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SOME RESULTS ON THE
ADMISSIBLE REPRESENTATIONS OF
NON-CONNECTED REDUCTIVE p-ADIC GROUPS

By Davib GOLDBERG (*) anp REBEccA HERB (**)

ABSTRACT. — We examine induced representations for non-connected reductive p-adic groups with G/G° abelian.
We describe the structure of the representations Indgo (o), PO a parabolic subgroup of G° and ¢ a discrete series
representation of the Levi component of P°. We develop a theory of R-groups, extending the theory in the
connected case. We then prove some general representation theoretic results for non-connected p-adic groups with
abelian component group. The notion of cuspidal parabolic for G is defined, giving a context for this discussion.
Intertwining operators for the non-connected case are examined and the notions of supercuspidal and discrete
series are defined. Finally, we examine parabolic induction from cuspidal parabolic subgroups of G. We develop a
theory of R-groups, and show these groups parameterize the induced representations in a manner consistent with
the connected case and with the first set of results as well.

1. Introduction

The theory of induced representations plays a fundamental role within representation
theory in general. Within the theory of admissible representations of connected reductive
algebraic groups over local fields, parabolic induction is used to complete classification
theories, once certain families of representations are understood [3], [8], [9], [10].
The theory of admissible representations on non-connected reductive groups over
nonarchimedean local fields has been addressed in part in [1], [4], [6], [11], among
other places. We will study certain aspects of parabolic induction for disconnected groups
whose component group is abelian.

Let F' be a locally compact, non-discrete, nonarchimedean field of characteristic zero.
Let G be a (not necessarily connected) reductive F'-group. Thus G is the set of F'-rational
points of a reductive algebraic group defined over F. Let G° be the connected component
of the identity in G. We assume that G/G? is finite and abelian.

Our goal is to address three major points. The first is an extension of the results of [6]
to the case at hand. This entails a study of induction from a parabolic subgroup of G°
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98 D. GOLDBERG AND R. HERB

to G. In particular, suppose that P° = M°N is a parabolic subgroup of G°, and let o
be an irreducible discrete series representation of M°. We are interested in the structure
of mg = IndIGD0 (09). In [1] Arthur suggests a construction, in terms of the conjectural
local Langlands parameterization, of a finite group whose representation theory should
describe the structure of 7y, when G/G° is cyclic. In [6] the case where G/G° is of
prime order is studied, and there is a construction, on the group side, of a finite group
R¢(0g) which (along with an appropriate 2-cocycle) parameterizes the components of .
It is also shown there that Rg(0o) must be isomorphic to Arthur’s group Ry »,, if the
latter exists. One cannot confirm the existence of R ,, without proofs of both the local
Langlands conjecture and Shelstad’s conjecture [12] that Ry, +, is isomorphic to Rge (09).
(See [1] for the precise definitions of Ry », and Ry, »,.) Here, by extending the definition
of the standard intertwining operators (cf. Section 4) we show we can construct a group
Ri(0¢) in a manner analogous to [6], and show that it has the correct parameterization
properties (cf. Theorems 4.16 and 4.17). An argument, similar to the one given in [6]
shows that if G/G° is cyclic, then Rg(0o) must be isomorphic to Ry, ,,, assuming the
latter exists (cf. Remark 4.18).

The second collection of results is an extension of some standard results in admissible
representation theory to the disconnected group G. In order to develop a theory consistent
with the theory for connected groups, one needs to determine an appropriate definition
of parabolic subgroup. There are several definitions in the literature already, yet they do
not always agree. We use a definition of parabolic subgroup which is well suited to our
purposes. Among the parabolic subgroups of G we single out a collection of parabolic
subgroups which we call cuspidal. They have the property that they support discrete series
and supercuspidal representations and can be described as follows. Let P° be a parabolic
subgroup of G° with Levi decomposition M°N and let A be the split component of MP°.
Let M = Cg(A). Then P = MN is a cuspidal parabolic subgroup of G lying over P°.
We also say in this case that M is a cuspidal Levi subgroup of G. Thus cuspidal parabolic
subgroups of G are in one to one correspondence with parabolic subgroups of G°.

Using our definitions we can prove the following. Let M be a Levi subgroup of G
and let M° = M n G°.

Lemma 1.1. — (i) If M is not cuspidal, then M has no supercuspidal representations, i.e.,
admissible representations with matrix coefficients which are compactly supported modulo
the center of M and have zero constant term along the nil radical of any proper parabolic
subgroup of M.

(i) If M is cuspidal and 7 is an irreducible admissible representation of M, then w is
supercuspidal if and only if the restriction of w to M° is supercuspidal.

(i) If M is not cuspidal, then M has no discrete series representations, i.e. unitary
representations with matrix coefficients which are square-integrable modulo the center
of M.

@iv) If M is cuspidal and 7 is an irreducible unitary representation of M, then 7 is
discrete series if and only if the restriction of ™ to M° is discrete series.

Using Lemma 1.1 it is easy to extend the following theorem from the connected case
to our class of disconnected groups.
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SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS 99

THEOREM 1.2. — Let w be an irreducible admissible (respectively tempered) representation
of G. Then there are a cuspidal parabolic subgroup P = M N of G and an irreducible
supercuspidal (respectively discrete series) representation o of M such that 7 is a
subrepresentation of Ind$ (o).

Let P, = M;N; and P, = M>N, be cuspidal parabolic subgroups and let o; be
irreducible representations of M;,: = 1,2, which are either both supercuspidal or both
discrete series. By studying the orbits for the action of P; X P» on G, we are able to extend
the proof for the connected case to our situation and obtain the following theorem.

THEOREM 1.3. — Let P, = M1 N1, P, = M3Ns, 01,09 be as above. Then if m1 = Ind,ci1 (01)
and Ty = Ind,‘iz(@) have a nontrivial intertwining, then there is y € G so that

M2 = yMly_l and (o yO'Qy_l.

The third question of study is the structure of 7 = Ind%(c’) when P = M N is a cuspidal
parabolic subgroup of G and o is a discrete series representation of M. We show that,
as in the connected case, the components of = are naturally parameterized using a finite
group R. As in the connected case we first describe a collection of standard intertwining
operators R(w, o) which are naturally indexed by w € Wg(o) = Ng(o)/M, where

Ng(o) ={z € Ng(M) : " ~ o}.
We prove that there is a cocycle 1 so that
R(wiws,0) = n(wy, w2)R(wy, 0)R(wa, o), w1, we € Wg(o).

Let 0y be an irreducible component of the restriction of o to M°, and P° = M°N =
PN G° Then o C Ind}i(0g) so that

7 = Ind$(0) C IndG(Ind} (00)) ~ Ind$o (a¢).

Using the intertwining operators and R-group theory developed earlier for the representation
Ind$, (00), we can prove the following results. First, the collection { R(w, o), w € Wg(o)}
spans the commuting algebra of 7. Second, let ® be the set of positive restricted roots
for which the rank one Plancherel measures of o are zero and let W(®;) be the group
generated by the reflections corresponding to the roots in ®;. Then W(®;) is naturally
embedded as a normal subgroup of Wg (o) and Wg(o) is the semidirect product of
W(®;) and the group

R, = {w € Wg(0o) : wa > 0 for all a € ] }.

Finally, R(w, o) is scalar if w € W (®,). This proves that the operators R(w,0),w € R,
span the intertwining algebra. But we can compute the dimension of the space of
intertwining operators for Ind%(o), again by comparison with that of Ind%(o0), and
we find that it is equal to [R,]. Thus we have the following theorem.

THEOREM 1.4. — The R(w,0),w € R,, form a basis for the algebra of intertwining
operators of Ind$ (o).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



100 D. GOLDBERG AND R. HERB
Just as in the connected case, we show that there are a finite central extension
1—+Z(,—>RU—>R0—>1

over which 7 splits and a character x, of Z, so that the irreducible constituents of Ind$ (o)
are naturally parameterized by the irreducible representations of R, with Z,-central
character x,.

Finally, we give a few examples which point out some of the subtleties involved
in working with disconnected groups. For instance, we show that if we do not restrict
ourselves to cuspidal parabolic subgroups, then the standard disjointness theorem for
induced representations fails. Examples such as these show why one must restrict to
induction from cuspidal parabolic subgroups in order to develop a theory which is
consistent with that for connected groups.

Many interesting problems involving disconnected groups remain. For example, the
question of a Langlands classification is still unresolved, and some of the results here on
intertwining operators may help in this direction. One also hopes to remove the condition
that G/G" is abelian, and extend all the results herein to that case. Problems such as these
we leave to further consideration.

The organization of the paper is as follows. In §2 we give the definition of parabolic
subgroup and prove Lemma 1.1 and Theorem 1.2. The proof of Theorem 1.3 is in §3. The
results on induction from a parabolic subgroup of G° to G are in §4, and the results on
induction from a parabolic subgroup of G to G, including Theorem 1.4, are in §5. Finally,
86 contains examples that show what can go wrong when we induce from parabolic
subgroups of G which are not cuspidal.

The first named author would like to thank the Mathematical Sciences Research Institute
in Berkeley, California, for the pleasant and rich atmosphere in which some of the work
herein was completed.

2. Basic definitions

Let F' be a locally compact, non-discrete, nonarchimedean field of characteristic zero.
Let G be a (not necessarily connected) reductive F'-group. Thus G is the set of F'-rational
points of a reductive algebraic group over F. Let G° be the connected component of the
identity in G. We assume that G/G° is finite and abelian.

The split component of G is defined to be the maximal F'-split torus lying in the center
of G. Let A be any F-split torus in G and let M = Cg(A). Then M is a reductive
F-group. Now A is called a special torus of G if A is the split component of M. (Of
course A is an F'-split torus lying in the center of M. The only question is whether or
not A is maximal with respect to this property.)

LeMMA 2.1. — Let A be a special torus of G°. Then A is a special torus of G.

Proof. — Let M = Cg(A) and M° = Cgo(A) = M N G°. Write Z(M) and Z(M?)
for the centers of M and M° respectively. Now A is the maximal F-split torus lying in
Z(M®) and A C Z(M). Suppose A’ is the maximal F-split torus lying in Z(M). Then
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SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS 101

A C A'. But A’ is a torus, so it is connected. Hence A’ C Z(M) N M° c Z(M?). Thus
A’ C A and so A’ = A is the split component of M.

ReMARK 2.2. — The converse of Lemma 2.1 is not true. For example, let G = O(2) =
SO(2) UwSO(2) where SO(2) ~ F* is the group of 2 X 2 matrices

d(a) = (g a91>,a€FX, and w = ((1) (1))

satisfies wd(a)w™! = d(a!),a € F*. Let A = {d(1)}. Then M = Cg(A) = G and
Z(M) = {#d(1)}. Thus A is a special torus of G. However M° = Cgo(A) = G° and
Z(M°) = G° is an F-split torus. Hence A is not the maximal F-split torus in Z(M?°)
and so is not special in G°.

If G is connected, then A is a special torus of G by the above definition if and only
if A is the split component of a Levi component M of a parabolic subgroup of G. We
will define parabolic subgroups in the non-connected case so that we have this property
in the non-connected case also.

Let A be a special torus of G and let M = Cg(A). Then M is called a Levi subgroup
of G. The Lie algebra L(G) can be decomposed into root spaces with respect to the
roots & of L(A):

L@) = (@& Y L(G)a

where L(G)j is the Lie algebra of M. Let ®* be a choice of positive roots, and let N be the
connected subgroup of G corresponding to » .4+ L(G)q. Since elements of M centralize
A and L(A), they preserve the root spaces with respect to L(A). Thus M normalizes N.
Now P = MN is called a parabolic subgroup of G and (P, A) is called a p-pair of G.
The following lemma is an immediate consequence of this definition and Lemma 2.1.

Lemma 2.3. — Let P° = MON be a parabolic subgroup of G° and let A be the split
component of M°. Let M = Cg(A). Then P = MN is a parabolic subgroup of G and
PNnG° = PO

LeMMA 2.4. — Let P be a parabolic subgroup of G. Then P° = P N G° is a parabolic
subgroup of G°.

Proof. — Let P = M N be a parabolic subgroup of G and let A be the split component
of M. Let M° = Cgo(A) = MNGP. Let A; be the split component of M°. Then A C A,
so that Co(A;) C Cgo(A) = MP. But A, is in the center of M?, so that M® C Cgo(A;).
Thus Cgo(A;) = MP° so that A; is a special torus in G° and M° is a Levi subgroup
of G°. Let ® and ®; denote the sets of roots of L(A) and L(A,) respectively. For each
a; € P4, the restriction ra; of a; to L(A) is non-zero since Cgo(A;) = Cgo(A) = MP°.
Let T be the set of positive roots used to define N. Then & = {a; € ®; : ra; € &F}
is a set of positive roots for ®; and

S U@a= Y LG

acdt ar€d}

Thus P° = MON is a parabolic subgroup of G°. |
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102 D. GOLDBERG AND R. HERB

We say the parabolic subgroup P of G lies over the parabolic subgroup P° of GO if
P° = PN G° We will also say the Levi subgroup M of G lies over the Levi subgroup
MO of G° if M° = M N G°. Lemma 2.4 and its proof show that every parabolic (resp.
Levi) subgroup of G lies over a parabolic (resp. Levi) subgroup of G°.

REMARK 2.5. — There can be more than one parabolic subgroup P of G lying over
a parabolic subgroup P° of G°. For example, define G = O(2) and G° = SO(2) as
in Remark 2.2. Then A = {d(1)} and Ag = SO(2) are special vector subgroups of G
corresponding to parabolic subgroups P = O(2) and Py = SO(2) respectively. Both lie
over the unique parabolic subgroup SO(2) of G°.

LEmMA 2.6. — Let P° = M°N be a parabolic subgroup of G° and let A be the split
component of M°. Let M = Cg(A) and let P = M N. Then if P, is any parabolic subgroup
of G lying over P° we have P C P,. Further, M is the unique Levi subgroup lying over
M? such that the split component of M is equal to A.

Proof. — Write P, = M N where M, lies over M°. Let A; be the split component of
M. Then A; C A so that M = Cg(A) C Cg(A;) = M. Clearly M; = M if and only
if A = A. |

REMARK 2.7. — Lemma 2.6 shows that there is a unique smallest parabolic subgroup
P of G lying over P°. Although it is defined using a Levi decomposition P* = M°N
of PY, it is independent of the Levi decomposition. Recall that if MY and M) are two
Levi components of P° with split components A; and A, respectively, then there is
n € N such that Ay = nA;n~! and MY = nMIn=t. Now if M; = Cg(A;),i = 1,2,
we have My = Cg(As) = nCg(A;)n™ = nMin™1, and MoN = nMin~'N = M;N
since M; normalizes N.

Let Z be the split component of G. We let C°(G, Z) denote the space of all smooth
complex-valued functions on G which are compactly supported modulo Z. We say
f € C*(G,Z) is a cusp form if for every proper parabolic subgroup P = M N of G,

/ f(zn)dn =0, Vz € G.
N

Let °A(G) denote the set of cusp forms on G. We say G is cuspidal if °A(G) # {0}.
We know that every connected GG is cuspidal.

LeMMmA 2.8. — G is cuspidal if and only if the split component of G is equal to the split
component of G°. Moreover, if G is cuspidal, then a subgroup N of G is the nilradical of
a proper parabolic subgroup of G if and only if N is the nilradical of a proper parabolic
subgroup of G°. If G is not cuspidal, then G has a proper parabolic subgroup G, with
nilradical N, = {1}.

Proof. — First suppose that G and G° have the same split component Z. Let
f#0¢€ °A(G°). Define F : G — C by F(z) = f(z),r € G° and F(z) =0,z ¢ G°.
Then F' € C°(G, Z) and is non-zero. Let P = M N be any proper parabolic subgroup
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SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS 103

of G. Then N C G°, so for all n € N,z € G, zn € G if and only if z € G°. Thus
for = ¢ G°,

/N F(zn)dn =0

while for x € GY,

/NF(a:n)dn:/Nf(xn)dn.

Now P’ = PN G° = MON is a parabolic subgroup of G°. Suppose that P° = G°.
Then P lies over G° so that by Lemma 2.6, G C P. This contradicts the fact that P is
a proper parabolic subgroup of G. Thus P° = M°N is a proper parabolic subgroup of
G°. Since f is a cusp form for G° we have

/ f(zn)dn =0, Vz € G°.
N

Thus F' is a non-zero cusp form for G.

The above argument also showed that if P = M N is a proper parabolic subgroup of
G, then P® = M°N is a proper parabolic subgroup of G°. Conversely, if P° = M°N is
a proper parabolic subgroup of G° and P = M N is any parabolic subgroup of G lying
over P°, then clearly P # G.

Conversely, suppose that G and G° do not have the same split component. Let Z be the
split component of G° and define G; = Cg(Z). By Lemma 2.6, G is a proper parabolic
subgroup of G. Further since G lies over GV its nilradical is N; = {1}. Now if F is
any cusp form on G and z € G, we have

Flz) = /N Flanyin =0

Thus G has no non-zero cusp forms and so is not cuspidal. |

ExampLE 2.9. — Let G = O(2) as in Remarks 2.2 and 2.5. Then SO(2) is a cuspidal
parabolic subgroup of G and O(2) is not cuspidal.
We can sum up the proceeding lemmas in the following proposition.

ProPOSITION 2.10. — Let P° = MON be a parabolic subgroup of G°. Then there is a
unique cuspidal parabolic subgroup P = M N of G lying over P°. It is contained in every
parabolic subgroup of G lying over P°, and is defined by M = Cg(A) where A is the
split component of MP°.

Now that we have parabolic subgroups of G, we want to study parabolic induction of
representations. Many of the most basic notions of representation theory are defined in [13],
chapter 1 for any totally disconnected group. In particular, admissible representations of
G are defined and the following is an easy consequence of the definition.

LemMmA 2.11. — Let 11 be a representation of G. Then 11 is admissible if and only if 11| o,
the restriction of 11 to G°, is admissible.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



104 D. GOLDBERG AND R. HERB

Further, the results of Gelbart and Knapp regarding induction and restriction between
a totally disconnected group G and an open normal subgroup H with G/H finite
abelian can be applied to G and G°. If 7 is any admissible representation of G°
on V, we will let Indgo(w) denote the representation of G by left translations on

H={f:G—=V: f(g90) = 7(g0)"" f(9),Yg € G,90 € G°}.

LEmMMA 2.12 (Gelbart-Knapp [5]). — Let I be an irreducible admissible representation of
G. Then Il|go is a finite direct sum of irreducible admissible representations of G°. Let
be an irreducible constituent of Il|go which occurs with multiplicity r. Then

Hlgo ~r Z find

9geG/Gr
where G, = {9 € G : 79 ~ 7}.

Lemma 2.13 (Gelbart-Knapp [5]). — Let © be an irreducible admissible representation of
GO. Then there is an irreducible admissible representation I1 of G such that © occurs in the
restriction of Il to G° with multiplicity r > 0. Let X denote the group of unitary characters
of G/G° and let X(I1) = {x € X : I ® x ~ II}. Then

Ind&o(n) ~r Z nIeyx
x€X/X (1)

is the decomposition of IndS, () into irreducibles and r*[X /X ()] = [G/G").

The following result was proved by Gelbart and Knapp in the case where the restriction
is multiplicity one [5]. Tadic [14] refined their result in the connected case. We now prove
the more general result.

LEMMA 2.14. — Suppose that G is a totally disconnected group, and H is a closed normal
subgroup, with G/H a finite abelian group. If 11, and Iy are irreducible admissible
representations of G, which have a common constituent upon restriction to H, then
I, ~ II; ® x, for some character x with x|g = 1.

Proof. — If the multiplicity of the restrictions is one, then this result holds by Gelbart-
Knapp [5]. In particular, if |G/H| is prime, the statement is true. We proceed by induction.
We know the Lemma holds when |G/H| = 2. Suppose the statement is true whenever
|G1/H| < n. Suppose |G/H| = n. We may assume n is composite, so write n = km,
with 1 < k < n. Let H C G; C G with |G/G,| = k. If II;|g, and II3|g, have a
common constituent, then, by our inductive hypothesis, there is a x with Xlg, = 1 with
I, ~ II; ® x. Since (G/G;1) C (G/H), we are done, in this case.

Now suppose that 7 is an irreducible subrepresentasion of both II;|y and Ils|g.
Then, there are constituents ; C II;|g, so that 7 C §;|g. By the inductive hypothesis
2y = Q; ® x, for some x of G; whose restriction to H is trivial. But, since G1/H C G/H
is abelian we can extend x to a character n of G/ H. Note that (II; ®7)|G; has Q; ®x ~ Q»
as a constituent, so, as we have seen above, II; ® n ® w ~ Il,, for some character w of G
whose restriction to G is trivial. Thus, the statement holds by induction. [ |

Let (m, V) be an admissible representation of G and let .A(7) denote its space of matrix
coefficients. We say r is supercuspidal if A(7) C °A(G). Of course if G is not cuspidal,
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SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS 105

then °A(G) = {0} so that G has no supercuspidal representations. If P = M N is any
parabolic subgroup of G, define V(P) = V(N) to be the subspace of V spanned by vectors
of the form w(n)v —v,v € V,n € N. Then we say 7 is J-supercuspidal if V(P) =V for
every proper parabolic subgroup P of G. If G is not cuspidal, then by Lemma 2.8 there
is a proper parabolic subgroup G of G with nilradical N; = {1}. For any admissible
representation (7, V') of G, V(G;) = V(N;) = {0} # V so that 7 is not J-supercuspidal.
Thus G has no J-supercuspidal representation.

Suppose now that G is cuspidal and let (7, V') be an irreducible admissible representation
of G. Let (mo, V) denote the restriction of 7 to G°.

LemMA 2.15. — Assume that G is cuspidal. Then 7 is J-supercuspidal if and only if 7 is
J-supercuspidal if and only if any irreducible constituent of mq is J-supercuspidal.

Proof. — Since G is cuspidal, by Lemma 2.8 the set of nilradicals of proper parabolic
subgroups is the same for both G and G°. Thus 7 is J-supercuspidal if and only if 7
is J-supercuspidal. Moreover, since by Lemma 2.12 the irreducible constituents of 7, are
all conjugate via elements of G, it is clear that 7y is J-supercuspidal if and only if every
irreducible constituent of 7 is J-supercuspidal if and only if any irreducible constituent of
mo is J-supercuspidal. |

LemMA 2.16. — Assume that G is cuspidal. Then 7 is supercuspidal if and only if mg is
supercuspidal if and only if any irreducible constituent of mq is supercuspidal.

Proof. — Let Z denote the split component of G. By Lemma 2.8 it is also the split
component of G°.

Assume that 7 is supercuspidal. Thus A(7w) C °A(G). Let fy be a matrix coefficient
of 7. Then there is a matrix coefficient f of m so that f, is the restriction of f to G°.
Now f € °A(G). Since f smooth and compactly supported modulo Z, so is fo. Further,
by Lemma 2.8 the nilradicals of proper parabolic subgroups are the same for both G and
G°. Thus f, will satisfy the integral condition necessary to be a cusp form on G°. Hence
A(mg) € °A(G°) so that my is supercuspidal.

Conversely, suppose that 7 is supercuspidal. Let m; be an irreducible constituent of
mo. Then m C IndSo(m;) so that every matrix coefficient of 7 is a matrix coefficient
of the induced representation. But since G° is a normal subgroup of finite index in G,
the restriction of Indg,(7;) to G° is equivalent to 3, ea/co 71~ Thus matrix coefficients
of the induced representation can be described as follows. Let f be a matrix coefficient
of Tnd&o(m;) and fix g € G. Then there are matrix coefficients f, of 7%,z € G/G°,
(depending on both f and g) so that for all gy € G°,

flago) = > falg0)-
z€G/GO

Since m; is supercuspidal, so is 7§ for any x € G/G°, and so each f, € °A(G°). Thus
the restriction of f to each connected component of G is smooth and compactly supported
modulo Z. Also, it N is the nilradical of any proper parabolic subgroup of G, then

[ ftamin= 3> [ fman=o

z€G /GO
since by Lemma 2.8, N is also the nilradical of a proper parabolic subgroup of G°. W

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



106 D. GOLDBERG AND R. HERB

PROPOSITION 2.17. — Assume that G is cuspidal and let © be an irreducible admissible
representation of G. Then 7 is supercuspidal if and only if w is J-supercuspidal.

Proof. — This is an immediate consequence of Lemmas 2.15 and 2.16 and the
corresponding result in the connected case.

We now drop the assumption that G is cuspidal. Let P = M N be a parabolic subgroup
of G and let o be an admissible representation of M. Then we let Ind% (o) denote the
representation of G by left translations on

H=1{feC=G,V): flgmn) =65 (m)a(m)f(g),¥g € G,m € M,n € N}.

Here 6p denotes the modular function of P.

THEOREM 2.18. — Let w be an irreducible admissible representation of G. Then there
are a cuspidal parabolic subgroup P = MN of G and an irreducible supercuspidal
representation o of M such that 7 is a subrepresentation of Ind% (o).

ReEMARK 2.19. — We will see in Corollary 3.2 that the group M and supercuspidal
representation ¢ in Theorem 2.18 are unique up to conjugacy.

Proof. — Let p be an irreducible constituent of the restriction of m to G°. Then
7 C Ind%,(p). Since p is admissible, there are a parabolic subgroup P° = M°N of G°
0
and an irreducible supercuspidal representation 7 of M such that p C Indgo (7). Thus

7 C IndS, (p) C Indgo(Indgg (1)) ~ IndSo (7).

Let P = M N be the unique cuspidal parabolic subgroup of G lying over P°. Let o be an
irreducible admissible representation of M such that 7 is contained in the restriction of ¢ to
M?°. By Lemma 2.16, ¢ is supercuspidal. By Lemma 2.13 applied to M and M° we have

Ind}fo(7) =~ s Z o
neY/Y (o)

where Y is the group of unitary characters of M /M?°. Since 7 is contained in the restriction
of ¢ @ n to M° for any 7, all the representations o ® 7 are supercuspidal. Now

7 C IndSo(7) ~ s Z Ind%(o @ n).
neY/Y (o)

Thus = C Ind$% (o ® n) for some 7. |

Let A(G) = U, A(m) where 7 runs over the set of all admissible representations of G.
Similarly we have A(G°) and because of Lemma 2.11 it is clear that if f € A(G), then
flgo € A(GP). Define the subspace Ar(G°) C A(G®) as in [13, §4.5]. It is the set of
functions in A(G") which satisfy the weak inequality. Define

A7r(G) = {f € A(G) : ix) f|go € Ar(G°) for all z € G}

where [(z)f denotes the left translate of f by z. In other words, A7 (G) is the set of
functions in .A(G) which satisfy the weak inequality on every connected component of G.
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If 7 is an admissible representation of G, we say = is tempered if A(7) C Ar(G). The
following lemma is easy to prove using the properties of matrix coefficients of 7 and
from the proof of Lemma 2.16.

LemMA 2.20. — Let w be an irreducible admissible representation of G. Then T is tempered
if and only if 7y is tempered if and only if any irreducible constituent of Ty is tempered.

Let = be an irreducible unitary representation of G and let Z be the split component
of G. We say that « is discrete series if A(m) C L?*(G/Z). Every unitary supercuspidal
representation is discrete series since its matrix coefficients are compactly supported
modulo Z.

LemMma 2.21. - If G is not cuspidal, then G has no discrete series representations. If G
is cuspidal, then w is discrete series if and only if 7y is discrete series if and only if any
irreducible constituent of my is discrete series.

Proof. — Suppose that G is not cuspidal. Then the split component Z of G is a proper
subgroup of the split component Z, of G°. Let 7 be any irreducible unitary representation
of G. Then there is an irreducible unitary representation m; of G° so that 7 is contained
in IndSo (m1). Thus as in the proof of Lemma 2.16, for any matrix coefficient f of 7 and
any g € G, we have matrix coefficients f, of 7¥,z € G/G°, so that for all go € G°,

f(990) = Z f=(90)-

z€G /GO

Let w be the Zy-character of 1. Then for any z € Zy, gy € G°, we have

flagor) = Y felgoz) = D w*(2)fulg0).

z€G/GO z€G/GO

Thus z — f(gg0z),2z € Zy, is a finite linear combination of unitary characters of Zj,
and cannot be square-integrable on Zy/Z unless it is zero. Now if f is square-integrable
on G/Z, then go — f(ggo) is square-integrable on GY/Z for all coset representatives
g € G/G°, and z — f(ggoz) must be square-integrable on Z,/Z for almost all go, so that
f(g990z) must be zero for almost all gg, 2, and f = 0.

Suppose that G is cuspidal. Let 7 be a discrete series representation of GG. Let f; be a
matrix coefficient of 7. Then there is a matrix coefficient f of 7 so that f is the restriction
of f to G°. Since f is square-integrable on G/Z, certainly f is square-integrable on G°/Z.

Conversely, suppose that 7 is discrete series. Let 7, be an irreducible constituent of
mo. For any matrix coefficient f of = we have

/G F@)PdZ) = 3 / |F(ag0) Pd(90Z).

9€G/GO

As above, for fixed ¢ € G, we have matrix coefficients f, of n7,z € G /GO, so that
for all g9 € G°,

f(g.QO Z fm gO

z€G /GO
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Thus

(/GO/Z |f(990))2d(goZ))% < Z (/GO/Z |fz(90)|2d(goZ))% < 00

z€G /GO

since every f, is square-integrable on G°/Z. Thus f is square-integrable on G/Z. |
The following theorem can be proven in the same way as Theorem 2.18 using
Lemmas 2.20 and 2.21.

THEOREM 2.22. — Let 7 be an irreducible tempered representation of G. Then there
are a cuspidal parabolic subgroup P = MN of G and an irreducible discrete series
representation o of M such that w is a subrepresentation of Indg(a).

REMARK 2.23. — We will see in Corollary 3.2 that the group M and discrete series
representation o in Theorem 2.22 are unique up to conjugacy.

3. Intertwining operators

Let G be a reductive F-group with G/G° finite and abelian as in §2. If m; and 7, are
admissible representations of G, we let J(m1,72) denote the dimension of the space of all
intertwining operators from 7y to m;. We want to prove the following theorem.

Let (P;, A;),7 = 1,2, be cuspidal parabolic pairs of G with P; = M; N; the corresponding
Levi decompositions. Let o; be an irreducible admissible representation of M; on a vector
space V;, and let m; = Indgi (07), where we use normalized induction as in §2. Let
W = W(A1|As) denote the set of mappings s : Ay — A; such that there exists y, € G
such that s(az) = ysagy; ! for all ay € As.

THEOREM 3.1. — Assume that o1 and oy are either both supercuspidal representations, or
both discrete series representations. If Ay and As are not conjugate, then J(m1,7s) = 0.
Assume Ay, and As are conjugate. Then

J(my,me) < Z J(o1,05°).
seEW

COROLLARY 3.2. — Let 1 and oo be as above. Then J(w1,73) = 0 unless there is y € G
such that My = MY, o1 ~ o}.

COROLLARY 3.3. — Let o1 and oy be irreducible discrete series representations, and
suppose that 71 and w9 have an irreducible constituent in common. Then w1 ~ 7.

Proof. — In this case J(m1,m2) # 0 so by Corollary 3.2 there is ¥ € G such that
M, = Mj, o1 ~ ¢3. Thus

m = Ind§ n, (01) = Ind]\G/Izy]\,1 (08) ~ Indthé(az)

where N; = N{’—l. Now P, = M)N, and P, = M,N; are two cuspidal parabolic
subgroups of G with the same Levi component M,. We will see in Corollary 5.9 that there
is an equivalence R(Py : P : 03) between my = Ind,Gg2 (02) and 7 = Indgz/(ag). Thus

Ty & T ™ . [ |
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Let W(o1) = {s € W(A1, A1) : 05 ~ 01}. We say o; is unramified if W (o) = {1}.

COROLLARY 3.4. — Assume that oy is discrete series. Then J(my,m1) < [W(o1)]. In
particular, if o1 is unramified, then 1 is irreducible.

In order to prove Theorem 3.1 for discrete series representations we will need the
following results about dual exponents. Let (7, V') be an irreducible representation of G
and let V’ denote the algebraic dual of V. For z € G, let w(z)' : V' — V' denote the
transpose of 7(z). Let (P, A) be a cuspidal parabolic pair in G. Then a quasi-character x
of A is called a dual exponent of 7 with respect to (P, A) if there is a nonzero ¢ € V'
such that for all @ € N,a € A,

(%) r@ig=¢ and  w(a)'d = 55(a)x(a)e.

We will write Y, (P, A) for the set of all dual exponents of = with respect to (P, A).
Let V = Zf=1 V; be the decomposition of V into G° invariant subspaces and let 7; be
the irreducible representation of G® on V;,1 < i < k.

LemMA 3.5. — Let (P, A) be a cuspidal parabolic pair in G. Then
Y (P, A) = UL, Y., (P°, A).

Proof. — Let x € Y;(P, A) and let ¢ € V' be a nonzero functional satisfying (*). Then
there is 1 < ¢ < k such that ¢;, the restriction of ¢ to V;, is nonzero. Now for any
v; € V; and go € G° we have

< mi(go) i, vi >=< 7(go)' P, vi > .
Now since N and A are both contained in G° it is easy to check that
(k) < m(M) i, vi >=< ¢;,v; > and < mi(a)'di,v; >= 5%0(a)x(a) < ¢i,v; >
for all v; € V;,m € N,a € A. Thus x € Y,,(P°, A).
Now assume that x € Yy, (P° A) for some 1 < i < k and let ¢; € V/ be a nonzero

functional satisfying (). Now 7 is contained in the induced representation IndZ (7;) so
we can realize m on a subspace V of

H={f:G—Vi:f(gg0) = mi(90) " f(9), 9 € G, g0 € G°}

with the action of = given by left translation on the functions. Now define ¢ € V' by

<¢7f>=< ¢1af(1) >af€V

Then ¢ # 0 and it is easy to check that for all gy € G°, f € V, we have

< W(QO)td)mf >=< 7ri(90)t¢i7f(1) > .

From this it easily follows that since ¢; satisfies (xx), ¢ satisfies (x¥). Thus x €
Y. (P, A). [ ]
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LEMMA 3.6. — Assume that G is cuspidal and let w be a discrete series representation of
G. Then Y. (P,A) N A = 0 for every cuspidal parabolic pair (P, A) # (G, Z).

Proof. — This follows easily from Lemma 2.21, Lemma 3.5, and the corresponding result
for connected groups. |

Let (P§, Ap) be a minimal p-pair in G° and let P, be the cuspidal parabolic subgroup
lying over P{. We will call (P, Ap) a minimal parabolic pair in G.

Lemma 3.7. — Let (P, A) be any parabolic pair in G. Then there is x € G° such that
Py C zPz ' zAz~ ! C A,.

Proof. — Let M = Cg(A) and let P° = PN G° M° = M N G°. Let A’ be the split
component of M°. Thus A C A’. Now (P°, A’) is a p-pair in G° so there is z € G° such
that P C 2P% 1 and zAz~! C zA'z~! C Ap. Now My = Cg(Ap) C Cg(zAz™1) =
aMz1 so that Py = MoP? C (xMz=1)(z Pz~ 1) = z Pz~ 1. [ ]

We will say a parabolic pair (P, A) is standard with respect to the minimal parabolic
pair (Py, Ag) if Py C P and A C Ay. We say (P, A) is semi-standard with respect to
(P(),Ao) if A C A,.

Fix a minimal parabolic pair (P, Ag) of G. Let Ng( Py, Ag) denote the set of all elements
of G which normalize both Py and Ag. Write W (P, Ag) = Ng(Po, Ao)/MQ. If (P, A)
is any parabolic pair of G which is standard with respect to (FPp, Ag) and M = Cg(A4),
write NM(P(), A()) =Mn Ng(P(), AO) and WM(P(), A()) = NM(P(), Ao)/Mg

LemMA 3.8. — We can write P as a disjoint union
0
P = Uyew,, (py,a)wP".

Proof. — We first prove the result when P = G. Let y € G. Then (yP{y~!,yAoy~!)
is a minimal parabolic pair in G° and hence is conjugate to (P§, Ay) via an element of
G°. Thus there is g € G° such that gy normalizes both Ay and FJ. But then gy also
normalizes My = Cg(Ap) and Py = MyPy. Thus gy € Ng(Po, Ao).

Thus the coset yG has a representative n € Ng (P, Ag) which depends only on the coset
w of n in Wg(Py, Ag). Since Ng(Py, Ao) N G® = MY, ny,ne € Ng(Py, Ao) determine
the same coset of G° in G just in case they are in the same coset in Wg (P, Ag). Thus
we have the disjoint union

G = UwEW(;(Po,Ao)wGO'

Now let (P, A) be arbitrary. There is a subset f of the simple roots A of (P, Ag)
corresponding to PY so that P° = PJ. Note that Wg(Py, Ap) acts on A and
that w=lPyw = PY%. Let w € Wg(Py, Ay) and suppose that P N wG® # (. Let
wgo € PN wG° gy € G°. Then wgy normalizes P° so that w™'Pw = goPgy" is
conjugate to P° in G°. But w='P%w = P?, is a standard parabolic subgroup of G° and so
P = goP°g;" = P°. Hence gy € Ngo(P?) = P°,wf = 6, and w has a representative
in P. Hence w normalizes A = {a € A¢ : a(a) =1 for all @ € 6}. But Ng(A)NP = M.
Thus w S WM(P(),A()). ]

In order to prove Theorem 3.1 we extend the proof of Silberger in [13, §2.5] to the
disconnected case. Fortunately many of the technical results on intertwining forms needed
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are proven in [13, §1] for any totally disconnected group and so can be directly used in
our case. We follow Silberger’s notation. Let (P, A;) and (P, A2) be cuspidal parabolic
pairs in G. We may as well assume that they are standard with respect to a fixed minimal
parabolic pair (P, Ap).

We need to study the orbits for the action of Py x P, on G given by y-(p1,p2) = pi ‘yps.
Recall that G° = U,PYvP? where v runs over W(G% Ag) = Ngo(Ap)/MQ. Thus,
G = U,wG°® = U, ,wPP = Uy, PPwvP) where w € Wg(Py, Ag),v € W(G°, Ay).
Now since PJ C P;,i = 1,2, each double coset PiyP, can be represented by
Yy =wv,w € W(;(P(),Ao),'l) € W(GO,AQ). Write W; = WMi(Po,Ao),Z. =1,2.

LemMMA 3.9. — Let O = PywguPs be an orbit of Py x Py in G where wg € Wg(Py, Ao),
v € W(G°, Ag). Then for w € Wg(Py, Ag), O NwG° is empty unless w € WiwoWo.
If w € WiwoWs, then O N wG® = wO,, where O, is a finite union of orbits of
(w=tPPw) x P9 in G° all of which have fixed dimension do equal to the dimension
of the orbit Oy = (wy * Pwg)vPy.

Proof. — Using Lemma 3.8 we can write
Prwov Py = Uy, 4, 1111P10w0'1)w2P20
where w; € W; = Wy, (Po, Ag),¢ = 1,2. But
w1 PYwovwy PY = w(w ™ Plw)wy 'vws Py

where w = wijwows € Wg(Py, Ag). Thus wi Plwovws PY C wiwew,G® and for fixed
w € WywoWs,

Piwov Py NwG® = w U,, (w‘IPPw)w;lvaPZ"
where wy runs over elements of W, such that wwy 1w0‘ Lew. Finally,
(w™t Plw)wy tows Py = wy  (wy * PYwo)v Pyws
so that
dim(w ™ Plw)wy 'vws Py = dim(wg ' PPwe)v Py = do.

|

Because of Lemma 3.9 each orbit O has a well-defined dimension dp. For each integer

v > 0, let O(v) denote the union of all orbits of dimension less than or equal to v.
Set O(—1) = 0.

LemMA 3.10. — For each v > 0, O(v) is a closed set in the p-adic topology. Further, if
O is an orbit of dimension d, then O U O(d — 1) is also closed in the p-adic topology.

Proof. — Using Lemma 3.9 we see that O(v) N wG® = wO,(v) where O, (v) is
the union of all orbits of (w™!PPw) x PY in G° having dimension less than or
equal to ». This set is closed in the p-adic topology by [13, pg. 93]. Thus O(v) is
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a finite union of closed sets, hence is closed. Similarly, if O has dimension d, then
[OUO(d—-1)]NwG® = w(Oy U Oy(d — 1)) where O, U O,(d — 1) is a finite union
of sets of the form O’ U O,,(d — 1) where O’ is an orbit of (w™'Plw) x Py in G° of
dimension d. These are also closed by [13, page 94]. |

Let E = V; ® V5 where V; is the space on which o; acts, i = 1,2. Let 7 be the space
of all E-distributions 7° on G such that

TO()‘(Pl)P(m)O‘) = T0(51(P1)%52(P2)%01(;01)—1 ® Uz(Pz)_IOé)

for all (p;,ps) € Py X Po,a € C°(G : E). Here A and p denote left and right translations
respectively and §; is the modular function of P;,7 = 1,2. The first step in the proof of
Theorem 3.1 is the inequality [13, 1.9.4]

(3.1) I(my,m9) < dim 7.

Here I (71, m5) is the dimension of the space of “intertwining forms” defined in [13, §1.6]. It
is related to the dimension of the space of intertwining operators by I(my,7e) = J(71,7a)
where 7, is the contragredient of m; [13, 1.6.2].

If O is an orbit of dimension d, write 7 (O) for the vector space of T° € T with support
in OUO(d — 1) and 7, for the space of those with support in O(v). We have

T=>) T(0)
(@]

and

(3.2) dim7 <" dim(7(0)/Ta0)-1)-

LemMA 3.11. — Suppose that (Py, A1) and (Py, Ay) are semi-standard cuspidal parabolic
pairs in G. Then M1 N P, = (M1 N My)(MyNNy) = *Py is a cuspidal parabolic subgroup
of My with split component *A; = A;As.

Proof. — We know from the connected case [13, p. 94] that *P? = MY N PY is a
parabolic subgroup of M} with split component *A; = A; A, and Levi decomposition
*PY = (MYNMZP)(MPNN>). Thus there is a cuspidal parabolic subgroup *P; of M; with
split component * A; and Levi decomposition *P; = *M; *N;. Here *M; = Cpy, ( *Aq) =
CMI(AIAZ) = M1 n Cg(Az) = M1 n Mz and *Nl = M{) N N2 = M1 n N2. Clearly
*Py = (My N My)(M; N Ny) C My N P,. Thus we need only show that M; NP, C *Py.

Let z € M; N P,. Using the Levi decomposition of P, we can write x = many Where
my € Ms,ny € Ns. Since many € M; = Cg(A;) we have mgnzalnz’lmz_l = a; for
any a; € A;. This implies that aj'nsain;* = ay'm; a;m,. But since (P, A;) and
(P,, Ay) are semi-standard, we have A; C A9 C Cg(As) = My. Thus aj 'nyainy ' € Ny
and al‘lmz_lalmz € M,. Hence a;lngalnz_l = a1—1m2_1a1m2 € Ny N M, = {1}. Thus
ngy and 1o both commute with a; so that no € M; N Ny and mas € M; N M. [ |

Return to the assumption that (P;, A;) and (P, A,) are standard with respect to (Py, Ag)
and that y € W(Ay) so that (P, AY) is semi-standard. Using Lemma 3.11 we know that
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*Pp = MiNPy and *P, = My N Ply_1 are cuspidal parabolic subgroups of M; and
M, respectively.
Let E'(y) denote the space of linear functionals ¢ on £ = V; ® V5 such that
81(p)262(p")E < §,01(p)vr ® Oa(pY vz >= Spyapy(p) < $01 B vz >
for all p € PN P),v; € Vi1 = 1,2.
LEMMA 3.12. — Let m € *M; = M; N MJ. Then

brinpy (m) = Su1(m)28.a(m )6, (m) 2 8p(m¥ )

where .; denotes the modular function for * P; and §; the modular function for P;,i = 1, 2.

Proof. — Define the homomorphism ¢ : *M; — R by

1

§(m) = 641(m)?6ya(m¥ )2 61(m)2x(m?

1
)%(Splnpél (m)_l, m € *Ml-

By [13, §2.5.2], the restriction of § to *M;N GV is trivial. Now since the quotient of *M;
by *M; N G is a finite group, § = 1 on all of *M. [ |
The proof of the following lemma is the same as that of Lemma 2.5.1 in [13].

Lemma 3.13. — If ¢ € E'(y), then ¢ vanishes on Vi( *Py) @ Vo + Vi ® Vo *Ps). Let
m € *My,v; ® vy € E, and ¢ € E'(y). Then
< ¢,o1(m)vy ® az(my_l)vg >= 6*1(m)%5*2(my_1)% < ¢, v @Ug > .
CorOLLARY 3.14. — If A; = A}, then
< ¢, 01 (m)vy @ oa(m? Yve >=< ¢, v1 @ va >
forallm € *My,v1 vy € E, and ¢ € E'(y).

Proof. — As in [13, §2.5.4], A; = A} implies that *N; = *N, = {1} so that *P; and
* P, are reductive and 8, = 6,0 = 1. |

COROLLARY 3.15. — Assume that 01 and o4 are either both supercuspidal or both discrete
series. Then E'(y) # {0} implies that A; = Aj.

Proof. — This follows as in [13, §§2.5.3, 2.5.5] using Proposition 2.17 and Lemma 3.6. W
The following Lemma is now proven as in [13, §2.5.7].

LemmA 3.16. — Assume that o1 and o9 are either both supercuspidal or both discrete
series. Let O be an orbit in G of dimension d. Then dim 7 (O)/T3_1 = 0 unless there exists
y € O such that Ay = AS. If Ay = A} for some y € O, then

dim(7(0)/T4-1) < I(01,0%).
Proof of Theorem 3.1. — Combine equations (3.1) and (3.2) to obtain

I(m1,m) < dim T <) dim(7(0)/Tyi0)-1)-
@]
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Now using Lemma 3.16, if A; and A, are not conjugate, dim(7 (0)/Tg)-1) = 0 for
every orbit O so that I(m;,m3) = 0. If A; and A, are conjugate we have, again using
Lemma 3.16,

I(my,m) <dimT < ) dim(7(0.)/Ta.)-1) < Y I(on,0%°).

sEW seW

To complete the proof note that J(mwi,m2) = I(71,m2),J(01,05°) = I(61,05°) and
T = Ind,G,1 (61). Thus the statement with dimensions of spaces of intertwining operators
rather than intertwining forms follows by substituting 7 for 7. |

4. R-groups for Ind%, (o)

In this section we will study representations of G which are induced from a parabolic
subgroup P°® = MP°N of G°. Because in this section we will only work with parabolic
subgroups of G°, we will simplify notation by dropping the superscripts on P° and M?°.

Let P = MN be a parabolic subgroup of G° and fix an irreducible discrete series
representation (o, V) of M. Define

Hp(o) = {f € C®(G,V) : f(amn) = 6p* (m)a(m) ™" f(z)
forall z € G,m € M,n € N}

where §p is the modular function on P. Then G acts by left translation on Hp(c) and we
call this induced representation Ip(o). We will also need to consider

HO(0) = {§ € C=(GO, V) : p(awmn) = 552 (m)a(m) ' ¢(x)
for all z € G°,m € M,n € N}.

GY acts by left translation on H% (o) and we call this induced representation I% (o).
0
It is well known that the equivalence class of I%(c) = Ind$ (o) is independent of P. But

Ip(0) = Ind$(0) ~ Ind%Ind%’ (o),

so that the equivalence class of Ip(o) is also independent of P. We denote the equivalence
classes of Ip(c) and I3 (o) by ig a(o) and igo ar(0) respectively. If 7 is a representation
of G° we will also write i go(m) for the equivalence class of the induced representation
IndS, (7).

We first want to compare the dimensions of the intertwining algebras of ig a(0) and
igo p(0) . For this we need the results of Gelbart and Knapp summarized in §2 and
the following facts.

LEMMA 4.1. — Suppose mt, and s are irreducible representations of G°. Then ig.go(m)
and i go(m2) have an irreducible constituent in common if and only if o ~ w for some
g € G. In this case they are equivalent.
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Proof. — For © = 1,2, write

igeo(m)=r;, Y ILi®x
xEX/X(I1;)
as in Lemma 2.13. Suppose that i¢ go(71) and ig go(72) have an irreducible constituent
in common. Then II; ® x; ~ IIs ® x2 for some x1,x2 € X. Now

me C o ® X2|G° ~I; ® X1|G° C iG’Go(ﬂ'l)lgo ~ Z 71'{‘
geG/GO

Thus 7y ~ 7f for some g € G. Conversely, if 7o ~ «{ for some g € G, then clearly
igygo (71'2) >~ Zlgygo (71'51]) >~ iG,GO (7'(1). |
LEmMMA 4.2. — Suppose that for some g € G, both w and 79 are irreducible constituents
of igo ar(0). Then there is zo € G° such that gzo € Ng(o) = {z € Ng(M) : 0™ ~ o}.
Conversely, if w is an irreducible constituent of iqo (o) and if g € Ng(0)G®, then 79 is
also an irreducible constituent of igo v (o) and m and 79 occur with the same multiplicities.

Proof. — Suppose that m, 79 C igo p(0). Then since 79 C igo pq(09), we see that
igo m(0) and igo pe(09) have an irreducible constituent in common. Thus there is
ro € G° such that M9 = M and 09" ~ o, ie. gxg € Ng(o). Conversely, if
g € Ng(0)GP, then the multiplicity of 7 in igo p(0) is equal to the multiplicity of 7 in
Z.GO’M(U)g ~ igo’Mg (Ug) ~ igo’M(U). n

LEMMA 4.3. — Let m be an irreducible constituent of igo p(0) and let G, = {x € G :
% ~ 7}. Then

[G=/G°] = [Ne, () /Neo(0)]
where Ngo(0) = Ng(0) N G° and Ng, (o) = Ng(o) N Gr.

Proof. — Consider the mapping from Ng_(0) to G/G° given by g — gG°. Its kernel
is Ng,(0) N G° = Ngo(c). Further, given g € G, ™9 ~ 7 occurs in igo (o), so
by Lemma 4.1 there is zo € G° such that gzg € Ng(o). But 79" ~ 79 ~ 7 so that
gro € G N Ng(0) = Ng_ (o) and gzoG° = gG°. Thus the mapping is surjective. [ |

Let C(o) denote the algebra of G-intertwining operators for ig r(o) and let C°(o)
denote the algebra of G-intertwining operators for igo ps (o).

Lemma 4.4. — dim C(0) = dim C%(0)[Ng(0)/Ngo()]-
Proof. — Let
igom(0) = Z MeT
weS(o)

be the decomposition of igo pr(o) into irreducible constituents. For 71, w3 € S(0), we will
say that m; ~ 7o if there is ¢ € G such that w5 ~ 7{. Then using Lemma 4.2, we have
71 ~ mo if and only if mo ~ 7] for some g € Ng(o). We can write

icop(o) =Y m. > 9.

meS(c)/~ 9€Ng(0)/Ng, (o)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



116 D. GOLDBERG AND R. HERB

Now
’L'G’M(U) ~ ’L‘G,(;'o (igo7M(0')) ~ Z myx Z iG,Go (7rg)

weS(a)/~ 9g€Ng(o)/Ng, (o)

= Y miNe(0)/Ng.(o)lr= Y. TL.ox

n€S(a)/~ XEX/X ()

where II is an irreducible representation of G such that ©# C TI;|go. Because of Lemma 4.1,
the representations Il ® x are pairwise inequivalent as 7 ranges over S(o)/ ~ and x
ranges over X/X(II;). Thus

dimC(o)= > m2[No(o)/Ne, (o) r2[X/X (ILy)].
weS(o)/~

But by Lemmas 2.13 and 4.3,
r2[X/X ()] = [G#/G°] = [Ng, (0)/Neo ().
Thus

dimC(o) = Y mi[N(0)/Ne, (o)’ [Ne. (0)/Neo(o)]

w€S(o)/~

= [Ng(0)/Neo(0)] > m2[Na(0)/Ng, (0)]
n€S(o)/~

= [Ne(0)/Nes (0)] dim C°(o). m

We now want to find a basis for C(o). We proceed as in the connected case. Let A
be the split component of the center of M and write a¢ for the dual of its complex Lie
algebra. Each v € g determines a one-dimensional character x, of M which is defined by

Xu(m) = ¢<HPMv> e M.
We write (Ip(o : v),Hp(o : v)) and (IS (0 : v), H% (o : v)) for the induced representations
of G and G° as above corresponding to o, = o ® X,. Let K be a good maximal compact
subgroup of G° with respect to a minimal parabolic pair (P, Ag) of G° such that

Py C PA C Ay. Then G° = KP and we also have the usual compact realization of
I%(o) on

HE (o) = {fx € CF(K,V) : fx(kmn) = o~ (m) fx (k)
foralke K me MNK,ne NNK}.

The intertwining operators between H%(o,v) and HE (o) are given by
FE(v) : Hp(o : v) — HE (o),
Fg(v)p(k) = ¢(k),¢ € Hp(o :v),k € K.
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For all HE G°
or all fx € Hp(o),z € G,

FE )™ fre(z) = 853 (u(@))o7 (u(x) frc (5(z)).

Here for any z € G°,k(z) € K, u(x) € M are chosen so that z € x(z)u(z)N.

Since we don’t know whether there is a “good” maximal compact subgroup for G, we
don’t have a single compact realization for Ip(o). However we can proceed one coset
at a time as follows. Write G as a disjoint union of cosets, G = U*_,2;G°. For any
f € Hp(o,v),1 < i <k, we can define

fz(-’l»') = {f(.’L’), ifx e xiGO;

0, otherwise.
Then f; € Hp(o : v) for each ¢ and f = Zle fi. For each 1 < ¢ < k, define

Fi(v):Hp(o:v) — HE(0)

b
' Fi) (k) = f(aih), f € Hplo :v) k€ K.
Define
Fi(v) ' :HE (o) = Hp(o:v)
by

Fp(v)™ fx(z) = {6P§(”’(‘TO))UV_I(ﬂ(ﬂfO))fK(H(ﬂ?o)), if z = z;w0, 10 € G%
, otherwise.

Then Fi(v)Fh(v) " fx = fx for all fx € HE(o) and Fi(v) " Fp(v)f = f; for all
[ € Hp(o : v).

If P=MN and P’ = MN' are two parabolic subgroups of G® with Levi component
M, then we have the formal intertwining operators

JOP :P:o:v):HMo:v) = HE(0:v)

given by the standard integral formula

NNN’

JOP' :P:o:v)p(z) = / ¢(zm)dn, =€ G°.

Here MN is the opposite parabolic to P and d7 is normalized Haar measure on N N N'.
We can define

J(P':P:0:v):Hp(o:v)— Hp(o:v)

by the same formula

NNN'

J(P/:PZO':V)f(ID)I/ fzm)dm, z € G.
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In order to talk rigorously about holomorphicity and analytic continuation of these operators
we transfer them to the compact realizations. Thus we have

To(P P o) : HE(o) — HE()
defined for fx € HE(o),k € K, by
TP P o :0) f(K) = FEW)I(P 2 P o ) FE ()™ ()
= [ s ) (k) fc )

THEOREM 4.5 (Harish-Chandra [7, 13]). — Suppose o is an irreducible discrete series
representation of M. There is a chamber a& (P’ : P) in af such that for v € a(P' @ P)

the formal intertwining operator J°(P' : P : o : v) converges and defines a bounded
operator. For a fixed fi € HX (o), the mapping

vis Jy (P :P:o:v)fk

from ag(P' : P) to HE (o) is holomorphic. Further, it extends to a meromorphic function
on all of ag.
Because of Harish-Chandra’s theorem we can define JO(P’ : P : ¢ : v) for all v € af by

JUP :P:o:v)=FK(W) ' JW (P :P:o:v)FK(v).

COROLLARY 4.6. — Suppose o is an irreducible discrete series representation of M. Then
the formal intertwining operator J(P' : P : o : v) converges and defines a bounded
operator for v € a&(P’ : P). Further, for all v € a& (P’ : P), we have

k
JP':P:o:v)= ZF},,(V)AJ%(P/ :P:o:v)Fp(v).
i=1

Proof. — 1t is clear from the definitions that for v € a&(P' @ P), f € Hp(o : v),
X G G, :L‘() E GO’

J(P':P:o:v)f(zzo) = J° (P : P:o:v)d(zo)

where ¢ = [(z71) f|go is the restriction to G° of the left translate of f by z~!. Thus the
integral converges. Fix 1 < 7 < k. An elementary calculation shows that

Fo,(W)JP :P:o:V)Fs(v) 1 =JY(P' :P:0:v).

Thus for any f € Hp(o), since clearly J(P' : P : o : v)(fi) = (J(P': P:0o:v)f);
we have

F;;;(V)_'IJ?{(PI :}P cov)Fp(v)f
=Fp (W) ' Fp(W)J(P' P o :v)Fp(v) ' Fo(v)p = (J(P' :P:o:v)f);,, M
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Because of Corollary 4.6 we can define J(P': P : o : v) for all v € ag by the formula
k .
JP' :P:o:v)= ZF}D,(V)_IJ?{(P’ :P:o:v)Fh(v).
i=1

COROLLARY 4.7. — Let v € at, f € Hp(o : v),z € G,z9 € G°. Then
J(P':P:o:v)f(zxe) = JO(P' : P:o:v)d(zo)

where ¢ = I(z71) fl|go.

Proof. — Suppose that 1 < j < k. Because J°(P’ : P : ¢ : v) commutes with the left
action of GV, it is enough to prove the result for z = z;. For any

veEas, fE€Hp(o:v),20 € G J(P :P:o:v)f(zjzg)

k
= ZFI’;,(V)_IJ?{(P' 1P o v)Fh(v) f(z5m0)

i=1
= FIJ;,(V)_IJ?{(P' :P:o: V)F{,(V)f(xjxo)
= FE@) P P o ) FE (1) (o)
where ¢; = L(z; ") f|go. [ |

Fix scalar normalizing factors (P’ : P : o : v) as in [2] used to define the normalized
intertwining operators

R(P :P:0)=r(P:P:0:0)'J°(P':P:0:0).

Using Corollary 4.7, the fact that 7(P' : P: o : v)~YJ%(P’': P : ¢ : v) is holomorphic and
non-zero at v = 0 will imply that 7(P’ : P : o : v)"YJ(P': P : 0 : v) is also holomorphic
and non-zero at v = 0. Thus we can use the same normalizing factors to define

R(P:P:0)=7r(P' :P:0:0)"'"J(P':P:0:0).
For the normalized intertwining operators we will also have the formula
R(P':P:0)f(zzg) = RO(P': P:0)p(xo)

where notation is as in Corollary 4.7.

Lemma 4.8. — Suppose Py, P, and Ps are parabolic subgroups of G° with Levi
component M. Then R(Py : Py : 0) = R(Py : Py : 0)R(P» : P3 : 0).

Proof. — This follows easily using Corollary 4.7 from the corresponding formula for the
connected case. [ |

LemMaA 4.9. — Suppose Py and P, are parabolic subgroups of G° with Levi component M.
Then R(Py : Py : o) is an equivalence from Hp, (o) onto Hp, (o).
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Proof. — 1t follows from Lemma 4.8 that
R(Pl ZPQSU)R(PzZPl :0')=R(P12P1 ZO’).

But it follows from the integral formula that J(P; : P; : o : v) is the identity operator for
v in the region of convergence, and hence for all v. Thus R(P; : P, : o) is a non-zero
constant times the identity operator and so R(P; : P; : o) is invertible. |

Let + € Ng(M). Then if P, = MN,; is a parabolic subgroup of G® with Levi
component M, so is P, = xPx~! = aMx~'zNyz=' = MN,. Let dn, and dn, denote
normalized Haar measure on N; and N, respectively. (Thus dn; assigns measure one to
K N N;,i = 1,2) Define ap, (z) € R* by

¢(n2)dn2 = ap (:L‘) . ¢($n1$—l)dn1,¢ € CSO(NQ)
N2 1

For all m € M,
ap,(m) = 6p (m).

Further, if x € Ng(K) N Ng(M), then ap, (z) = 1. The following lemma is an easy
consequence of the definition.

Lemma 4.10. — Let z,y € Ng(M). Then

ap(yr) = appe-1(y)ap(z).

Moreover if m € M,y € Ng(M), then
ap(ym) = ap(y)op(m).

Now let Ng(o) = {9 € Ng(M) : 09 ~ o} and let Wg(o) = Ng(o)/M. Let
Weao(o) = (Ng(o) N G°)/M. If w € Wg(o), o can be extended to a representation
of the group M, generated by M and any representative n,, for w in Ng(o). Fix such an
extension and denote it by o,,. Now we can define an intertwining operator

Ap(w) : Hy-1pw(0) = Hp(o)

by
(Ap(w)f)(@) = 0w(nw)du-1pw(nw)? f(Tn).

The ,,-1p, term is not used in the connected case because coset representatives n,, can
be chosen in K where o, -1p, = 1. In the general case we don’t know if there is a
natural choice of coset representatives with a,,-1p,, = 1. Thus we add the a,,-1p,, term
so that Ap(w) is independent of the coset representative n,, for w. Ap(w) does however
depend on the choice of the extension o,,.
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LemMa 4.11. — The intertwining operator Ap(w) is independent of the choice of coset
representative n,, for w € Wg(o). For wy,wy € Wg(0o) there is a non-zero complex
constant cp(wy,ws) so that

AP(’wl’w2) = Cp(’wl,’wg)Ap(’wl)Awl—lpwl (’U)2)
Proof. — Using Lemma 4.10 we have for any m € M, f € H,-1p,(0),

1
O (MM ) Q=1 pry (Mym) 2 f(2100,)
1. 1 — _1
= 0(M )T (M) Q-1 pro (M) 2 851 pro(M) 2 (M) 16 -1 poy (M) 72 f (2104,
1
= 0w (M) Cy-1pw(Nw) % f(T04).
Thus the intertwining operator is independent of the choice of coset representative.

Let wy,ws € Wg(o) and fix coset representatives ny,ns for wy,ws respectively. Then
we can use ming as a coset representative for wiwy. We will also write Py = wy L Puy
and Po = wy 1w1‘ ! Pwyw,. For any w € Wg (o) and representative n,, for w we have

Ow(1)0 (M) 0w (ny) ™t = a(nymnyt)
for all m € M. Thus
Twyws (M172) T, (n2)—10w1 (nl)_1
is a non-zero self-intertwining operator for o and hence there is a non-zero constant c so that
T wywy (nan) = COyy, (n1)0w2 (nQ)
Further, from Lemma 4.10 we have
APy, (nlnz) = ap (nl)aPn (n2)'

By definition, for any z € G, f € Hp,,(0),

Ap(wiwa) () = Tuyw, (N1n2)apy, (N1n2)? flzning)
= cow, (m1)ap, (n1) 2 0w, (n2)ap,, (n2) f(znins)

= cAp(wi) A, -1 p,, (w2) f(2). u

If we Wgo(o) and n,, is chosen to be in K, then we also have
A(w) : H s pyy(0) = H(0)
given by
(A"(w))(x) = 0w (nw)p(zn).
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The compositions
R%(wy,0) = A%(wo)R®(wy ' Pwo : P : 0),wy € Wgo(0),
R(w,0) = Ap(w)R(w™Pw: P 0),w € Wa(0),
give self-intertwining operators for I%(o) and Ip(o) respectively.

LemMma 4.12. — There is a cocycle n so that
R(wywz,0) = n(wy, ws)R(wy, o) R(ws, o)

Sor all wi,wy € Wg(o).
Proof. — Using Lemmas 4.8 and 4.11, we have

R(wywa,0) = Ap(wyws) R(wy *wi* Pwyws : P : o)
= cp(wi, wa)Ap(wi)A, -1 p,, (w2)

x R(wy 'wi ' Pwywy : wyPwy : 0)R(wy 'Pwy : P : o).
We will show that there is a non-zero constant ¢»(wq,ws) so that

Ayt pu, (wa) R(wy 'wi t Pwyws = wy ' Pwy : 0) Ap(ws) ™!

= cp(wy, wo)R(wy ' Pw; : P : o).
When this is established we will have
R(wiws, 0) = cp(wy, ws)cp(wy, w2)Ap(w:)
X R(w;'Pw; : P: 0)Ap(wy)R(wy ' Pwsy : P : o)
= cp(wy, we)cp(wy, wy)R(wy, o) R(ws, o).
Thus 7 can be defined by n(wy,ws) = cp(wi, we)cp(wy,ws). It is immediate from the
formulas for the composition of the operators R(w;, o) that 7 is a 2-cocycle.

In order to prove the above identity we need to go back to the original definition of the
standard intertwining operators. Wg(o) acts on ag and X, (ng mny,) = Xuww(m) if ny,
is any representative of w € Wg(o). Now for any v € a& , f € Hy-1pw(0,v), z € G,
m € M, n € N, if Ap(w) is defined exactly as above, we have
Ap(w) f(zmn)

:ow(nw)aw-lpw(nw)%f(:cmnnw)

:Uw(nw)aw_lpw(nw)%6w_1pw(n;1m“ m )X, (ng

:6P(m)_%U(m)_Iqu(m)_1Uw(nw)aw—1Pw(nw)%f(wnw)

=8p(m) 2o (m) " xuw (m) " Ap(w) f ().

Thus Ap(w) maps Hy-1py,(0,v) to Hp(o,wv). Now write Py = w;'Pw;, P» =
wy L Pwsy, Py = Wy 1wl' ! Pwyw, and consider the composition

1 1 1

nw)—%g(n; m_lnw)f(amw)

Ap, (we)J(Prg: Py:o:wy'v)Ap(wy)™!
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It maps
-1 -1
Hp(o,v) = Hp,(0,w; v) = Hp,(0,wy ' v) = Hp,(0,V).

If v is in the region of convergence for the integral formula for J(Py3 : Py : 0 : wy 'v)
and dm, denotes normalized Haar measure on Ns N Ny, then we have

Apl(wg)J(Plz Pyio: wz—lu)Ap(U)z)_lf(.’E)

= 0'w2(an)a’p12(nw2)%J(P12 2Py 0wy ) Ap(wy) T f(2n,)

= G (T )Py (1) /_ Ap(w2) ™ (@, ) ds

N2NNi2

1 -1 - N —
= Ouw, (nwz )aP12 (nwz ) : | ap, (nwz ) 2 O,y (nwz) ! f(:z:nw2 n2nw21)dn2
N2NNy2

1 _1 — _ —
= apyy (1)t (1) /_ F (@0y T ).
N2NNp2

But NyN Njp = Wy 1(N N N1)ws so if dn denotes normalized Haar measure on NN N,
there is a positive real number r so that

/_ qﬁ(nwzﬁzn;;)dﬁg = r/_ ¢(m)dn
N2NNi2 NNN;

for all ¢ € C=®(N N N;). Thus
Ap (wy)J(Pia: Pr:o: ’ll)z_llj)Ap(’U}2)_1f(.’E)
= ana (o) an ) e [ feman

NNN;
= ap, (M, )2 op,(nw,) 2rJ(Py: P o :v)f(z).

Setting . .
CIIID (wh w2) = Qapy, (nw2 ) Zap, (nwz)— zr

we have
Ap (wa)J(Pya: Py : 0wy 'v)Ap(wy) ™! = cp(wy,wy)J(PL: P:o:v)

for all v in the region of convergence for the integral formula for J(Pyy : P; : 0 : w3 'v).
By analytic continuation, the identity is valid for all ». Now divide both sides of the
equation by 7(Pj : P, : 0 : wy'v) and evaluate at v = 0. We obtain

Ap (w2)R(Pyy : Py : 0)Ap(ws) ™! = clp(wi,ws)R(Py : P: o)

where
cp(wy,ws) = cp(wy, wo)r(Pr: P:o:0)r(Pr: Py:o:0)7 [ |
For ¢ € H% (o) define f = ®(¢) € Hp(o) such that f(z) = 0 if + ¢ G° and
f(:]?o) = ¢($0) if g € GO.
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LEMMA 4.13. — Let f = ®(¢) as above. Then for all w,w; € Wg(0),zo € G°,
R(w,0)f(zony) =0
unless w = wiwg, wy € Weo (o). If w = wiwg, wy € Wgo(o), then

R(wv U)f(.’l?o’n_l

wi

= (W1, W0) T, (s, )@y pyy, (Mawy ) T RO(wi Py = P 0) RO (wo : ) b(o)-
Proof. — For any x € G,w € Wg(0), using Corollary 4.7,
Rw™'Pw:P:0o)f(z) = RO(w™'Pw: P:0)¢'(1)

where ¢’ is the restriction to G° of [(z~!) f. Now since f=®(¢) is supported on G, ¢' =0
unless £ €GP, If 2o € GO, then R(w™'Pw : P : o) f(z0) =R (w™'Pw : P : 0)p(xy).
Now by definition,

R(w,0) f(2on3}) = 0w () Q-1 po (M) T R(w ™ Pw : P : o) f(monglny).
By the above this is zero unless ny'n,, € G°, that is unless w = wiwo, wy € Wgo(0).
In this case, using Lemma 4.12,

-1

R(w1w0, U)f(il?onw1

-1
w1

= n(wy,wo)R(w; : 0)R(wp : o) f(xon
= (101, 00) 0, (M, )y o (1) RO P’ : P 2 0)R(uwg : ) f(z0)
= (w1, W), (M, )yt py, (Mg )2 RO(wr Pwi ™ P 0)R(wg : 0)$(z0). M
Recall that if we write W2 (o) for the subgroup of elements w € Wgo (o) such that
R%(w,0) is scalar, then W2o(c) = W(®;) is generated by reflections in a set ®; of
reduced roots of (G, A). Let ®* be the positive system of reduced roots of (G, A)
determined by P and let @ = ®; N ®+. If we define
R% = {w € Wgo(0) : wB € @7 for all 3 € @7},

then Wgo (o) is the semidirect product of R and W(®;). R? is called the R-group for
I%(o) and the operators

{R%(r,0),r € R%}
form a basis for the algebra of intertwining operators of (o). We will define
R, = {w € Wg(0) : wB € ®F for all B € ] }.
Clearly R, N G° = RY.
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LemMa 4.14. — R(w, o) is scalar if w € W(®,), and Wg(0o) is the semidirect product
of W(®,) and R,.

Proof. — Fix w € W(®;),n,, € K a representative for w, and f € Hp(c). Then for
all x € G,

R(w,0)f(z)

Il

Ow(nw)R(w™ Pw : P: o) f(2ny) = 0uw(ny) R (w ' Pw : P: o)d(n,)
where ¢(z0) = f(zx0) for all 75 € G°.

Thus
R(w,0)f(z) = R°(w,0)¢(1).

But since w € W(®,) there is a constant c,, such that R%(w,0)¢ = c,¢ for all
¢ € H%(o). Thus
R(w,0)f(z) = cwp(1) = cuf(2)

so R(w,o) is scalar.
We must show that for any w € Wg(o), w®; = @, so that

R, = {w € Wg(o) : wd] = &7}.

Then as in the connected case it will be clear that Wg(o) is the semidirect product of

R, and W(®,). Let w € Wg(o),a € @1, and let s, € W(®;) denote the reflection

corresponding to «. Then ws,w™! = 8,4 € Wgo (o). But R(s, : o) is scalar so that using

Lemma 4.12, 50 is R(Swa,0) = R(ws,w™ : o). This implies as above that R%(8,q,0)

is scalar. Hence s,,, € W(®;) and wa € ;. ]
LemMa 4.15. — The dimension of C(o) is equal to [R,].

Proof. — By Lemma 4.4,

dim C(0) = [Na(0)/Neo(0)]dim C%(0) = [We(o)/Wen (0)][ R
= Wa(0)/Weo(0)[[Weo(0)/W(®1)] = [We(0)/W(21)] = [R,]. W

THEOREM 4.16. — The operators {R(r,0),7 € R,} form a basis for the algebra of
intertwining operators of Ip (o).

Proof. — By Lemma 4.15 it suffices to show that the operators are linearly independent.
Suppose that c¢,,,w € R,, are constants so that

S cuR(w,0)f(z) =0

wGRa
for all f € Hp(o),r € G. Fix w; € R,. Then for all f = ®(¢) with ¢ € H%(s) and
all zo € G° we have

Z coR(w,0) f(zony’) = 0.

wER,
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Now by Lemma 4.13, R(w,0)f(zon,!) = 0 unless w = wywo where wy € Wgo (o) N
R, = RY. Now again using Lemma 4.13,

0= Z CwlwoR(wlw07 U)f(fﬂon;ll)

’ngRg
= Z Cuywo (W1, W0)Tw, (M, ) Q=1 puy (M) 2 RO (wy ' Pwy : P : 0)R%(wp : o) (o)
wo ERY
= G (1 )y p (1) RO P P 0) S (10, 10) B (w0 5 0) (o).
’LUoERg
Thus

D Curwen(wr, wo) R (wo : 0)d(x0) = 0

wo eRg

for all ¢ € H%(o) and all zy € G°. Now since we know that the operators R%(wy : o) are
linearly independent on H% (o), we can conclude that the cy,,q.,7(w1,wo) and hence the
Cuwyw, are all zero. ||

As in Arthur [2] we now have to deal with the cocycle n of Lemma 4.12. Fix a finite
central extension

1—-Z,— R, >R, — 1

over which 7 splits. Also define the functions &, : Ra — C* and the character x, of Z,
as in Arthur [2]. Then we obtain a homomorphism

R(r,0) = &Y (r)R(r,0),7 € R,,
of R, into the group of unitary intertwining operators for I p(0) which transforms by
R(zr,0) = Xo(2)"'R(r,0),2 € Z,,7 € R,.
Now we can define a representation R of R, x G on Hp(c) given by
R(r,z) = R(r,0)Ip(0,z),7 € R,z € G.

Let H(Ra, Xo) denote the set of irreducible representations of R,, with Z, central character
Xo and let I, (G) denote the set of irreducible constituents of Ip(c).

THEOREM 4.17. — There is a bijection p — 7, of II(R,, xo) onto I1,(G) such that
R = @pen(éua)ﬁr) (pv ® 7l-P)'

Proof. — Write the decomposition of R into irreducibles as

R = Zmp,,, (p¥ @)

P

4° SERIE — TOME 30 — 1997 — N° 1



SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS 127

where p runs over H(Ra, Xeo), ™ runs over 1I,(G), and each m, . > 0. This corresponds
to a decomposition

Hp(o) =D (Vv @ Wy)™em

Py

where V,v and W, denote the representation spaces for the irreducible representations p"
and 7. For each p, we also write

Hy Vv @y Wier

for the p-isotypic component of Hp (o). Each subspace H,, is invariant under the action
of R, in particular by all of the intertwining operators R(r,0),r € R,. Since these
intertwining operators span the space C(o) of G-intertwining operators for Hp(o), each
T € C(o) must satisfy T(H,) C H, for every p.

We will first show that given m, there is at most one p such that m, . > 0. So fix 7
and suppose that there are p; and py such that m,, » > 0,7 = 1,2. Then W, occurs as a
G-summand of both Hp; and Hps. Thus there is T13 # 0 in Homg(Hp1, Hp2). We can
extend T to an element T' of C(o) by setting 7' = Ty5 on H,, and T'= 0 on H,, p # p1.
Thus there is T in C(o) such that T(H,,) C H,,. But by the remark in the previous
paragraph, T'(H,,) C H,,. Now since T'(H,,) # 0, we must have p; ~ ps.

Now fix p and look at H, ~ V,v @ W where W = }__W;"*". We will show that
W is irreducible as a G-module. Thus suppose that W = W; & W, where Wy, W, are
G-submodules of W. Then we can define 7' € C(o) by T'(v ® (w1 + ws)) = v @ wy if
v € Vov,wy € Wi,wy € W, and T =0 on H, if p’ # p. Now since T' € C (o), we can
write T =Y ¢, R(r,0) where r runs over R,. Thus for all v € Vv, w; € Wy, w, € W,
we have

v@w =T (w4 ws)) = (Z crpY (r)v) ® wy + (Z crp” (r)v) ® wy.

Suppose W, # 0. This implies that Y __¢,p¥(r)v = 0 for all v so that v ® wy; = 0 for all
wy. Thus Wy = {0} and hence W is irreducible. But this implies that m, . < 1 for all =
and that there is at most one 7 such that m,, = 1.

Define

I, = {p €e I(Ry, Xo) : My~ = 1 for some 7}.
For each p € II; we have shown that the representation 7 such that m, . = 1 is unique.
Thus we will call it 7,. Further, we have shown that 7w, =~ m,, just in case p; ~ ps.
Further, by definition of II,(G), each 7 € II,(G) occurs in Hp(o) and so must be of
the form 7, for some p € II;. Thus to complete the proof of the theorem we need only
show that II; = H(R,,XU).
Since
Hp(o) = Y (Vv @ W),

p€lly
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we must have dim C(0) = - . (deg p)®. But since the R(r,0),7 € R,, form a basis
for C(o), we know that

dimC(o) = [R,]= Y (degp)*.

PEM(Ro,X0)

Thus II; = H(Ra, Xo)- |

REMARK 4.18. — Suppose now that G/G° is cyclic. Then in [1], Arthur predicts a
dual group construction of a group R, ., in terms of the conjectural parameter % for
the L-packet of o, which should also describe the components of Indg(a). In particular,
Ry, = Wy, /W) ,, where these groups are defined in terms of centralizers of the
image of . Furthermore, Arthur has conjecturally identified W) , with W (®;) and Wy, ,
with Wg (o). Thus, if the conjectural parameterization exists in the connected case, and
Shelstad’s Theorem [12] extends to the p-adic case, then it must be the case that R, ~ R ,.
That is, we have shown that there is a group side construction of Arthur’s R-group, if such
an object exists. (For more details see [1] and [6], particularly Sections 1 and 4.)

5. R-groups for Ind% (o)

In this section we will study representations of G which are induced from discrete
series representations of a parabolic subgroup P of G. Thus we revert to the notation
that parabolic subgroups of G° are denoted by P°. Let P = M N be a cuspidal parabolic
subgroup of G.

Let o be an irreducible discrete series representation of M and let oy be an irreducible
constituent of the restriction of o to M°. We want to find a basis for the intertwining
algebra C(co) of the induced representation Ind% (o). Since o is contained in Ind}%, (o)
we know Ind% (o) is contained in Ind%(Ind}%, (0¢)) ~ Ind%, (00). In §4 we found a basis
for the intertwining algebra C(og) of Ind$o(og). We will see how to obtain a basis for
C(o) by restricting the intertwining operators defined in §4.

We first need to embed o in a family o,,v € ag, where a is the real Lie algebra of
the split component A of M. Write X (M), X(A) for the groups of rational characters
of M, A respectively. Let

T‘X(M)@ZR-—’X(A)(@ZR

be the map given by restriction. That is 7(x ® t) = x|a ® t for x € X(M),t € R.
LEMMA 5.1. — The homomorphism r : X(M) ®z R — X(A) ®z R is surjective.

Proof. — Since G is a linear group we have an embedding of G in L = GL(V'), where
V is a finite dimensional F'-vector space. Since A is a split torus, the action of A on V
can be diagonalized. For any x € X(A) let V(x) = {v € V : av = x(a)v for all a € A}.
Let x;,1 <@ < k, denote the distinct elements of X(A) such that V; = V(x;) # {0}. We
can identify a € A with the block diagonal matrix with diagonal entries x;(a)l4, where
d; = dimV; and I, denotes the identity matrix of size d;,1 < i < k.
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Since M = Cg(A), we have M C Cr(A) ~ GL(V}) x GL(V3) x ... x GL(V},).
For each 1 < i < k we can define det; € X(M) by det;(my,...,mg) = det m;. Now
det; @d; ! € X(M) ®z R and for a € A, det; ®d; (a) = x:(a)* @ d;* = xi(a) ® L.
Thus 7(det; ®d; ') = x; ® 1. The x;,1 < i < k, are generators of X (A), although they
need not be independent. Thus r is surjective. |

Let Xo(M) = {x € X(M) : x|mo = 1}

LEMMA 5.2. — The kernel of r is Xo(M) @z R.

Proof. — Suppose x ® t is in the kernel of r where x € X(M) and ¢t € R. If t = 0 then
X ® t is the identity element. Assume ¢ # 0. Then |x(a)|% = 1 for all a € A implies that
|x(a)|r =1 for all a € A. Since x| is a rational character of a split torus this implies
that |4 = 1. But restriction from X (M?°) to X(A) is injective [13, Lemma 0.4.1], so
that XIMO = 1. Thus x € X()(M) ]

Recall the homomorphism Hyzpo : M® — Hom(X(M?),Z) defined by

< Hppo(m), x >= logg|x(m)|p,m € M°, x € X(M?).
Define an analogous homomorphism Hy; : M — Hom(X(M),Z) by
< Hy(m), x >= logg|x(m)|p,m € M, x € X(M).

LEmMMA 5.3. — Suppose that x € Xo(M). Then < Hpr(m),x >= 0 for all m € M.

Proof. — Let x € Xo(M). Thus x(mg) = 1 for all mg € M°. Let d be the index of M? in
M. Thus m? € M° for all m € M so that x(m?) = 1 for all m € M. Thus x(m) is a d**
root of unity and |x(m)|r = 1 for all m € M. Thus < Hpy(m), x >= logg|x(m)|r =0
for all m € M. ]

Recall that Hom/(X (M?°),Z)®z R ~ Hom(X(A),Z) ®z R = a is the real Lie algebra
of A, a* = X(A) ®z R is its real dual, and a& = a* ®gr C is its complex dual. For each
v € aly we have a character xO of M defined by x%(m) = ¢<Huo(mw> m ¢ MO, By
Lemmas 5.1 and 5.2 the mapping r above induces an isomomorphism

. ~ X(A C ~ag.
T X()(M) ®ZC ( )®Z ac

X (M)®zC

By Lemma 5.3, for each m € M, Hp;(m) is an element of the complex dual of % 0D5.C"

Thus for each v € ag, we can define a character x, of M by
Xo(m) = g<HM > e M.
LEMMA 5.4. — For all v € ag, the restriction of x, to M° is x2.
Proof. — For mg € M° x € X(M) we have
< Huyr(mo), x >= logg|x(mo)|r = logg|xo(mo)|r =< Hase(m0), X0 >

where xo denotes the restriction of x to M?. Since the isomorphism r, comes from the
restriction map it is easy to see that < Hps(myg),r;1(v) >=< Hppo(mg),v > for all
mo € MY, v € ag. [ ]
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As above, let o be an irreducible discrete series representation of M and let o9 be an
irreducible constituent of the restriction of o to M°. Let V; be the representation space
for o¢ and let

W={f:M—Vy: f(mmg) = ao(mo) "L f(m) for all m € M, my € M°}.

Then M acts on W by left translation and we will call this induced representation
(Ip,W). Let V' denote the representation space for o and fix a non-zero intertwining
operator S : V. — W so that So(m) = Ip;(m)S for all m € M. Since Iy, is unitary,
we can also define a projection operator P : W — V so that PIy;(m) = o(m)P for all
m € M and PSv = v for all v € V. We also define representation spaces

Hp(o) = {¢p € C(G,V) : p(xmn)
= 5;%(m)a(m)_1¢(:v) forall z € G,m € M,n € N};
Hpo(oo) = {9 € C*(G,Vp) : Yp(xmon)
= 673 (mo)oo(mo)~“p(x) for all z € G,mg € M®,n € N};
Hp(Iy) = {¢p € C°(G, W) : Y(zmn)
= 652 (m)Ipe(m)~"4(x) for all z € G,m € M,n € N}.

In each case G acts on the representation space by left translations and we call the induced
representatlons Ip(o),Ipo(0g), and Ip(Ipr) respectively. They are the representations
Ind$ (), Ind% (o), and Ind%(Ind3f,(o0)) respectively.

The intertwining operators S : V — W and P : W — V induce mtertwmlng operators
S* from (Ip( ) Hp( )) to (IP(IM) HP(IM)) and P* from (IP(IM) HP(IM)) to
(Ip(a),Hp(o)) given by

(S*¢)(z) = S¢p(x) for all p € Hp(o),z € G;

(P*p)(z) = Pyp(z) for all ¥ € Hp(In),z € G.

There is also an equivalence T between (Ip(Ias), Hp(In)) and (Ipo(ag), Hpo(oo)) given
by
(TY)(z) = ¢(z)(1) for all ¥ € Hp(In),z € G.

Its inverse is given by
(T~ ") (z)(m) = 51%,(m)1/1’(:cm) for all ¥’ € Hpo(oo),z € G,m € M.

Recall for each v € af; we have defined characters x° of M° and x, of M such that x? is
the restriction of x,, to M°. We use these characters to define representations o(v) = c®Xx,
and I (v) = Ing ® x» of M and oo(v) = 09 @ xo(v) of M°. As above we use these
to form induced representation spaces Hp(o,v) = Hp(a(v)), Hp(In,v) = Hp(In(v)),
and Hpo(o,v) = Hpo(oo(v)). The intertwining operators S : V — Wand P: W — V
also intertwine o(v) and I (v) and so as above define induced intertwining operators

4° SERIE — TOME 30 — 1997 — N° 1



SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS 131

Sy : Hp(o,v) — Hp(Im,v) and P} : Hp(Iym,v) — Hp(o,v). There are also
equivalences T, : Hp(Ip,v) — Hpo(og,v) given by

(T,)(z) = ¥(x)(1) for all v € Hp(Ip,v),z € G.

The inverses are given by
(T, 4/)(@)(m) = 63(m)x, (m)d (em) for all ' € Hpo(00,v), € G,m € M.

Suppose P; = M N; and P, = M N, are two cuspidal parabolic subgroups of G with
Levi component M. In §4 we defined a meromorphic family of intertwining operators

J(PY:P?:agg:v): Hpo(00,v) — Hpo(0o, V).

We can transfer these intertwining operators to the equivalent spaces Hp, (Inr,v),i = 1,2,
by means of the equivalences T, p,. Thus we define

J(Py: Py :In:v): Hp (Ing,v) = Hp,(Ip,v)

by
J(Py:Py:Ipy:v) = T;,}DZJ(PQO :P oo v)Ty b,

We can also define
J(Py:Py:0:v):Hp(o,v) = Hp,(0o,v)

by
J(Py:Py:o:v)=PypJ(Pa:Pr:Iy:v)S)p .

LEMMA 5.5. — Suppose that v € a5 (P : PY) so that J(PY : PY : o : v) is given by
the convergent integral

I PY o n)(@) = [

P (am)dn, x € G, € Hpo(ao, V).
NiNN;

Then J(Py : Py : Ip : v) is given by the convergent integral

J(Py: Py : Ing:v)yp(x) :/

N1NN3

'l,[)(.’lfﬁ)dﬁ,.’b € G,'(ﬁ € le (IM, I/)
and J(Py : P : 0 : V) is also given by the convergent integral

J(Py: Py:o:0)d(a) = /

N1NNy

p(em)dn,z € G,¢ € Hp,(0,v).
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Proof. — Using the definitions of the operators and the transformation property of the
representation space Hp, (15, V), we have for all z € G,m € M,y € Hp, (Ip,v),

J(Py: Py : Ing: v)p(x)(m) = T,,_Jl;.2 J(PY: P : g :v)T, p9p(x)(m)
= X ()83, (m)(J(PY : P : 00 : )T, 1) (wm)
= xo(m)6k, (m) / (T, ) (erim)

N1NNg

=xu(m)5?a2(m) | Y(amn)(l)dn

NiNNy

= 6%-,2 (m)/_ 6;1%(m)¢(xmﬁm_1)(m)dﬁ.
Ni1NNo
Now there is a homomorphism 3 : M — R* so that for all m € M, f € C>°(N; N Ny),

L fonmmtyam = pom) [ gma.
NinN»

NiNN>

For m € M° we know that
B(m) = ép, (m)dp? (m).

Since ﬂ&;l% 6%,2 is a homomorphism from the finite group M/M?° into R*, it must be
identically one. Hence for all m € M we have

/_ (ammm ™) (m)dn = 65, ()65} (m) /_ (@) (m)dn.
NiNNy NiNNy

Thus
J(Py: Py : Iy v)y(z)(m) = /_ Y(zm)(m)dn.

Ni1NNy

Now for z € G,m € M,¢ € Hp,(o,v), we have

J(Py: Py:o:v)p(x) =[P p,J(P2: Pr: Iy v)S) p #()
=P-[J(Py: Py : 1y :v)S; p ¢l(x)

=P [ (sipdlemin
NiNN2

=PS- /ﬁ . P(zm)dn

N;iNNy

= / o(xm)dm. [ |

Let (P9 : P : 0g : v) be the scalar normalizing factors used in §4 to define the
normalized intertwining operators

R(P):P):0g)=r(Py:PY:09:0)" J(PY: P :0g:0).
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The fact that
r(PY: P :og:v) P J(PY: P :og:v)
is holomorphic and non-zero at ¥ = 0 and that 7, p,,¢ = 1,2, are equivalences, will
imply that
r(PY:P:og:v) Y J(Py: Py Iy v)
is also holomorphic and non-zero at ¥ = 0. Thus we can define
RPy:P :Iy)=7(PY:PY:0o:0)" J(Py: P : Iy :0).
We also define
R(Py:P :o)=7(P):P):00:0)" " J(Py: Py:0:0)=P*R(Py: Py : I3;)S*.
LEMMA 5.6. — Let ¢ € Hp, (o). Then R(Py : Py : I)S*¢(x) € S(V) for all x € G.

Proof. — For every v we have an intertwining operator J(Py : Py : Iy : v)S) -
Hp,(0,v) — Hp,(Ip : v). In order to carry out arguments using the integral formula and
meromorphic extension of the intertwining operator we want a compact realization of the
representation. Since we do not know if there is a maximal compact subgroup of G which
meets every connected component, we proceed one coset at a time. Let Gpy = G°M and
write G = U¥_ 2;Gps. Then P C Gy for any parabolic subgroup P of G with Levi
component M. Let K° be a good maximal compact subgroup of G so that G° = K°P°.
Thus Gy = K°P. Let

Hyo(o) = {fx € CZ(K°, V) : fx(kmn) = o~ (m) fx (k)
forallme KN M,ne€ K°NN, k€ K°.

For any ¢ € Hp(o : v) and 1 < 7 < k we can define

$i(z) = {ﬁ(x)a if x € 2;Gar:

otherwise.

Then ¢; € Hp(o : v) for each i and ¢ = Zle ¢;. Thus every element of Hp(o : v) is
a sum of elements supported on a single coset of Gj; in G and so it is enough to prove
the lemma for ¢ € Hp, (o) supported on a single coset of G in G.

Fix 1 < ¢ < k and define

Fi(v): Hp (0 :v) — Hgo(o)
by F;(v)¢(k) = ¢(z;k) for all k € K°. Define
F7'(v) : Hgo(o) — Hp, (0 : v)

Fi—l(V)fK(l')

_ {5;1' (m)a~Y(m)x; {(m)fr(k), ifx=x;kmn, ke K° me M,neN;
0, otherwise.
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Then F;(v)F;'(v)fx = fx for all fx € Hyo(c) and F,'(v)Fi(v)p = ¢; for all
¢ € Hp (o :v).

Fix 1 <i¢ <k and ¢ € Hp (o) = Hp, (o : 0) such that § = ¢; is supported on
z;Gp. Let fx = F;(0)¢p € Hgo(o) and for each v define ¢;(v) € Hp, (0 : v) by
¢i(v i ) = F7'(v) fx (2),w € G. We have ¢;(0) = F; ' (0)F,(0)¢ = ¢; = ¢.

Fix w* € S(V)! and define ®(v : 2) =< J(Py : P, : Iy : v)S:¢:(v : ), w* >. Then
v+ ®(v : z) is a meromorphic function of v € af for each z € G. If v € a&(PY : PY),
by Lemma 5.5 we have

J(Py: Py :In:v)Sspi(v:z) = / S¢i(v:zm)dn € S(V).

NiNN3

Thus ®(z : v) = 0 for all v € a&(Py : P) and hence for all v. Thus
J(Py: Py :In:v)S)oi(v:x) € S(V)
for all v and so
r(PY:P):og:v) ' J(Py: Py Iy :v)Sigi(v:z) € S(V)

for all v € af,z € G. In particular for v = 0 we have R(P, : Py : If)S*¢(z) € S(V)

for all z € G. ]
COROLLARY 5.7. — Let ¢ € Hp,(0). Then R(P2 : Py : Ing)S*¢p = S*R(P2 : Py : 0)¢.
Proof. — This follows from Lemma 5.6 since SP is the identity on S(V). |

LeMMA 5.8. — Suppose Py, P, and P3 are cuspidal parabolic subgroups of G with Levi
component M. Then

R(Py:Ps:Ip)=R(Py:Py:In)R(Py: Py Iyy)

and

R(P,:P;:0)=R(P,:Py:0)R(P,: P;:0).

Proof. — The statement for I, follows easily from Lemma 4.8 since the intertwining
operators 7, are equivalences. Now using Corollary 5.7 we have

R(P12P3:0')H:P*R(P1Z.PgiIM)S*:P*R(PlZPzilM)R(PzipglIM)S*

P*R(Py: Py : Ipf)S*R(Py: Py:0)=R(P, : Py :0)R(P>: P3:0). [ |

LeMMA 5.9. — Suppose Py and P; are parabolic subgroups of G with Levi component M.
Then R(P; : P, : o) is an equivalence from Hp, (o) onto Hp,(0).

Proof. — The proof is the same as that of Lemma 4.9. |

Now as above we define Ng(op) = {9 €-Ng(A) : 0§ ~ oo}. If w € Wg(ap) =
Ng(0o9)/MP°, o4 can be extended to a representation oy ,, of the group MY generated by
M? and any representative n,, for w. Define T'(n,,) : W — W by

T(nw)f(m) = 00,w(nw) f(ny'mny),m € M.
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It is easy to check that
T (ny)Ipr(m) = Iy (npmng )T (ny,), m € M.
Next we define intertwining operators Bp(w) : Hy-1pw(In) — Hp(In) by
Bp(w)(g) = tw-1pu(nu) T (nw)(97), 9 € G-
Finally we define self-intertwining operators R(w, Ins) : Hp(In) — Hp(In) by
R(w,Iy) = Bp(w)R(w™'Pw : P : Iy).
Recall that in §4 we defined intertwining operators
Ap(w) : Hy-1poyw(00) — Hpo(og) and R(w,00) : Hpo(og) — Hpo(0op).

It is easy to check that

Bp(w) = Tp'Ap(w)Ty-1p,  and  R(w,Iy) = Tp'R(w,00)Tp

where Tp : Hp(Ip) — Hpo(oo) is the equivalence defined above. In particular this
implies that Bp(w) and R(w, I}s) are independent of the coset representatives chosen.
Define Ng(o) = {g € Ng(M) : 09 ~ c}. If w € Wg(0) = Ng(o)/M, o can be
extended to a representation of the group M,, generated by M and any representative n,,
for w. Denote such an extension by o, and define A%p(w) : Hy-1pyw(0) = Hp(o) by

(A/P(w)¢)(m) = Uw(nw)aw—le(nw)%¢($nw)'

LEMMA 5.10. — The intertwining operator A's(w) is independent of the choice of coset
representative n., for w € Wg(o). For wi,ws € Wg(o) there is a non-zero constant
cp(wy,wy) so that

Alp(wy,ws) = ep(wy, wg)A}(wl)A;}l_lPw1 (ws).

Proof. — The proof is exactly the same as that of Lemma 4.11. |
Finally, for w € Wg(o), we define R(w,0) : Hp(o) — Hp(o) by

R(w,0) = Ap(w)R(w™'Pw: P: o).
Note that for u € Wg(0p) we could also have defined an intertwining operator
R'(u,0) : Hp(o) — Hp(o)

by
R'(u,0) = P*R(u,Ip)S™.

We want to relate these two definitions. Let
Wg(Uo,U) = [NG(O'O) ﬂNg(O')]/MO C Wg(UO)‘
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Suppose that z € Ng(ag) N Ng(co). Then z represents an element zM° € Wg(0y,0)
and an element xM € Wg(0o). Let

p: Wg(og,0) — Wg(o)

be given by p(zM°) = M,z € Ng(o¢) N Ng(o).
LEMMA 5.11. — The mapping p is surjective. Its kernel is Wy (o) = Nas(oo)/MP.

Proof. — Let w € Wg(0) and let z € Ng(o) be a representative for w. Then of is
contained in the restriction of 0 ~ ¢ to M? so that there is m € M such that % ~ o*.
Hence w has a representative m~' € Ng(o) N Ng(0oo). Thus p is surjective. Clearly
p(zM®) = M just in case © € Ng(o9) N Ng(o) N M = Ny(op). [ |

LEMMA 5.12. — Suppose that uw € W (0y) is in the complement of Wg(0g, o). Then
R'(u,0) = 0.
If uw € Wg(00,0), then there is a complex constant ¢ so that
R'(u,0) = cR(p(u), o).
Proof. — Using Corollary 5.7, for any u € Wg(0y),
R (u,0) = P*R(u,I3;)S* = P*Bp(u)R(u™" Pu: P : I;)S*
= P*Bp(u)S*R(u"'Pu: P :0).
But for any g € G, ¢ € Hy-1pu(0), if z € Ng(oy) is a representative for u,
P*Bp(u)S*$(g) = a1 pul(z) (PT(2)8)(g2).

Since T'(x) intertwines I, and I, we see that PT'(x)S intertwines o and 0% ~ ¢*. Thus
PT(z)S = 0 and hence R'(u,o) = 0 unless o“ ~ 0.

Suppose u € Wg(0g,0). Write u = Uz, w = w, = p(u),z € Ng(oo9) N Ng(o). Then
PT(z)S and o,/(z) both intertwine ¢ and o*, and o, (z) # 0. Thus there is a complex
constant ¢’ so that PT(x)S = o (x). Thus for any g € G,

R/ (u,0)¢(9) = w1 pu()* (PT(2)S)[R(u™ P : P : 0)¢](g)
= ¢ Qy-1pu(2)?04(2)[R(u""Pu: P : 0)d](gz)
= Ap(w)R(w™ Pw : P : 0)p(g9) = ¢ R(w,a)¢p(g). ]

LemMA 5.13. — The R(w,0),w € W¢(0), span the algebra C(o) of self-intertwining
operators on Hp(o).

Proof. — Let R be a self-intertwining operator for Hp(c). Then S*RP* is a self-
intertwining operator for Hp(/as), hence in the span of the R(u,Iy),u € Wg(op). But
then R = P*S*RP*S* is in the span of the P*R(u,Iy)S* = R'(u,0),u € Wg(0y).
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But by Lemma 5.12, each R'(u,0) is either zero or a multiple of one of the operators
R(w,o0),w € Wg(o). |

LEMMA 5.14. — Let uw € Wg(og) and suppose that R(u,Iy) is scalar. Then u €
Wea(oo,0) and R(p(u),0) is scalar.

Proof. — Suppose that there is a constant s € C such R(u,In )y = sy for all
¥ € Hp(In). Since R(u,Ip) # 0,s # 0. Now for all ¢ € Hp(o),
R'(u,0)p = P*R(u, Ip)S*¢ = sP*S*¢ = s¢.

Thus R'(u,o) is scalar and non-zero. Thus by Lemma 5.12 we have u € Wg(o9,0).
Further, by Lemma 5.12, there is a constant ¢ so that R'(u,0) = cR(p(u),0). Since
R'(u,0) # 0,c # 0. Thus R(p(u),0) = ¢ ' R'(u,0) is scalar. [ |

LeEMMA 5.15. — There is a cocycle n so that
R(w1w2a ‘7) = n(wlvw2)R(w1’a)R(w27a)

Sor all wi,wy € Wg(o).

Proof. — The proof is similar to Lemma 4.12. |

As in §4, if W30 (0p) is the subgroup of elements u € Wgo(ag) such that R%(u, gy) is
scalar, then W3, (00) = W(®1) is generated by reflections in a set ®; of reduced roots
of (G, A). Let @, ®] be defined as in §4. Since M centralizes A, W (o) C Ng(A)/M
acts on roots of A and we can define

R, = {w € Wg(o) : wB € ®* for all B € ®7}.

We want to prove the following.

TeorREM 5.16. — The R(w,o),w € R,, form a basis for the algebra of intertwining
operators of Ip(o).

In order to prove Theorem 5.16, we will first compute the dimension of C(o) using
our knowledge of the dimension of C(o). We denote the equivalence classes of Ind% (o)
and Ind$(0¢) by ig (o) and ig a0 (og) respectively. Let X and Y denote the groups
of unitary characters of G/G° and M/M? respectively. For x € X, let x5 € Y denote
the restriction of x to M. Define

X(0) = {x € X : xar ® 0 2 o}

Xl(O') = {X eX x® iG,M(0> ~ 'I:G,M(U)};
Y(o)={neY:c@n~o}.
Let s denote the multiplicity of o in the restriction of o to MP°.

Lemma 5.17
dim C(0y) = dim C(0)s*[ X/ X (0)][X1(0)/ X (0)].

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



138 D. GOLDBERG AND R. HERB
Proof. — Using Lemma 2.13,

irr o (00) =S Z oQn.
n€Y/Y (o)

This implies that

iG,m(im,m0(00)) = 8 Z ig,m(0®mn).
neY/Y (o)

Since both G/G° and M/M? are finite abelian, it is clear that the map x — X induces
an isomorphism between X/X (o) and Y/Y (¢). Thus we can rewrite

ig,m(in,m0(00)) = s Z ic,m(0 ® Xnm)-
X€X/X (o)

But by Corollary 3.3 the induced representations i (0 @ xa) are either disjoint or
equal. Further,

ie,m(0® xm) =tem(0) ® x =ig,m(0)

just in case x € Xi(o). Thus we have

ic,m(im,mo(00)) = s[X1(0)/X (0] Z ic,m(0) ® X
X€X/X1(0)

where the representations i a(0) ® x are disjoint for x € X/X;(o). Thus

dim C(0¢) = dim C(0)s*[X1(0)/ X (o))} [ X/ X1(0))
= dim C(0)s*[ X/ X (0)][X1(0)/ X (7). [ |

LEmMA 5.18
s*[X/ X (0)][X1(0)/ X (0)] = [We(00)]/[We(0)]-
Proof. — First, using Lemma 2.13 we have
$°[X/X(0)] = $[Y/Y (0)] = [Nu(00)/M°) = [Wat(9)]-
We claim that
[X1(0)/ X (0)] = [Wa(00)/Wa(oo, 0)].
This would establish the lemma since by Lemma 5.11 we have
Wa(o)] = [We(oo,)/Wa(oo)]-
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We will define a bijection between X;(0)/X (o) and
(Ng(do) N Ng(U))\Ng(Uo) >~ Wg(O'(),O')\Wg(Uo).

Let x € X1(o). The equivalence class of o ® xas depends only on the coset ¥ of x in
Xi(0)/X (o). Further, by definition of X;(c), we have

i, (0 ® xm) = tg,m(0).

By Corollary 3.2 there is € Ng(A) such that 0 ® xa ~ o®. Thus o[y >~ 0%|pp0. Thus
o occurs in o0 and so there is m € M such that 6f ~ . Then y = 2m™! € Ng(oy).
Although y € Ng(0g) is not uniquely determined by x,

oQxM oY > g¥?

if and only if y195 ' € Ng(oo) N Ng (o). Thus for each ¥ € X;(0)/X (o) there is a unique
coset Z(X) = (Ng(00) N Ng(o))z in (Ng(o9) N Ng(0))\ N (o) such that xp ® o =~ .
Finally, given z € Ng(00), 0" is a constituent of 47 pr0(0%) = ipr ar0(00) so that there is
1 € Y such that 0® ~ 0 ® 1. Now let x € X such that xpy = 7. Then 0 ® xpr =~ 0” so
that 7 = Z(X). ]

Recall from §4 that Wg(oy) is the semidirect product of subgroups R,, and W (®;)
where R(w, o) is scalar for w € W(®,) and the R(r,00),7 € R,,, give a basis for C (o).

LemMmA 5.19
dim C(0) = [Wg(0)]/[W(21)].

Proof. — Combining Lemmas 5.17 and 5.18 we have

: — dim (o) . Waloo)]
dim C(0p) = dim C(0) Wa(o)]
But from Lemma 4.15, dim C(0¢) = [R,,] = [Wa(00)]/[W(21)]. |

Since W (®;) C Ngo(A)/M?, it can be naturally embedded in Wg(A) = Ng(A)/M.

LEMMA 5.20. — Wg(0) is the semidirect product of W(®,) and R,. For w € Wg(0),
R(w, o) is scalar if and only if w € W(®;).

Proof. — If x € Ngo(og) represents an element of W(®;), then by Lemma 4.14
R(ug, Ips) is scalar. Thus by Lemma 5.14, w, € Wg(o) and R(w,,o) is scalar. Let
W&(o) denote the set of all w € Wg(o) such that R(w,o) is scalar. By the above
W(®;) Cc W&(0o). Using Lemmas 5.13 and 5.19 we see that

W (@))/IW(®1)] = dim C(0) < Walo))/[WE()].
Thus W (®;) = Wl(0).
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Now as in the proof Lemma 4.14, W(®,) is a normal subgroup of Wg(o) and so
wdy = &y for all w € Wg (o). This implies that

R, = {w € W(0) : wdf = &1}

which yields the semidirect product decomposition. |

Proof of Theorem 5.16. — 1t follows from Lemmas 5.13, 5.15, and 5.20 that the R(w, o),
w € R,, span the algebra C(o). Further, by Lemmas 5.19 and 5.20,

dim C(0) = [Wa(0))/W(®1)] = [R,].

|
Let 7 be the cocycle of Lemma 5.15. Exactly as in §4 we can fix a finite central extension

1—>Z,—>Rg—>Rg—>1

over which 7 splits, a character x, of Zys, and a representation R of Rg x G on Hp(o).
Let ITI(R,, x») denote the set of irreducible representations of R, with Z,, central character
Xo» and let II,(G) denote the set of irreducible constituents of Ip(c).

THEOREM 5.21. — There is a bijection p — m, of I(R,, xo) onto I1,(G) such that

R=@®,cni, x») (p" ®m,).

Proof. — The proof is exactly the same as that of Theorem 4.17. |

6. Examples

For applications involving comparisons of representations between groups and twisted
trace formulas it is customary to use the following definition of parabolic subgroup. Let
PY be a parabolic subgroup of G°. Then P = Ng(P?) is a parabolic subgroup of G. Thus,
using this definition, parabolic subgroups of G are in one to one correspondence with
parabolic subgroups of G°. We will show that the parabolic subgroups obtained using this
definition are also parabolic subgroups using the definition of §2. However they are not
cuspidal in general. Indeed, recall from Proposition 2.10 that if PP is a parabolic subgroup
of G, then the corresponding cuspidal parabolic subgroup is the smallest parabolic subgroup
of G lying over P°. On the other hand, if P is any subgroup of G with PN G° = P?,
then P C Ng(P?). Thus Ng(PP) will be the largest parabolic subgroup of G lying over
P° We will give examples to show that this class of parabolic subgroups, which we
call N-parabolic subgroups (N for normalizer), do not yield a nice theory of parabolically
induced representations of G.

LemMA 6.1. — Let P° be a parabolic subgroup of G°. Then P = Ng(P°) is a parabolic
subgroup of G. It is the largest parabolic subgroup lying over P°. If M° is a Levi component
for P°, then M = Ng(M®) N P is a Levi component for P.
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Proof. — Let P° = M°N be a Levi decomposition of P° and define M = Ng(M°)N P.
Then M N G° = M® and MN C P. Let x € P = Ng(P°). Then zM°z~! is a
Levi subgroup of P° and so there is » € N such that zM°%~! = nM% !, Now
n~lx € Ng(M°) N Ng(P°) = M and so z € NM = MN. Thus P = MN.

Let A be the split component of M°. Then M normalizes A and we define a
Weyl group W = M/Cy;(A) where Cp(A) denotes the centralizer of A in M. Since
MP° c Cp(A), we know that W is a finite abelian group. The split component of M
isA={a€A:zar =aforallz € M} ={a € A:wa=aqaforal a e W}
Let M’ = Cg(A'). If we can show that A’ is the split component of M’, then A’ is a
special vector subgroup.

Let &t = ®(P° A) denote the set of roots of A in P°, a the real Lie algebra of
A, and a* the positive chamber of a with respect to ®*. Fix w € W and define
a, = {H € a : wH = H}. Since M normalizes P°, we have w®™ = &+ and
wat = a™. Let k be the order of w. Then since a* is convex, for any H € a* we have
H,=H+wH+w?H + ...+ w*'H € a* with wH,, = H,,. Thus af, = a,Nat #0
and so for any a € @, the restriction of « to g,, is non-zero. Since W is a finite abelian
group, an easy induction argument shows in fact that the restriction of « to a’, the real Lie
algebra of A’, is non-zero for every a € ®F. Thus M' NG® = Cgo(A’) = Cgo(A) = M°.

Let A” be the split component of M’. Thus A’ C A”. But since M’ N G° = M° and
M C M', we have A” = {a € A:zax™' =aforallz € M'} C A’ . Thus A’ = A"
is the split component of M’. This implies that A’ is a special vector subgroup and that
M’ = Cg(A’) is a Levi subgroup of G. But since the restriction of « to a’, is non-zero for
every a € T, we can choose a set of positive roots (®')* of L(G) with respect to L(A")
by restricting the roots in ®*. With this choice of positive roots, we obtain a parabolic
subgroup P’ = M'N’ of G with N’ = N. Thus M’ normalizes N. It also normalizes
MP° since M' N G° = MP°. Thus M’ C Ng(M®°) N Ng(P°) = M. Now M’ = M so
P'=MN =P. |

Let (PJ,Ap) be a minimal p-pair in G° and let A denote the set of simple
roots of Ag in PP. Then as usual the standard parabolic subgroups of G° are
indexed by subsets © of A. Write (P3,Ae) for the standard parabolic pair of G°
corresponding to © C A and writt Po = Ng(P3), the N-parabolic subgroup of G
lying over P3. Let Ng(P¢,Ap) be the set of elements in G that normalize both
Ay and PQ. Clearly Ng(PQ,A0) N G = P{ N Ngo(Ag) = Cqo(Ag) = M. Write
Wa (P2, Ag) = Ng(P§,Ag)/MQ. Then Wg(P?, Ap) acts on A and for each © C A
we write

W(O) = {w € Wg(PJ, Ag) : wO = O}.
LEMMA 6.2. — For all © C A,
Po = Uyew @ wPs.
Proof. — This follows from Lemma 3.8. |
Now that we have a simple method of computing the groups Py, we will give examples

to show the following unpleasant facts.
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Fact 6.3. — Let P and Py be parabolic subgroups of G° and let P; = Ng(P?),i = 1,2.
Then P) C PJ does not imply that P; C P;.

EXAMPLE 6.4. — Let G = O(2n),n > 2. Then G° = SO(2n) and the minimal parabolic
subgroup B of G° is the group of upper triangular matrices in SO(2n) with A the
subgroup of diagonal matrices. The simple roots are

A= {61 —€2,€2 —€3,...,6n_1 — €n,€np_1+ en}-

The Weyl group Wg(B° Ag) has order two and is generated by the sign change
Cn : €, — —e, that interchanges e,_; — e, and e,_; + e,. Thus a subset © of A
is stable under ¢, just in case neither or both of e,,_; £ e, belong to ©. So for example if
O = {en—1 — €, }, then B® C P, but B = B° U ¢, B is not contained in Py = P3.

We call P a minimal N-parabolic subgroup of G if given any N-parabolic subgroup P
of G there is x € G such that Py C zPz~1.

Fact 6.5. — G need not have a minimal N-parabolic subgroup.

Suppose P, is a minimal N-parabolic subgroup of G. Then it is easy to see that
PY = PyNG? is a minimal parabolic subgroup of G°. Now by Lemma 6.2, Py meets every
connected component of G. But as Example 6.4 shows, there are N-parabolic subgroups of
O(2n) which are contained in the identity component SO(2n). Thus no conjugate could
contain the minimal N-parabolic subgroup.

If P° = M°N is a Levi decomposition for P°, then we obtained a Levi decomposition
P = MN for P = Ng(P°) by defining M = Ng(M°) N P. Thus M depends on both
M° and P.

Fact 6.6. — Suppose that P, = M;N; and P, = M N, are N-parabolic subgroups of G
such that M = MY, i.e. P and P) have the same Levi subgroup. Then it need not be true
that M; = Mb>, or even that M; and M, have the same number of connected components.

ExampLE 6.7. — Let G = O(8) as in Example 6.4. Let P; = Pg, where O; = {e3 — €4}
and let Py = Po, where ©, = {e; — e2}. Then P; = P{ is connected and
P} = (P})°Ucy(Py)° meets both components of G. Let w = (13)(24) € Ng(Ay)/Ap be the
Weyl group element that permutes the pairs (eg, e3) and (es, €4) and define P, = wPjw™?.
Then wAe,w™! = Ag, and so PY = w(Py)°w=! and P both have Levi component
MY = Cgo(Ae,). However M; = M7 is connected and My = MY U co MY meets both
components of G.

In addition to structural problems, the class of N-parabolic subgroups does not yield a
nice theory of parabolic induction. One of the basic cornerstones of representation theory
in the connected case is that every irreducible admissible representation is contained in a
representation which is parabolically induced from a supercuspidal representation and every
tempered representation is a subrepresentation of a representation which is parabolically
induced from a discrete series representation. But if supercuspidal and discrete series
representations are defined as in the connected case and in §2, then the Levi component M
of a parabolic subgroup P has no supercuspidal or discrete series representations unless
P is cuspidal. Thus we will not in general be able to obtain all irreducible admissible
or tempered representations of G via induction from supercuspidal or discrete series
representations of N-parabolic subgroups.
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ExaMPLE 6.8. — Define G = O(2) = SO(2) UwSO(2) as in Remark 2.2. The only
parabolic subgroup of G° = SO(2) ~ F* is itself. Thus the only N-parabolic subgroup of
G is Ng(G°) = G itself which has split component Z = {1}. But G has no representations
with compactly supported matrix coefficients, hence no supercuspidal representations. It
also has no representations with square-integrable matrix coefficients, hence no discrete
series representations.

As can be seen in Example 6.8, the problem with using the standard definitions for
supercuspidal and discrete series representations with N-parabolic subgroups P = M N is
that the split component of M may be smaller than the split component of M°. In order
to guarantee the existence of enough supercuspidal and discrete series representations we
could define a representation of M to be supercuspidal (respectively discrete series) just in
case its restriction to M? is supercuspidal (respectively discrete series). Then it would be
easy to prove as in Theorem 2.18 that every irreducible admissible (respectively tempered)
representation of G is contained in a representation which is induced from a supercuspidal
(respectively discrete series) representation of an N-parabolic subgroup.

Another basic property of parabolic induction in the connected case is the following.
Suppose that P, = M;N; and P, = M,N, are parabolic subgroups and o;,7 = 1,2, are
irreducible representations of M; which are both either supercuspidal or discrete series.
Then if the induced representations Indgi(ai) are not disjoint, then the pairs (M1, 01) and
(Ms,02) are conjugate. Further, in the discrete series case, the induced representations
are equivalent. These properties fail in the disconnected case when the P; are N-parabolic
subgroups of G and supercuspidal and discrete series representations are defined as above.

EXAMPLE 6.9. — Let G = O(8) and define P; and P, as in Example 6.7. Recall in this
case that M; = M ~ GL(2)x GL(1)? while My = M9Uco MY ~ GL(2)x GL(1)x O(2)
with MY = GL(2) x GL(1) x SO(2) = M}. Let 0y = p®x1 ® X2 be an irreducible unitary
supercuspidal representation of MY = MJ where p is an irreducible unitary supercuspidal
representation of GL(2), x; is a unitary character of GL(1), and x- is a non-trivial unitary
character of GL(1) with x3 = 1. Then 65> = p® x1 ® x5 - = 0y so there is an irreducible
representation oo of M, which extends . Further,

Ind%ﬁ, (00) =02® (02®@7)

where 7 is the non-trivial character of M, /MS The representations o2 and g3 @ 1 of M,
would both be supercuspidal (and discrete series) since they both restrict to oy on M. Now

Indfo (00) ~ Ind, Indﬁz)(ao) = Ind$, (02) ® Ind§, (02 ® n).

Since P and PJ are parabolic subgroups of G° with the same Levi component
MY = MY we have

Indglg (09) =~ IndIGJE(aO).

But 01 = 0y is an irreducible supercuspidal (and discrete series) representation of M; = M}
and

Indgl (0’1) = Indglo (0'0) >~ Indgo Ind,ci; (0'0)

~ Indgolndg;;(ao) Y Indgg (00) ~ Ind§, (02) @ Indg, (o2 ® n).
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Thus we have irreducible supercuspidal (and discrete series) representations o; of M;
and o, of My so that

Indg1 (01) ~ Ind, (02) ® Ind,cf.2 (02 ®@1).

Clearly M; and M, cannot be conjugate in G since M, is connected while M, is not.
Further, the representations Indgi (0;) have a nontrivial intertwining, but are not equivalent.

A final nice property of parabolic induction in the connected case is the theory of
R-groups. If P = MN is a parabolic subgroup and o is an irreducible discrete series
representation of M, then R is a subgroup of W (o), the group of Weyl group elements
fixing o, which determines the reducibility of Indg(o). Its most basic property is that the
dimension of the algebra of self-intertwining operators of Indg(a) is equal to the number
of elements in K. The following example shows that there could not be such a simple
R-group theory in the disconnected case for N-parabolic subgroups.

ExampLE 6.10. — Let G° = SLy(F) x SLy(F) = {(z,y) : z,y € SLy(F)}. Let
G = G°U~G® where y(z,y)y"! = (y,z). Let By = A;N; denote the usual Borel
subgroup of G; = SLy(F) where A; is the subgroup of diagonal elements and N; is the
subgroup of upper triangular matrices with ones on the diagonal. Then B® = B; x B; is a
Borel subgroup of G® and B = Ng(B°) = B°UyB°. B and B have Levi decompositions
B° = M°N and B = MN where M° = A° = A; x A,,M = M° U~yMP°, and
N = N; x N;. We have Weyl groups W(G°, A%) = W(Gy, A1) x W (G, A1) ~ Zy X Zy
and W(G, A%) = W(G°, A%) UyW(G°, A%) ~ Dg, the dihedral group of order 8.

Let x1 be a non-trivial character of A; ~ F* of order two so that Indgi (x1) =
m @ 7, is a reducible principal series representation. Note that the R-group here is
R, = W(G1,A;) ~ Z, and we denote the irreducible constituents of the induced
representation by my, 7, to indicate that they are parameterized by the trivial and sign
characters p; and ps of R; respectively. Now let x = x1 ® x1. Then

Indgg(X) =~ (7‘-1 @ 7Ts) ® (ﬂ-l 57 775) = T11 @D T1s @ Ts1 &%) Tss

where for i,5 € {1, s}, we write m;; = m; ® m;. Note that 7; ~ m;;, so that 7; ~ m;; if
and only if ¢ = j. Let II;; be an irreducible representation of G such that ;; is contained
in the restriction of II;; to G°. Then if ¢ = j we have

Indgo (mi;) = Ii; @ (IL;; ® )
where 7 is the non-trivial character of G/G° and II;; ® n # I1,;. If i # j we have
Ind&o (m;;) = Ii; =~ I; = Ind&o (7).
In this case we also have II;; ® n ~ II;;. Thus we have

Ind(B;o (X) = Indgo(ﬂ'u D s BTs1 D 7('55)
=11 @& (1 ®@n) © e ® (s @ n) © 2104,.

Note that the aboove decompositions are reflected in the R-groups as follows. First, the
R-group for Ind$o(x) is given by R® = Ry x Ry = W(G®,A%) ~ Z, X Z,. It has
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4 characters p?j = p; @ pj,i,j € {1, s} corresponding to the irreducible representations
;. The R-group for Ind$e(x) is R = W(G, Ap) = R° U~RC. By abuse of notation
we will denote the non-trivial character of R/R° by the same letter  as used above for
the non-trivial character of G/G° and below for the non-trivial character of M/M?°. The
irreducible representations of R are the characters p;; and p;; ® n where

Indfo (%) = pii ® (pii © 1)
and the two-dimensional irreducible representation
Indo (p3,) = p1s = Indo (p)-
Thus we have the irreducible constituents of Indgo(x) parameterized by the irreducible
representations of R and occurring with multiplicities given by the degrees of the

corresponding representations.
Now we consider Ind}s,(x). Since M = M° U~yM?° and x” = x, we have

Indjre(x) = 0 ® (0 ® 1)

where o, 0 @ are distinct one-dimensional unitary representations of M which restrict to x
on M°. Now, using transitivity of induction and properties of tensor products, we can write

Ind%, (x) ~ IndGInd3% (x)
~ Ind$ (o) @ Ind$ (0 @ n).

Now since Ind%(c ® n) ~ Ind§ (o) ® n, we see that

Ind§ (o) & (Ind§ () ® n) ~
I @ (II1; ® ) @ IL,s @ (s @ 1) & 21145.

Thus we can assume that II,;,II;; were chosen so that
nd$ (o) ~ Iy @ I, @ I,

and
Ind§(oc @n) ~ (I ®n) ® (s ® n) © ;.

This example exhibits a number of unpleasant features. First, we have irreducible discrete
series representations o, = ¢ and 0y = o ® 7 of B such that Ind%(o;) and Ind$ (o)
have a non-trivial intertwining, but are not equivalent. Second, Ind% () has 3 inequivalent
irreducible subrepresentations, each occuring with multiplicity one, so that the dimension
of its space of intertwining operators is 3. There are no subgroups of any possible Weyl
groups here with order 3.
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