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REALIZATION THEORY FOR LINEAR AND BILINEAR SWITCHED SYSTEMS:
A FORMAL POWER SERIES APPROACH

PART I: REALIZATION THEORY OF LINEAR SWITCHED SYSTEMS ∗

Mihály Petreczky1

Abstract. The paper represents the first part of a series of papers on realization theory of switched
systems. Part I presents realization theory of linear switched systems, Part II presents realization
theory of bilinear switched systems. More precisely, in Part I necessary and sufficient conditions are
formulated for a family of input-output maps to be realizable by a linear switched system and a
characterization of minimal realizations is presented. The paper treats two types of switched systems.
The first one is when all switching sequences are allowed. The second one is when only a subset of
switching sequences is admissible, but within this restricted set the switching times are arbitrary. The
paper uses the theory of formal power series to derive the results on realization theory.
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1. Introduction

In Part I and Part II of the current series of papers we develop realization theory for the linear switched
systems and bilinear switched systems. Realization theory is one of central topics of systems theory. In addition
to its theoretical relevance, realization theory is potentially useful for control, model reduction, and systems
identification. Switched systems are one of the best studied subclasses of hybrid systems, see [15] for a survey.

Problem statement. We address the following problems.
(1) Existence and minimality: arbitrary switching. Find conditions for the existence and minimality

of a linear (bilinear) switched system realizing a given set of input-output maps Φ.
(2) Existence and minimality: constrained switching. Assume that a set of admissible switching

sequences is defined. Assume that the switching times of the admissible switching sequences are arbi-
trary. Consider a set of input-output maps Φ defined only for the admissible sequences. Find conditions
for the existence and minimality of a linear (bilinear) switched system realizing Φ.

The motivation of the Problem 2 is the following. Assume that the switching is controlled by a finite automaton
and the discrete modes are the states of this automaton. Assume that the automaton is driven by external
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events, which can trigger a discrete-state transition at any time. Then the traces of this automaton combined
with arbitrary switching times give us the admissible switching sequences. If we can solve Problem 2 for which
the corresponding set of admissible sequences of discrete modes is a regular language, then we can solve the
realization problem for the hybrid systems sketched above, if the automaton is known in advance.

Contribution. First, the paper presents a complete realization theory for linear and bilinear switched systems.
Second, the paper demonstrates the usefulness of the theory of rational formal power series in studying hybrid
systems. More precisely, in this series of papers we prove the following.

• A linear (bilinear) switched system is a minimal realization of a set of input-output maps if and only
if it is observable and semi-reachable from the set of states which induce the input-output maps of the
given set. Minimal linear (bilinear) switched systems are unique up to similarity. Each linear (bilinear)
switched system can be transformed to a minimal one realizing the same set of input-output maps.

• A set of input/output maps is realizable by a linear (bilinear) switched system if and only if it has a
generalized kernel representation (generalized Fliess-series expansion) and the rank of its Hankel-matrix
is finite. A minimal realization can be constructed from the columns of the Hankel-matrix.

• Consider a set of input-output maps Φ defined on some subset of switching sequences for which the
switching times are arbitrary, and the sequence of discrete modes belong a regular language L. Then
Φ has a realization by a linear (bilinear) switched system if and only if Φ has a generalized kernel
representation (has a generalized Fliess-series expansion) and its Hankel-matrix is of finite rank. Again,
there exists a procedure to construct a realization from the columns of the Hankel-matrix. The procedure
yields an observable and semi-reachable realization of Φ. But this realization is not a realization with
the smallest state-space dimension possible.

It turns out that realization theory of both linear and bilinear switched systems can be reformulated in terms
of the theory of rational formal power series. Exactly this similarity prompted us to treat linear and bilinear
switched systems within a single series of papers. Rational formal power series were introduced several decades
ago in computer science and control theory, see [1,5,14,23–25]. For the purposes of this paper, we had to extend
the existing results, which deal with a single formal power series, to families of formal power series.

Prior work. For realization theory for hybrid systems other than switched systems, see [17,19]. The paper [16]
developed realization theory for linear switched systems using elementary techniques, but results of this paper
are more general. The papers [18,21] can be viewed as short versions of parts of the current paper, but they
do not contain detailed proofs. The current paper contains all the results of [18,21] and also provides all the
proofs. The thesis [20] contains all the results and the proofs of the paper.

Relationship with nonlinear realization theory. The approach to the realization theory taken in this paper
was inspired by the realization theory of nonlinear systems [3,5–7,12,13,22,24,25,27]. In particular, realization
theory of bilinear systems was presented in [3,9,10,24,25] and was again based on formal power series in non-
commuting variables. Intuitively, the reason why formal power series are applicable for both nonlinear and
switched systems is that switched systems can be viewed as nonlinear systems whose inputs are the switching
sequences and continuous-valued input functions. Unfortunately, the existing results on realization theory of
nonlinear systems did not seem to be directly applicable to switched systems. First, the classes of systems for
which nonlinear realization theory exists are different from bilinear and linear switched systems. Second, the
existing results do not seem to include the case of constrained switching. Third, to the best of our knowledge,
the existing results do not deal with families of input-output maps, except [28], where sufficient conditions
for realizability of families of input-output maps by rational control systems were presented. However, in [28]
minimality was not addressed and the class of control systems considered is very different from switched systems.

Outline. The current paper represents the first part of a series of papers. In Part I we present realization
theory for linear switched systems. In Part II we present realization theory for bilinear switched systems. The
outline of the paper is the following. Section 2 describes some properties and concepts related to switched
systems which are used in the rest of the paper. In Section 3 we present the main results on linear switched
systems. Section 4 contains the necessary extension of the classical results on formal power series. In Section 5
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the proof of the results on realization theory of linear switched systems is presented. In Appendix A we present
the proof of certain technical results on linear switched systems. In Appendix B we present the proofs of the
results on formal power series presented in Section 4.

2. Switched systems

We will start with fixing some notation and terminology which will be used throughout the paper.

2.1. Notation and terminology

Denote by T the time-axis, i.e. T = [0, +∞) ⊆ R is the set of non-negative reals. Denote by PC(T, Rm),
m > 0 the class of piecewise-continuous maps from T to Rm, i.e. for f ∈ PC(T, Rm), f has finitely many points
of discontinuity on each finite interval [0, t], t ∈ T , and at each point of discontinuity the right- and left-hand
side limits exist and they are finite. Denote by N the set of natural number including 0. We identify any
constant function with its value. For any function g the range of g will be denoted by Imf . For two functions
f and g, g ◦ f denotes the composition of g and f , i.e. g ◦ f(a) = g(f(a)) for any a in the domain of f . If X is
a vector space and Z ⊆ X , then SpanZ denotes the linear span of elements of Z. If F1 and F2 are two linear
maps, then F1F2 denotes the composition F1 ◦F2. If x ∈ X , then F1x denotes the value F1(x). For any m > 0,
ej denotes the jth unit vector of Rm, i.e. ej = (δ1j , δ2j , . . . , δmj) where δij is the Kronecker symbol, i.e. δij = 1
if i = j and δij = 0 if i �= j, for all i, j = 1, . . . , m. The cardinality of a set A is denoted by |A|.

We use the notation of [11] for infinite matrices. Let I and J be two arbitrary sets. A (real) matrix M with
column index set J and row index set I is simply a map M : I ×J → R. The set of all such matrices is denoted
by R

I×J . The entry of M indexed by the row index i ∈ I and column index j ∈ J is defined as Mi,j = M(i, j).
For a matrix M ∈ RI×J , the columns of M are maps of the form I → R, i.e. the column of M indexed by j ∈ J ,
denote by M.,j, is the map I � i 	→ Mi,j ∈ R. The set of maps of the form I → R is denoted by RI . Notice that
RI forms a vector space with respect to point-wise addition and multiplication by scalar, i.e. if f, g ∈ RI and
α, β ∈ R, then αf + βg ∈ RI is defined by (αf + βg)(i) = αf(i) + βg(i) for all i ∈ I. The rank of M , denoted
by rank M ∈ N ∪ {∞}, is the dimension of the linear subspace of RI spanned by the columns of M .

Notation 2.1 (high-order partial derivatives). Let φ : Rk → Rp×m be a smooth map. Consider a k tuple
α = (α1, α2, . . . , αk) ∈ N

k. We denote by Dαφ the following partial derivative

Dαφ =
dα1

dtα1
1

dα2

dtα2
2

· · · dαk

dtαk

k

φ(t1, t2, . . . , tk)|t1=t2=...=tk=0.

If m = 1, then φ can be viewed as a map of the form φ : Rk → Rp and the notation above still applies.

Notation 2.2 (time shift). For f ∈ PC(T, Rm) and for any t ∈ T denote by Shifttf the map defined by
Shiftt(f) : T � τ 	→ f(t + τ). Notice that Shiftt(f) ∈ PC(T, Rm).

The notation described below is standard in automata theory, see [4,8]. Consider a (possibly infinite) set X .
Denote by X∗ the set of finite sequences (referred to as words or strings) of elements of X . The length of a
word of w ∈ X∗ is denoted by |w|. The empty sequence (word) is denoted by ε. A word w ∈ X∗ can always
be written as w = a1a2 . . . ak for some a1, a2, . . . , ak ∈ X and k ≥ 0; if k = 0 then by convention w = ε. Note
that |ε| = 0. We denote by X+ the set of of non-empty words over X , i.e. X+ = X∗ \ {ε}. For two words
v = v1v2 . . . vk ∈ X∗, and w = w1w2 . . . wm ∈ X∗, v1, v2, . . . , vk, w1, w2, . . . , wm ∈ X , define the concatenation
vw ∈ X∗ of v and w as the the word vw = v1v2 . . . vkw1w2 . . . wm. In particular, if v = ε, then vw = w and if
w = ε, then vw = v. If w ∈ X+, then wk denotes the word ww . . . w︸ ︷︷ ︸

k-times

. Here w0 = ε. If X is finite, we call any

subset L ⊆ X∗ a language. A language is regular if it can be recognized by a finite-state automaton, see [4,8].
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2.2. Definition of switched systems

Below we will present the definition of switched systems and some basic system theoretic notions.

Definition 2.1 (switched systems). A switched system Σ is a control system of the form

ẋ(t) = fq(t)(x(t), u(t)) and y(t) = hq(t)(x(t)). (2.1)

Here x(t) ∈ Rn, n > 0 is the continuous state at time t ∈ T , y(t) ∈ Rp, p > 0 is the continuous output at time t,
q(t) ∈ Q is the discrete mode at time t and u(t) ∈ Rm, m > 0 is the continuous input at time t. Consequently,
X = R

n is the continuous state-space, Y = R
p is the continuous output-space, U = R

m is the continuous
input-space, and Q is the finite set of discrete modes (discrete states). For each discrete mode q ∈ Q, the vector
field fq : X × U → X is smooth in both variables x and u, and globally Lipschitz in x, and the readout map
hq : X → Y is smooth. The dimension of Σ, denoted by dim Σ, is the dimension dimX of X .

Notation 2.3. In the rest of the paper we use the symbols U = Rm, Y = Rp and Q to denote the continuous-
valued inputs, outputs and the set of discrete modes respectively.

In the rest of the section, Σ denotes a switched system of the form (2.1). Informally, the state trajectory
x : T → X is a continuous and piecewise-differentiable function which satisfies the differential equation (2.1) for
a given initial state x(0) = x0, input u ∈ PC(T,U) and piecewise-constant switching signal q(.) : T → Q. The
output signal y(t) is obtained from x(t) by applying the readout map hq(t). That is, both the switching signals
and the piecewise-continuous inputs are viewed as the inputs to the switched system Σ. Below we define state-
and input-output behavior of switched systems more rigorously. To this end, we need the following notation.
In the rest of the section, Σ denotes a switched system of the form (2.1).

Definition 2.2 (switching sequences). A switching sequence is a sequence of the form w = (q1, t1)(q2, t2) . . .
(qk, tk), where q1, . . . , qk ∈ Q are discrete modes and t1, . . . , tk denote the switching times and k ≥ 0. The set
of all switching sequences are denoted by (Q × T )∗. If k = 0 above, then we say that w is an empty sequence
and we denote it by ε. We denote the set of all non-empty switching sequences by (Q × T )+.

The interpretation of the sequence w = (q1, t1)(q2, t2) . . . (qk, tk) is the following. From time instance 0 to
time instance t1 the active discrete mode is q1, i.e. the value of the switching signal is q1, from t1 to t1 + t2 the
value of the switching signal is q2, from t1 + t2 to t1 + t2 + t3 the value of the switching signal is q3, and so on.
Next we define the state and output trajectories of switched systems.

Definition 2.3 (state and output trajectories). Let u ∈ PC(T,U) be an input and w = (q1, t2)(q2, t2) . . . (qk, tk)
∈ (Q × T )∗ be a switching sequence. The state of Σ reached from the state x0 ∈ X with the inputs u and w is
denoted by xΣ(x0, u, w) and it is defined as follows. If k = 0, i.e. w = ε, then xΣ(x0, u, w) = x0. If k > 0, then

xΣ(x0, u, w) = F (qk, Shift∑k−1
i=1 ti

(u), tk) ◦ F (qk−1, Shift∑k−2
i=1 ti

(u), tk−1) ◦ . . . ◦ F (q1, u, t1)(x0). (2.2)

Recall from Notation 2.2 that Shiftt(u) denotes the shift of u by time t. The function F (q, u, t) : X → X
maps x0 to the solution x(t) of the differential equation ẋ(t) = fq(x(t), u(t)) at time t with the initial condition
x(0) = x0.

Assume w is non-empty, i.e. k > 0. The output generated by Σ if started from initial state x0 and fed with
the inputs u and w is denoted by yΣ(x0, u, w) ∈ Y, and it is defined by yΣ(x, u, w) = hqk

(xΣ(x, u, w)).

Definition 2.4 (input-output maps). Consider a state x0 ∈ X of Σ. Define the input-output map of Σ induced
by the state x0 as the map yΣ(x0, ., .) : PC(T,U) × (Q × T )+ → Y such that for all input u ∈ PC(T,U) and
switching sequence w ∈ (Q × T )+, yΣ(x0, ., .)(u, w) = yΣ(x0, u, w).

The reachable set of the system Σ from a set of initial states X0 ⊆ X is defined by

Reach(Σ,X0) = {xΣ(x0, u, w) ∈ X | u ∈ PC(T,U), w ∈ (Q × T )∗, x0 ∈ X0}. (2.3)
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That is, Reach(Σ,X0) is the set of all those states which can be reached from an initial state in X0 by applying
some continuous-valued input and some finite switching sequence.

Definition 2.5 (reachability and semi-reachability). Σ is said to be reachable from X0 if Reach(Σ,X0) = X .
Σ is semi-reachable from X0 if X is the smallest vector space containing Reach(Σ,X0).

I.e., Σ is semi-reachable from X0 if the linear span of the states reachable from X0 yields the whole state-space.

Definition 2.6. Two states x1 �= x2 ∈ X of Σ are indistinguishable if the input-output maps induced by x1

and x2 coincide, i.e. yΣ(x1, ., .) = yΣ(x2, ., .). Σ is observable if it has no pair of indistinguishable states.

In other words, x1 �= x2 are indistinguishable, if and only if for all continuous-valued inputs u ∈ PC(T,U)
and switching sequences w ∈ (Q × T )+, yΣ(x1, u, w) = yΣ(x2, u, w).

From the discussion above it follows that the potential input-output maps of switched systems are maps of
the form f : PC(T,U) × (Q × T )+ → Y. Below we define the class of input-output maps of interest formally.

Definition 2.7 (input-output maps: arbitrary switching). An input-output map defined for arbitrary switching
is a map of the form f : PC(T,U)× (Q×T )+ → Y. The set of all such maps will be denoted by F (PC(T,U)×
(Q × T )+,Y). A family of input-output maps defined for arbitrary switching (family of input-output maps in
short) is just a (possibly infinite) subset of F (PC(T,U) × (Q × T )+,Y).

In this paper we will be concerned with realizations of families of input-output maps. We formalize this
notion as follows. Consider a family Φ ⊆ F (PC(T,U) × (Q × T )+,Y) of input-output maps.

Definition 2.8 (realization of input-output maps: arbitrary switching). The family Φ is said to be realized by
a switched system Σ if there exists a map μ : Φ → X , which maps each input-output map f from Φ to a state
μ(f) of Σ, such that f = yΣ(μ(f), ., .), i.e. for each f ∈ Φ, u ∈ PC(T,U), w ∈ (Q × T )+,

yΣ(μ(f), u, w) = f(u, w). (2.4)

One can think of the map μ as a way to determine the corresponding initial state for each element of Φ. In
the sequel we will mainly deal with pairs (Σ, μ) where Σ is a switched system of the form (2.1) and μ : Φ → X
is a map assigning to each input-output map f a state of Σ. This prompts us to introduce the notion of a
switched system realization.

Definition 2.9 (switched system realizations). We refer to the pair (Σ, μ), where μ : Φ → X is a map mapping
elements of Φ to the states of Σ, as realizations. A realization (Σ, μ) is a realization of the family of input-output
maps Φ, if (2.4) holds for all f ∈ Φ, u ∈ PC(T,U) and w ∈ (Q × T )+.

Note that not any realization (Σ, μ) with μ : Φ → X is a realization of Φ.

Definition 2.10 (observability and semi-reachability of realizations: arbitrary switching). The realization
(Σ, μ) is semi-reachable , if Σ is semi-reachable from the range Imμ of μ; (Σ, μ) is observable, if Σ is observable.

In this paper we also investigate realization theory for input-output maps which are defined only for a subset
of switching sequences. In order to state the problem formally, we need additional notation and terminology.
Let L ⊆ Q+ be the set of admissible sequences of discrete modes. The set L contains all those sequences of
discrete modes along which the switched system is allowed to switch. Note that L can be viewed as a language
over the finite alphabet Q formed by the discrete modes. In order to make the discussion of results easier, we
will introduce a separate term for denoting the set of switching sequences which are admissible according to L.

Definition 2.11. Define the subset of admissible switching sequences TL ⊆ (Q × T )+ associated with L by

TL = {(q1, t1)(q2, t2) . . . (qk, tk) ∈ (Q × T )+ | q1q2 . . . qk ∈ L, k > 0, t1, . . . , tk ∈ T, q1, . . . , qk ∈ Q}. (2.5)
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That is, TL is the set of those switching sequences, for which the sequence of discrete modes belongs to L and
the switching times are arbitrary. If L = Q+ then TL = (Q × T )+, i.e. any switching sequences is admissible.

Next, we formulate the counterparts of Definitions 2.7–2.10 i.e. we define the concept of input-output map,
realization by a switched system, switched system realization, etc. for the case of constrained switching. For
L = Q+ the new definitions are equivalent to the ones for arbitrary switching.

Definition 2.12 (input-output maps: constrained switching). The input-output maps with the switching con-
straint L are maps the form f : PC(T,U) × TL → Y, where TL is the set of admissible switching sequences
from (2.5). We denote the set of all such input-output maps by F (PC(T,U)×TL,Y). A family of input-output
maps with the switching constraint L is an arbitrary subset of F (PC(T,U) × TL,Y).

Let Φ ⊆ F (PC(T,U) × TL,Y) be a family of input-output maps with the switching constraint L.

Definition 2.13 (realization by switched systems: constrained switching). The switched system Σ realizes Φ
with constraint L if there exists a map μ : Φ → X such that for each f ∈ Φ, the restriction of the input-output
map yΣ(μ(f), ., .) to the set TL coincides with f , i.e for each f ∈ Φ, u ∈ PC(T,U) and for all w ∈ TL,

yΣ(μ(f), u, w) = f(u, w). (2.6)

Definition 2.14 (switched system realizations: constrained switching). We refer to pairs (Σ, μ), where Σ is
a switched system and μ : Φ → X is a map as realizations. We will say that (Σ, μ) is a realization of Φ with
constraint L, if (2.6) holds for all f ∈ Φ, u ∈ PC(T,U) and w ∈ TL.

Definition 2.15. The realization (Σ, μ) with μ : Φ → X is semi-reachable, if it is semi-reachable from the
range Imμ of μ according to Definition 2.5; (Σ, μ) is observable, if Σ is observable according to Definition 2.6.

Notice that in Definition 2.15 semi-reachability and observability of Σ is understood as a property involving
all (including non-admissible) switching sequences. Just as before, the map μ can be thought of as a way to
specify initial states of the system Σ.

Remark 2.1 (abuse of terminology). Note that if L = Q+, then Definitions 2.12, 2.13, 2.14 and 2.15 are
equivalent to Definitions 2.7, 2.8, 2.9 and 2.10 respectively. This leads us to adopt the following abuse of
terminology. In the sequel we will not specify explicitly whether we mean realization with constrained or
arbitrary switching as long as it is clear from the context.

3. Main results on realization theory for linear switched systems

The purpose of this section is to present formally the main results of the paper on realization theory of linear
switched systems. In Section 3.1 we will present the definition and some basic properties of linear switched
systems. In Section 3.2 we will describe the main results on minimality of linear switched systems. In Section 3.3
we will state the necessary and sufficient conditions for existence of a linear switched systems realization of a
family of input-output maps.

3.1. Definition and basic properties of linear switched systems

Informally, a linear switched system is a switched system, such that for each discrete mode, the underlying
continuous system is a finite dimensional linear time-invariant system.

Definition 3.1 (linear switched systems). A linear switched system Σ is a switched system of the form (2.1),
such that for each discrete mode q ∈ Q, there exist matrices Aq ∈ Rn×n, Bq ∈ Rn×m and Cq ∈ Rp×n, such that

fq(x, u) = Aqx + Bqu and hq(x) = Cqx. (3.1)

We use the following notation for linear switched systems above; Σ = (X,U ,Y, Q, {(Aq , Bq, Cq) | q ∈ Q}).
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Since linear switched systems are switched systems, we will use the same notation and definitions, i.e. the
same notion of state and output trajectory, realization, observability, semi-reachability, etc., as described in
Section 2. Next we define the notion of minimality for linear switched systems. To this end, recall that the
dimension of a linear switched system equals the dimension of its state-space. Let Φ be a family of input-output
maps defined either for arbitrary or for constrained switching. In the sequel, a linear switched system realization
means a switched system realization (Σ, μ) such that Σ is a linear switched system.

Definition 3.2 (minimality). A linear switched system realization (Σ, μ) is a minimal realization of Φ if (Σ, μ)
is a realization of Φ and for any linear switched system realization (Σ̂, μ̂), of Φ, it holds that dim Σ ≤ dim Σ̂.
The linear switched system Σ is a minimal realization of Φ, if (Σ, μ) is a minimal realization of Φ for some μ.

That is, a linear switched system is a minimal realization of Φ if it has the smallest state-space dimension
among all the linear switched systems which are realizations of Φ. Notice that a linear switched system can be
a minimal realization for Φ and can fail to be a minimal realization for another family of input-output maps.

Definition 3.3 (linear switched system morphism). Consider the linear switched systems

Σ1 = (X,U ,Y, Q, {(Aq, Bq, Cq) | q ∈ Q}) and Σ2 = (Xa,U ,Y, Q, {(Aa
q , Ba

q , Ca
q ) | q ∈ Q}).

Assume that Φ is a family of input-output maps and μ1 : Φ → X , μ2 : Φ → Xa. A linear switched system
morphism S from (Σ1, μ1) to (Σ2, μ2), denoted by S : (Σ, μ1) → (Σ2, μ2), is a linear map S : X → Xa such that

∀q ∈ Q : Aa
qS = SAq, Ba

q = SBq, Ca
q S = Cq and ∀f ∈ Φ : Sμ1(f) = μ2(f). (3.2)

The linear switched morphism S is called surjective, injective or isomorphism, if it is surjective, injective,
respectively isomorphism as a linear map. The linear switched systems realizations (Σ1, μ1) and (Σ2, μ2) are
said to be algebraically similar or isomorphic if there exists an isomorphism S : (Σ1, μ1) → (Σ2, μ2).

Finally, we recall from [26] some basic fact on linear switched systems.

Theorem 3.1 (state- and output-trajectory [26]). For any linear switched system Σ of the form (3.1), the
state and output trajectories are of the following form. For each input u ∈ PC(T,U), initial state x0 ∈ X and
switching sequence w = (q1, t1)(q2, t2) . . . (qk, tk) ∈ (Q × T )+, q1, q2, . . . , qk ∈ Q, t1, t2, . . . , tk ∈ T , k > 0,

xΣ(x0, u, w) = eAqk
tkeAqk−1 tk−1 . . . eAq1 t1x0 +

∫ tk

0

eAqk
(tk−s)Bqk

u

(
k−1∑
i=1

ti + s

)
ds (3.3)

+ eAqk
tk

∫ tk−1

0

eAqk−1 (tk−1−s)Bqk−1u

(
k−2∑
i=1

ti + s

)
ds + . . .

+ eAqk
tk . . . eAq2 t2

∫ t1

0

eAq1 (t1−s)Bq1u(s)ds

yΣ(x0, u, w) = Cqk
xΣ(x, u, w) = Cqk

eAqk
tk . . . eAq1 t1x0 +

∫ tk

0

Cqk
eAqk

(tk−s)Bqk
u

(
k−1∑
i=1

ti + s

)
ds (3.4)

+ Cqk
eAqk

tk

∫ tk−1

0

eAqk−1 (tk−1−s)Bqk−1u

(
k−2∑
i=1

ti + s

)
ds + . . .

+ Cqk
eAqk

tk . . . eAq2 t2

∫ t1

0

eAq1 (t1−s)Bq1u(s)ds.

Remark 3.1. Notice that (3.3) and (3.5) imply that the state- and output-trajectory of a linear switched
system are a sum of products of matrix exponentials. This implies that the derivatives of the state- and
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output-trajectories with respect to the switching times are products of the system matrices. In turn, the latter
observation will be crucial for developing realization theory for linear switched systems.

Theorem 3.2 ([26]).

Reachability: The set of states reachable from the zero initial state is the linear span of the columns of
the matrices of the form Aqk

Aqk−1 . . . Aq1Bq0 , Bq0 , that is,

Reach(Σ, {0}) = Span{Aqk
Aqk−1 . . . Aq1Bq0u, Bq0u | u ∈ U , q0, q1, . . . , qk ∈ Q, k > 0}. (3.5)

Observability: Let OΣ be the following intersection of kernels of CqAqk
Aqk−2 . . . Aq1 , Cq, i.e.

OΣ =
⋂
q∈Q

(kerCq ∩
⋂

q1,q2,...,qk∈Q,k>0

kerCqAqk
Aqk−1 . . . Aq1).

OΣ is called the observability kernel of Σ. Then Σ is observable if and only if OΣ = {0}.
Next, we present an algebraic characterization for semi-reachability of linear switched systems.

Proposition 3.1 (semi-reachability). Consider the set X0 ⊆ X and the linear space

WR(X0) = Span{x0, Aqk
Aqk−1 . . . Aq1x0 | q1, . . . , qk ∈ Q, k > 0, x0 ∈ X0 or x0 = Bqu, q ∈ Q, u ∈ U}.

With the notation above, Σ is semi-reachable from the set of initial states X0 if and only if

dim Σ = dimWR(X0). (3.6)

In particular, the realization (Σ, μ) with μ : Φ → X is semi-reachable if and only if (3.6) holds for X0 = Imμ.

The result of Proposition 3.1 is new and its proof can be found in Appendix A.2.

Corollary 3.1. Σ is semi-reachable from {0}, if and only if it is reachable from the zero initial state.

Remark 3.2 (algorithm). If Imμ is finite, then semi-reachability of (Σ, μ) can be checked numerically. Similarly,
observability of Σ can be checked numerically.

Notice that semi-reachability (observability) of (Σ, μ) does not imply reachability (observability) of any of
the linear subsystems. For a counter-example, see Example 3.1 below.

Example 3.1. Consider Σ of the form (3.1) with two discrete modes Q = {q1, q2} with scalar inputs and
outputs, i.e. Y = U = R, with state-space X = R3 and with the matrices Aqi , Bqi , Cqi , i = 1, 2 defined as
follows:

Aq1 =

⎡⎣0 1 0
0 0 0
0 0 1

⎤⎦ , Bq1 =

⎡⎣0
1
0

⎤⎦ , Cq1 =

⎡⎣1
1
0

⎤⎦T

, Aq2 =

⎡⎣0 0 0
0 0 0
0 1 0

⎤⎦ , Bq2 =

⎡⎣0
0
0

⎤⎦ , Cq2 =

⎡⎣0
0
1

⎤⎦T

.

Let Φ = {yΣ(0, .)} be the singleton set consisting of the input-output map of the system Σ induced by the zero
initial state 0 ∈ R3. Let μ : yΣ(0, ., .) 	→ 0 be the initial state assigning map. Then it is easy to see that (Σ, μ) is
a realization of Φ. Using the linear algebraic conditions, it is easy to see that (Σ, μ) is semi-reachable from {0}
and it is observable, yet none of the linear subsystems are reachable or observable.
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3.2. Minimality of linear switched systems

Minimality: the case arbitrary switching. Assume that Φ ⊆ F (PC(T,U) × (Q × T )+,Y) is a family on
input-output maps defined for arbitrary switching.

Theorem 3.3 (minimality). If (Σ, μ) is a linear switched system realization of Φ, then the following are
equivalent.

(i) (Σ, μ) is a minimal linear switched system realization of Φ.
(ii) The realization (Σ, μ) is semi-reachable and it is observable.
(iii) The state-space dimension of Σ equals the rank of the Hankel-matrix of Φ, i.e. dim Σ = rank HΦ. The

Hankel-matrix HΦ of Φ and its rank will formally be defined later on, in Definition 3.6.
(iv) If (Σ̂, μ̂) is a semi-reachable linear switched system realization of Φ, then there exists a surjective linear

switched system morphism T : (Σ̂, μ̂) → (Σ, μ).

In addition, all minimal linear switched system realizations of Φ are algebraically similar.

The proof of Theorem 3.3 will be presented in Section 5.2.

Corollary 3.2. A linear switched system realization of Φ is minimal if and only if it is semi-reachable and
observable. All minimal linear switched system realizations of Φ are isomorphic.

Remark 3.3. Any linear switched system realization of Φ can effectively be transformed to a minimal one,
see [20]. If (Σ, μ) is a minimal realization, then, in general, it does not follow that any of its linear subsystems
is minimal. For a counter example see Example 3.1.

Minimality: constrained switching. Let L ⊆ Q+ be the set of admissible sequences of discrete modes. Let
Φ ⊆ F (PC(T,U)×TL,Y) be a family of input-output maps with the switching constraint L. Let comp(L) ⊆ Q+

be the set of the sequences which end in a letter such that no word in L ends with that letter, i.e.

comp(L) = {q1 . . . qk ∈ Q+ | q1, . . . , qk ∈ Q, k ≥ 1, ∀v ∈ Q∗ : vqk /∈ L}. (3.7)

Intuitively, the language comp(L) contains those sequences which can never be observed if the switching system
is run with constraint L. If we apply Definition 2.11 to comp(L) instead of L, we obtain the set T (comp(L))
of all the switching sequences for which the sequence of discrete modes belong to comp(L), i.e. T (comp(L)) =
{(q1, t1) . . . (qk, tk) ∈ (Q × T )+ | q1, . . . , qk ∈ Q, t1, . . . , tk ∈ T, q1 . . . qk ∈ comp(L), k ≥ 1}.
Theorem 3.4 (quasi-minimality). Assume that L is a regular language and that Φ has a realization by a linear
switched system. Then there exists a linear switched system realization (Σ, μ) of Φ, such (Σ, μ) is semi-reachable
and it is observable, and for any f ∈ Φ, input u ∈ PC(T,U) and switching sequence w ∈ T (comp(L)),

yΣ(μ(f), u, w) = 0. (3.8)

Moreover, there is a constant M > 0, determined by L, such that for any linear switched system realization
(Σ̃, μ̃) of Φ,

dim Σ ≤ M · dim Σ̃. (3.9)

The proof of Theorem 3.4 is be presented in Section 5.3. A realization (Σ, μ) of Φ which has the properties
described in Theorem 3.4 will be called a quasi-minimal realization of Φ. Notice that the dimension of Σ from
Theorem 3.4 is at most a factor M bigger than the smallest dimension of a linear switched realization of Φ.

Remark 3.4 (algorithms). Based on the size of the finite state automata which accepts L, it is possible to give
an upper bound for M , and any realization of Φ can effectively be transformed to a quasi-minimal one, see [20].



REALIZATION THEORY OF SWITCHED SYSTEMS 419

Example 3.2. In fact, the result of the Theorem 3.4 is sharp in the following sense. One can construct the
following input-output y map and language L and realizations Σ1 and Σ2 such that the following holds. Both
Σ1 and Σ2 realize y from the initial state zero and they are both reachable from zero and observable, but
dim Σ1 = 1 and dim Σ2 = 2. Let Q = {1, 2}, L = {qk

1q2 | k > 0}, Y = U = R. Define f : PC(T,U)×TL → Y by

f(u, (q1, t1)(q1, t2) . . . (q1, tm)(q2, tm+1)) =
∫ tm+1

0

e2(tm+1−s)u

(
s +

m∑
1

ti

)
ds +

∫ ∑m
1 ti

0

e2tm+1e
∑m

1 ti−su(s)ds.

Define the linear switched system Σ1 = (R, R, R, Q, {(A1,q, B1,qC1,q) | q ∈ {q1, q2}}) by

A1,q1 = 1, B1,q1 = 1, C1,q1 = 1, A1,q2 = 2, B1,q2 = 1, C1,q2 = 1.

Define the linear switched system Σ2 = (R2, R, R, Q{(A2,q, B2,q, C2,q) | q ∈ Q}) by

A2,q1 =
[
1 0
0 0

]
, B2,q1 =

[
1
0

]
, C2,q1 =

[
0
0

]T

A2,q2 =
[
0 0
2 2

]
, B2,q2 =

[
0
1

]
, C2,q2 =

[
1
1

]T

.

Both Σ1 and Σ2 are reachable and observable as linear switched systems, therefore they are the minimal
realizations of the input-output maps yΣ1(0, ., .) and yΣ2(0, ., .) respectively, defined for all switching sequences.
It is also easy to see that (Σi, μi), i = 1, 2 is a realization of f , where μi : f 	→ 0 ∈ Xi, i = 1, 2.

3.3. Existence of a realization

First, we introduce the notion of generalized kernel representation. We then present necessary and sufficient
conditions for existence of a realization, first for arbitrary switching, then for the case of constrained switching.

3.3.1. Generalized kernel representation

Let L ⊆ Q+ be the set of admissible sequences of discrete modes and let Φ ⊆ F (PC(T,U)×TL,Y) be a family
of input-output maps with the switching constraint L. Informally, Φ has a generalized kernel representation, if

(1) there exists an input-output map yΦ such that for all f ∈ Φ, f(u, w) = f(0, w) + yΦ(u, w); and
(2) each element f of Φ is affine in continuous inputs and analytic in switching times for all constant inputs.

In order to define the notion of generalized kernel representation formally, we need the following notation:

suffixL = {u ∈ Q∗ | ∃w ∈ Q∗ : wu ∈ L} (3.10)

L̃ = {ui1
1 . . . uik

k ∈ Q∗ | u1 . . . uk ∈ suffixL, uj ∈ Q, ij ≥ 0, j = 1, . . . , k, ik > 0, k > 0}. (3.11)

Here we used the notation of Section 2.1, i.e. u
ij

j stands for the word which is the repetition of the letter uj

precisely ij times, j = 1, . . . , k. The intuition behind the definitions above is the following. The set suffixL is
the collection of all suffixes of sequences from L. The set L̃ contains all those sequences which can be obtained
from an element of L, or alternatively from an element of suffixL, by repeating every letter several times or
erasing it, with the restriction that the last letter cannot be erased. The motivation for suffixL and L̃ is the
following. If we know the input-output behavior of a linear switched system for sequences in TL, then we can
reconstruct its input-output behavior for all the switching sequences from T L̃ = {(q1, t1) . . . (qk, tk) | k > 0,

t1, . . . , tk ∈ T, q1, . . . , qk ∈ Q, q1 . . . qk ∈ L̃}.
Definition 3.4 (generalized kernel-representation). The family Φ has a generalized kernel representation with
constraint L, or simply generalized kernel representation, if for all input-output maps f ∈ Φ and for all words
w = q1q2 . . . qk ∈ L̃, q1, q2 . . . , qk ∈ Q, k > 0, there exist functions

Kf,Φ
w : R

k → R
p and GΦ

w : R
k → R

p×m

such that the following holds:
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(1) For each word w ∈ L̃ and map f ∈ Φ, the functions Kf,Φ
w and GΦ

w are analytic.
(2) For each map f ∈ Φ, for all words w, v ∈ Q∗ and any q ∈ Q such that wqqv, wqv ∈ L̃, and for all

t1, t2, . . . , t|w|+|v|, t, t̂ ∈ T ,

Kf,Φ
wqqv(t1, t2, . . . , t|w|, t, t̂, t|w|+1, . . . , t|w|+|v|) = Kf,Φ

wqv(t1, t2, . . . , t|w|, t + t̂, t|w|+1, . . . , t|w|+|v|)

GΦ
wqqv(t1, t2, . . . , t|w|, t, t̂, t|w|+1, . . . , t|w|+|v|) = GΦ

wqv(t1, t2, . . . , t|w|, t + t̂, t|w|+1, . . . , t|w|+|v|).

(3) For each words v, w ∈ Q∗ and for each q ∈ Q such that vw ∈ L̃, and vqw ∈ L̃, and |w| > 0, for each
map f ∈ Φ, and time instances t1, t2, . . . , t|v|+|w| ∈ T ,

Kf,Φ
vqw(t1, t2, . . . , t|v|, 0, t|v|+1, . . . , t|w|+|v|) = Kf,Φ

vw (t1, t2, . . . , t|v|+|w|).

For each pair of words v, w ∈ Q+ and for each discrete mode q ∈ Q such that vw ∈ L̃ and vqw ∈ L̃, the
following holds. For each t1, t2, . . . , t|v|+|w| ∈ T ,

GΦ
vqw(t1, t2, . . . , t|v|, 0, t|v|+1, . . . , t|w|+|v|) = GΦ

vw(t1, t2, . . . , t|v|+|w|).

(4) For each map f ∈ Φ, each switching sequence s = (q1, t1)(q2, t2) . . . (qk, tk) ∈ TL, where
q1, q2, . . . , qk ∈ Q, and t1, t2, . . . , tk ∈ T , k > 0, and each input u ∈ PC(T,U), the following holds.

f(u, s) = Kf,Φ
q1q2...qk

(t1, t2, . . . , tk) +
k∑

i=1

∫ ti

0

GΦ
qiqi+1...qk

(ti − s, ti+1, . . . , tk)u

⎛⎝s +
i−1∑
j=1

tj

⎞⎠ds. (3.12)

The reader may view the functions Kf,Φ
w as the parts of the output which depend on the initial condition

and the functions GΦ
w as functions determining the dependence of the output on the continuous inputs. The

intuition behind the various conditions of Definition 3.4 are the following. Condition 1 ensures that the response
of the elements of Φ to constant continuous-valued inputs is analytic in the switching times. Conditions 2 and 3
make sure that the elements of Φ satisfy certain conditions which are satisfied by any input-output map which
is realized by a (not necessarily linear) switched system. More precisely, Condition 2 ensures that staying in a
discrete mode q for t + t̂ time has the same effect on the output as staying in q for time t and then switching to
the very same q and staying there for time t̂. Condition 3 ensures that staying in a discrete mode for zero time
does not affect the output.

Alternatively, a good intuition can be derived by analogy with input-output maps of linear systems. Recall
from [2] that an input-output map y : PC(T,U)×T → Y can be realized by a linear system (A, B, C) from the
initial state x0, if only if there exists K : T → Rp and G : T → Rp×m such that

y(u, t) = K(t) +
∫ t

0

G(t − s)u(s)ds and K(t) = CeAtx0 and G(t) = CeAtB. (3.13)

A similar relationship holds for the functions Kf,Φ
w and GΦ

w of a generalized kernel representation of Φ. In order
to present the relationship precisely, we need additional terminology.

Definition 3.5 (zero-response of Φ). Let yΦ : PC(T,U) × TL → Y be such that for each input u ∈ PC(T,U)
and switching sequence w = (q1, t1)(q2, t2) . . . (qk, tk) ∈ TL, q1, q2, . . . , qk ∈ Q and t1, t2, . . . , tk ∈ T , k > 0

yΦ(u, (q1, t1)(q2, t2) . . . (qk, tk)) =
k∑

i=1

∫ ti

0

GΦ
qiqi+1...qk

(ti − s, ti+1, . . . , tk)u

⎛⎝s +
i−1∑
j=1

tj

⎞⎠ds. (3.14)
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Remark 3.5. It is easy to see that yΦ(u, w) = f(u, w) − f(0, w) for all u ∈ PC(T,U), w ∈ TL and f ∈ Φ.

The intuition behind the definition of the function yΦ is the following. If Φ has a realization by a linear
switched system Σ, then yΦ is the input-output map induced by Σ from the zero initial state.

Theorem 3.5. For any linear switched system Σ of the form (3.1) and any map μ : Φ → X , the pair (Σ, μ) is
a realization of Φ with constraint L if and only if Φ has a generalized kernel representation defined by

GΦ
q1q2...qk

(t1, t2, . . . , tk) =Cqk
eAqk

tkeAqk−1 tk−1 . . . eAq1 t1Bq1

Kf,Φ
q1q2...qk

(t1, t2, . . . , tk) =Cqk
eAqk

tkeAqk−1 tk−1 . . . eAq1 t1μ(f), (3.15)

where q1q2 . . . qk ∈ L̃, q1, q2, . . . , qk ∈ Q, k ≥ 1. Moreover, if (Σ, μ) is a realization of Φ, then yΦ(u, w) =
yΣ(0, u, w) for each continuous-valued input u ∈ PC(T,U) and admissible switching sequence w ∈ TL.

Proof of Theorem 3.5. (Σ, μ) is a realization of Φ if and only if for each f ∈ Φ, u ∈ PC(T,U), w ∈ TL,
f(u, w) = yΣ(μ(f), u, w) = Cqk

xΣ(μ(f), u, w) where (qk, tk) is the last element of w, i.e. w = ŵ(qk, tk) for some
ŵ ∈ (Q × T )∗. The statement of the theorem follows now directly from Theorem 3.1. �

We conclude the section by introducing notation which will be used in the subsequent sections.

Notation 3.1 (input-output maps with fixed switching sequence and input). Consider an input-output map f
with the switching constraint L. For a sequence w = q1q2 . . . qk ∈ L where q1, q2, . . . , qk ∈ Q and an input
u ∈ PC(T,U), define the map fu,w : T k → Y as follows

fu,w(t1, . . . , tk) = f(u, (q1, t1)(q2, t2), . . . , (qk, tk)). (3.16)

I.e. fu,w is obtained by fixing the input u and a sequence of discrete modes w and varying the switching times.

Remark 3.6 (derivatives of input-output maps). Assume that Φ has a generalized kernel representation. For
any input value u ∈ U identify u with the constant input function which takes the value u. Then it follows
from Part 4 of Definition 3.4 that for any f ∈ Φ and any sequence w ∈ L, the map fu,w, defined in (3.16),
is analytic. Indeed, if w is of the form w = q1q2 . . . qk for q1, q2, . . . , qk ∈ Q, k > 0, then by Part 4 of
Definition 3.4 fu,w(t1, t2, . . . , tk) equals the right-hand side of (3.12). Since on the right-hand side of (3.12)
each summand is analytic in t1, t2, . . . , tk, it follows that fu,w(t1, t2, . . . , tk) is analytic in t1, t2, . . . , tk. Recall
the definition of the input-output map yΦ and notice that the notation of Remark 3.1 can be applied to yΦ.
In addition, by Remark 3.5, yΦ

u,w = fu,w − f0,w and hence yΦ
u,w is also analytic. Hence, for any u ∈ U , any

sequence w ∈ L and tuple α ∈ Nk where k = |w|, the derivatives Dαfu,w and DαyΦ
u,w are well-defined. In

particular, DαyΦ
ej ,w and Dαf0,w are well-defined, where ej , j = 1, . . . , m are the jth unit vector of U = Rm,

i.e. ej = (0, 0, . . . , 0︸ ︷︷ ︸
j−1-times

, 1, 0, . . . , 0).

3.3.2. Existence of a realization: arbitrary switching

Throughout this section, Φ ⊆ F (PC(T,U)× (Q × T )+,Y) denotes a family of input-output maps defined for
arbitrary switching, and we assume that Φ admits a generalized kernel representation.

We begin with the definition of the Hankel-matrix HΦ of Φ. The entries of HΦ are high-order derivatives of
the elements of Φ with respect to the switching times. We collect the derivatives in intermediary vectors Sq1,q2,j

and Sf,q, as follows. Using Notation 3.1 and Remark 3.6, for each (possibly empty) sequence w ∈ Q∗, map
f ∈ Φ, modes q, q0 ∈ Q, and indices j = 1, . . . , m,

Sf,q(w) = D(1,1,...,1,0)f0,wq and Sq,q0,j(w) = D(1,1...,1,0)yΦ
ej ,q0wq. (3.17)

Notice that for w = ε, (3.17) yields Sf,q(ε) = D(0)f0,q = f0,q(0) and Sq,q0,j(ε) = D(1,0)yΦ
ej ,q0q. That is, for

each word w = q1q2 . . . qk ∈ Q∗, the vector Sf,q(w) is the derivative of f with respect to the first k switching
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times evaluate at zero, if the continuous input is zero, the sequence of discrete modes is q1q2 . . . qkq and the last
switching time is zero. Similarly, Sq,q0,j(w) is obtained from yΦ by taking the derivatives at zero with respect
to the first k + 1 switching times, if the continuous input is constant and it equals the jth unit vector in U ,
the sequence of discrete modes is q0q1q2 . . . qkq ∈ Q+, and the last switching time is zero. As we have indicated
earlier, Sf,q(w) and Sq,q0,j(w) collect the high-order derivatives we need for realization theory.

Definition 3.6 (Hankel-matrix). Assume that the cardinality of Q is N , and fix the enumeration

Q = {σ1, σ2, . . . , σN}. (3.18)

Define the Hankel-matrix of Φ as the infinite matrix, the rows of which are indexed by pairs (v, i) where
v ∈ Q∗ and i ∈ I = {1, 2, . . . , pN}, and the columns of which are indexed by (w, j), where w ∈ Q∗ and
j ∈ JΦ = Φ ∪ (Q × {1, . . . , m}), i.e. HΦ ∈ R(Q∗×I)×(Q∗×JΦ). For any w, v ∈ Q∗, j ∈ JΦ, and any i ∈ I of the
form i = pK + r where K = 0, 1, . . . , N − 1 and r = 1, . . . , p, the entry (HΦ)(v,i),(w,j) with row index (v, i) and
column index (w, j) is defined as follows:

(HΦ)(v,i),(w,j) =
{

(SσK+1,q,z(wv))r if j = (q, z) ∈ Q × {1, . . . , m}
(Sf,σK+1(wv))r if j = f ∈ Φ.

(3.19)

Here (SσK+1,q,z(ww))r and (Sf,σK+1(wv))r denote the rth element of the vectors SσK+1,q,z(wv) ∈ Rp and
Sf,σK+1(wv) from (3.17) respectively. Following the convention of Section 2.1, we define the rank of HΦ,
denoted by rank HΦ, as the dimension of the linear space spanned by the columns of HΦ.

I.e., the block ((HΦ)(v,i),(w,j))i=1,...,pN =
[
(HΦ)(v,1),(w,j) (HΦ)(v,2),(w,j) . . . (HΦ)(v,pN),(w,j)

]T ∈ RpN×1

of HΦ formed by the entries indexed by the column index (w, j) and row indices (v, i), i = 1, 2, . . . , Np equals

((HΦ)(v,i),(w,j))i=1,...,pN =

{ [
(Sσ1,q,z(wv))T . . . (SσN ,q,z(wv))T

]T for j = (q, z) ∈ Q × {1, . . . , m}[
(Sf,σ1(wv))T . . . (Sf,σN (wv))T

]T if j = f ∈ Φ.

The main theorem on the existence of a realization for arbitrary switching is as follows.

Theorem 3.6 (existence). The family of input-output maps Φ has a realization by a linear switched system if
and only if Φ has a generalized kernel representation and the rank of HΦ is finite, i.e., rank HΦ < +∞.

The proof of Theorem 3.6 will be presented in Section 5.2.

Remark 3.7 (relationship of Hankel-matrix with the functions GΦ
w and Kf,Φ

w ). The high-order derivatives
Sq,q0,z(w) and Sf,q(w) can also be expressed through the derivatives of the functions Kf,Φ

wq and GΦ
q0wq.

Remark 3.8 (relationship with the classical Hankel matrix). If we apply the framework above to the classical
linear realization problem, i.e. if we assume Q = {q}, Φ = {f}, yΦ = f , then the columns of HΦ indexed
by Q∗ × Φ are all zero. The classical Hankel-matrix corresponds to the columns of HΦ indexed by (w, (q, j)),
w ∈ Q∗ and q ∈ Q, j = 1, . . . , m. Hence, the rank HΦ coincides with the rank of the classical Hankel matrix,
and thus Theorem 3.6 yields the classical results, if applied to the linear case.

3.3.3. Existence of a realization: constraint switching

In this section, L ⊆ Q+ denotes the set of all admissible sequences of discrete modes and Φ ⊆ F (PC(T,U)×
TL,Y) is the family of input-output maps with the switching constraint L.

We start with defining the Hankel-matrix HΦ of Φ. We try to extend the definition of a Hankel-matrix for
arbitrary switching. More precisely, we will define the Hankel matrix HΦ in terms of vectors Tq,q0,j(w) ∈ Rp

and Tf,q(w) ∈ Rp respectively, defined as certain high-order derivatives of the input-output maps. The role
of Tq,q0,j(w) and Tf,q(w) is similar to that of Sq,q0,j(w) and Sf,q(w) for arbitrary switching. More precisely, we
collect the set of all those sequence w, for which it holds that we can derive some information on the behavior



REALIZATION THEORY OF SWITCHED SYSTEMS 423

of the system under w from the behavior of the system under an admissible sequence in L. Obviously, every
sequence of discrete modes in L will have this property. Then, for sequences of this class we define Tq,q0,j(w)
and Tf,q(w) as a certain high-order derivative of yΦ and f ∈ Φ. For the sequence which are not in this class we
set the values of Tf,q(w) and Tq,q0,j(w) to zero. Although this is a rather crude approach, it yields necessary
and sufficient conditions for existence of a realization in the case when L is regular. The assumption that L is
regular is not very restrictive, as it contains the case when the sequences of discrete modes have to be traces of
a known finite-state machine. The details of the approach outlined above go as follows. For each word w ∈ Q∗,
and discrete modes q, q0 ∈ Q define the sets

Fq,q0 (w) = {(v, (α, z)) ∈ Q∗ × (N∗ × Q∗) | vz ∈ L, z = z1 . . . zk, z1, . . . , zk ∈ Q, k > 0,

α = (α1, α2, . . . , αk) ∈ N
k, q0wq = z1z

α1
1 zα2

2 . . . zαk

k zk}
Fq(w) = {(v, (α, z)) ∈ Q∗ × (N∗ × Q∗) | vz ∈ L, z = z1 . . . zk, z1, . . . , zk ∈ Q, k > 0,

α = (α1, α2, . . . , αk) ∈ N
k, wq = zα1

1 zα2
2 . . . zαk

k zk}. (3.20)

In words, the triple (v, (α, z)) belongs to Fq,q0 (w) if and only if v, z ∈ Q∗ are such that vz ∈ L and the tuple
α ∈ N|z| has the following property. If z1, . . . , zk ∈ Q are the letters of z, i.e. |z| = k and z = z1 . . . zk, then
α = (α1, . . . , αk), and the word w can be obtained from z by repeating αi times the ith letter of z, for all
i = 1, . . . , k. Notice that repeating a letter zero times amounts to erasing it. Hence, w can be obtained from z
by repeating each letter of z several times or erasing it , and αi, i = 1, . . . , k specifies the number of repetitions
or deletion (if αi = 0) of the ith letter of z. In addition, we require that the first letter z equals q0 and the last
letter of z equals q. These requirements are encoded by q0wq = z1z

α1
1 . . . zαk

k zk. Similarly, the triple (v, (α, z))
belongs to Fq(w) if v, z ∈ Q∗ are such that vz ∈ L and the tuple α ∈ N|z| has the following property. Let
z1, . . . , zk ∈ Q, k ≥ 0 be the letters of z, that is, z = z1 . . . zk and |z| = k. Then α = (α1, . . . , αk) and the
word w can be obtained from z by repeating αi times the ith letter of z, for each i = 1, . . . , k. In addition, the
last letter of z is required to be q. The conditions above is encoded as wq = zα1

1 . . . zαk

k zk. In order to present
the intuition behind the above definition, we need the following notation.

Notation 3.2. Denote by Ol the tuple (0, 0, . . . , 0) ∈ N
l, l > 0, each entry of which is zero.

Notation 3.3. Let α = (α1, . . . , αk) ∈ N
k. Denote by α+ the tuple α+ = (α1 + 1, α2, . . . , αk) ∈ N

k, k > 0.

Notation 3.4. If α ∈ Nk and β ∈ Nl are two tuples of natural numbers, then denote by (α, β) the k + l tuple
defined as follows; (α, β) = (α1, α2, . . . , αk, β1, β2, . . . , βl).

The intuition behind the definitions of the sets in (3.20) is the following. It can be shown that if (Σ, μ) is a
linear switched system realization of Φ, then

∀(v, (α, z)) ∈ Fq,q0(w) : D(O|v|,α+)yΦ
ej ,vz = D(1,1,...,1,0)(yΣ(0, ., .))ej ,q0wq and

∀(v, (α, z)) ∈ Fq(w) : D(O|v|,α)f0,vz = D(1,1,...,1,0)(yΣ(μ(f), ., .))0,wq

for each j = 1, . . . , m, f ∈ Φ, w ∈ Q∗, q, q0 ∈ Q. That is, Fq,q0(w) (resp. Fq(w)) is non-empty, if we can deduce
from Φ some information on the output of Σ when the initial condition is 0 (resp. μ(f)) and the switching
sequence is q0wq (resp. wq). We define Tf,q(w) ∈ Rp and Tq,q0,j(w) ∈ Rp as follows:

Tq,q0,j(w) =

⎧⎨⎩ D(O|v|,α+)yΦ
ej ,vz if Fq,q0 (w) �= ∅, and

(v, (α, z)) ∈ Fq,q0 (w)
0 otherwise

and Tf,q(w) =

⎧⎨⎩
D(O|v|,α)f0,vz if Fq(w) �= ∅, and

(v, (α, z)) ∈ Fq(w)
0 otherwise.

(3.21)
Similarly to the case of arbitrary switching, Tq,q0,j(w) and Tf,q(w) can be expressed via the functions of the
generalized kernel representation of Φ. Notice that it is not entirely trivial that Tq,q0,j(w) and Tf,q(w) are
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well-defined; it will be shown in Section 5.3. Using the definitions above we will define the Hankel-matrix HΦ

of the family of input-output maps Φ in exactly the same way as for the case of arbitrary switching, but one
uses the vectors Tq,q0,j(w) and Tf,q(w) instead of Sq,q0,j(w) and Sf,q(w). The formal definition goes as follows.

Definition 3.7 (Hankel-matrix: constrained switching). As in (3.18), fix an enumeration Q = {σ1, σ2, . . . , σN}
of the set of discrete modes Q. The columns of the Hankel-matrix HΦ are indexed by all the pairs (w, j) where
w ∈ Q∗ and j ∈ JΦ = Φ∪Q×{1, . . . , m}. The rows of HΦ are indexed by pairs (v, i) where i ∈ I = {1, . . . , Np}
and v ∈ Q∗, i.e. HΦ ∈ R(Q∗×I)×(Q∗×JΦ). For any w, v ∈ Q∗, j ∈ JΦ, and index i ∈ I = {1, . . . , Np} of the form
i = pK + r, where K = 0, 1, . . . , N − 1 and r = 1, . . . , p, the entry (HΦ)(v,i),(w,j) is defined as follows:

(HΦ)(v,i),(w,j) =
{

(TσK+1,q,z(wv))r if j = (q, z) ∈ Q × {1, . . . , m}
(Tf,σK+1(wv))r if j = f ∈ Φ.

(3.22)

Here Tσi,q,z(w) and Tf,σi(w) are defined as in (3.21), and (TσK+1,q,z(wv))r , (Tf,σK+1(wv))r denote the rth entry
of the vectors TσK+1,q,z(wv) ∈ Rp and Tf,σK+1(wv) ∈ Rp respectively. Following the convention of Section 2.1,
the rank of HΦ, denoted rank HΦ, is the dimension of the linear space spanned by columns of HΦ.

Theorem 3.7 (realization of input-output maps: constrained switching). If Φ admits a generalized kernel
representation with constraint L and the rank of the Hankel matrix of Φ is finite, i.e. rank HΦ < +∞, then Φ
has a realization by a linear switched system. Assume that L is regular. Then Φ has a realization by a linear
switched system with constraint L if and only if Φ has a generalized kernel representation with constraint L and
the rank of the Hankel-matrix HΦ is finite, i.e. rank HΦ < +∞.

The proof of Theorem 3.7 will be presented in Section 5.3.

Remark 3.9 (algorithms and partial realization theory). The proofs of Theorems 3.6 and 3.7 yield procedures
for constructing a linear switched system realization of a family of input-output maps Φ from the columns of the
Hankel-matrix HΦ, both for the case of arbitrary and constrained switching. For the case of arbitrary switching,
the thus constructed realization will be minimal, for the case of constrained switching the thus constructed
realization will be semi-reachable and observable and quasi-minimal. The details of the construction will be
presented in Section 5. In addition, it is possible to formulate a partial realization theory for linear switched
systems both for arbitrary and constrained switching. For the details see [20].

4. Formal power series

The section presents basic results on formal power series. The material of this section is an extension of the
classical theory of formal power series, see [1,14]. In order to keep the exposition self-contained, the proofs of
those theorems which are not part of the classical theory, will briefly be sketched.

4.1. Formal power series: definition and basic concepts

Let X be a finite set, which we will refer to as alphabet. Recall from Section 2.1 the notion of a word over
an alphabet and the related concepts. A formal power series S with coefficients in Rp is a map

S : X∗ → R
p.

There are many ways to give an intuition for the definition of a formal power series. For the purposes of
this paper the most suitable one is to think of a formal power series as the output of a machine which reads
symbols of X from its input tape and writes elements of Rp to its output tape. We denote by Rp〈〈X∗〉〉 the
set of all formal power series with coefficients in Rp. The set Rp〈〈X∗〉〉 forms a vector space with respect to
point-wise addition and multiplication. That is, if α, β ∈ R and S, T ∈ Rp〈〈X∗〉〉, then the linear combination
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αS + βT is defined by ∀w ∈ X∗, αS(w) + βT (w). Recall from [1], Hadamard product on formal power series; if
S, T ∈ Rp〈〈X∗〉〉, then the Hadamard product S � T ∈ Rp〈〈X∗〉〉 is defined by

(S � T )(w) =
[
S1(w)T1(w), S2(w)T2(w), . . . , Sp(w)Tp(w)

]T ∈ R
p (4.1)

for all w ∈ X∗, where for each i = 1, . . . , p, we denote by Si(w) and Ti(w) the ith entry of the vector S(w) ∈ R
p

and T (w) ∈ Rp respectively. That is, the ith entry of (S � T )(w) is the product of the ith entry of S(w) and
the ith entry of T (w) for i = 1, . . . , p. In the sequel we will be interested in families of formal power series.

Definition 4.1 (family of formal power series). Let J be an arbitrary (possibly infinite) set. A family of formal
power series in Rp〈〈X∗〉〉 indexed by J is simply a collection Ψ = {Sj ∈ Rp〈〈X∗〉〉 | j ∈ J} of formal power
series from Rp〈〈X∗〉〉 indexed by elements of J .

Notice that we do not require Sj , j ∈ J to be all distinct, i.e. Sl = Sj for some indices j, l ∈ J , j �= l is
allowed. One can think of a family of formal power series as a family of input-output maps of the machine
described above, realized from a set of initial states indexed by elements of J .

4.2. Rational representations and rational formal power series

Let J be an arbitrary set and let p > 0. A rational representation of type p-J over the alphabet X is a tuple

R = (X , {Aσ}σ∈X , B, C) (4.2)

where X is a finite dimensional vector space over R, for each letter σ ∈ X , Aσ : X → X is a linear map,
C : X → Rp is a linear map, and B = {Bj ∈ X | j ∈ J} is a family of elements X indexed by J . If p and J
are clear from the context we will refer to R simply as a rational representation. We call X the state-space, the
maps Aσ, σ ∈ X the state-transition maps, and the map C is called the readout map of R. The family B will
be called the indexed set of initial states of R. The dimension dimX of the state-space is called the dimension
of R and it is denoted by dim R. If X = R

n, then we identify the linear maps Aσ, σ ∈ X and C with their
matrix representations in the standard Euclidean bases, and we call them the state-transition matrices and the
readout matrix respectively. If card(J) = 1, then the above definition of a rational representation is essentially
the same as the classical definitions of [1,14,24]. In fact, a rational representation can be viewed as a Moore-
automaton [4,8] with the state-space X , with input space X∗, with output space Rp. The state transition
function δ : X × X → X is given by the linear map δ(x, σ) = Aσx. The output map μ : X → Rp is given by
μ(x) := Cx. The set of initial states is given by {Bj | j ∈ J}. The point of view described above was followed
in [4,23]. Formal power series represent input-output maps of exactly this kind of systems.

More precisely, let Ψ = {Sj ∈ R
p〈〈X∗〉〉 | j ∈ J} be a family of formal power series indexed by J . The

representation R from (4.2) is said to be a representation of Ψ, if for each index j ∈ J ,

Sj(ε) = CBj and Sj(σ1σ2 . . . σk) = CAσk
Aσk−1 . . . Aσ1Bj (4.3)

for any sequence σ1, σ2, . . . , σk ∈ X , k > 0. We say that the family Ψ is rational, if there exists a representation R
such that R is a representation of Ψ. A formal power series S ∈ Rp〈〈X∗〉〉 which is called rational in [1,14,24]
is a formal power series such that the family {S} is rational according to the definition above.

Notation 4.1. Let Aσ : X → X , σ ∈ X be linear maps and let w ∈ X∗ be a word over X . If w = ε, then let Aε

be the identity map. If w = σ1σ2 . . . σk ∈ X∗, σ1, . . . σk ∈ X , k > 0, then Aw denotes the following composition

Aw = Aσk
Aσk−1 . . . Aσ1 . (4.4)

That is, Aε(x) = x for all x ∈ X , and Awσ = AσAw holds for all w ∈ X∗, σ ∈ X . With the notation
above, (4.3) can be rewritten as Sj(w) = CAwBj for all w ∈ X∗, j ∈ J .
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A representation Rmin of Ψ is called minimal if for each representation R of Ψ, dim Rmin ≤ dimR, i.e. Rmin

is a rational representation of Ψ with the smallest possible state-space dimension.
Next, we define the notions of observability and reachability for rational representations. Define the subspaces

WR = Span{AwBj ∈ X | w ∈ X∗, j ∈ J} and OR =
⋂

w∈X∗
kerCAw. (4.5)

The subspace WR is referred to as the reachability subspace of R and the subspace OR is referred to as the
observability subspace of R. The subspace above have the following automaton-theoretic interpretation. WR is
the span of states reachable by a word w ∈ X∗ from an initial state Bj , and two states x1, x2 are indistinguish-
able, i.e. CAwx1 = CAwx2 for all w ∈ X∗ if and only if x1 − x2 ∈ OR. We will say that the representation R
is reachable if dimWR = dimR, and we will say that R is observable if OR = {0}.
Remark 4.1 (computability). If J is finite, then the observability and reachability of R can be checked
effectively, and the corresponding observability and reachability subspaces can be computed.

Next, we define the notion of morphism between rational representations. This is analogous to algebraic
similarity for linear systems. Let R = (X , {Aσ}σ∈X , B, C), R̃ = (X̃ , {Ãσ}σ∈X , B̃, C̃) be two p-J rational
representations. A linear map T : X → X̃ is called a representation morphism from R to R̃ and is denoted by
T : R → R̃ if T commutes with Aσ, Bj and C for all j ∈ J , σ ∈ X , that is, if the following equalities hold

TAσ = ÃσT, ∀σ ∈ X, TBj = B̃j , ∀j ∈ J, C = C̃T. (4.6)

The representation morphism T is called surjective, injective, isomorphism if T is a surjective, injective or
isomorphism respectively if viewed as a linear map.

Lemma 4.1. R is a representation of the family Ψ if and only if R̃ is a representation of Ψ. If T is an
isomorphism, then dimR = dim R̃ and R is observable (reachable) if and only if R̃ is observable (reachable).

Remark 4.2. Let R be representation of Ψ of the form (4.2), and consider a vector space isomorphism T :
X → Rn, n = dimR. Then TR = (Rn, {TAσT−1}σ∈X , TB, CT−1), where TB = {TBj ∈ Rn | j ∈ J} is
also a representation of Ψ. Moreover, TAσT−1, σ ∈ X , CT−1 and TBj, j ∈ J can naturally be viewed
as n × n, p × n and n × 1 matrices by taking the matrix representation of TAσT−1, CT−1 and the column
vector representation of TBj with respect to the natural Euclidean basis of Rn. Moreover, T : R → TR
is a representation isomorphism. That is, we can always replace a representation of Ψ with an isomorphic
representation, state-space of which is Rn for some n, and the parameters of which are matrices and real
vectors, as opposed to linear maps and elements of abstract vector spaces.

4.3. Existence and minimality of rational representations: main results

Below we state the main results on existence and minimality of representations of families of rational formal
power series. We start with the definition of the concept of Hankel matrix of a family of formal power series.
Let Ψ = {Sj ∈ Rp〈〈X∗〉〉 | j ∈ J} be a family of formal power series.

Construction 4.1 (Hankel-matrix). Define the Hankel-matrix of Ψ as the following infinite matrix HΨ. The
rows of HΨ are indexed by pairs (v, i) where v ∈ X∗ is an arbitrary word and i = 1, . . . , p. The columns of
HΨ are indexed by pairs (w, j) where w ∈ X∗ and j ∈ J . That is, HΨ is a matrix HΨ ∈ R(X∗×I)×(X∗×J),
I = {1, . . . , p}. The entry (HΨ)(v,i),(w,j) of HΨ indexed with the row index (v, i) and the column index (w, j) is
defined as

(HΨ)(v,i)(w,j) = (Sj(wv))i (4.7)
where (Sj(wv))i denotes the ith entry of the vector Sj(wv) ∈ Rp.

Following the convention from Section 2.1, the rank of HΨ is understood as the dimension of the linear space
spanned by the columns of HΨ, and it is denoted by rank HΨ.
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Theorem 4.1 (existence of a representation). The family Ψ is rational, i.e. Ψ admits a rational representation,
if and only if rank HΨ < +∞, i.e. the rank of the Hankel-matrix HΨ is finite.

The proof of Theorem 4.1 is presented in Appendix B.

Remark 4.3. The proof of Theorem 4.1 is constructive and it provides a construction of a rational represen-
tation of Ψ from the columns of the Hankel-matrix HΨ. The details of the construction will be explained in
Procedure B.1, Appendix B. For more details we refer the reader to [20].

Theorem 4.2 (minimal representation). Assume that Rmin is a representation of Ψ. The following are
equivalent:

(i) Rmin is a minimal representation of Ψ.
(ii) Rmin is reachable and observable.
(iii) If R is a reachable representation of Ψ, then there exists a surjective morphism T : R → Rmin.
(iv) rank HΨ = dimRmin.

In addition, all minimal representations of Ψ are isomorphic.

The proof of Theorem 4.2 is presented in Appendix B.

Remark 4.4. In Appendix B we will present procedures for converting a representation of Ψ to a minimal one.
This procedure can be implemented numerically.

4.4. Technical results on rational formal power series

Below we present a number of technical results which will be used in the proof of the realization theorems
for switched systems. Let L ⊆ X∗ be a language over X . Define the formal power series L̄ ∈ R〈〈X∗〉〉 by

L̄(w) =
{

1 if w ∈ L
0 otherwise. (4.8)

Lemma 4.2 ([1]). If L is a regular language, then L̄ is a rational formal power series.

Recall from (4.1) the definition of the Hadamard product of two rational representations. We can extend the
definition to families of formal power series; let Ψ = {Sj ∈ Rp〈〈X∗〉〉 | j ∈ J} and Θ = {Tj ∈ Rp〈〈X∗〉〉 | j ∈ J}
be two families of formal power series, indexed by the same set J . Define the Hadamard product Ψ � Θ as the
family of formal power series formed by the Hadamard products Sj � Tj of elements of Ψ and Θ, i.e.

Ψ � Θ := {Sj � Tj ∈ R
p〈〈X∗〉〉 | j ∈ J}. (4.9)

Lemma 4.3. If Ψ and Θ are rational, then Ψ � Θ is rational. Moreover, rank HΨ�Θ ≤ rank HΨ · rank HΘ.

The proof of the lemma can be found in Appendix B. The lemmas below state some elementary properties
of rational families of formal power series. The proof of the lemmas is routine and they are left to the reader.

Lemma 4.4. The family of formal power series Ψ = {Sj ∈ Rp〈〈X∗〉〉 | j ∈ J} is rational if and only if the
family Ξ = {S(i,j) ∈ R〈〈X∗〉〉 | (i, j) ∈ {1, . . . , p} × J} is rational, where for each j ∈ J, i = 1, . . . , p, for each
word w ∈ X∗, S(i,j)(w) ∈ R is the ith entry of the vector Sj(w) ∈ Rp.

Lemma 4.5. Let Ψ = {Sj ∈ Rp〈〈X∗〉〉 | j ∈ J} and Ψ
′

= {Tj′ ∈ Rp〈〈X∗〉〉 | j
′ ∈ J

′} be two families of
formal power series with index sets J and J

′
respectively. Assume that there exists a map f : J

′ → J , such that
∀j

′ ∈ J
′
: Sf(j′ ) = Tj′ . If Ψ is rational, then Ψ

′
is also rational and rank HΨ′ ≤ rank HΨ. If f is surjective,

then rank HΨ′ = rank HΨ.

Lemma 4.6. If J is finite, then Ψ is rational if and only if Sj ∈ R
p〈〈X∗〉〉 is rational for each j ∈ J .



428 M. PETRECZKY

5. Proof of the main results

Below we present the proof of the main results presented in Section 3. Section 5.1 deals with the structure
of input-output maps realizable by linear switched systems. Section 5.2 presents the proofs for the case of
arbitrary switching. Section 5.3 deals with the case of constrained switching.

5.1. Input-output maps of linear switched systems

In this section we will present a number of technical results related to generalized kernel representations.
The main technical result is Lemma 5.1. Let L ⊆ Q+ the set of admissible sequences of discrete modes. Let
Φ be a family of input-output maps with the switching constraint L. Let Σ be a linear switched system of the
form (3.1). Let μ : Φ → X be a map. Recall the notation from Notations 2.1–3.4.

Lemma 5.1. The following are equivalent:
(i) (Σ, μ) is a realization of Φ with constraint L;
(ii) Φ has a generalized kernel representation with constraint L and for each word w = q1 . . . qk ∈ L;

q1, . . . , qk ∈ Q, k > 0, input-output map f ∈ Φ, multi-index α ∈ Nk, and integer j = 1, . . . , m

DαyΦ
ej ,w = DβGΦ

qlql+1...qk
ej = Cqk

Aαk
qk

Aαk−1
qk−1

. . . Aαl−1
ql

Bql
ej if α �= (0, 0, . . . , 0)

Dαf0,w = DαKf,Φ
w = Cqk

Aαk
qk

Aαk−1
qk−1

. . . Aα1
q1

μ(f) (5.1)

where l ∈ {1, . . . , k} is such that α1 = . . . = αl−1 = 0 and αl > 0, ej is the jth unit vector of U = Rm,
and the tuple β is of the form β = (αl − 1, αl+1, . . . , αk);

(iii) Φ has a generalized kernel representation with constraint L and for each word w ∈ Q∗, the following
holds. For all discrete modes q, q0 ∈ Q, if Fq,q0 (w) is not empty, then for any element (v, (α, z)) ∈
Fq,q0(w) such that z = z1 . . . zk, z1 . . . , zk ∈ Q, and for all j = 1, . . . , m,

D(O|v|,α
+)yΦ

ej ,vz = D(0,α,0)GΦ
q0zqej = CqA

αk
zk

Aαk−1
zk−1

. . . Aα1
z1

Bq0ej , (5.2)

where α+ = (α1 + 1, α2, . . . , αk). Similarly, for all discrete modes q ∈ Q, if Fq(w) is not empty, then
for all input-output maps f ∈ Φ, for any (v, (α, z)) ∈ Fq(w), such that z = z1 . . . zk, z1, . . . , zk ∈ Q,

D(O|v|,α)f0,vz = D(α,0)Kf,Φ
zq = CqA

αk
zk

Aαk−1
zk−1

. . . Aα1
z1

μ(f). (5.3)

The proof of Lemma 5.1 will be presented in Appendix A. The statement (ii) of Lemma 5.1 is used for real-
ization theory with arbitrary switching, statement (iii) is used for realization theory with constrained switching.

Corollary 5.1. Assume that L = Q+, i.e. arbitrary switching is allowed. Then Σ is a realization of Φ if
and only if Φ has a generalized kernel representation and there exists μ : Φ → X such that for any sequence
w = q1 . . . qk ∈ Q∗, k ≥ 0, q1, . . . , qk ∈ Q, for any discrete modes q, q0 ∈ Q, for any f ∈ Φ and j = 1, . . . , m,

D(1,Ik,0)yΦ
ej ,q0wq = D(0,Ik,0)GΦ

q0wqej = CqAqk
Aqk−1 . . . Aq1Bq0ej (5.4)

D(Ik,0)f0,wq = D(Ik,0)Kf,Φ
wq = CqAqk

Aqk−1 . . . Aq1μ(f) (5.5)

where Ik = (1, 1, . . . , 1) ∈ Nk and ej denotes the jth unit vector of U = Rm. Moreover, if k = 0, i.e. w = ε, then
(Ik, 0) = 0, (1, Ik, 0) = (1, 0) and Aqk

Aqk−1 . . . Aq1 is interpreted as the identity matrix.

The proof of Corollary 5.1 is presented in Appendix A.1. Notice that in contrast to Lemma 5.1, in Corol-
lary 5.1 only first- and zero-order derivatives are considered. The reason that this can be done is that we can
express a high-order derivative of the input-output map for a switching sequence by a zero- and first-order
derivative of the same input-output map but for another switching sequence. However, the input-output map
must be then defined for the other switching sequence, which may fail if L �= Q+.
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5.2. Arbitrary switching

5.2.1. Existence of a realization: proof of Theorem 3.6

Consider a family of input-output maps Φ defined for arbitrary switching and assume that Φ has a generalized
kernel representation. Below we prove Theorem 3.6 by defining the family of formal power series ΨΦ associated
with Φ and by showing that existence of a linear switched system realization of Φ is equivalent to rationality
of ΨΦ. To this end, recall from Section 3.3, (3.17) the definition of the vectors Sq,q0,j(w), Sf,q(w), q, q0 ∈ Q,
f ∈ Φ, w ∈ Q∗, j = 1, . . . , m. The maps Sq,q0,j : Q∗ � w → Sq,q0,j(w) ∈ Rp and Sf,q : Q∗ � w → Sf,q(w) ∈ Rp

define formal power series Sq,q0,j and Sf,q in Rp〈〈Q∗〉〉. Recall the enumeration of the set of discrete modes Q
defined in (3.18), i.e. Q = {σ1, σ2, . . . , σN}. For each discrete mode q ∈ Q, index j = 1, . . . , m, and input-output
map f ∈ Φ, define the formal power series Sq,j , Sf ∈ RpN 〈〈Q∗〉〉 as follows; for each word w ∈ Q∗ let

Sq,j(w) =
[
(Sσ1,q,j(w))T (Sσ2,q,j(w))T . . . (SσN ,q,j(w))T

]T
,

Sf (w) =
[
(Sf,σ1 (w))T (Sf,σ2 (w))T . . . (Sf,σN (w))T

]T
. (5.6)

That is, the values of the formal power series Sq,j are obtained by stacking up the values of Sσi,q,j for i = 1, . . . , N .
Similarly, the values of Sf are obtained by stacking up the values of Sf,σi for i = 1, . . . , N . Define the set
JΦ = Φ ∪ {(q, z) | q ∈ Q, z = 1, . . . , m}. Define the family of formal power series associated with Φ by

ΨΦ = {Sj ∈ R
pN 〈〈Q∗〉〉 | j ∈ JΦ}. (5.7)

Notice that the only information needed to construct ΨΦ is the high-order derivatives at zero of the maps
from Φ, the knowledge of the functions Kf,Φ

w , GΦ
w is not required in order to construct ΨΦ.

Remark 5.1 (equivalence of Hankel-matrices). The Hankel-matrix HΨΦ of the family of formal power series ΨΦ

is identical to the Hankel-matrix HΦ of Φ as defined in Definition 3.6, and hence their ranks coincide.

Below we present the definition of the representation RΣ,μ associated with (Σ, μ) such that (Σ, μ) is a
realization of Φ if and only if RΣ,μ is a representation of ΨΦ. To this end, we will need the following result.

Lemma 5.2. Let Σ be a of the form (3.1), and let μ : Φ → X . If (Σ, μ) is a realization of Φ, then for all
discrete modes q0 ∈ Q, for all indices j = 1, . . . , m, for all input-output maps f ∈ Φ, and for any sequence
w ∈ Q∗,

Sq0,j(w) =
[
CT

σ1
CT

σ2
. . . CT

σN

]T
AwBq0ej and Sf (w) =

[
CT

σ1
CT

σ2
. . . CT

σN

]T
Awμ(f). (5.8)

Here, Notation 4.1 is used, applied to the the matrices Aq, q ∈ Q viewed as linear maps, i.e. Aε = In, where In

is the n × n identity matrix, and Aw = Aqk
. . . Aq1 if w = q1 . . . qk, q1, . . . , qk ∈ Q, k > 0.

Proof. By Corollary 5.1, (Σ, μ) is a realization of Φ if and only if for all discrete modes q, q0 ∈ Q, words,
w = q1q2 . . . qk ∈ Q∗, q1, q2, . . . , qk ∈ Q, k ≥ 0, indices j = 1, . . . , m and elements f of Φ, (5.4–5.5) hold. From
the definition of Sq,q0 (w) and Sf,q(w) it follows that the left-hand side D(1,Ik,0)yΦ

ej ,q0wq of (5.4) equals Sq,q0,j(w)
and the left-hand side D(Ik,0)f0,wq of (5.5) equals Sf,q(w). On the other hand, if we apply the convention
of Notation 4.1 to the right-hand side of (5.4) we get CqAwBq0ej . Similarly, applying Notation 4.1 to the
right-hand side of (5.5) yields CqAwμ(f). Combining the observations stated above, we get

D(1,Ik,0)yΦ
ej ,q0wq = Sq,q0,j(w) = CqAwBq0ej and D(Ik,0)f0,wq = Sf,q(w) = CqAwμ(f). (5.9)

By “stacking up” the right-hand sides of equalities in (5.9) and using (5.6), we get the statement of the
lemma. �
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Since the representation RΣ,μ below will also be used for the case of constrained switching, we will assume
that Φ is a family of input-output maps with some switching constraint L ⊆ Q+, i.e. Φ ⊆ F (PC(T,U)×TL,Y).

Construction 5.1 (representation associated with (Σ, μ)). Assume that Φ ⊆ F (PC(T,U) × TL,Y) for
L ⊆ Q+, and assume that Σ is of the form (3.1) and μ : Φ → X . Define the representation associated
with (Σ, μ) by

RΣ,μ = (X , {Aq}q∈Q, B̃, C̃).
The state-space of RΣ,μ is the same as the state-space of Σ, i.e. it is Rn = X . The alphabet of RΣ,μ is set
of discrete modes Q. For each discrete mode q ∈ Q, the corresponding state-transition matrix Aq of RΣ,μ is
identical to the matrix Aq of Σ. The readout matrix C̃ is obtained by vertically “stacking up” the matrices
Cσ1 , . . . , CσN from top to bottom. That is, C̃ =

[
CT

σ1
CT

σ2
, . . . , CT

σN

]T ∈ RpN×n. Here, σ1, . . . , σN is the
enumeration of Q defined in (3.18). The set of the initial states of RΣ,μ is of the form B̃ = {B̃j ∈ X | j ∈ JΦ},
where B̃f = μ(f) for f ∈ Φ, and B̃(q,l) = Bqel for q ∈ Q and l = 1, . . . , m, i.e. B(q,l) is the lth column of Bq.

The intuition behind the definition of RΣ,μ is that if L = Q+, then we would like RΣ,μ to be a representation
of ΨΦ if and only if (5.8) holds. It then follows that the Aq matrices of the representation RΣ,μ should coincide
with the Aq matrices of Σ. The initial states of the representation should be formed by the vectors Bf (in
order to generate Sf ), and Bqej (in order to generate Sq,j). Finally, the readout map C̃ should be formed by
just “stacking up” the matrices Cq. Next, we construct a linear switched system realization (ΣR, μR) from a
representation R.

Construction 5.2 (linear switched system realization associated with a representation). Let Φ be a family of
input-output maps with the switching constraint L ⊆ Q+. Consider a representation R of the following form

R = (X , {Aq}q∈Q, B̃, C̃). (5.10)

We assume that the range of C̃ is a subset of RNp, and that B̃ = {B̃j ∈ X | j ∈ JΦ}, where JΦ = Φ ∪ {(q, z) |
q ∈ Q, z = 1, . . . , m}, i.e. R is a pN -JΦ representation. If X = Rn does not hold, then replace R with the
isomorphic copy TR defined in Remark 4.2 whose state-space is Rn. In the rest of the construction, we assume
that X = Rn for n = dimX holds. Hence, we can assume that Aq, q ∈ Q are n × n matrices, and C̃ is a
pN × n matrix. Define the linear switched system realization (ΣR, μR) associated with R as follows. Let ΣR be
of the form (3.1) that is, the state-space of ΣR is the same as that of R and for each discrete mode q ∈ Q, the
matrix Aq of ΣR is identical to the state-transition matrix Aq of R. The definition of the p × n matrices Cq,
q ∈ Q, goes as follows. Let σ1, σ2, . . . , σN be the enumeration of Q defined in (3.18). Then the p × n matrix
Cσ1 is formed by the first p rows of C̃, the matrix Cσ2 is formed by the second block of p rows of C̃, and so on,
up to CσN which is formed by the last p rows of C̃. That is, C̃ can be expressed via the matrices Cq, q ∈ Q as
C̃ =

[
CT

σ1
, CT

σ2
, . . . , CT

σN

]T . For each discrete mode q ∈ Q, the n×m matrix Bq is obtained as follows; the
lth column of Bq equals the initial state B̃(q,l) for all l = 1, . . . , m, i.e. Bqel = B̃(q,l) for each l = 1, . . . , m. The
map μR : Φ → X assigns to each element f of Φ the initial state of R indexed by f , i.e. μR(f) = B̃f for all f ∈ Φ.

The intuition behind the definition is the following. We would like (ΣR, μR) to be such that if we apply
Construction 5.1 to it, then the resulting representation RΣR,μR coincides with R. Hence, the matrices Aq of ΣR

should be the same as those of R, the matrices Bq should have as columns the vectors B̃q,l, the matrices Cq

should be such that by stacking them up we get the map C̃. Finally, μR should assign each f the initial state B̃f .
It is easy to see that the above requirement holds, i.e. ΣRΣ,μ = Σ, μRΣ,μ = μ and the representation RΣR,μR is
isomorphic to R. In fact, if the state-space of R is of the form Rn, then RΣR,μR = R.

Theorem 5.1. Let Φ be a family of input-output maps defined for arbitrary switching. Assume that Φ has a
generalized kernel representation. Then the following holds:

(a) The (Σ, μ) is realization of Φ if and only if the associated representation RΣ,μ from Construction 5.1 is
a rational representation of ΨΦ.
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(b) The representation R is a representation of ΨΦ if and only if the associated linear switched system
realization (ΣR, μR) from Construction 5.2 is a realization of Φ.

Proof. Notice that if R is a representation of ΨΦ, then R satisfies the assumptions of Construction 5.2. Part (a)
follows from Lemma 5.2. Since R is isomorphic to RΣR,μR , part (b) follows from part (a). �

Corollary 5.2. If (Σ, μ) is a minimal realization of Φ, then RΣ,μ is a minimal representation of ΨΦ. Conversely,
if R is a minimal representation of ΨΦ, then (ΣR, μR) is a minimal realization of Φ.

Proof. Notice that dim Σ = dimRΣ,μ and dim ΣR = dimR. The statement follows now from Theorem 5.1. �

Proof of Theorem 3.6. If Φ has a realization, then Φ has a generalized kernel representation, moreover, by
Theorem 5.1, ΨΦ has a representation, i.e. ΨΦ is rational. If Φ has a generalized kernel representation and
ΨΦ is rational, i.e. it has a representation, then by Theorem 5.1 Φ has a realization. By Theorem 4.1 and
Remark 5.1, rank HΦ < +∞ is equivalent to ΨΦ being rational. �

5.2.2. Minimality: proof of Theorem 3.3

First we will formulate results establishing the relationship between observability and reachability and mor-
phism for representations and observability, semi-reachability and system morphism for linear switched systems.

Lemma 5.3. Assume that Φ is a family of input-output maps with the switching constraint L ⊆ Q+. Let Σ
be of the form (3.1), and μ : Φ → X . Then Σ is observable if and only if RΣ,μ is observable, and (Σ, μ) is
semi-reachable if and only if RΣ,μ is reachable. Assume that R is a pN -JΦ representation. Then R is reachable
if and only if (ΣR, μR) is semi-reachable and R is observable if and only if ΣR is observable.

Proof. Since RΣR,μR is isomorphic to R, R is reachable or observable if and only if RΣR,μR is reachable,
respectively observable. Hence, it is enough to prove the first part of the lemma. Notice that WRΣ,μ = WR(Imμ),
where WR(Imμ) is the space WR(X0) for X0 = Imμ as defined in Proposition 3.1. Similarly, ORΣ,μ = OΣ where
OΣ is the observability kernel of Σ, defined in Theorem 3.2. Here WRΣ,μ is the reachability subspace of RΣ,μ as
defined for R = RΣ,μ in (4.5), and ORΣ,μ is the observability subspace of the representation RΣ,μ as defined for
R = RΣ,μ in (4.5). Now the statement follows easily from Theorem 3.2 and Proposition 3.1 and the definitions
of observability and reachability for representations. �

Lemma 5.4. Assume that Φ is a family of input-output maps with switching constraint L ⊆ Q+, and (Σ, μ) and
(Σ

′
, μ

′
) are linear switched system realizations such that the domains of μ and μ

′
equal Φ. Then T : (Σ, μ) →

(Σ
′
, μ

′
) is a linear switched system morphism if and only if T : RΣ,μ → RΣ′ ,μ′ is a representation morphism.

Recall that T : (Σ, μ) → (Σ
′
, μ

′
) is a linear switched system morphism if T is a linear map from the state-space

of Σ to the state-space of Σ
′
satisfying certain properties. Recall that a representation morphism between two

representations is a linear map between the state-spaces of the representations which satisfies certain properties.
Since the state space of RΣ,μ and of RΣ′ ,μ′ coincide with the state-space of Σ and Σ

′
respectively, it is justified

to denote both the linear switched system morphism and the representation morphism by the same symbol,
indicating that the underlying linear map is the same.

Proof of Lemma 5.4. Assume that Σ is of the form (3.1) and that Σ
′
is of the form Σ

′
= (X ′

,U ,Y, {(A′
q, B

′
q, C

′
q) |

q ∈ Q}). Recall from Construction 5.1 the definition of the representations RΣ,μ and RΣ′ ,μ′ . Assume that RΣ,μ

is of the form RΣ,μ = (X , {Aq}q∈Q, B̃, C̃) and RΣ′ ,μ′ is of the form RΣ′ ,μ′ = (X ′
, {A′

q}q∈Q, B̃
′
, C̃

′
) where

B̃ = {B̃j | j ∈ JΦ} and B̃
′
= {B̃′

j | j ∈ JΦ} and JΦ = Φ∪ (Q×{1, . . . , m}). Then T is a switched linear system
morphism if and only if TAq = A

′
qT , Cq = C

′
qT , TBq = B

′
q and Tμ(f) = μ

′
(f) for each discrete mode q ∈ Q,

and input-output map f ∈ Φ. But this is equivalent to requiring that
(1) For each discrete mode q ∈ Q, and for each element x ∈ X , TAqx = A

′
qTx;

(2) For each index j ∈ Φ ∪ (Q × {1, . . . , m}), T B̃j = B̃
′
j ; and
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(3) For each x ∈ X , C̃x =
[
(Cσ1x)T . . . (CσN x)T

]T = C̃
′
Tx.

In turn, Conditions (1)–(3) are equivalent to saying that T is a representation morphism. �
Proof Theorem 3.3. We will proof the following equivalences; (i) ⇐⇒ (ii), (i) ⇐⇒ (iii) and (i) ⇐⇒ (iv).
Finally, we will prove that all minimal linear switched system realizations of Φ are equivalent.

(i) ⇐⇒ (ii). By Corollary 5.2 system (Σ, μ) is minimal if and only if R = RΣ,μ from Construction 5.1 is
minimal. By Theorem 4.2, R is minimal if and only if R is reachable and observable. By Lemma 5.3 the latter
is equivalent to Σ being semi-reachable from Imμ and observable.

(i) ⇐⇒ (iii). By Corollary 5.2 (Σ, μ) is minimal if and only if RΣ,μ is minimal. By Theorem 4.2, RΣ,μ is
minimal if and only if dimRΣ,μ = dim Σ = rank HΨΦ = rank HΦ.

(i) ⇐⇒ (iv). Again (Σ, μ) is minimal if and only if RΣ,μ is minimal. Hence, by Theorem 4.2, we get that
(Σ, μ) is minimal if and only if for any reachable representation R of ΨΦ there exists a surjective representation
morphism T : R → RΣ,μ. But any reachable representation R of ΨΦ can arise as an associated representation
of a semi-reachable linear switched system realization of Φ. Indeed, by possibly replacing R with an isomorphic
copy, we can construct the associated linear switched system realization (ΣR, μR), which by Theorem 5.1
is a realization of Φ. By Lemma 5.3, if R is reachable, then (ΣR, μR) is semi-reachable. In addition, the
representation associated with (ΣR, μR) is isomorphic to R. That is, we get that (Σ, μ) is minimal if and only if
for any semi-reachable realization (Σ̂, μ̂) of Φ there exists a surjective representation morphism T : RΣ̂,μ̂ → RΣ,μ.
By Lemma 5.4 we get that the latter is equivalent to T : (Σ̂, μ̂) → (Σ, μ) being a surjective linear switched
system morphism.

Finally, we will show that minimal linear switched system realizations of Φ are algebraically similar. Let
(Σ, μ) and (Σ̂, μ̂) be two minimal linear switched system realizations of Φ. By Corollary 5.2, RΣ,μ and RΣ̂,μ̂ are
minimal representations of ΨΦ. Then from Theorem 4.2 it follows that there exists a representation isomorphism
T : RΣ̂,μ̂ → RΣ,μ. The latter means that T : (Σ̂, μ̂) → (Σ, μ) is a linear switched system isomorphism. �

Procedure 5.1 (minimal realization from the Hankel-matrix). Assume that Φ is a family of input-output
maps with arbitrary switching. Using Procedure B.1, Appendix B we construct a minimal representation R
of ΨΦ from HΦ = HΨΦ . Then, we construct the linear switched system realization (ΣR, μR). By Corollary 5.2,
(ΣR, μR) will be a minimal realization of Φ.

Procedure 5.2 (minimization). Assume that Φ is a family of input-output maps with arbitrary switching. Let
(Σ, μ) be a realization of Φ and compute the representation RΣ,μ from Construction 5.1. By Theorem 5.1, RΣ,μ

is a representation of ΨΦ. Use Procedure B.4, Appendix B to transform RΣ,μ into a minimal representation R
of ΨΦ. Construct the realization (ΣR, μR). By Corollary 5.2 (ΣR, μR) is a minimal realization of Φ.

5.3. Constrained switching

5.3.1. Existence of a realization: proof of Theorem 3.7

Let L ⊆ Q+ be the set of admissible sequences of discrete modes. Let Φ be a family of input-output maps with
the switching constraint L. Assume that Φ has a generalized kernel representation with constraint L. We start
with introducing the notion of a family of formal power series ΨΦ associated with Φ. Recall from Section 3.3,
(3.20) the definition of the sets Fq,q0(w) and Fq(w), q, q0 ∈ Q. Define the languages L̃q,q0 , L̃q

L̃q,q0 = {w ∈ Q∗ | Fq,q0(w) �= ∅} and L̃q = {w ∈ Q∗ | Fq(w) �= ∅}. (5.11)

That is, L̃q,q0 (resp. L̃q) consists of all those words w ∈ Q∗ for which Fq,q0(w) (resp. Fq(w)) is not empty.
Recall from (3.21) the definition of the vectors Tq,q0,j(w) and Tf,q(w) for each word w ∈ Q∗, discrete modes
q, q0 ∈ Q, indices j = 1, . . . , m, and input-output maps f ∈ Φ. It is easy to see that the maps Tq,q0,j : Q∗ �
w 	→ Tq,q0,j(w) ∈ Rp and Tf,q : Q∗ � w 	→ Tf,q(w) ∈ Rp can be viewed as formal power series.

Lemma 5.5. The formal power series Tq,q0,j and Tf,q are well-defined.
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Proof. The lemma follows from Lemma 5.6 presented below. �

Lemma 5.6. With the notation above, the formal power series Tq,q0,j and Tf,q admit the following representation:

Tq,q0,j(w) =
{

DαGΦ
z ej = D(0,α,0)GΦ

q0zqej if w ∈ L̃q,q0 and (v, (α, z)) ∈ Fq,q0(w)
0 otherwise

Tf,q(w) =
{

D(O|v|,α)Kf,Φ
vz = DαKf,Φ

z = D(α,0)Kf,Φ
zq if w ∈ L̃q and (v, (α, z)) ∈ Fq(w)

0 otherwise.
(5.12)

Moreover, in (3.21) and (5.12) the values of Tf,q(w) and Tq,q0,j(w) are independent from the particular choice
of the elements (v, (α, z)) ∈ Fq(w) and (v, (α, z)) ∈ Fq,q0(w) respectively.

The proof of Lemma 5.6 can be found in Appendix A.
Fix the enumeration Q = {σ1, σ2, . . . , σN} as in (3.18). Define the formal power series Tq,l, Tf ∈ RpN 〈〈Q∗〉〉,

l ∈ {1, . . . , m}, q ∈ Q and f ∈ Φ by requiring that for all w ∈ Q∗,

Tq,l(w) =
[
(Tσ1,q,l(w))T , (Tσ2,q,l(w))T , . . . , (TσN ,q,l(w))T

]T
Tf(w) =

[
(Tf,σ1(w))T , (Tf,σ2(w))T , . . . , (Tf,σN (w))T

]T
. (5.13)

That is, the formal power series Tq,l and Tf are simply formed by stacking up the values of Tσi,q,l and Tf,σi

respectively, i = 1, . . . , N . Define the family of formal power series associated with Φ as

ΨΦ = {Tj ∈ R
pN 〈〈Q∗〉〉 | j ∈ JΦ} (5.14)

where the index set JΦ is defined as JΦ = Φ ∪ (Q × {1, 2, . . . , m}).
Remark 5.2 (equivalence of Hankel-matrices). The Hankel-matrix HΨΦ of the family of formal power series ΨΦ

and the Hankel-matrix defined in Definition 3.7 are identical, and hence their respective ranks are identical.

In order to prove Theorem 3.7, we need the following two theorems.

Theorem 5.2. We can construct a family of formal power series ΩΦ, elements of which depend only on L, and
for which the following holds. Assume that Σ is a linear switched system of the form (3.1) and let μ : Φ → X .
If (Σ, μ) is a realization of Φ, then there exists a family of formal power series KΣ,μ such that:

• KΣ,μ is rational, and in addition all the elements of KΣ,μ depend only on the parameters of (Σ, μ).
• The family of formal power series ΨΦ associated with Φ can be expressed as the Hadamard-product

of KΣ,μ and ΩΦ, i.e.
ΨΦ = ΩΦ � KΣ,μ. (5.15)

In addition, if L is a regular language, the family of formal power series ΩΦ is rational.

The proof of Theorem 5.2 will be presented at the end of this section. The next theorem relates rational
representations of ΨΦ and realizations of Φ. Recall the definition of comp(L) from (3.7).

Theorem 5.3. If R = (X , {Aq}q∈Q, B, C) is a representation of ΨΦ, then the associated linear switched system
realization (ΣR, μR) (defined in Construction 5.2) is a realization of Φ. Moreover, for each input-output map
f ∈ Φ, for each input u ∈ PC(T,U) and for any switching sequence w ∈ T (comp(L)),

yΣR(μR(f), u, w) = 0. (5.16)

The theorem above states the input-output map f and the input-output map induced by the initial state
μR(f) of ΣR coincide on admissible switching sequences. The output of ΣR for those switching sequences which
are not related to any admissible switching sequence is assumed to be zero.
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Proof of Theorem 3.7. Recall that the Hankel-matrix of Φ as defined in Construction 3.7 coincides with the
Hankel-matrix of the family of formal power series ΨΦ. If Φ has a generalized kernel representation with
constraint L and rank HΦ < +∞, then by Theorem 4.1 and Remark 5.2 the family of formal power series ΨΦ

is rational. If ΨΦ is rational, then there exists a representation R of ΨΦ and by Theorem 5.3, (ΣR, μR) is a
realization of Φ with constraint L. That is, we have proved the first statement of the theorem.

Assume that L is regular and Φ is realized by (Σ, μ). Then by Theorem 5.2 Φ has a generalized kernel
representation and with the notation of Theorem 5.2 it holds that ΨΦ = ΩΦ�KΣ,μ. Moreover, by Theorem 5.2,
both KΣ,μ and ΩΦ is rational. Hence, by Lemma 4.3 their Hadamard-product is rational, and hence ΨΦ is
rational. Again, by Theorem 4.1 and Remark 5.2 the rationality of ΨΦ means that rank HΦ < +∞. �

We devote the rest of the section to proving Theorems 5.2 and 5.3. We start by presenting the construction
of the families of formal power series ΩΦ and KΣ,μ defined in Theorem 5.2. To this end, recall from (5.11) the
definition of the languages L̃q,q0 and L̃q for discrete modes q, q0 ∈ Q.

Construction 5.3 (definition of ΩΦ). Define the power series Zq,q0 , Zq ∈ Rp〈〈Q∗〉〉 by

Zq,q0(w) =
{

(1, 1, . . . , 1)T ∈ Rp if w ∈ L̃q,q0

0 otherwise
and Zq(w) =

{
(1, 1, . . . , 1)T ∈ Rp if w ∈ L̃q

0 otherwise

for all w ∈ Q∗. That is, Zq,q0 (resp. Zq) is just the p tuple of the indicator functions, each of which returns one
if a word belongs to L̃q,q0 (resp. L̃q) and zero otherwise. We will define the power series Γq, Γ ∈ RpN 〈〈Q∗〉〉 by
stacking up the power series Zσ1,q, . . . , ZσN ,q, respectively Zσ1 , . . . , ZσN in this order, that is, for all w ∈ Q∗,

Γq(w) =
[
(Zσ1,q(w))T , (Zσ2,q(w))T , . . . , (ZσN ,q(w))T

]T (5.17)

Γ(w) =
[
(Zσ1(w))T , (Zσ2(w))T , . . . , (ZσN (w))T

]T
. (5.18)

The family of formal power series ΩΦ is indexed by JΦ = Φ ∪ (Q × {1, . . . , m}) and it is of the form

ΩΦ = {Ξj ∈ R
pN 〈〈Q∗〉〉 | j ∈ JΦ} where ∀j ∈ J : Ξj =

{
Γ j = f ∈ Φ
Γq j = (q, l) ∈ Q × {1, . . . , m}. (5.19)

Lemma 5.7. If L regular, then ΩΦ is rational, and the rank of the Hankel-matrix HΩΦ depends only on L.

Lemma 5.7 is a corollary of the following lemma.

Lemma 5.8. If L ⊆ Q+ is regular, then L̃, L̃q,q0 and L̃q are regular languages for each q, q0 ∈ Q.

The proof of the Lemma 5.8 can be found in the Appendix A.3.

Proof of Lemma 5.7. If L is regular, then by Lemma 5.8, L̃q,q0 and L̃q are regular languages for all q, q0 ∈ Q.
Recall from (5.18) the definition of Γ and recall from (5.17) the definition of Γq. Then it is easy to see that
for each l = 1, . . . , pN , such that l = p(z − 1) + i for some z = 1, . . . , N , i = 1, . . . p, the lth coordinate of

the vector Γ(w) is of the form (Γ(w))l =
{

1 if w ∈ L̃σz

0 otherwise
and the lth coordinate of Γq(w) is of the form

(Γq(w))l =
{

1 if w ∈ L̃σz ,q

0 otherwise
. For each l = 1, . . . , Np, denote by (Γq)l and respectively by Γl the scalar

valued formal power series formed by the lth coordinate of Γq and respectively Γ. From the regularity of L̃q1,q2

and L̃q1 , q1, q2 ∈ Q and Lemma 4.3 it follows that (Γq)l and Γl are rational for all l = 1, . . . , Np and q ∈ Q.
Consider the family of formal power series Θ = {Γj | j ∈ {∅} ∪ Q}, where Γ∅ = Γ. Hence, since (Γq)i and Γi,
i = 1, . . . , Np are rational, by Lemmas 4.6 and 4.4 we get that Θ is rational. Notice that Θ depends only on L,
hence the rank of the Hankel matrix of Θ depends only on L.
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It is left to show that ΩΦ is rational and the rank of its Hankel-matrix depends only on L. To this end,
let R = (X , {Aσ}σ∈Σ, B, C) be a minimal representation of Θ. From Theorem 4.2 it follows then that R is
reachable and observable, and dim R = rank HΘ. Define the indexed set B̃ = {B̃j ∈ X | j ∈ Φ∪Q×{1, . . . , m}}
as follows. For each f ∈ Φ let B̃f = B∅, and for each i = 1, . . . , m, q ∈ Q let B̃(q,i) = Bq. Then it is easy
to see that R̃ = (X , {Aσ}σ∈Σ, B̃, C) is a well-defined rational representation of the family ΩΦ. Hence, ΩΦ is
rational. Moreover, it is easy to see that dim R̃ = dimR and R̃ is reachable and observable as well. Hence, by
Theorem 4.2, dim R̃ = rank HΩΦ . The latter implies that rank HΩΦ = rank HΘ depends only on L. �

Next, we proceed with defining the formal power series KΣ,μ from (5.15).

Construction 5.4 (definition of KΣ,μ). Let (Σ, μ) be a linear switched system realization of Φ. Define the
family of input-output maps ΘΣ,μ = {yΣ(μ(f), ., .) | f ∈ Φ}. The elements of ΘΣ,μ are simply those input-output
maps of Σ (defined for arbitrary switching) which are induced by an initial state of the form μ(f) for some f ∈ Φ.
Define U(μ) : ΘΣ,μ → Φ by U(μ)(yΣ(μ(f), ., )) = f . The map U(μ) is well defined. Indeed, if yΣ(μ(f1), ., .) =
yΣ(μ(f2), ., .), then for all u ∈ PC(T,U) and w ∈ TL, f1(u, w) = yΣ(μ(f1), u, w) = yΣ(μ(f2), u, w) = f2(u, w).
Notice that (Σ, μ ◦ U(μ)) is a realization of ΘΣ,μ and for each g = yΣ(μ(f), ., .) ∈ ΘΣ,μ, μ ◦ U(μ)(g) = μ(f).
Assume that the family of formal power series associated with ΘΣ,μ as defined in Section 5.2, (5.7), is of the
form

ΨΘΣ,μ = {Sz ∈ R
pN 〈〈Q∗〉〉 | z ∈ ΘΣ,μ ∪ (Q × {1, 2, . . . , m})}. (5.20)

The family KΣ,μ is indexed by JΦ = Φ∪ (Q × {1, . . . , m}) and it represents the following re-indexing of ΨΘΣ,μ ,

KΣ,μ = {Vj ∈ R
pN 〈〈Q∗〉〉 | j ∈ JΦ}, ∀j ∈ JΦ : Vj =

{
SyΣ(μ(f),.,.) if j = f ∈ Φ
S(q,l) if l = (q, j) ∈ Q × {1, . . . , m}. (5.21)

Lemma 5.9. The family of formal power series KΣ,μ is rational, moreover rank HKΣ,μ = HΨΘΣ,μ
≤ dim Σ.

Proof. From Theorem 3.6 it follows that ΨΘΣ,μ is rational. Define the map φ : ΘΣ,μ ∪ (Q × {1, . . . , m}) →
Φ ∪ (Q × {1, . . . , m}) by φ(g) = U(μ)(g) for g ∈ ΘΣ,μ and φ((q, j)) = (q, j) for q ∈ Q, j = 1, . . . , m. The
map φ is surjective and Vφ(j) = Sj for all j ∈ ΘΣ,μ ∪ (Q × {1, . . . , m}). By Lemma 4.5, rationality of ΨΘΣ,μ

implies the rationality of KΣ,μ, and since φ is surjective we get that rank HKΣ,μ = rank HΨΘΣ,μ
. Finally,

rank HΨΘΣ,μ
= rank HΘΣ,μ by Remark 5.1, and by Theorem 3.3 we get that rank HΨΘΣ,μ

≤ dim Σ. �

Proof of Theorem 5.2. We show that Theorem 5.2 is satisfied by choosing ΩΦ and KΣ,μ as defined in (5.19) and
(5.21). Note that the elements ΩΦ depend only L and from Lemma 5.7 it follows that ΩΦ is rational if L is
regular. The elements of KΣ,μ depend on the parameters of (Σ, μ) only and by Lemma 5.9 KΣ,μ is rational.
Hence, it is left to show that (Σ, μ) is a realization of Φ if and only if (5.15) holds. To this end, notice (5.15) is
equivalent to

∀f ∈ Φ, q, q0 ∈ Q, j = 1, 2, . . . , m : Tf,q = SyΣ(μ(f),.,.),q � Zq and Tq,q0,j = Sq,q0,j � Zq,q0 . (5.22)

Here we used the notation of (3.17) applied to ΘΣ,μ and (5.6). That is, for each word w ∈ Q∗, SyΣ(μ(f),.,.),σi
(w)

and respectively Sσi,q0,j(w) are formed by the block of rows of SyΣ(μ(f),.,.)(w) and respectively Sq0,j(w) indexed
by indices in the range [p(i− 1)+ 1, pi]. Hence, it is enough to show that (Σ, μ) is a realization of Φ if and only
if (5.22) holds for all q ∈ Q, f ∈ Φ and j = 1, . . . , m.

By Lemma 5.1, (Σ, μ) is a realization of Φ, if and only if Φ has a generalized kernel representation with
constraint L, and (5.2) and (5.3) hold. Notice the following facts about the expressions in (5.2) and (5.3). If
(v, (α, z)) ∈ Fq,q0 (w), and z = z1z2 . . . zk for some z1, z2, . . . , zk ∈ Q, then w = zα1

1 zα2
2 . . . zαk

k . Similarly, if
(v, (α, z)) ∈ Fq(w) and z = z1z2 . . . zk for some z1, z2, . . . , zk ∈ Q, then w = zα1

1 zα2
2 . . . zαk

k . Recall the notation
of Notation 4.1, (4.4). Then we get that Aαk

zk
A

αk−1
zk−1 . . . Aα1

z1
= Aw if w = zα1

1 zα2
2 . . . zαk

k . Combining (5.2), (5.3)
and the definition of Tf,q(w) and Tq,q0,j(w) presented in (5.12) we get that

Tf,q(w) = CqAwμ(f) if w ∈ L̃q, and Tq,q0,j(w) = CqAwBq0ej if w ∈ L̃q,q0 . (5.23)
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Notice that (Σ, μ ◦ U(μ)) is also a realization of Θ = ΘΣ,μ. Recall the definition of RΣ,μ◦U(μ) from Construc-
tion 5.1. By Theorem 5.1, RΣ,μ◦U(μ) is a representation of ΨΘ. Hence, from (5.9)

∀q, q0 ∈ Q, j = 1, . . . , m, w ∈ Q∗ : CqAwBq0ej = Sq,q0,j(w) and CqAwμ(f) = SyΣ(μ(f),.,.),q(w). (5.24)

Notice that if w /∈ L̃q,q0 , then Tq,q0,j(w) = 0; and if w /∈ L̃q, then Tf,q(w) = 0. Combining this with (5.24),

Tf,q(w) =
{

SyΣ(μ(f),.,.),q(w) if w ∈ L̃q

0 otherwise
and Tq,q0,j(w) =

{
Sq,q0,j(w) if w ∈ L̃q,q0

0 otherwise.
(5.25)

From the definition of Zq(w) and Zq,q0(w) and from the definition of the Hadamard-product we get that the
right-hand sides of (5.25) equal (SyΣ(μ(f),.,.)�Zq)(w) and (Sq,q0,j �Zq,q0)(w) respectively, i.e. (5.22) holds. �
Proof of Theorem 5.3. Let (Σ, μ) = (ΣR, μR) and assume that Σ is of the form (3.1).

First, we show that (Σ, μ) is a realization of Φ. To this end, notice that R is a representation of ΨΦ, and
hence for all q0 ∈ Q, f ∈ Φ, j = 1, . . . , m, w ∈ Q∗, Tq0,j(w) = CAwB(q0,j) and Tf(w) = CAwBf . From this,
the definition of Tq,q0,j(w), and that of the matrices Cq, Bq0 of Σ, we get that Tq,q0,j(w) = CqAwBq0ej . Let
w ∈ L̃q,q0 and let (v, (α, z)) ∈ Fq,q0 (w). It then follows that w = zα1

1 . . . zαk

k and hence Aw = Aα1
zk

A
αk−1
zk−1 . . . Aα1

z1
,

where z = z1 . . . zk z1 . . . , zk ∈ Q. Using (3.21) we get

D(O|v|,α+)yΦ
ej ,vz = Tq,q0,j(w) = CqAwBq0ej = CqA

αk
zk

Aαk−1
zk−1

. . . Aα1
z1

Bq0ej . (5.26)

From Tf(w) = CAwBf , the definition of Tq,f(w), and the definition of the parameters Cq and μ(f) = Bf of Σ,
we get that Tf,q(w) = CqAwμ(f). Let w ∈ L̃q and (v, (α, z)) ∈ Fq(w). Then we get w = zα1

1 zα2
2 . . . zαk

k , where
z = z1 . . . zk, z1, . . . zk ∈ Q, and Aw = Aαk

zk
A

αk−1
zk−1 . . . Aα1

z1
. Combining this with (3.21) we get that

D(O|v|,α)f0,vz = Tq,f (w) = CqAwμ(f) = CqA
αk
zk

Aαk−1
zk−1

. . . Aα1
z1

μ(f). (5.27)

By Lemma 5.1 the equalities (5.26) and (5.27) are equivalent to (Σ, μ) being a realization of Φ with constraint L.
Next, we show that (5.16) holds. Apply Construction 5.4 to (Σ, μ) and recall from Construction 5.4 the

definition of the family of input-output maps ΘΣ,μ. Recall from Construction 5.4 the definition of the map U(μ)
and recall that (Σ, μ ◦ U(μ)) is a realization of ΘΣ,μ. Hence, ΘΣ,μ admits a generalized kernel representation.
Using the notation of Definition 3.4, the functions of the generalized kernel representation of ΘΣ,μ are denoted
K

g,ΘΣ,μ
w and G

ΘΣ,μ
w for all w ∈ Q+, g ∈ ΘΣ,μ. We are going to show that

∀w ∈ comp(L), g ∈ ΘΣ,μ: GΘΣ,μ
w = 0 and Kg,ΘΣ,μ

w = 0. (5.28)

It is easy to see that if a word belongs to comp(L) then any of its suffixes belongs to comp(L). Then from
Definition 3.4, part 4 it follows that (5.28) implies (5.16). Since G

ΘΣ,μ
w and K

g,ΘΣ,μ
w are analytic entire functions,

we obtain (5.28), if we show that the high-order derivatives of G
ΘΣ,μ
w , K

g,ΘΣ,μ
w at zero are zero, i.e. if we show

that
∀g ∈ ΘΣ,μ, w ∈ comp(L), β ∈ N

|w|: DβGΘΣ,μ
w = 0 and DβKg,ΘΣ,μ

w = 0. (5.29)
Fix a word w = q1 . . . qk ∈ comp(L), q1, . . . , qk ∈ Q, and a tuple β = (β1, . . . , βk). Apply the first equality
of (5.1) of Lemma 5.1 with w and α = (β1 + 1, β2, . . . , βk), and the second equality of (5.1) with w and α = β,
to the family ΘΣ,μ and to the realization (Σ, μ ◦ U(μ)). Then for all g = yΣ(μ(f), ., .) ∈ ΘΣ,μ, f ∈ Φ,

DβGΘΣ,μ
w = Cqk

AvBq1 and DβKg,ΘΣ,μ
w = Cqk

Av(μ ◦ U(μ))(g) = Cqk
Avμ(f) (5.30)

where v = qβ1
1 qβ2

2 . . . qβk

k . But w ∈ comp(L) implies L̃qk
= ∅. Hence, v cannot be an element of L̃qk

. If v ∈ Q∗

is such that v /∈ L̃qk
, then v /∈ L̃qk,q for all q ∈ Q. From the definition of Tf,qk

(v) and Tgk,q,j(v) we get that
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Tf,qk
(v) = 0 and Tqk,q,j(v) = 0 for all f ∈ Φ, j = 1, . . . , m and q ∈ Q. Hence from (5.26) and (5.27) it follows

that Cqk
AvBqej = Tqk,q,j(v) = 0, j = 1, . . . , m and Cqk

Avμ(f) = Tqk,f (v) = 0. Using (5.30), (5.29) then
follows. �

5.3.2. Quasi-minimality: proof of Theorem 3.4

Proof of Theorem 3.4. From Theorem 3.7, if L is a regular language and Φ has a realization with constraint L,
then rank HΦ < +∞. Since the Hankel-matrix of Φ and ΨΦ coincide, by Theorem 4.1 we get that ΨΦ is
rational. Let R be a minimal representation of ΨΦ. Consider (Σ, μ) = (ΣR, μR), i.e. the linear switched
system realization associated with R. Then by Theorem 5.3 (Σ, μ) is a realization of Φ with constraint L
such that (3.8) holds. Since R is reachable and observable, by Lemma 5.3 we get that (Σ, μ) is semi-reachable
and observable. If (Σ̃, μ̃) is a realization of Φ, then by Theorem 5.2, ΨΦ = KΣ̃,μ̃ � ΩΦ. From Lemma 4.3,

rank HΨΦ ≤ rank HKΣ̃,μ̃
·rank HΩΦ . By Lemma 5.9, rank HKΣ̃,μ̃

= rank HΨΘ
Σ̃,μ̃

≤ dim Σ̃. Since R is a minimal,

by Theorem 4.2, dim Σ = dimR = rank HΦ. Combining these observations we get dim Σ ≤ rank HΩΦ · dim Σ̃.
By Lemma 5.7 rank HΩΦ depends only on L. Hence, for M = rank HΩΦ we get (3.9). �

Procedure 5.3 (construction of a realization from the Hankel-matrix). Construct a minimal representation R
from HΦ = HΨΦ using Procedure B.1, Appendix B. Construct the linear switched system realization (ΣR, μR)
associated with R as described in Construction 5.2. By Theorem 5.3 and the proof of Theorem 3.4, (ΣR, μR) is
a quasi-minimal realization of Φ. For the corresponding algorithm see [20].

Procedure 5.4 (quasi-minimization). Using the parameters of (Σ, μ) and (5.23) in the proof of Theorem 5.2,
construct the Hankel-matrix HΦ of Φ. Then use Procedure 5.3 to construct a semi-reachable and observable
realization of Φ which satisfies (3.8) and (3.9). The procedure outlined above can be made effective, see [20].

6. Conclusions

The current paper is the first part of a series of papers dealing with realization theory of switched systems.
In this paper realization theory of linear switched systems was presented. The forthcoming Part II of the series
deals with realization theory of bilinear switched systems. The paper uses the theory of formal power series,
to derive the results. To this end, the paper also presents an extension of the classical theory of formal power
series to families of power series.

A. Proof of technical results on linear switched systems

A.1. Technical results on input-output maps of linear switched systems

The results of the section are necessary for the proof of Lemma 5.1 and Corollary 5.1, and Lemma 5.6.
Assume that Φ has a generalized kernel representation defined in Definition 3.4. In the sequel we will use the
notation of Definition 3.4 and the notation introduced in Notations 2.1–3.4.

Lemma A.1. For each w = q1 . . . qk ∈ L, q1, . . . , qk ∈ Q, k > 0, and for all j = 1, . . . , m, l = 1, . . . , k,

∀α ∈ N
k: DαKf,Φ

q1q2...qk
= Dαf0,q1q2...qk

and ∀α ∈ N
k−l+1: DαGΦ

qlql+1...qk
ej = DβyΦ

ej ,q1q2...qk
(A.1)

where Nk � β = (0, 0, . . . , 0, α1 + 1, α2, . . . , αk−l+1). Here ej is the jth unit vector of Rm.

Proof. It follows from the formula d
dt

∫ t

0
g(t, τ)dτ = g(t, t) +

∫ t

0
d
dtg(t, τ)dτ and Part 4 of Definition 3.4. �

The next lemma together with its numerous corollaries states a number of relationships between the functions
Kf,Φ

w and GΦ
w and functions Kf,Φ

z and GΦ
z , where w is obtained from z by repeating zero or more times the letters
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of z. Moreover, these relationships are of great importance for the proof of Lemma 5.1 and for the derivation
of results on realization theory with switching constraints. Recall from (3.11) the definition of the language L̃.

Lemma A.2. Consider the words v, w, s ∈ Q∗. Assume that w = zα1
1 zα2

2 . . . zαk

k for some z1, . . . , zk ∈ Q and
(α1, α2 . . . , αk) ∈ Nk. Assume that vws and vz1 . . . zks both belong to L̃. In addition, assume that either αk > 0
or, if αk = 0, then s is non-empty, i.e. |s| > 0. Then the following holds:

(a) For all r1, . . . , r|v|, p1, . . . , p|s|, t1, . . . , t|w| ∈ T , f ∈ Φ

Kf,Φ
vws(r1, . . . , r|v|, t1, . . . , t|w|, p1, . . . , p|s|) = Kf,Φ

vz1...zks(r1, . . . , r|v|, T1, . . . , Tk, p1, . . . , p|s|). (A.2)

If in addition either |v| > 0 or α1 > 0, then

GΦ
vws(r1, . . . , r|v|, t1, . . . , t|w|, p1, . . . , p|s|) = Gf,Φ

vz1...zks(r1, . . . , r|v|, T1, . . . , Tk, p1, . . . , p|s|). (A.3)

Here Ti =
∑α1+...+αi

j=1+α1+...+αi−1
tj, i = 1, . . . , k.

(b) Let I|w| = (1, 1, . . . , 1) ∈ N|w|. Then for any β ∈ N|v|, γ ∈ N|s|, for all f ∈ Φ,

D(β,I|w|,γ)Kf,Φ
vws = D(β,α,γ)Kf,Φ

vz1z2...zks (A.4)

D(β,I|w|,γ)GΦ
vws = D(β,α,γ)GΦ

vz1z2...zks, if |v| > 0 or α1 > 0. (A.5)

Proof of Lemma A.2. We will show only that (A.2) and (A.4) hold. The proof of (A.3) and (A.5) can be
obtained from the proof of (A.2) and (A.4) which will be presented below by simply replacing Kf,Φ

w with GΦ
w

and replacing the references to the first equality of Part 2 and Part 3 of Definition 3.4 with references to the
second equality of Part 2 and Part 3 of Definition 3.4.

The proof goes by induction on k. Let k = 1 and denote by α the power α1 and denote by z the letter z1.
If α = 0, then w = ε, i.e. the word w is the empty word. From Part 3 of Definition 3.4 it follows that
Kf,Φ

vzs (r1, . . . , r|v|, 0, p1, . . . , p|s|) = Kf,Φ
vs (r1, . . . , r|v|, p1, . . . , p|s|). Hence, for k = 1 and α = 0 (A.2) and (A.4)

hold. Notice that I0 is the empty tuple, hence (β, I0, γ) = (β, γ). It follows from definition of d0

dt0 and Part 3 of
Definition 3.4 that D(β,γ)Kf,Φ

vs = D(β,α,γ)Kf,Φ
vzs . Notice that for k = 1 and α = 1 (A.2) and (A.4) are trivially

true. For k = 1 and α > 1, (A.2) and (A.4) can be shown to be true by using Part 2 of Definition 3.4 and
d

dt1
d

dt2
g(t1 + t2)|t1=t2=0 = d2

dt2 g(t)|t=0.
Finally, assume that (A.2) and (A.4) hold for all k < n. We will prove that (A.2) and (A.4) hold for k = n.

Indeed, let’s apply the induction hypothesis for k = n − 1 to ŵ = zα1
1 . . . z

αn−1
n−1 . Then we get that

Kf,Φ

vz
α1
1 ...zαn

n s
(r1, . . . , r|v|, t1, . . . , t|w|−αn

, t|w|−αn+1, . . . , t|w|, p1, . . . , p|s|)

= Kf,Φ
vz1...zn−1zαn

n s
(r1, . . . , r|v|, T1, . . . , Tn−1, t|w|−αn+1, . . . , t|w|, p1, . . . , p|s|)

D(β,I|w|,γ)Kf,Φ
vws = D(β,I|ŵ|,1,γ)Kf,Φ

vŵzαn
n s

= D(β,α,1,γ)Kf,Φ
vz1...zn−1zαn

n s

where Ti =
∑α1+...+αi

j=1+α1+...αi−1
tj . Using the equalities above and applying the induction hypothesis for k = 1

to zαn
n we get (A.2) and (A.4). �

Corollary A.1. Let w ∈ L̃ be a word such there exist z1, z2, . . . , zk ∈ Q, k > 0 and a k-tuple α =
(α1, α2, . . . , αk) ∈ N

k such that w = zα1
1 zα2

2 . . . zαk

k and z1z2 . . . zk ∈ L̃, and αk > 0. Then for all t1, . . . , t|w| ∈ T ,
f ∈ Φ,

Kf,Φ
w (t1, . . . , t|w|) = Kf,Φ

z1z2...zk
(T1, . . . , Tk) and GΦ

w(t1, . . . , t|w|) = GΦ
z1z2...zk

(T1, . . . , Tk) if α1 > 0. (A.6)
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Here it is assumed Ti =
∑α1+...+αi

j=1+α1+...+αi−1
tj, i = 1, . . . , k. That is, {Kf,Φ

w , GΦ
v | f ∈ Φ, w, v ∈ suffixL} uniquely

determines the collection of functions {Kf,Φ
w , GΦ

v | f ∈ Φ, w, v ∈ L̃}.
Proof. Apply part (a) of Lemma A.2 with v = ε and s = ε and substituting zα1

1 zα2
2 . . . zαk

k for w. �
Corollary A.2. Let z1, z2, . . . , zk, d1, d2, . . . , dl, q, q0 ∈ Q be discrete modes. Assume that zα1

1 zα2
2 . . . zαk

k =
dβ1
1 dβ2

2 . . . dβl

l for some α = (α1, α2, . . . , αk) ∈ Nk, β = (β1, β2, . . . , βl) ∈ Nl. Then the following holds:

• If q0z1z2 . . . zkq ∈ L̃ and q0d1d2 . . . dlq ∈ L̃, then D(0,α,0)GΦ
q0z1z2...zkq = D(0,β,0)GΦ

q0d1d2...dlq
.

• If z1z2 . . . zkq and d1d2 . . . dlq ∈ L̃, then D(α,0)Kf,Φ
z1z2...zkq = D(β,0)Kf,Φ

d1d2...dlq
.

Proof. Denote by w the word zα1
1 zα2

2 . . . zαk

k = dβ1
1 dβ2

2 . . . dβl

l . Using (A.4) with v = q0 and s = q one gets
that D(0,α,0)GΦ

q0zq = D(0,I|w|,0)GΦ
q0wq = D(0,β,0)GΦ

q0dq. Similarly, from (A.5) with v = ε, and s = q we get
D(α,0)Kf,Φ

z1z2...zkq = D(I|w|,0)Kf,Φ
wq = D(β,0)Kf,Φ

d1...dlq1
. �

Corollary A.3. For any w ∈ L̃, for any q1, q2, q ∈ Q, j = 1, . . . , m,

(v, (α, z)) ∈ Fq1,q2(w) =⇒ D(O|v|,α+)yΦ
ej ,vz = DαGΦ

z ej = D(0,α,0)GΦ
q2zq1

ej (A.7)

(v, (α, z)) ∈ Fq(w) =⇒ D(O|v|,α)f0,vz = DαKf,Φ
z = D(α,0)Kf,Φ

zq . (A.8)

Proof of Corollary A.3. First we prove (A.8). From (A.1) it follows that D(O|v|,α)f0,vz = DαKf,Φ
z . Indeed,

from (A.1), D(O|v|,α)f0,vz = D(O|v|,α)Kf,Φ
vz . By applying Part 3 of Definition 3.4, Kf,Φ

vz (0, 0, . . . , 0, t1, t2, . . . , t|z|) =
Kf,Φ

z (t1, . . . , tk) and hence D(O|v|,α)Kf,Φ
vz = Kf,Φ

z . Hence, it is enough to show that

D(α,0)Kf,Φ
zq = DαKf,Φ

z . (A.9)

To this end, notice that (v, (α, z)) ∈ Fq(w), implies that the last letter of z equals q. Hence, by Part 2 of
Definition 3.4 we get that Kf,Φ

zq (t1, t2, . . . , tk−1, tk, 0) = Kf,Φ
z1z2...zk

(t1, t2, . . . , tk). By applying dα1

dt
α1
1

· · · dαk

dt
αk
k

to the
left- and right-hand sides of the equation above, and evaluating the result at zero, we get the desired equality.

Next, we will prove (A.7). In order to prove (A.7) it is enough to show that

DαGz = D(0,α,0)Gq0zq. (A.10)

Indeed, from (A.1) we get that for (v, (α, z)) ∈ Fq,q0 (w), D(O|v|,α+)yΦ
ej ,vz = DαGΦ

z ej , and hence (A.10) im-
plies (A.7). Before proving (A.10) we will show that for any q0w ∈ L̃, w ∈ L̃, and any q0 ∈ Q

D(0,α,β)GΦ
q0q0w = D(α,β)GΦ

q0w (A.11)

for any α ≥ 0 and multi-index β ∈ N|w|. Assume that |w| = k and β = (β1, . . . , βk). From Part 2 of Definition 3.4
it follows that GΦ

q0q0w(τ1, τ2, t1, . . . , tk) = GΦ
q0w(τ1 + τ2, t1, . . . , tk). Hence, we get that

d0

dτ0
1

dα

dτα
2

dβ1

dtβ1
1

· · · dβk

dtβk

k

GΦ
q0q0w(τ1, τ2, t1, . . . , tk) =

dα

dτα

dβ1

dtβ1
1

· · · dβk

dtβk

k

GΦ
q0w(τ, t1, . . . , tk)|τ=τ1+τ2 .

By evaluating the equation above at τ1 = τ2 = 0, t1 = . . . = tk = 0, we get (A.11).
But (v, (α, z)) ∈ Fq0,q(w) implies that if z = z1 . . . zk for some z1, . . . , zk ∈ Q, k > 0, then z1 = q0 and zk = q.

But applying (A.11) to w = z2 . . . zkq yields D(0,α,0)GΦ
q0zq = D(α,0)GΦ

zq. Therefore, in order to prove (A.10) it
is left to show that D(α,0)GΦ

zq = DαGΦ
z . The latter can be shown in exactly the same way as (A.9) by simply

replacing Kf,Φ with GΦ and using the second equality of Part 2 of Definition 3.4. �
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Proof of Lemma 5.1. First, we show the following equivalence:
(i) if and only if (ii). First, notice that the left-most equalities in (5.1) follow immediately from (A.1).

By Theorem 3.5 (Σ, μ) is a realization of Φ if and only if Φ has a generalized kernel representation of the
form (3.15). Assume that (i) holds. Then (3.15) holds. Consider q1 . . . qk ∈ L with q1, . . . , qk ∈ Q. By taking
derivatives of GΦ

qlql+1...qk
for any l = 1, . . . , k, from (3.15) we get

DβGΦ
qlql+1...qk

= Cqk
Aαk

qk
Aαk−1

qk−1
. . . Aαl−1

ql
Bql

where β = (αl − 1, αl+1, . . . , αk). (A.12)

Notice that if q1q2 . . . qk ∈ L, then qlql+1 . . . qk ∈ L̃, and hence GΦ
qlql+1...qk

is well-defined. Lemma A.1 implies
that DαyΦ

ej ,q1q2...qk
= DβGqlql+1...qk

ej , where α = (0, 0, . . . , 0, αl, αl+1, . . . , αk) ∈ Nk and j = 1, . . . , m. Com-
bining the equation above with (A.12), we get the first equation of (5.1). The second equation of (5.1) can be
proved analogously. That is, (i) implies (ii).

Assume that (ii) holds. We show that then (3.15) holds, which by Theorem 3.5 implies (i). From
Corollary A.1 it follows that it is enough to consider {Kf,Φ

v , GΦ
w | w ∈ suffixL, v ∈ L, f ∈ Φ}. Using (A.1) and

(5.1) we obtain that the derivatives of GΦ
qlql+1...qk

at zero are equal to the derivatives of the corresponding right-
hand side of the first equation of (3.15). From analicity of GΦ

qlql+1...qk
we get that GΦ

qlql+1...qk
, q1q2 . . . qk ∈ L, is

as in (3.15). We can show that Kf,Φ
q1q2...qk

is of the form (3.15) analogously.
(ii) if and only if (iii). First, notice that the left-most equalities in (5.2) and (5.3) follow from (A.7)

and (A.8) of Corollary A.3. We show that (iii) implies (ii). Consider any word w ∈ L of the form
w = q1q2 . . . qk, q1, q2, . . . , qk ∈ Q and any tuple α ∈ Nk. Let 0 < l ≤ k be such that αl > 0 and α1 = . . . αl−1 = 0
and assume that such l exists. Define v = q1q2 . . . ql−1, z = qlql+1 . . . qk and x = qαl−1

l q
αl+1
l+1 . . . qαk

k . Then
(v, (β, z)) ∈ Fql,qk

(x), where β = (αl − 1, . . . , α|w|). Notice that (Ol−1, β
+) = α and vz = w. Hence from (5.2)

we get the first equation of (5.1). Similarly, let y = qα1
1 . . . qαk

k . Then (ε, (α, w)) ∈ Fqk
(y) and (5.3) implies the

second equation of (5.1).
Conversely, assume that (ii) holds and we will show that (iii) holds too. Indeed, for any s ∈ L̃, q, q0 ∈ Q,

(v, (β, z)) ∈ Fq,q0(s) it holds that vz ∈ L, z = z1z2 . . . zk, z1, z2, . . . , zk ∈ Q, z1 = q0, zk = q. Applying (5.1) to
w = vz and α = (O|v|, β+) ∈ N

|w| yields that (5.2) holds for (v, (β, z)). Similarly, for any (v, (β, z)) ∈ Fq(s) it
holds that z = z1z2 . . . zk, z1, z2, . . . , zk ∈ Q, zk = q and vz ∈ L. Then the application of (5.1) to w = vz and
α = (O|v|, β) yields (5.3). �

Proof of Corollary 5.1. The pair (Σ, μ) is a realization of Φ if and only if part (ii) of Lemma 5.1 holds. Hence,
in order to prove the corollary, it is enough to show that (5.1) holds for all w ∈ L = Q+ and α ∈ N|w| if and
only if (5.4) and (5.5) holds for all w ∈ Q+. To this end, it is enough to show that:

(1) The first equation of (5.1) holds for all w ∈ Q+ and α ∈ N
|w| if and only if (5.4) holds for any w ∈ Q∗.

(2) The second equation of (5.1) holds for all w ∈ Q+ and α ∈ N|w| if and only if (5.5) holds for any w ∈ Q∗.
We will present only the proof of (1), the proof of (2) is completely analogous to that of (1).
Assume that the first equality of (5.1) holds. Apply the first equality of (5.1) for α = (1, I|w|, 0) and

w = q0q1q2 . . . qkq. By noticing that A0
q0

= A0
q = In is the identity matrix, we get precisely (5.4). Conversely,

assume that (5.4) holds for all w ∈ Q+, q, q0 ∈ Q, j = 1, . . . , m. We will show that then the first equality (5.1)
holds for α ∈ N, w ∈ Q+. The left-most equalities of (5.1) follow from Lemma A.1. The rest follows from (5.4) if
it is applied with w = qαl−1

l q
αl+1
l+1 . . . qαk

k with q0 = ql and q = qk and from the following remark. Applying (A.5)
from Lemma A.2, and (A.10) from the proof of Corollary A.3, we get that for β = (αl−1, αl+1, . . . , αk) ∈ N

k−l+1,
s = qlql+1 . . . qk ∈ Q+, DβGΦ

s = D(0,I|w|,0)GΦ
qlwqk

, where w = qαl−1
l q

αl+1
l+1 . . . qαk

k as above. �

A.2. Proof of the characterization of semi-reachability

Proof of Proposition 3.1. The second statement of the proposition follows from the first by taking Imμ as X0.
Hence, it is enough to prove that first statement of the proposition. We will show that WR(X0) is the smallest
vector space containing the set Reach(Σ,X0) of states reachable from the set of initial states X0. First, we show
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that Reach(Σ,X0) is contained in WR(X0). Then we show that if W is a linear space containing Reach(Σ,X0),
then WR(X0) ⊆ W .

Reach (Σ,X0) ⊆ WR(X0)
From Theorem 3.2, (3.5) it follows that the set Reach(Σ, {0}) of states reachable from 0 is contained

in WR(X0). From Theorem 3.1, (3.3) it follows that each element of Reach(Σ,X0) is the sum of the con-
trolled and autonomous parts. More precisely, each reachable element is of the form

eAqk
tkeAqk−1 tk−1 . . . eAq1 t1x0 + xΣ(0, u, (q1, t1)(q2, t2) . . . (qk, tk))

for some piecewise-continuous input u ∈ PC(T,U), discrete modes q1, . . . , qk ∈ Q, k ≥ 0, switching times
t1, . . . , tk ∈ T , and some initial state x0 ∈ X0. Since xΣ(0, u, (q1, t1)(q2, t2) . . . (qk, tk)) belongs to the set
Reach(Σ, {0}), we get that xΣ(0, u, (q1, t1)(q2, t2) . . . (qk, tk)) belongs to WR(X0). If we can show that any
vector of the form eAqk

tkeAqk−1tk−1 . . . eAq1 t1x0 belongs to WR(X0) for all initial states x ∈ X0 and switching
sequences (q1, t1)(q2, t2) . . . (qk, tk), then it follows that Reach(Σ,X0) is a subset of WR(X0). To this end,
notice that for each discrete state q ∈ Q, eAqtx =

∑+∞
k=0

tk

t! A
k
qx, hence eAqtx belongs to the linear span of the

vectors Aj
qx, j ∈ N. This implies that eAqk

tkeAqk−1 tk−1 . . . eAq1 t1x0 belongs to the linear span of the vectors of
the form Aj1

q1
Aj2

q2
. . . Ajk

qk
x0 ∈ WR(X0) for integers j1, j2, . . . , jk ∈ N, and hence it belongs to WR(X0).

WR(X0) ⊆ W
First, notice that for any initial state x0 ∈ X0, for any switching sequence s = (q1, t1)(q2, t2) . . . (qk, tk) ∈

(Q×T )∗, k ≥ 0, and for any input u ∈ PC(T,U), xΣ(x0, u, s) = xΣ(x0, 0, s)+xΣ(0, u, s), and hence, xΣ(0, u, s) =
xΣ(x0, u, s) − xΣ(x0, 0, s). Since both xΣ(x0, u, s) and xΣ(x0, 0, s) belong to the vector space W , we get that
xΣ(0, u, s) belongs to W as well. Hence, we get that Reach(Σ, {0}) belongs to W . Notice that

WR(X0) = Reach(Σ, {0}) + Span{Aqk
Aqk−1 . . . Aq1x0 | q1, q2, . . . , qk ∈ Q, k ≥ 0, x0 ∈ X0}. (A.13)

Hence, if we can show that vectors of the form Aqk
Aqk−1 . . . Aq1x0 for q1, . . . , qk ∈ Q, k ≥ 0, x0 ∈ X0 belong

to W , then we obtain that WR(X0) ⊆ W . In order to show that Aqk
Aqk−1 . . . Aq1x0 ∈ W , define for the

sequence w = q1q2 . . . qk ∈ Q+ and x0 ∈ X0, the map expw,x0
: T k → X by

expw,x0
(t1, t2, . . . , tk) = eAqk

tkeAqk−1 tk−1 . . . eAq1 t1x0 = xΣ(x0, 0, (q1, t1)(q2, t2) . . . (qk, tk)). (A.14)

It follows that the values expw,x0
belong to Reach(Σ,X0) and hence to W . Since W is a vector space, it follows

that all the high-order derivatives at zero must also belong to W . It is easy to see that D(1,1,...,1) expw,x0
=

Aqk
Aqk−1 . . . Aq1x0. Hence, Aqk

Aqk−1 . . . Aq1x0 belongs to W as well. �

A.3. Technical proofs for Section 5.3

Proof of Lemma 5.6. Formula (5.12) follows by using formulas (A.7), (A.8) from Section 5.1.
From the right-hand sides of (5.12) it follows that the values Tq,q0,j(w) and Tq,f(w) do not depend on the

choice of v in (v, (α, z)) ∈ Fq,q0(w) or (v, (α, z)) ∈ Fq(w) respectively. We will argue that the value of Tq,q0,j(w),
j = 1, . . . , m and Tq,f (w) do not depend on the choice of (α, z), i.e. the right-hand sides of (5.12) are the same
for any (v, (α, z)) as long as (v, (α, z)) belongs to Fq,q0 (w) or Fq(w) respectively.

If (v, (α, z)), (u, (β, x)) ∈ Fq,q0(w) are two elements of Fq,q0 (w), then from the definition of the set Fq,q0(w)
it follows that xβ1

1 . . . x
β|x|
|x| = zα1

1 . . . z
α|z|
|z| = w, and z1 = x1 = q0, z|z| = x|x| = q, and q0zq, q0xq ∈ L̃. Hence, by

Corollary A.2, D(0,α,0)GΦ
q0zq = D(0,β,0)GΦ

q0xq. Similarly, if (v, (α, z)), (u, (β, x)) are two elements of Fq(w), then

xβ1
1 . . . x

β|x|
|x| = zα1

1 . . . z
α|z|
|z| = w and zq, xq ∈ L̃. Hence, by Corollary A.2, D(α,0)Kf,Φ

zq = D(β,0)Kf,Φ
xq . �

Proof of Lemma 5.8. Notice that the languages L̃q,q0 and L̃q can be written as L̃q,q0 = {w ∈ Q∗ | q0wq ∈ L̃}
and L̃q = {w ∈ Q∗ | wq ∈ L̃}. That is, L̃q,q0 consists of all those words w for which the word q0wq belongs
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to L̃, and L̃q consists of all those words w for which the word wq belongs to L̃. Then it is easy to see that if L̃

is regular, then so are L̃q,q0 and L̃q. Hence, it is enough to show that L̃ is regular, if L is regular.
To this end, notice that if L is regular then suffixL is regular. Let A = (S, Q, δ, F, s0) be a deterministic

automaton (see [4,8]) accepting suffixL. Here S is the state-space, Q is the alphabet of the automaton, F is
the set of accepting states, δ : S × Q → S is the state-transition function, s0 is the set of initial states. Recall
from [4,8] that the extended state-transition function is defined as follows. For each s0 ∈ S, w ∈ Q∗, δ(s0, w) = s
if there exists a sequence of states s1, s2 . . . , sk = s ∈ S, such that if w is of the form w = q1q2 . . . qk ∈ Q∗,
q1, q2, . . . , qk ∈ Q, k ≥ 0, then si = δ(si−1, qi) for each i = 1, . . . , k.

Define the non-deterministic automaton2 B = ((S × Q) ∪ {ŝ0}, Q, δB, F × Q, ŝ0) as follows. The set of
accepting states of B is F × Q, the set of states of B is S × Q ∪ {ŝ0}, ŝ0 /∈ S × Q. The initial state is ŝ0. The
state-transition relation δB is as follows. For any discrete mode q ∈ Q, δB(ŝ0, q) � (s, q) holds, if δ(s0, wq) = s
for some w ∈ Q∗. For any discrete mode q, u ∈ Q and state s ∈ S of A, (ŝ, u) ∈ δB((s, q), u) holds if either
(i) u = q and ŝ = s, or (ii) there exists wu ∈ Q∗, such that δ(s, wu) = ŝ.

We argue that B accepts precisely the language L̃. Denote the fact that s ∈ δB(ŝ, q), for some states
s, ŝ ∈ (S × Q) ∪ {ŝ0}, by ŝ

q→ s. Then B accepts a word z = q1q2 . . . qk ∈ Q∗, q1, q2, . . . , qk ∈ Q, k ≥ 0, if and
only if there exists a run

ŝ0
q1→ (s1, q1)

q2→ (s2, q2) . . .
qk→ (sk, qk) (A.15)

where sk ∈ F . This is equivalent to the existence of integers 0 < α1, . . . , αl ∈ N and words w1, w1, . . . , wl ∈ Q∗

such that
∑l

j=1 αj = k and the following holds. The first state (s1, q1) in (A.15) satisfies, δ(s0, w1q1) = s1 and

the subsequent states in (A.15) are of the following form. For each 0 ≤ d ≤ l denote by nd the sum nd =
∑d

1 αj .
Then for each d = 0, . . . , l− 1, (si, qi) = (si+1, qi+1) for each 1 + nd ≤ i < nd+1 and δ(snd

, wd+1qnd+1) = snd+1.
Define ud = qnd+1 for all 1 ≤ d ≤ l−1. Then in the automaton A it holds that δ(s0, w1u1w2u2 . . . wlul) = sk ∈ F .
That is, w1u1 . . . wlul ∈ suffixL. In addition, the word z = q1q2 . . . qk ∈ Q∗ from above is then of the form

z = w0
1,1 . . . w0

1,m1
uα1

1 w0
2,1 . . . w0

2,m2
uα2

2 . . . w0
l,1 . . . w0

l,ml
uαl

l (A.16)

where wi,1, wi,2 . . . , wi,mi ∈ Q are the letters of wi for all i = 1, . . . , l, i.e. wi = wi,1wi,2 . . . wi,mi . But (A.16)
means exactly that z belongs to L̃. Hence, we get that B accepts exactly the elements of L̃. �

B. Proof of the main results of Section 4 on formal power series

In this section we will present the proof of the main results of Section 4 on rationality of families of formal
power series. We start with the proof of Theorem 4.1. To this end, we need the following notation and
terminology. Let w ∈ X∗ be a word over X∗ and let S ∈ R

p〈〈X∗〉〉 be a formal power series. Define the formal
power series w ◦ S ∈ Rp〈〈X∗〉〉, called the left shift of S by w, as follows; we require that for all v ∈ X∗ the
value of w ◦ S at v is as follows

(w ◦ S)(v) = S(wv). (B.1)
Notice that for any word w, v ∈ X∗, wv ◦ S = v ◦ (w ◦ S) and ε ◦ S = S. Moreover, notice that the shift
operation is linear, that is, for any T, S ∈ Rp〈〈X∗〉〉, and for any scalars α, β ∈ R, and for any word w ∈ X∗,
w ◦ (αS +βT ) = α(w ◦S)+β(w ◦T ). In the rest of the subsection, let Ψ = {Sj ∈ Rp〈〈X∗〉〉 | j ∈ J} be a family
of formal power series.

Definition B.1. The the smallest shift invariant space of Ψ, denoted by WΨ, is the subspace of Rp〈〈X∗〉〉,
spanned by all formal power series w ◦Sj , j ∈ J , w ∈ X∗, i.e. WΨ = Span{w ◦Sj ∈ Rp〈〈X∗〉〉 | j ∈ J, w ∈ X∗}.
Remark B.1. There is one-to-one correspondence between the formal power series w ◦ Sj and the column
of HΨ indexed by (w, j) for any word w ∈ X∗ and index j ∈ J . In particular, it follows that WΨ is isomorphic
to the span of columns of HΨ and hence dimWΨ = rank HΨ.

2See [4,8] or any other standard textbook on automata theory for the definition of the concept of non-deterministic automaton.
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We will need the following two auxiliary statements, proof of which is routine.

Lemma B.1. Assume that dim WΨ < +∞ holds. Consider the p-J-representation

RΨ = (WΨ, {Aσ}σ∈X , B, C) (B.2)

where for each σ ∈ X, the map Aσ : WΨ → WΨ is defined as the shift by σ, i.e. for each T ∈ WΨ, Aσ(T ) = σ◦T ;
the collection B = {Bj ∈ WΨ | j ∈ J} is such that Bj = Sj for each j ∈ J ; the linear map C : WΨ → R

p is
defined as C(T ) = T (ε) for all T ∈ WΨ. Then RΨ is a representation of Ψ. The representation RΨ is called
the free representation of Ψ.

Lemma B.2. If Ψ is rational, then dimWΨ < +∞ and for each representation R of Ψ, dimWΨ ≤ dim R.

Proof of Lemma B.2. Assume that Ψ is rational and assume that R = (X , {Aσ}σ∈X , B, C) is a representation
of Ψ. Let dimX = n and let el ∈ X , l = 1, 2, . . . , n be a basis of X . Define the formal power series
Zl ∈ R

p〈〈X∗〉〉, l = 1, . . . , n by Zl(w) = CAwel for each word w ∈ X∗. For each index j ∈ J there exist
reals αj,1, . . . , αj,n ∈ R such that Bj =

∑n
l=1 αj,lel. We get that for any word w ∈ X∗ and index j ∈ J ,

Sj(w) = CAwBj =
∑n

l=1 αj,lCAwel =
∑

l=1 αj,lZl(w). That is, for any j ∈ J , Sj belongs to the linear span of
Z1, . . . , Zn. Hence, w ◦ Sj belongs to the linear span of w ◦ Z1, . . . , w ◦ Zn. But for any w, v ∈ X∗ and index
l = 1, . . . , n, w ◦ Zl(v) = Zl(wv) = CAvAwel =

∑n
k=1 βk,lCAvek =

∑n
k=1 βk,lZk(v) where β1,l, . . . , βn,l ∈ R

satisfy Awel =
∑n

k=1 βk,lek. That is, the shift w ◦ Zl belongs to the linear span of Z1, . . . , Zn. Hence, we get
that for any word w ∈ X∗, w ◦ Sj belongs to the linear span of Z1, . . . , Zn. Hence, WΨ is a subspace of the
linear span of Z1, . . . , Zn and therefore dimWΨ ≤ n < +∞. �
Proof of Theorem 4.1. From Remark B.1 it follows that dim WΨ = rank HΨ. If rank HΨ < +∞, then
Lemma B.1 implies that RΨ is a well-defined representation of Ψ, hence Ψ is rational. Conversely, if Ψ is
rational then Lemma B.2 implies that dim WΨ = rank HΨ < +∞. �
Procedure B.1. For each word w ∈ X∗ and index j ∈ J denote the column of HΨ indexed by (w, j) as
(HΨ).,(w,j). Let ImHΨ = Span{(HΨ).,(w,j) ∈ RX∗×I | (w, j) ∈ X∗ × J} be the vector space spanned by the
columns of HΨ. Then the map T : WΨ → ImHΨ defined by T (w ◦ Sj) = (HΨ).,(w,j) is a linear isomorphism.
Define the representation RH,Ψ = (ImHΨ, {TAσT−1}σ∈X , TB, CT−1), where TB = {T (Bj) | j ∈ J}. It then
follows that T : RΨ → RH,Ψ is a representation isomorphism and RH,Ψ is a representation of Ψ.

Next, we present the proof of Theorem 4.2. To this end, we formulate constructions, similar to reachability
and observability reductions for linear systems. Let R be a p-J representation of Ψ of the form (4.2).

Procedure B.2 (reachability reduction). Define the p-J representation Rr = (WR, {Ar
σ}σ∈X , Br, Cr), where

for each σ ∈ X , the linear map Ar
σ is the restriction of Aσ to WR, i.e. for all x ∈ WR, Ar

σx = Aσx;
Br = {Bj ∈ X | j ∈ J}, i.e. the indexed set Br coincides with B; finally, the linear map Cr equals the
restriction of the map C to WR, i.e. for all x ∈ WR, Crx = Cx.

Lemma B.3. The representation Rr defined above is well defined, it is a representation of Ψ and it is reachable.
Moreover, dimRr ≤ dimR, and dimRr = dimR holds if and only if R is reachable.

Procedure B.3 (observability reduction). Define the p-J representation Ro = (X/ORr , {Ãσ}σ∈X , B̃, C̃). Here
X/OR denotes the quotient space of X with respect to OR, i.e. X/OR is the linear space formed by equivalence
classes [x] with x ∈ X , where [x] = [y] if and only if x − y ∈ OR. The map Ãσ : X/OR → X/OR is defined
as Ãσ[x] = [Aσx] for all x ∈ X ; the indexed set B̃ = {B̃j ∈ X/OR | j ∈ J} is defined by requiring that for all
j ∈ J , B̃j = [Bj ], and C̃ : X/OR → Rp is defined by C̃[x] = Cx for each x ∈ X .

Lemma B.4. The representation Ro is an observable representation of Ψ. If R is reachable, then Ro is
reachable. In addition, dimRo ≤ dimR, and dimR = dimRo if and only if R is observable.

Procedure B.4 (transformation to a canonical representation). Use Procedure B.2 to construct the reachable
representation Rr. Apply then Procedure B.3 to Rr and obtain the observable representation Rcan = (Rr)o.
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Lemma B.5. Rcan is a well defined representation of Ψ, it is reachable and observable. Moreover, dim Rcan ≤
dimR, and dimR = dimRcan holds if and only if R is reachable and observable.

Remark B.2 (computations). If J is finite, then Procedures B.2, B.3 and B.4 can be implemented, see [20].

Proof of Theorem 4.2. The proof of the theorem will be divided into the proof of the following implications:
(i) =⇒ (ii), (ii) =⇒ (iii), and (iii) =⇒ (i). These implications prove that the first three statements are
equivalent. In addition, we will show that (i) and (iv) are equivalent. Finally, we will show that any two minimal
representations of Ψ are isomorphic.

(i) =⇒ (ii). Assume that Rmin is a minimal representation of Ψ, but Rmin is either not reachable or it is
not observable. Then by Lemma B.5 we can transform Rmin to a reachable and observable representation Rcan

of Ψ, such that dimRcan < dim Rmin. But this contradicts to minimality of Rmin.
(ii) =⇒ (iii). Let R = (X , {Aσ}σ∈X , B, C) be a reachable representation of Ψ. Assume that Rmin is of the

form Rmin = (Xm, {Am
σ }σ∈X , Bm, Cm). Define the map T : X → Xm as follows. From reachability of R it follows

that for any element of x of X there exists a finite subset I ⊆ J and a collection of reals αj , j ∈ I and words
wj ∈ X∗, j ∈ I such that x =

∑
j∈I αjAwj Bj . Define then the action of T on x by T (x) =

∑
j∈I αjA

m
wj

Bm
j .

Using observability of Rm and the fact that for all w ∈ X∗, j ∈ J , CAwBj = Sj(w) = CmAm
w Bm

j , it can be
shown that T is a well-defined linear map, moreover, it is a representation morphism. In addition, reachability
of Rmin implies that T is surjective.

(iii) =⇒ (i). Let R be a representation of Ψ, let Rr be the representation obtained by applying Procedure B.2
to R. It follows then from Lemma B.5 that Rr is a reachable representation of Φ and dim Rr ≤ dimR. By
part (iii) there exists a surjective map T : Rr → Rmin. But dimR ≥ dimRr = dimT (WR) = dim Rmin, so Rmin

is indeed a minimal representation of Ψ.
(iv) ⇐⇒ (i). From Lemma B.2 and Remark B.1 it follows that the dimension of any rational representation

of Ψ is at least dimWΨ = rank HΨ. From Lemma B.1 it follows that dim RΨ = rank HΨ. Hence, RΨ is a
minimal rational representation of Ψ. Hence, if Rm is another minimal representation of Ψ, then rank HΨ =
dimRm, i.e. (i) implies (iv). Conversely, if Rm is a rational representation such that dim Rm = rank HΨ, then
for any rational representation R of Ψ dimRm = rank HΨ ≤ dimR, i.e. Rm is minimal.

Finally, it is left to show that all minimal representations of Ψ are isomorphic. To this end, let Rmin =
(Xm, {Am

σ }σ∈X , Bm, Cm) be a minimal representation of Ψ. Let R = (X , {Aσ}σ∈X , B, C) be another minimal
representation of Ψ. Then R is reachable and there exists a surjective representation morphism T : R → Rmin.
Since R and Rmin are both minimal, they must have the same dimension, i.e. dimR = dimRmin. But the latter
implies that dimXm = dimT (X ), which implies that T is an isomorphism. �
Corollary B.1. The free representation RΨ from Lemma B.1 is a minimal representation of Ψ. In addition,
the representation RΨ,H defined in Procedure B.1 is a minimal representation of Ψ.

Remark B.3. From Remark B.2, Lemma B.5 and Theorem 4.2 it follows that if J is finite, then any represen-
tation R of Ψ can be transformed to a minimal representation of Ψ by a numerical algorithm. Again, see [20]
for details.

Proof of Lemma 4.3. Notice that it is enough to show that rank HΨ�Θ ≤ rank HΨ · rank HΘ holds if Ψ and Θ
are rational. Indeed, if this is the case then from Theorem 4.1 it follows that rank HΨ�Θ < +∞ and hence
Ψ�Θ is rational, if Ψ and Θ are rational. Recall from Definition B.1 the shift invariant space WΨ�Θ. Since by
Remark B.1 the dimension of WΨ�Θ, WΨ and WΘ are equal to rank HΨ�Θ, rank HΨ and rank HΘ respectively,
it is enough to show that dim WΨ�Θ ≤ dimWΨ ·dim WΘ. if Ψ and Θ are rational. To this end, notice that for any
two formal power series T1, T2 ∈ R

p〈〈X∗〉〉 and any word w ∈ X∗, it holds that w◦(T1�T2) = (w◦T1)�(w◦T2).
Then we get that WΨ�Θ is spanned by formal power series of the form (w ◦Sj)� (w�Tj) where j ∈ J , w ∈ X∗.
Let m = dimWΘ and n = dimWΨ. Fix a basis wl ◦ Tzl

, l = 1, . . .m, zl ∈ J, wl ∈ X∗ of WΘ. Fix a
basis vk ◦ Sjk

, vk ∈ X∗, k = 1, . . . n, jk ∈ J of WΨ. Since the Hadamard product is bilinear, it follows that
each formal power series (w ◦ Sj) � (w ◦ Tj), j ∈ J , w ∈ X∗, and hence WΨ�Θ, belongs to the linear space
spanned by the formal power series (vk ◦ Sjk

) � (wl ◦ Tzl
), k = 1, . . . , n, l = 1, . . . , m. Hence, it follows that

dimWΨ�Θ ≤ nm. �
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