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LOCAL HOMOLOGY AND COHOMOLOGY ON SCHEMES

BY LEOVIGILDO ALONSO TARRIO, ANA JEREMIAS LOPEZ AND JOSEPH LIPMAN

ABSTRACT. - We present a sheafified derived-category generalization of Greenlees-May duality (a far-reaching
generalization of Grothendieck's local duality theorem): for a quasi-compact separated scheme X and a "proregular"
subscheme Z-for example, any separated noetherian scheme and any closed subscheme-there is a sort of adjointness
between local cohomology supported in Z and left-derived completion along Z. In particular, left-derived completion
can be identified with local homology, i.e., the homology of IWw^CRrzOx , —) .

Generalizations of a number of duality theorems scattered about the literature result: the Peskine-Szpiro duality
sequence (generalizing local duality), the Warwick Duality theorem of Greenlees, the Affine Duality theorem of
Hartshorne. Using Grothendieck Duality, we also get a generalization of a Formal Duality theorem of Hartshorne,
and of a related local-global duality theorem.

In a sequel we will develop the latter results further, to study Grothendieck duality and residues on formal
schemes.

Introduction

We redevelop here some basic facts about local homology and cohomology on quasi-
compact separated schemes, in the context of derived categories. While our results are not
fundamentally new, they do, we believe, add value and meaning to what is already known,
through a more general and in some ways more transparent approach-leading for example
to a unification of several duality theorems scattered about the literature. Furthermore, the
derived category formulation provides an essential link between Grothendieck Duality on
ordinary and on formal schemes, the latter to be treated in a subsequent paper.

The main result is the Duality Theorem (0.3) on a quasi-compact separated scheme X
around a proregularly embedded closed subscheme Z. This asserts a sort of sheafified
adjointness between local cohomology supported in Z and left-derived completion functors
along Z. (For complexes with quasi-coherent homology, the precise derived-category
adjoint of local cohomology is described in (0.4)(a).) A special case-and also a basic
point in the proof-is that:
(*) these left-derived completion functors can be identified with local homology,

i.e., the homology of RT-C^iRFzOx, -).

(1) 1991 Mathematics Subjects Classification. 14B15, 14B20, 14Fxx
(2) First two authors partially supported by a Xunta de Galicia (D.O.G 19/11/92) travel grant. Third author

partially supported by the National Security Agency.
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2 L. ALONSO TARRIO, A. JEREMIAS LOPEZ AND J. LIPMAN

The technical condition "Z proregularly embedded," treated at length in §3, is just
what is needed to make cohomology supported in Z enjoy some good properties which
are standard when X is noetherian. Indeed, it might be said that these properties hold
in the noetherian context because (as follows immediately from the definition) every
closed subscheme of a noetherian scheme is proregularly embedded. The assertion (*)
is a sheafified derived-category version of Theorem 2.5 in [GM]. (The particular case
where Z is regularly embedded in X had been studied, over commutative rings, by Strebel
[St, pp. 94-95, 5.9] and, in great detail, by Matlis [M2, p. 89, Thm. 20]. Also, a special case
of Theorem (0.3) appeared in [Me, p. 96] at the beginning of the proof of 2.2.1.3.) More
specifically, our Proposition (4.1) provides another approach to the Greenlees-May duality
isomorphism-call it ^-from local homology to left-derived completion functors. Though
this ^ is a priori local and depends on choices, it is in fact canonical: Corollary (4.2) states
that a certain natural global map from left-derived completion functors to local homology
restricts locally to an inverse of ^.

We exhibit in §5 how Theorem (0.3) provides a unifying principle for a substantial
collection of other duality results from the literature. For example, as noted by Greenlees
and May [GM, p. 450, Prop. 3.8], their theorem contains the standard Local Duality
theorem of Grothendieck. (See Remark (0.4) (c) below for more in this vein).

To describe things more precisely, we need some notation. Let X be a quasi-compact
separated scheme, let A(X) be the category of all Ox -modules, and let Aqc(^) C A(X)
be the full (abelian) subcategory of quasi-coherent Ox -modules. The derived category
D(X) of A(X) contains full subcategories Dqc(X) D Dc(X) whose objects are the
Ox -complexes with quasi-coherent, respectively coherent, homology sheaves.

Let Z C X be a closed subset. If X\Z is quasi-compact then by induction on mm{n | X
can be covered by n affine open subsets}, and [GrD, p. 318, (6.9.7)], one shows that Z is
the support Supp((9x/Z) for some finite-type quasi-coherent C^c-ideal T (and conversely).
We assume throughout that Z satisfies this condition.

The left-exact functor Fz : A(X) -» A{X) associates to each Ox -module T its subsheaf
of sections with support in Z. We define the subfunctor 7^ c Fz by

r^:= iim H^oAOxl^, ̂ ) (^ e A(X))^(o.i) r,
n>0

which depends only on Z (not Z). If T is quasi-coherent, then Y'^T = T z ^ F '
The functor Fz (resp. .7^) has a right-derived functor RF^ : D(X) —> D(X) (resp.
R7^ : D(X) —^ D(X)), as does any functor from A(X) to an abelian category, via
K-injective resolutions [Sp, p. 138, Thm. 4.5] (1).

By the universal property of derived functors, there is a unique functorial map

7 : RF^ -. £

(') See also [ibid., p. 133, Prop. 3.11] or [BN, §2] for the existence of such resolutions in module categories.
(Actually, as recently observed by Weibel, Cartan-Eilenberg resolutions, totalized via products, will do in this
case.) Moreover, Neeman has a strikingly simple proof that hence such resolutions exist in any abelian quotient
category of a module category, i.e., by a theorem of Gabriel-Popescu, in any abelian category-for instance
A(X)-w'ith a generator and with exact filtered Iim. (Private communication.)
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LOCAL HOMOLOGY AND COHOMOLOGY ON SCHEMES 3

whose composition with F^£ —^ RJ^f is the inclusion map F^S c-^ £.
For proregularly embedded Z C X, the derived-category map RJ^f —^ RF^f

induced by the inclusion J^ c-^ Fz is an isomorphism for any complex £ G Dqc(X)
(Corollary (3.2.4)). This isomorphism underlies the well-known homology isomorphisms
(of sheaves) (2)

(O.I.I) lim^^OxA71, ̂ ) ̂  HW (z > 0, T G .AqcW).
n>0

We also consider the completion functor Az : Aqc(X) —^ A(X) given by

(0.2) Az^:= Hm ((Ox/^n) ̂ ) (^ AcW).
n>0

This depends only on Z. We will show in §1 that Az has a left-derived functor
LAz '. Dqc(X) ^^ D(X), describable via flat quasi-coherent resolutions. By the universal
property of derived functors, there is a unique functorial map

A : F -^ LAz^

whose composition with LAz^ —^ Az^ is the completion map T —^ Az^F.

THEOREM (0.3). - For any quasi-compact separated scheme X and any proregularly
embedded closed subscheme Z (Definition (3.0.1)), there is a functorial isomorphism

RT^^R^.^) -^ RH^(£,LAz^)

( fGD(X)^GDqcW)

whose composition with the map RT^w* (<?, .77) -^ m-i^.9 (R-G^, ^} induced by 7 is
the map RH^^S^) -^ W-i^(£,LAz^) induced by \.

The proof occupies §§1-4; an outline is given in §2. Miscellaneous corollaries and
applications appear in §5.

From Theorem (0.3) we get a commutative diagram

RT^^Rr^ 7} -^ RH^(£, LAz^)

RT^^R^RJ]^ F) -^ RT^^RI^ LAz^)
with horizontal isomorphisms as in (0.3), A' induced by A, and 7' induced by 7.
It follows readily from Lemma (3.1.1)(2) that the natural map RJ^RJ^f -^ R/^f is an
isomorphism; hence both A' and 7' are isomorphisms, and a has the explicit description
a = 7'"1 o A'. Conversely, if we knew beforehand that A' and 7' are isomorphisms, then we
could define a := 7'~1 o A' and recover Theorem (0.3). Thus we can restate the Theorem as:

(2) See [H, p. 273], where, however, the proof seems incomplete-"way-out" needs to begin with [Gr, p. 22,
Thm. 6]. Alternatively, one could use quasi-coherent injective resolutions...

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



4 L. ALONSO TARRIO, A. JEREMIAS LOPEZ AND J. LIPMAN

THEOREM (0.3) (bis). - For any quasi-compact separated scheme X and proregularly
embedded closed subscheme Z, the maps \ and 7 induce functorial isomorphisms

RT^^RJ]^, ̂ ) ̂  RT^^Rr^ LAz^) ̂ - R?Y^(^ LAz^)
A y

( f eD(X) , ^cDqc(X)).

As explained in Remark (5.1.2), that \' is an isomorphism amounts to the following
Corollary. Recall that proregularity of a finite sequence t := (^1^2,. . . ,^) in a
commutative ring A is defined in (3.0.1) (where X can be taken to be Spec(A)); and that
every sequence in a noetherian ring is proregular.

COROLLARY (0.3.1). - Let t be a proregular sequence in a commutative ring A, and let
F be aflat A-module, with i-adic completion F. Then the natural local homology maps
^A^) -> H^(F) (^ > 0) are all isomorphisms.

In other words, the natural Koszul-complex map !C^(i) 0 F -^ ^(t) 0 F is a
quasi-isomorphism (see (3.1.1)(2)).

Suppose now that X is affine, say X = Spec(A), let t := (^2,..., ̂ ) be a proregular
sequence in A, and set Z := Spec(A/tA). With t71 := (^, . . . , ̂ ), consider the A-module
functors

Ft(G) := lim HomA(A/tnA, G),
n>0

Af(G) := lim ((A/rA) 0 G) (t-adic completion).
n>0

This is the situation in [GM], and when the sequence t is A-regular, in [M2]. The
arguments used here to prove Theorem (0.3) apply as well in the simpler ring-theoretic
context, yielding an isomorphism in the derived A-module category D(A):

(0.3)aff RHom^RFtE, F ) -^ RHom^, LAfF) (^ F e D(A)).

In fact (0.3)aff (with the isomorphism explicated as in (0.3) or (0.3)bis) is essentially
equivalent to (0.3) for £ e Dqc, see Remark (0.4)(d).

Suppose, for example, that t is A-regular, so that there is an isomorphism

RWM -^ H^(A)=:K.

Then for any A-complex F, there is a natural isomorphism K [ - p ] ^ F -^ RFt(F)
(cf. Corollary (3.2.5)), and so we have a composed isomorphism

ff°LAt(F) -^ ff°RHom^(RrtA,F)
-^ fi^oRHom^(R^tA,R^tF) -^ HomD(A)(^, K 0 F)

corresponding to the First Representation Theorem of [M2, p. 91] (3).

(3) Matlis states the theorem for A-modules F which are "K-torsion-free" i.e. ([ibid., p. 86]), the canonical
map K ^F -^ K 0F is an isomorphism; and he shows for such F that the natural map H°LAt (F) —> At (F)
is an isomorphism [ibid., p. 89, Thm. 21, (2)].

4e SERIE - TOME 30 - 1997 - N° 1



LOCAL HOMOLOGY AND COHOMOLOGY ON SCHEMES 5

Remarks (0.4). - (a) Fix a quasi-compact separated scheme X, and write ^4, Aqc,
D, Dqc, for ^(X), Aqc(X), D(Z), Dqc(X), respectively. Let Z C X be a proregularly
embedded closed subscheme. Corollary (3.2.5)(iii) gives us the functor RJ^ : Dqc —^ Dqc.
Theorem (0.3) yields a right adjoint for this functor, as follows.

The inclusion functor Aqc c—^ A has a right adjoint Q, the "quasi-coherator" [I, p. 187,
Lemme 3.2]. The functor Q, having an exact left adjoint, preserves K-injectivity, and
it follows then that RQ is right-adjoint to the natural functor j : D (Aqc) —> D, see
[Sp, p. 129, Prop. 1.5(b)]. Since j induces an equivalence of categories D(.4qc) ^ Dqc
(see §1), therefore the inclusion functor Dqc c-^ D has a right adjoint, which-mildly
abusing notation-we continue to denote by RQ. Thus there is a functorial isomorphism

Honing LAz^) ̂  Honing RQLA^) (^ G Dqc).

Recalling that R7^ coincides with R-Tz on Dqc, and applying the functor H°KT to the
isomorphism in (0.3) (4), we deduce an adjunction isomorphism

HomD,,(Rr^ ̂ ) -̂  Honing RQLAz^) (f^e Dqc).

(In this form the isomorphism doesn't sheafify, since for open immersions i : U —> X the
canonical functorial map i*Qx -^ Qu^ is usually not an isomorphism.)

For example, if X is affine, say X = Spec(A), then for any C G -A(X), Q(C) is the quasi-coherent 0\ -module
r(X,C}^ associated to the A-module r(X,C); and hence

RQ(^) ^ (Rr(X, G)Y (G C D).

Any complex in Dqc is isomorphic to a K-flat quasi-coherent T (Prop. (1.1)). For such an JF, with F i^ the
completion of T along Z [GrD, p. 418, (10.8.2)], Remark (d) below, with E = A, implies

RQLAzJ- ̂  QAz^ = (r(Z, ^-/z))~.

If furthermore A is noetherian, Z = Spec(A/J), and T G Dc(A'), then one finds, as in (0.4.1) below, that with A
the J-adic completion of A,

r(z, ^)^r(x, ^ )®AA.

In more detail. Theorem (0.3)-at least for £ G Dqc(X)-can be expressed via category-
theoretic properties of the endofunctors S := RF^ and T:= RQLA^ of Dqc(X). (In the
commutative-ring context, use S := RI^ and T := LAf instead.)

THEOREM (0.3)*. - The canonical maps S —^1-^T where 1 ̂  ̂  identity functor
of Dqc(X)) induce functorial isomorphisms

Hom(S£, S^) ̂  Hom(S£, ̂  ^ Hom(S£, TF} ̂  Hom(<f, T^) ^ Hom(T^, r.F).

(4) Note that ^RrRU^9 = H°RHom9 = Homn, see e.g., [Sp, 5.14, 5.12, 5.17]. (In order to combine
left-and right-derived functors, we must deal with unbounded complexes.)

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



6 L. ALONSO TARRIO, A. JEREMIAS LOPEZ AND J. LIPMAN

Proof. - (See also (5.1.1).) The first isomorphism is given by Lemma (0.4.2) below. The
next two follow from Theorem (0.3)(bis), giving the adjointness of S and T, as well as
the isomorphism S —^ ST in the following Corollary. Hence:

Hom(<f, TT} ̂  Hom(S£, J") ^ Hom(ST£, 7') ̂  Hom(T£, TT}. D

Conversely, Theorem (0.3)*, applied to arbitrary affine open subsets of X, yields
Theorem (0.3)(bis).

COROLLARY. - The maps 7 and y induce functorial isomorphisms
(i) S2 -^ S.

(ii) T -^ T2.
(iii) TS -^ T.
(iv) s -^ 5T.
Proof. - (i) can be deduced, for example, from the functorial isomorphism (see above)

Hom(S£, S2^) -^ Hom(S£, SF), applied when £ = T and when £ = SF.
(ii): equivalent to (i) by adjunction.

(iii): use Hom(<?, TSf) ̂  Hom(S£, S^) ̂  Hom(S£, f) ̂  Hom(f, TT}.
(iv): use Hom(S£, S^) ̂  Hom(S£, ̂ ) ̂  Hom(S£, T^) ̂  Hom(S£, ST^). D
The fact that v induces isomorphisms T —^ T2 and Hom(T^, TT) -^ Hom(E, TJ=') implies that the derived

completion functor T, together with v : 1 —^ T, is a Bousfield localization of Dqc(A') with respect to the triangulated
subcategory whose objects are the complexes E- such that T^ = 0, or equivalently, by (iii) and (iv), such that S8 = 0,
i.e., 8 = Ru^^ where i : X \ Z f—^ X is the inclusion {see (0.4.2.1)).

(b) With notation as (a), suppose that the separated scheme X is noetherian, so that any
closed subscheme Z is proregularly embedded. On coherent Ox -modules the functor Kz
is exact. This suggests (but doesn't prove) the following concrete interpretation for the
restriction of the derived functor LAz to Dc C Dqc (i.e., to 0^-complexes whose
homology sheaves are coherent). Let /^ = i^z be the canonical ringed-space map from the
formal completion X/z to X, so that A^ and ^* are exact functors [GrD, p. 422, (10.8.9)].
For F G Aic, following [GrD, p. 418, (10.8.2)] we denote by Tfz the restriction of Az^
to Z. From the map ̂ f —> J ^ / z which is adjoint to the natural map T —^ Az^ = ̂ J ^ / z
we get a functorial map ^^T —> i ^ ^ J ^ / z == AZ.F; and since K ^ K * is exact, there results
a functorial map

A: : ̂ T -^ LAz^ (^ G Dqc).

PROPOSITION (0.4.1). - The map \^ is an isomorphism for all T G Dc.

Proof. - The question being local, we may assume X affine. As indicated at the end of
§2, the functor LAz is bounded above (i.e., "way-out left") and also bounded below (i.e.,
"way-out right"); and the same is clearly true of /^^*. So by [H, p. 68, Prop. 7.1] (dualized)
we reduce to where T is a single finitely-generated free Ox -module, in which case the
assertion is obvious since by §1, LAzP = AzP for any quasi-coherent flat complex P. D

4'̂  S6RIE - TOME 30 - 1997 - N° 1



LOCAL HOMOLOGY AND COHOMOLOGY ON SCHEMES 7

Via the natural isomorphism ^RH^/n^\ z(^*^ ^*^7) —^ R/7^w^(£, ^^^*^7) [Sp,
p. 147, Prop. 6.7], ̂  isomorphism in (0.3) now becomes, for £ G D, .F G Dc :

(0.3)c R^^(R^<f, J^) -^ /^R?^^^(^*<f,/^),

or-by Lemma (0.4.2) below, and since as before RF^F ^ RI^.77:

(0.3)', R7<^^(RJ]^ R .̂7") -^ ^R7^^(/^*<?^*.F).

Explicitly, all these isomorphisms fit into a natural commutative diagram:

R7i^(Rr^ ^) ^ R^^(Rr^ RF^)

/" ^ | (0.3)
^

R^^(<f, JF) —, R7l:^w^(<f, LAz^)
\ T\ ^ via \^

R7^w^(<?, ̂ ^*J^) ^- ^R^^^ (^*£, ̂ ^P)

LEMMA (0.4.2). - L^^ X be a scheme, let Z C X be a closed subset, and let
i : (X \ Z) ̂  X be the inclusion. Let Q <E D(Z) be exact off Z, i.e., VQ = 0.
Then for any T G D(X) ̂  natural map RH^(G, RFz^F) -^ RH^{Q, T} is an
isomorphism. In particular, for any £ G D(X) there are natural isomorphisms

RTY^^RF^RFz^) -^ R^^^RFz^, J^*),
R^^^Rr^^RFz^) -^ RTY^^^RJ^^,^).

Proof. - If ^7 is an injective K-injective resolution of T [Sp, p. 138, Thm. 4.5] then
VJ is K-injective and the natural sequence 0 —> FzJ —» J —t i^J —^ 0 is exact;
hence there is a natural triangle

(0.4.2.1) RF^ -.T-^ Ri^y -^ RFz^ll].

Apply the functor RT^w*^ —) to this triangle, and conclude via the isomorphism
RU^{Q, Ri^f) ̂  Ri^RH^^Q, %*^) = 0 [Sp, p. 147, Prop. 6.7]. D

(c) (Local Duality). Let A be a noetherian commutative ring (so that any finite sequence
in A is proregular), let J be an A-ideal, let A be the J-adic completion, and let Yj be
the functor of A-modules described by

Fj(M) := { x G M [ Fx = 0 for some n > 0}.

The derived A-module category D(A) has the full subcategory Dc(A) consisting of those
complexes whose homology modules are finitely generated. Arguing as in Remark (b), one
deduces from (0.3)aff the duality isomorphism

(0.3)'̂  RHom^(RrjE, RTjF) ̂  RHom^(E, F0AA)
(E e D(A), F e Dc(A)).

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUP^RIEURE



8 L. ALONSO TARRIO, A. JEREMIAS LOPEZ AND J. LIPMAN

(This is of course closely related to (0.3)^ see Remark (d). For example, when J is a
maximal ideal and Z := {J} C X := Spec(A), just check out the germ of (0.3)^ at the
closed point J e X.)

Now suppose that E and F are both in Dc(A), and one of the following holds:
(1) E G D,-(A) and F G D^(A) (5); or
(2) F has finite injective dimension (i.e., F is D-isomorphic to a bounded injective

complex); or
(3) E has finite projective dimension.
Then the natural map

RHom^(F,F) 0A A -> RHom^(F,F 0^ A)

is an isomorphism. To see this, reduce via "way-out" reasoning [H, p. 68] to where E
is a bounded-above complex of finitely generated projectives and F is a single finitely
generated A-module. Similarly, Ext^(F, F) := ff^RHom^F^)) is finitely generated.
Hence (0.3)^ ^ yields homology isomorphisms

Ext^RFjF, RFjF) -^ Ext^(F,F) ' (n C Z).

In particular, if m is a maximal ideal and D G Dc(A) is a dualizing complex (which
has, by definition finite injective dimension), normalized so that UTmD is an injective
hull Im of the A-module A/m [H, p. 284, Prop. 7.3], then there are hyperhomology duality
isomorphisms, generalizing [H, p. 280, Cor. 6.5]:

Hom^H^F,^) ̂  Ext^F^f (n G Z, F G Dc(A)).

And since Ext^F,!^ is a noetherian A-module therefore H^F is artinian, and
Maths dualization yields the Eocal Duality theorem of [H, p. 278]. (One checks that the
isomorphisms derived here agree with those in [H].)

More generally, if J is any A-ideal and denotes J-adic completion then with
^ : Spf(A) = X -^ X := Spec(A) the canonical map, U := X \ {m}, and £ := F,
P:= D the quasi-coherent Ox -complexes generated by F and D, there is a triangle

Hom^RFjF^) -> RHom^(F,.D) 0A A -> RHom^*<?^*P) ̂

whose exact homology sequence looks like

(0.4.3) . . . ̂  Hom,(H7F^) ̂  Ext^(F^)'^ Ext^(/^ /,*?) -. . . .

The particular case when A is Gorenstein of dimension d-so that D ^ A[d]-and F = A,
is [PS, p. 107, Prop. (2.2)]. See §5.4 for details.

(5) For any derived category D^, DJ~ (resp. D^) is the full subcategory whose objects are the complexes C G
D* having bounded-below (resp. bounded-above) homology, i.e., Hn(C) = 0 for n < 0 (resp. n > 0). D^
(resp. D^T) is isomorphic to the derived category of the homotopy category of such C. This notation differs
from that in [H], where C itself is assumed bounded.

4e SERIE - TOME 30 - 1997 - N° 1



LOCAL HOMOLOGY AND COHOMOLOGY ON SCHEMES 9

Incidentally, we have here a characterization of .D 0A A (A:== m-adic completion):

D 0A A ^ RHom^(Rr^A,Rr^P) = RHom^RF^A, J^) ^ ^ LA^J^.
(0.3)^ (0.3)aff

Thus if E* is an injective resolution of A, so that Hom^F^J^n) is a flat resolution
of Im [M, p. 95, Lemma 1.4], then D 0A A ^ HoniA(F^J^)\

(d) Not surprisingly, but also not trivially, (0.3)aff can be derived from (0.3)-and vice-
versa when £ G Dqc(X)-in brief as follows. The general case of (0.3) reduces to the
case where £ = Ox, see §2; thus once one knows the existence of LAz (§1), (0.3) is
essentially equivalent to (0.3)aff.

The functor 1̂  := F(X,-) (X := Spec(A)) has an exact^left adjoint, taking an
A-module M to its associated quasi-coherent Ox -module M. Hence 1̂  preserves
K-injectivity, and there is a functorial isomorphism

RHoi<(F, RI^) —> RHom^(F, Q) (F e D(A), Q C D(X)).

Next, if Q is any Ox-complex of r^-acyclics (i.e., F^G" -^ Wx^ is an isomorphism
for all n), then Y^G ~^ Rry^ is an isomorphism. (This is well-known when Q is
bounded below; and in the general case can be deduced from [BN, §5] or found
explicitly in [L, (3.9.3.5)].) So for any A-complex F there are natural isomorphisms
F -^ r^F ^^ RI^F, and hence

(0.4.4) RHom\{E,F) -^ RHom^(E,F) (£ ,FGD(A)) .

There are also natural isomorphisms

(0.4.5) RFzE -^ W^E, LAtF ̂  Ri^LAzF.

The first obtains via Koszul complexes, see (3.2.3). For the second, we may assume F
flat and K-flat, in which case we are saying that AfF = Y^KzF —^ RI^A^F is an
isomorphism, which as above reduces to where F is a single flat A-module, and then
follows from [EGA, p. 68, (13.3.1)].

Thus there are natural isomorphisms

(#) RHom^(F, LAfF) -^ RHom^(F, RI^LAzF) -^ RHom^(F,LAzF),
RHom^(RitF,F) ̂  HRom\(m^E, F) -^ RHom^(RFzF,F).

Hence (0.3) implies (0.3)aff.
Conversely, (0.3)(bis) (with £ G Dqc(^)) follows from (0.3)aff. Indeed, it suffices to

see that the maps \' and 7' are made into isomorphisms by the functor RI^ for any affine
open U C X. Moreover, we may assume that the complexes £ and F are quasi-coherent
(see §1). Then (#) provides what we need.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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1. Left-derivability of the completion functor

Let X be a quasi-compact separated scheme and let Z C X be a closed subscheme. We
show in this section that the completion functor Az : A^c(X) -> A(X) of (0.2) has a
left-derived functor LAz : Dqc(X) -> D(X).

PROPOSITION (1.1). - On a quasi-compact separated scheme X, every £ e Dqc(X) is
isomorphic to a quasi-coherent K-flat complex Ps.

The proof will be given below, in (1.2).
If P G D(X) is a K-flat exact quasi-coherent complex, then AzP is exact. Indeed,

all the complexes Pn '•= (Ox/I71) 0 P (n > 0) are exact [Sp, p. 140, Prop. 5.7], and
hence the same is true after taking global sections over any affine open subset U of X.
Also, the natural map of complexes T(U,Pn+i) —> T(U,Pn) is surjective for every n. So
by [EGA, p. 66, (13.2.3)], the complex

r(^AzP)=iimr(^p,)
is exact, whence the assertion.

Consequently (see [H, p. 53], where condition 1 for the triangulated subcategory L
whose objects are all the quasi-coherent K-flat complexes can be replaced by the weaker
condition in our Proposition (1.1)), after choosing one Ps for each £ we have a left-derived
functor LAz with LAz£ := Az(Pe). For simplicity we take P£ = £ whenever £ itself is
quasi-coherent and K-flat, so then LAz£ = Az£.

(1.2) Here is the proof of Proposition (1.1). It uses a simple-minded version of some simplicial techniques found
e.g., in [Ki, §2]. We will recall as much as is needed.

Let U = (Ua)i^a<n be an affine open cover of the quasi-compact separated scheme (X, Ox)- Denote the set
of subsets of {l ,2, . . . ,n} by Vn. For i G Vn, set

^:=H^ Oz--=0u,=0x\u^
a^i

(In particular, U^ = X.) For i D j in ̂ n, let A^: Ui c—^ Uj be the inclusion map. A ^-module is, by definition, a
family T = (^i)i^n ^ere T{ is an 0^-module, together with a family of Oj-homomorphisms

^3k : ̂ k^k -^ ^3 0 3 k)

such that ^pjj is the identity map of .Fj, and whenever i D J ' 3 k we have yik = ̂ pij o (^jk\U-\ i-e., ^pik factors as

^•(^jfc) ^ i j
^ z j ^ j k ^ k——————^^ij^J'\k^k — ^j^k^k——————^^j^j——^i-

We say the ^/-module T is quasi-coherent (resp. flat, resp. . . . ) if each one of the Oi -modules T{ is such.

The ^-modules together with their morphisms (defined in the obvious manner) form an abelian category with lim
and lim. For example, given a direct system (.FP)p^R of ^/-modules, set ̂  := lim^ (i e ^n), define (^
(i D j) to be the adjoint of the natural composed map

viaz/?^.

^ = lim^ ——^ Im^A^^f ——. Xzj^z
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