . , σk} be the set of equivalence classes of irreducible subquotients ofπ.
Then there exists a decomposition

π = π1 ⊕ · · · ⊕ πk,

V = V1 ⊕ · · · ⊕ Vk,

such that, for everym= 1, . . . , k, πm is the direct sum of representations equivalent toσm. Note
that form �= l, HomG(πm, πl) = {0}.

Let {ϕmi}i∈Im be a basis forHomG(πm, πm). Define

Φmi = 0⊕ · · · ⊕ 0⊕ϕmi ⊕ 0⊕ · · · ⊕ 0,

whereϕmi is on themth place. Then{Φmi |m= 1, . . . , k, i ∈ Im} is a basis forHomG(π,π).
If l �=m, then

Φmi ·Φlj = 0. ✷
COROLLARY 3.4. –Letσ be an irreducible admissible representation ofM , σ̂ be the Aubert

involution ofσ. Then

HomG
(
iG,M (σ), iG,M (σ)

)∼=HomG(
iG,M (σ̂), iG,M (σ̂)

)
in the Grothendieck groupR(G).

Proof. –It follows from Theorem 3.1(2), thatiG,M(σ̂) = ̂iG,M (σ). Therefore,iG,M (σ) and
iG,M(σ̂) have the same number of irreducible components. The multiplicities are the same
becausê is an involution (Theorem 3.1(4)).✷

4. The Aubert involution of subrepresentations of iG,M(σ)

LetP =MU be the standard parabolic subgroup corresponding toΘ⊂∆ andσ an irreducible
supercuspidal representation ofM . If p is an irreducible subrepresentation ofiG,M (σ), we will
prove thatiG,M (σ) has a quotient equivalent tôp (Corollary 4.2).

Denote byP− the opposite parabolic subgroup ofP , i.e., the unique parabolic subgroup
intersectingP in M . Let P̄ = M̄Ū be the unique standard parabolic subgroup conjugate to
P− [12]; we can have either̄P = P or P̄ �= P .
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Let wl denote the longest element in the Weyl group andwl,Θ the longest element in
WΘ =W (M/A∅). Thenw =wlwl,Θ is the longest element in the set{w ∈W |w(Θ)> 0} [12].

SetΘ̄ =w(Θ). ThenP̄ corresponds tōΘ. For the unipotent radicalU− of P−, we have

w(U−) = Ū .

According to [12], Proposition 1.3.3,w(MΘ) =Mw(Θ), so

w(M) =w(MΘ) =Mw(Θ) =MΘ̄ = M̄.

LEMMA 4.1. –Letσ be an irreducible supercuspidal representation ofM .
(1) An irreducible representationp is equivalent to a subrepresentation ofiG,M (σ) if and

only if σ � rM,G(p).
(2) An irreducible representationq is equivalent to a quotient ofiG,M (σ) if and only if

wσ � rM̄,G(q), wherew =wlwl,Θ.

In the proof of Lemma 4.1, we shall use Jacquet modules with respect to non-standard
parabolic subgroups, in the notation of [9]: ifP =MU is a parabolic subgroup ofG, andπ is a
representation ofG, we denote byrU,1(π) the Jacquet module ofπ with respect toP =MU . If
P is a standard parabolic subgroup, thenrU,1(π) = rM,G(π).

Proof. –(1) Follows from [5], Corollary 4.3.
(2) Letq be an irreducible quotient ofiG,M (σ). Denote bỹq the contragredient representation

of q. By [12], Proposition 2.1.11, the functorπ �→ π̃ is contravariant and exact, sõq is a

subrepresentation of˜iG,M (σ) = iG,M (σ̃) ([12], Proposition 3.1.2). By (1),̃σ � rM,G(q̃) and

taking the contragredient, we obtain˜̃σ � ˜rM,G(q̃). It follows from [12], Proposition 2.1.10 that
˜̃σ = σ, soσ � ˜rM,G(q̃). According to [12], Corollary 4.2.5 and [5], Corollary 3.4, we have the
following

σ � ˜rM,G(q̃) = rU−,1(q) = rw−1(Ū),1(q) =w−1
(
rM̄,G(q)

)
.

Hence,wσ � rM̄,G(q).
Now, suppose thatq is an irreducible representation such thatwσ � rM̄,G(q). Then, applying

the same arguments as above, we obtainσ̃ � rM,G(q̃). It follows by 1. that q̃ is equivalent to a
subrepresentation ofiG,M(σ̃). Hence,q is equivalent to a quotient ofiG,M (σ). ✷

COROLLARY 4.2. –Let σ be an irreducible supercuspidal representation ofM . If p is an
irreducible subrepresentation ofiG,M(σ), theniG,M (σ) has a quotient equivalent tôp.

Proof. –Let p be an irreducible subrepresentation ofiG,M(σ). Thenσ � rM,G(p). Note that
w is the longest element in the set{w′ ∈W | (w′)−1(Θ̄)> 0}.

The representationσ is supercuspidal andp is an irreducible subrepresentation of the induced
representationiG,M(σ). Therefore, the Jacquet modulerw−1(M̄),G(p) is supercuspidal. By
Theorem 3.1(5), the duality operatorDw−1(M̄) acts as multiplication by1 or−1. Also, it acts on
all irreducible components ofrw−1(M̄),G(p) in the same way. The operatorˆ is defined as±D,
to assure that we obtain a positive element in the Grothendieck group. Therefore,

̂rw−1(M̄),G(p) = rw−1(M̄),G(p).

By Theorem 3.1 and the equality above, we have

rM̄,G(p̂) =w ◦ rw−1(M̄),G(p) =w ◦ rM,G(p).
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It follows thatwσ � rw(M),G(p̂). Now, Lemma 4.1 tells us that̂p is equivalent to a quotient of
iG,M(σ). ✷

5. Standard intertwining operators

In this section, we describe standard and normalized intertwining operators using the parabolic
induction by intertwining operators.

LEMMA 5.1. –Letπ be an irreducible admissible representation ofM . Letβ be a simple root
in ∆ \Θ andΩ=Θ∪ {β}. Letw =wl,Ωwl,Θ. Then

AG(ν, π,w) = iG,MΩ

(
AMΩ(ν, π,w)

)
.

Notice thatw(Θ)> 0, soΘ andw(Θ) are associated.

Proof. –SetN =MΩ. LetU ′
∅ denote the unipotent radical of the minimal parabolic subgroup

in N . Then

U ′
∅ =

∏
α∈Σ+

Ω

Uα.

The standard intertwining operatorAN (ν, π,w) is defined as an integral over the set

U ′
w = U ′

∅ ∩w(U− ∩N)w−1

andAG(ν, π,w) is defined by integration overUw = U∅ ∩wU−w−1. First, we will prove that

U ′
w = Uw =w(U− ∩N)w−1.

We have

U =
∏

α∈Σ+\Σ+
Θ

Uα, U− =
∏

α∈Σ−\Σ−
Θ

Uα,

U ∩N =
∏

α∈Σ+
Ω\Σ+

Θ

Uα, U− ∩N =
∏

α∈Σ−
Ω \Σ−

Θ

Uα.

If α ∈Σ+
Θ, thenw(α)> 0. It follows that

Uw =
∏
α∈Σ+

w(α)<0

Uw(−α), U ′
w =

∏
α∈Σ+

Ω
w(α)<0

Uw(−α).

According to [11], Corollary 4, p. 20, the length ofw in W is equal to the length ofw in
WΩ =W (MΩ/A0). Therefore,{

α ∈Σ+ |w(α)< 0
}
=

{
α ∈Σ+

Ω | w(α)< 0
}

andU ′
w = Uw. Now,w(α)< 0 if and only if α ∈Σ+

Ω \Σ
+
Θ. It follows

U ′
w =

∏
α∈Σ+

Ω\Σ+
Θ

Uw(−α) =w

( ∏
α∈Σ+

Ω\Σ+
Θ

U−α
)
w−1 =w(U− ∩N)w−1.
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Hence,

AN (ν, π,w)f(n) =
∫
Uw

f
(
w−1un

)
du,

for f ∈ iN,M(V ), n ∈N , and

AG(ν, π,w)f(g) =
∫
Uw

f
(
w−1ug

)
du,

for f ∈ iG,M(V ), g ∈G. Isomorphisms

iG,M (expν ⊗ σ)
ϕ−→ iG,N ◦ iN,M (expν ⊗ σ)

iG,M (expν ⊗ σ)
ψ←− iG,N ◦ iN,M (expν ⊗ σ)

are defined by

F
ϕ�−→ F0,

F0
ψ�−→ F,

F (g) = F0(g)(1),

F0(g)(n) = δ
−1/2
Ω (n)F (ng).

Also,

iG,N
(
AN (ν, π,w)

)
F0 =AN (ν, π,w) ◦ F0.

Now, we have

iG,N
(
AN (ν, π,w)

)
F (g) = iG,N

(
AN (ν, π,w)

)
F0(g)(1) =AN (ν, π,w) ◦ F0(g)(1)

=
∫
Uw

F0(g)
(
w−1u

)
du=

∫
Uw

δ
−1/2
Ω

(
w−1u

)
F

(
w−1ug

)
du

=
∫
Uw

F
(
w−1ug

)
du=AG(ν, π,w)F (g),

sinceδΩ(w−1u) = δΩ(w−1)δΩ(u) = 1. ✷
Remark5.1. – Let(π,V ) be a semisimple representation of the length two. Hence,

π = π1 ⊕ π2,

V = V1 ⊕ V2.

Suppose thatπ1 � π2. Then the decompositionV = V1 ⊕ V2 is unique,dimCHomG(π,π) = 2.
Let ϕ :V → V be an intertwining operator. Ifϕ(V1) �= 0, thenϕ(π1) ∼= π1, soϕ(V1) = V1 and
there existsa ∈C, a �= 0, such thatϕ(v1) = av1, for everyv1 ∈ V1. We writeϕ|V1 = a.

Now, if ϕ :V → V is an isomorphism, we have

ϕ|V1 = a,

ϕ|V2 = b,
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wherea, b are nonzero complex numbers. Suppose thatϕ is not equal to a scalar and thatϕ2 = 1.
Thena �= b, a2 = 1, b2 = 1. It follows

a= 1, b=−1 or a=−1, b= 1.

Note that{1, ϕ} is a basis forHomG(π,π).

LEMMA 5.2. –Let α be a simple root in∆ \Θ andΩ = Θ ∪ {α}. Setwα = wl,Ωwl,Θ. Let
(σ,V ) be an irreducible square integrable representation ofM =MΘ. Suppose thatiMΩ,M (σ)
is reducible. Write

iMΩ,M (V ) = V1 ⊕ V2,

whereV1, V2 are irreducible andV1 � V2. Then(up to exchange of indices)

AMΩ(σ,wα)|V1 = 1,

AMΩ(σ,wα)|V2 =−1.
Further (up to exchange of indices),

AG(σ,wα)|iMΩ,M (V1) = 1,

AG(σ,wα)|iMΩ,M (V2) =−1
and

AG(σ,wα) =±iG,MΩ

(
AMΩ(σ,wα)

)
.

Proof. –SetN =MΩ. According to Remark 5.1, there exista, b ∈C, a �= b, such that

Twα ◦AN (σ,wα)|V1 = a,

Twα ◦AN (σ,wα)|V2 = b.

Let c be a normalizing factor forAN (σ,wα). Then (Remark 5.1),

ac= 1, bc=−1 or ac=−1, bc= 1.

We conclude thata=−b and thatc is unique up to±1. We may assume that

AN (σ,wα)|V1 = 1,

AN (σ,wα)|V2 =−1.
Let f ∈ iG,N(V1), f �= 0 and letd be a normalizing factor forAG(σ,wα). We havew2

α = 1 and
(AG(σ,wα))2 =AG(σ,1) = 1. Takeg ∈G such that0 �= f(g) = v1 ∈ V1. Then

v1 =
(
AG(σ,wα)

)2
f(g) = d2

(
Twα ◦AG(σ,wα)

)2
f(g)

= d2
(
Twα ◦AN (σ,wα)

)2 ◦ f(g) = d2
(
Twα ◦AN (σ,wα)

)2(v1) = d2a2v1.

It follows da=±1. Hence,d is unique up to±1 and we have

AG(σ,wα)|iN,M (Vi1 ) = 1,

AG(σ,wα)|iN,M (Vi2 ) =−1,
where{i1, i2}= {1,2}. This implies

AG(σ,wα) =±iG,N
(
AN (σ,wα)

)
. ✷

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



684 D. BAN

6. Factorization of standard intertwining operators

Recall the following result (Lemma 2.1.2 of [26]):

LEMMA 6.1. –SupposeΘ,Θ′ ⊂∆ are associated. Takew ∈W (Θ,Θ′). Then, there exists a
family of subsetsΘ1, . . . ,Θn+1 ⊂∆ such that

(1) Θ1 =Θ andΘn+1 =Θ′;
(2) fix 1� i� n; then there exists a rootαi ∈∆ \Θi such thatΘi+1 is the conjugate ofΘi

in Ωi =Θi ∪ αi;
(3) setwi =wl,Ωiwl,Θi in W (Θi,Θi+1) for 1� i� n; then

w =wn · · ·w1.

LEMMA 6.2. –Suppose thatΘ,Θ′ ⊂ ∆ are associated and fixw ∈ W (Θ,Θ′). Write w =
wn · · ·w1 as in Lemma6.1. Then

l(w) = l(wn) + · · ·+ l(w1),

wherel denotes the length in the Weyl groupW =W (G/A∅).

Proof. –Let S1 andS2 be as in the proof of Lemma 2.1.2. in [26],

S1 =
{
[α] | α ∈Σ+ −Σ+

Θ1
, w(α)< 0

}
,

S2 =
{
[β] | β ∈Σ+ −Σ+

Θ2
, ww−1

1 (β)< 0
}
.

The conditionw ∈ W (Θ1,Θ′) givesw(Θ1) = Θ′ > 0. Similarly, ww−1
1 ∈ W (Θ2,Θ′) gives

ww−1
1 (Θ2) = Θ′ > 0 and we can write

S1 =
{
[α] | α ∈Σ+, w(α)< 0

}
,

S2 =
{
[β] | β ∈Σ+, ww−1

1 (β)< 0
}
.

If β ∈ S2, thenw−1(β) ∈ S1 ([26], proof of Lemma 2.1.2). The mapping[β] �→ [w−1(β)] is an
injection fromS2 to S1 and

S1 −w−1(S2) =
{
[α] | α ∈Σ+

Ω1
−Σ+

Θ1

}
=

{
[α] | α ∈Σ+, w1(α)< 0

}
.

Recall that, for anyw′ ∈W , l(w′) = Card{α ∈Σ+ |w′(α)< 0}. We conclude that

l(w) = Card
{
α | [α] ∈ S1

}
,

l(ww−1
1 ) = Card

{
β | [β] ∈ S2

}
,

l(w1) = Card
{
[α] | α ∈ S1 −w−1(S2)

}
.

This implies

l(w) = l(wn · · ·w2) + l(w1).

The lemma follows by induction onn. ✷
COROLLARY 6.3. –Suppose thatΘ,Θ′ ⊂ ∆ are associated and fixw ∈ W (Θ,Θ′). Write

w =wn · · ·w1 as in Lemma6.1. Then

A(ν, π,w) =A(νn, πn,wn) · · ·A(ν1, π1,w1),

whereν1 = ν, π1 = π, νi =wi−1(νi−1) andπi =wi−1(πi−1) for 2� i� n.
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Remark6.1. – Theorem 2.1.1 of [26] gives the same factorization as in Corollary 6.3 in the
case whenA(ν, π,w) is absolutely convergent.

LEMMA 6.4. –Let M be the standard parabolic subgroup corresponding toΘ ⊂ ∆ and
σ an irreducible supercuspidal representation ofM . Let q be an irreducible subquotient of
iG,M(σ). Then there existsw0 ∈W (Θ) such that the standard intertwining operatorA(ν, σ,w0)
is holomorphic atν = 0 andq is equivalent to a subrepresentation ofiG,M (w0σ).

Proof. –Recall [12,9] that

s.s.
(
rM,G ◦ iG,M (σ)

)
=

∑
w∈W (Θ)

wσ

and

0 �= rM,G(q)� rM,G ◦ iG,M (σ).
Takew′ ∈W (Θ) such thatw′σ � rM,G(q). We choose from the set

{w |wσ ∼=w′σ}

an elementw0 with the least length. Writew0 = wn · · ·w1 as in Lemma 6.1. The condition on
the length ofw0 tells us that

wiwi−1 · · ·w1σ �wi−1 · · ·w1σ for 1� i� n.

Let σ1 = σ andσi = wi−1(σi−1) for 2 � i � n. Let Θi andΩi be as in Lemma 6.1. Denote
by Ni the standard Levi subgroup corresponding toΩi. Note thatσi � σi+1. Let ν1 = ν and
νi = wi−1(νi−1) for 2� i� n. According to [26], proof of the Theorem 3.3.1,ANi(νi, σi,wi)
is holomorphic atνi = 0. Lemma 5.1 tells us thatA(νi, σi,wi) is holomorphic atνi = 0. We can
write A(ν, σ,w0) as in Corollary 6.3

A(ν, σ,w0) =A(νn, σn,wn) · · ·A(ν1, σ1,w1),

and conclude thatA(ν, σ,w0) is holomorphic atν = 0. It follows from Lemma 4.1 thatq is
equivalent to a subrepresentation ofiG,M (w0σ) because

w0σ ∼=w′σ � rM,G(q). ✷

7. Relation between standard intertwining operators for σ and σ̂

Let M be the standard Levi subgroup ofG corresponding toΘ ⊂ ∆. Let (σ,V ) be an
irreducible square integrable representation ofM and σ̂ the Aubert involution ofσ. Suppose
thatσ̂ is unitary.

There existsΘ0 ⊂ Θ and an irreducible supercuspidal representation(σ0, V0) of M0 =MΘ0

such thatσ is a subrepresentation ofiM,M0(σ0) (we allowΘ0 = Θ). It follows from Corollary
4.2 that σ̂ is equivalent to a quotient ofiM,M0(σ0). Let WΘ = W (MΘ/A∅). According to
Lemma 6.4, there existsw0 ∈WΘ(Θ0) = {w ∈WΘ | w(Θ0) = Θ0} such thatAM (ν, σ0,w0)
is holomorphic atν = 0 andσ̂ is equivalent to a subrepresentation ofiM,M0(w0σ0).

LEMMA 7.1. –LetΩ=Θ∪ {α}, for a simple rootα, andN =MΩ. Setwα =wl,Ωwl,Θ.
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(1) AN (ν, σ,wα) is holomorphic atν = 0 if and only if AN (ν, σ̂,wα) is holomorphic at
ν = 0.

(2) Suppose thatwασ ∼= σ. ThenAN (σ,wα) is a scalar if and only ifAN (σ̂,wα) is a scalar.

Proof. –(1) Let

[WΘ \W ] =
{
w ∈W |w−1Θ> 0

}
,

[W/WΘ] = {w ∈W | wΘ> 0}.
According to [12], p. 7, the set[WΘ \W ] (respectively,[W/WΘ]) is a set of representatives of
cosetsWΘ \W (respectively,W/WΘ). Moreover, ([12], Lemma 1.1.2),

l(xw1) = l(x) + l(w1),(1)

for anyx ∈WΘ, w1 ∈ [WΘ \W ],

l(w2x) = l(w2) + l(x),(2)

for anyx ∈WΘ, w2 ∈ [W/WΘ].
Notice thatw0 ∈ WΘ and wα(Θ) > 0. Therefore,wα ∈ [W/WΘ], w−1

α ∈ [WΘ \ W ].
According to (1) and (2), we have

l(wαw0) = l(wα) + l(w0),(3)

l
(
w0w

−1
α

)
= l(w0) + l

(
w−1
α

)
.(4)

Letw′
0 =wαw0w

−1
α . Then

wαw0 =w′
0wα,(5)

w0w
−1
α =w−1

α w′
0.(6)

LetΘ′ =wα(Θ). Thenw−1
α (Θ′) = Θ> 0, sowα ∈ [WΘ′ \W ], w−1

α ∈ [W/WΘ′ ]. Applying (1)
and (2) toΘ′, w′

0 andwα, we obtain

l(w′
0wα) = l(w′

0) + l(wα),(7)

l
(
w−1
α w′

0

)
= l

(
w−1
α

)
+ l(w′

0).(8)

It follows from (6) that

AN

(
wαν,wασ0,w0w

−1
α

)
=AN

(
wαν,wασ0,w

−1
α w′

0

)
,

whereν ∈ a∗M,C ⊆ a∗M0,C
. Now, (4) and (8) give

AN (ν, σ0,w0)AN

(
wαν,wασ0,w

−1
α

)
AN

(
w′

0wαν,w
′
0wασ0,w

−1
α

)
AN (wαν,wασ0,w

′
0).

(9)

According to (5), we have

AN (ν, σ0,w
′
0wα) =AN (ν, σ0,wαw0),

which together with (3) and (7) give

AN (wαν,wασ0,w
′
0)AN (ν, σ0,wα) =AN (w0ν,w0σ0,wα)AN (ν, σ0,w0).(10)
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We use the notation of [27], p. 279, to express the following result of Harish-Chandra [15]:

AN

(
wαν,wασ,w

−1
α

)
AN (ν, σ,wα) = µ

(
wαν,wασ,w

−1
α

)−1
γ2(N/P ),(11)

whereµ(wαν,wασ,wα) is the Plancherel measure andγ(N/P ) is a positive constant defined
in [27].

The representationσ0 is irreducible supercuspidal. It follows from the Langlands classification
thatσ0 = exp(ν0)τ0, whereν0 ∈ a∗M0,C

andτ0 is tempered. Thenexp(ν)σ0 = exp(ν+ν0)τ0 and
AN (ν, σ0,wα) =AN (ν + ν0, τ0,wα). As in (11), we have

AN

(
wα(ν + ν0),wατ0,w−1

α

)
AN (ν + ν0, τ0,wα) = µ

(
wα(ν + ν0),wατ0,w−1

α

)−1
γ2(N/P0),

so

AN

(
wαν,wασ0,w

−1
α

)
AN (ν, σ0,wα) = µ

(
wα(ν + ν0),wατ0,w−1

α

)−1
γ2(N/P0).(12)

Sinceσ is a subrepresentation ofiM,M0(σ0), the operatorsAN (ν, σ,wα) andAN (wαν,wασ,w−1
α )

are restricitions ofAN (ν, σ0,wα) andAN (wαν,wασ0,w
−1
α ). The equality (12) tells us that,

away from the poles,AN (wαν,wασ0,w
−1
α )AN (ν, σ0,wα) is a scalar. The same equality holds

for any subspace ofiN,M0(V0). In particular, it holds foriN,M(V ) ↪→ iN,M0(V0), so (11) implies

AN

(
wαν,wασ0,w

−1
α

)
AN (ν, σ0,wα) = µ

(
wαν,wασ,w

−1
α

)−1
γ2(N/P ).(13)

Now, using (13), (9) and (10), we have

µ
(
wαν,wασ,w

−1
α )−1γ2(N/P

)
AN (ν, σ0,w0)(14)

=AN (ν, σ0,w0)µ
(
wαν,wασ,w

−1
α

)−1
γ2(N/P )

=AN (ν, σ0,w0)AN

(
wαν,wασ0,w

−1
α

)
AN (ν, σ0,wα)

=AN

(
w′

0wαν,w
′
0wασ0,w

−1
α

)
AN (wαν,wασ0,w

′
0)AN (ν, σ0,wα)

=AN

(
wαw0ν,wαw0σ0,w

−1
α

)
AN (w0ν,w0σ0,wα)AN (ν, σ0,w0).

The equality (14) tells us that the restriction ofAN (wαw0ν,wαw0σ0,w
−1
α )AN (w0ν,w0σ0,wα)

to the nonzero subspaceim(AN (ν, σ0,w0)) is equal toµ(wαν,wασ,w−1
α )−1γ2(N/P ). This

implies

AN

(
wαw0ν,wαw0σ0,w

−1
α

)
AN (w0ν,w0σ0,wα) = µ

(
wαν,wασ,w

−1
α

)−1
γ2(N/P ).(15)

In particular, (15) holds on the subspaceiN,M(V̂ ), so

AN

(
wαw0ν,wασ̂,w

−1
α

)
AN (w0ν, σ̂,wα) = µ

(
wαν,wασ,w

−1
α

)−1
γ2(N/P ).(16)

The equalities (11) and (16) imply thatAN (ν, σ,wα) is holomorphic atν = 0 if and only if
AN (ν, σ̂,wα) is holomorphic atν = 0. We will explain it in more detail.

The representationσ is square integrable and the operatorAN (ν, σ,wα) is rank-one, so we
may apply results from Section 5.4.2 of [25].

If wασ � σ, theniN,M (σ) is irreducible andAN (ν, σ,wα) is holomorphic atν = 0. Also
([25], Corollary 5.4.2.2),µ(0,wασ,w−1

α )> 0. Corollary 3.4 tells us thatiN,M(σ̂) is irreducible.
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From (16), we read that the composition of two standard intertwining operators on an irreducible
space is a scalar. Since a standard intertwining operator is not zero, the operators in (16) have no
poles atw0ν = 0.

Now, suppose thatwασ ∼= σ. According to [25], Corollary 5.4.2.3,iN,M(σ) is reducible if
and only if µ(0,wασ,w−1

α ) > 0. Notice thatw−1
α = wα, so the operatorsAN (0, σ̂,wα) and

AN (0,wασ̂,w−1
α ) are equal (under the isomorphismwασ ∼= σ). If µ(0,wασ,w−1

α ) = 0, the
induced representationsiN,M (σ) andiN,M (σ̂) are irreducible and the operators in (11) and (16)
have poles at zero. Ifµ(0,wασ,w−1

α ) > 0, the induced representationsiN,M(σ) and iN,M (σ̂)
are reducible, with two inequivalent irreducible components. It follows that the operators in (11)
and (16) are holomorphic at zero.

(2) If AN (ν, σ̂,wα) is holomorphic atν = 0, then Tw ◦ AN (σ̂,wα) is non-scalar, so
AN (σ̂,wα) is non-scalar. ✷

8. The R-group for SO(m,F ) and Sp(2m,F )

In this section,G will denote a special orthogonal group or a symplectic group.
Let M be the standard Levi subgroup ofG corresponding toΘ⊂∆. Let σ be an irreducible

square integrable representation ofM andσ̂ the Aubert involution ofσ. Suppose that̂σ is unitary.
From Corollary 3.4, we have

HomG
(
iG,M (σ), iG,M (σ)

)∼=HomG(
iG,M(σ̂), iG,M (σ̂)

)
.

Let R denote the R-group forσ. Then, the set of normalized intertwining operators{A(σ, r) |
r ∈R} is a basis for the commuting algebraC(σ).

THEOREM 8.1. –LetG = SO(m,F ) or Sp(2m,F ). LetM be a standard Levi subgroup of
G. Suppose thatσ is an irreducible square integrable representation ofM such that its Aubert
involution σ̂ is unitary. LetR be theR-group forσ. Thenσ̂ has the sameR-group asσ in the
following sense:

the set of normalized standard intertwining operators

{
A(σ̂, r) | r ∈R

}
is a basis for the commuting algebra

C(σ̂) = HomG
(
iG,M (σ̂), iG,M(σ̂)

)
.

Remark8.1. – In the statement of Theorem 8.1, we make the assumption thatσ is a square
integrable representation such that its Aubert involutionσ̂ is unitary. It is conjectured that
the Aubert involution of any unitary representation is unitary (in other words, that the Aubert
involution preserves unitarity). This conjecture seems to be very difficult to prove. D. Barbasch
and A. Moy in [8] proved the conjecture for representations which have nonzero Iwahori fixed
vector, by using the Kazhdan–Lusztig parametrization of such representations.

Proof. –Set

Sk =




Sp(2k,F ),
SO(2k+ 1, F ),
SO(2k,F ).
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ThenM is isomorphic to

M ∼=GL(k1, F )× · · · ×GL(kn, F )× Sk,

wherem= k1 + · · ·+ kn + k [28,6], and

σ = ρ1 ⊗ · · · ⊗ ρn ⊗ τ,

where ρi is a square integrable representation ofGL(ki, F ) and τ is a square integrable
representation ofSk. We have

σ̂ = ρ̂1 ⊗ · · · ⊗ ρ̂n ⊗ τ̂ .

The R-group forσ is computed in [13]. Lets ∈O(2m,F ) be the sign change element (denoted
by cm in [13]) which induces the nontrivial automorphism on the Dynkin diagram. As in [13,
§6], we consider forG= SO(2m,F ) four cases:

(1) ki is even, fori= 1, . . . , n.
(2) k > 0 and, fori= 1, . . . , n, ki is even orki is odd andsσ ∼= σ.
(3) k = 0 andki is odd, fori= 1, . . . , n.
(4) k > 0 andki is odd,sσ � σ, for i= 1, . . . , n.
First, let

G=




Sp(2m,F ),
SO(2m+ 1, F ),
SO(2m,F ), M satisfies (1) or (2).

Then [5]

W (Θ)∼= Sym(n)� {±1}n.
For1� i� n, define

εi = (1, . . . ,1,−1,1, . . . ,1),
where−1 is on theith place. LetGi = Ski+k, Mi =GL(ki, F )× Sk. Set

S =
{
εi | iGi,Mi(ρi ⊗ τ) is reducible

}
.

It follows from [13], Lemma 6.3 and Theorems 6.4, 6.5, that the R-group forσ is a subgroup of
the group generated byS. Let

iG,M (V ) = V1 ⊕ · · · ⊕ Vl,

iG,M (V̂ ) = V̂1 ⊕ · · · ⊕ V̂l

be the decomposition ofiG,M(V ), iG,M(V̂ ) as the direct sum of irreducible components. We
know from [16,13] thatiG,M (σ) is multiplicity one. TheniG,M (σ̂) is multiplicity one and the
correspondenceVj ↔ V̂j is unique.

Takeεi ∈ S. Thenρi ∼= ρ̃i ([30], Lemma 2.1 and [7], Lemma 4.3).
First, suppose thati = n. Denote byN the standard Levi subgroup ofG generated byεi

andM . ThenM is a maximal Levi subgroup ofN . The induced representationsiN,M(σ) and
iN,M(σ̂) are of the length two. Write

iN,M (σ) =W1 ⊕W2,

iN,M (σ̂) = Ŵ1 ⊕ Ŵ2,
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whereW1, W2 are irreducible andW1 �W2. It follows from Lemma 5.2 that

AN (σ, εn)|W1 = 1,

AN (σ, εn)|W2 =−1,
and

A(σ, εn)|iN,M (W1) = 1,

A(σ, εn)|iN,M (W2) =−1,
(up to exchange of indices). According to Lemma 7.1,AN (σ, εn) is non-scalar. Repeating the
same arguments as in the proof of Lemma 5.2, we obtain

AN (σ̂, εn)|Ŵj1
= 1,

AN (σ̂, εn)|Ŵj2
=−1,

and

A(σ̂, εn)|iN,M (Ŵj1 )
= 1,

A(σ̂, εn)|iN,M (Ŵj2 )
=−1,

where{j1, j2} = {1,2}. We may choosec(εn) = 1 or −1 such thatc(εn)A(σ̂, εn) acts on
V̂1 ⊕ · · · ⊕ V̂l in the same way asA(σ, εn) acts onV1 ⊕ · · · ⊕ Vl.

Now, suppose thati �= n. Let pi,n be the permutation on the set{1, . . . , n} which interchanges
i andn. Thenpi,n = p−1

i,n andεi = pi,nεnpi,n. We have

A′(σ, εi) =A′(εnpi,nσ, pi,n)A′(pi,nσ, εn)A′(σ, pi,n).

Write

iG,M (pi,nσ) = V ′
1 ⊕ · · · ⊕ V ′

l ,

iG,M (pi,nσ̂) = V̂ ′
1 ⊕ · · · ⊕ V̂ ′

l ,

whereV ′
j
∼= Vj , V̂ ′

j
∼= V̂j for 1 � j � l. As above, we may choosec(εi) = 1 or −1 such that

c(εi)A(pi,nσ̂, εi) acts onV̂ ′
1 ⊕ · · · ⊕ V̂ ′

l in the same way asA(pi,nσ, εn) acts onV ′
1 ⊕ · · · ⊕ V ′

l .
Take j ∈ {1, . . . , n}. ThenA(pi,nσ, εi)|V ′

j
= 1 or −1, assume thatA(pi,nσ, εi)|V ′

j
= −1 (the

proof for1 goes in the same way). Thenc(εi)A(pi,nσ̂, εi)|V̂j
=−1. Moreover,

A(σ, εi)|Vj =
(
A′(pi,nσ, pi,n)(−1)A′(σ, pi,n)

)
|Vj =−1,

c(εi)A(σ̂, εi)|V̂j
=

(
A′(pi,nσ̂, pi,n)(−1)A′(σ̂, pi,n)

)
|
V̂j
=−1.

It follows that c(εi)A(σ̂, εi) acts on V̂1 ⊕ · · · ⊕ V̂l in the same way asA(σ, εi) acts on
V1 ⊕ · · · ⊕ Vl.

Now, {A(σ, r) | r ∈ R} is a basis forC(σ) andR ⊆ 〈S〉. For r ∈ R, we writer = s1 · · ·sk,
s1, . . . , sk ∈ S, and definec(r) = c(s1) · · ·c(sk). Thenc(r) = 1 or−1 and it does not depend on
the choice ofs1, . . . , sk. The above consideration shows that{c(r)A(σ̂, r) | r ∈R} is a basis for
C(σ̂). This implies that{A(σ̂, r) | r ∈R} is a basis forC(σ̂).

Now, suppose thatG = SO(2m,F ) and thatM satisfies (3) or (4). Then, by [13],R is a
subgroup of the group generated by

{εiεj | ρ̃i ∼= ρi, ρ̃j ∼= ρj , ρi � ρj}.
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We consider the case

M ∼=GL(k1)×GL(k2)× SO(2k),

σ = ρ1 ⊗ ρ2 ⊗ τ,

k1 + k2 + k =m. The general case follows in the same way as earlier.
Suppose thatM satisfies (3). Thenk1, k2 are odd,k = 0. Suppose thatk1, k2 > 1. The simple

roots areαi = ei − ei+1, 1 � i � m − 1, αm = em−1 + em [6,13]. The set of simple roots
corresponding toM is Θ = ρ \ {αk1 , αm}. We can writeε1ε2 = (−1,−1) as in Lemma 6.1 in
the following way

ε1ε2 =w4w3w2w1,

where

Θ1 =Θ, Ω1 = ρ \ {αk1},

Θ2 = ρ \ {αk1 , αm−1}, Ω2 = ρ \ {αm−1},

Θ3 = ρ \ {αk2 , αm−1}, Ω3 = ρ \ {αk2},

Θ4 = ρ \ {αk2 , αm}, Ω4 = ρ \ {αm},

Θ5 =Θ.

Then, by Corollary 6.3,

A(ν, σ, ε1ε2) =A(ν4, σ4,w4) · · ·A(ν1, σ1,w1),

A(ν, σ̂, ε1ε2) =A(ν4, σ̂4,w4) · · ·A(ν1, σ̂1,w1).

According to Lemma 5.1,A(νi, σi,wi) is holomorphic atνi = 0, for 1 � i � 4. Lemma 7.1
tells us thatA(νi, σ̂i,wi) is holomorphic atνi = 0, for 1 � i� 4. Therefore,A(ν, σ, ε1ε2) and
A(ν, σ̂, ε1ε2) are holomorphic atν = 0. It follows from [13], Theorem 6.8, thatiG,M (ρ1 ⊗ ρ2)
has the length two. By Corollary 3.4,iG,M (ρ̂1 ⊗ ρ̂2) also has the length two. Now we can apply
Lemma 5.2 to prove thatA(σ, ε1ε2) acts on

iG,M (ρ1 ⊗ ρ2) = V1 ⊕ V2

in the same way asA(σ̂, ε1ε2) acts on

iG,M (ρ̂1 ⊗ ρ̂2) = V̂1 ⊕ V̂2

(up to±1).
The other cases (whenk �= 0, k1 = 1 or k2 = 1) can be proved in a similar manner.✷
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communications and comments.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



692 D. BAN

REFERENCES

[1] A RTHUR J., Unipotent automorphic representations: conjectures,Astérisque171–172 (1989) 13–71.
[2] A RTHUR J., Intertwining operators and residues 1.weighted characters,J. Func. Anal.84 (1989) 19–

84.
[3] A RTHUR J., On elliptic tempered characters,Acta Math.171 (1993) 73–138.
[4] AUBERT A.-M., Dualité dans le groupe de Grothendieck de la catégorie des représentations lisses

de longueur finie d’un groupe réductifp-adique,Trans. Amer. Math. Soc.347 (1995) 2179–2189;
Trans. Amer. Math. Soc.348 (1996) 4687–4690, Erratum.

[5] BAN D., Jacquet modules of parabolically induced representations and Weyl groups,Can. J.
Math.53 (4) (2001) 675–695.

[6] BAN D., Parabolic induction and Jacquet modules of representations ofO(2n,F ), Glasnik
Mat. 34 (54) (1999) 147–185.

[7] BAN D., Self-duality in the case ofSO(2n,F ), Glasnik Mat.34 (54) (1999) 187–196.
[8] BARBASCH D., MOY A., A unitarity criterion forp-adic groups,Invent. Math.98 (1) (1989) 19–37.
[9] BERNSTEINI.N., ZELEVINSKY A.V., Induced representations of reductivep-adic groups, I,Ann. Sci.

École Norm. Sup.10 (1977) 441–472.
[10] BOREL A., Linear Algebraic Groups, Second Enlarged Edition, Springer-Verlag, 1991.
[11] BOURBAKI N., Groupes et algèbres de Lie, Ch. 4, Paris, Hermann, 1968.
[12] CASSELMAN W., Introduction to the theory of admissible representations ofp-adic reductive groups,

Preprint.
[13] GOLDBERG D., Reducibility of induced representations forSp(2n) andSO(n), Amer. J. Math.116

(1994) 1101–1151.
[14] GOLDBERG D., SHAHIDI F., AutomorphicL-functions, intertwining operators and the irreducible

tempered representations ofp-adic groups, Preprint.
[15] HARISH-CHANDRA, Harmonic analysis on reductivep-adic groups,Proc. Symp. Pure Math.26

(1974) 167–192.
[16] HERB R.A., Elliptic representations forSp(2n) andSO(n), Pacific J. Math.161 (1993) 347–358.
[17] JANTZEN C., On the Iwahori–Matsumoto involution and applications,Ann. Sci. École Norm. Sup.28

(1995) 527–547.
[18] JANTZEN C., On square-integrable representations of classicalp-adic groups II,Represent. Theory4

(2000) 127–180.
[19] KEYS C.D., L-indistinguishability and R-groups for quasi-split groups: unitary groups in even

dimension,Ann. Sci. École Norm. Sup.20 (1987) 31–64.
[20] KEYS C.D., SHAHIDI F., Artin L-functions and normalization of intertwining operators,Ann. Sci.

École Norm. Sup.21 (1988) 67–89.
[21] KNAPP A.W., STEIN E.M., Irreducibility theorems for principal series, in:Conference on Harmonic

Analysis, in: Lecture Notes in Math., Vol.266, Springer-Verlag, New York, 1972, pp. 197–214.
[22] LANG S.,Algebra, Addison-Wesley, 1993.
[23] MŒGLIN C., TADI Ć M., Construction of discrete series for classicalp-adic groups, Preprint.
[24] SILBERGER A., The Knapp–Stein dimension theorem forp-adic groups,Proc. Amer. Math. Soc.68

(1978) 243–246.
[25] SILBERGER A., Introduction to harmonic analysis on reductivep-adic groups, in: Math. Notes,

Vol. 23, Princeton University Press, Princeton, NJ, 1979.
[26] SHAHIDI F., On certainL-functions,Amer. J. Math.103 (1981) 297–355.
[27] SHAHIDI F., A proof of Langlands’ conjecture on Plancherel measures; Complementary series for

p-adic groups,Ann. of Math.132 (1990) 273–330.
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