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ON SPECTRUM AND RIESZ BASIS PROPERTY FOR ONE-DIMENSIONAL
WAVE EQUATION WITH BOLTZMANN DAMPING *

BAo-ZHU Guo'2* AND GUO-DONG ZHANG?3

Abstract. In this paper, we study the one-dimensional wave equation with Boltzmann damping.
Two different Boltzmann integrals that represent the memory of materials are considered. The spectral
properties for both cases are thoroughly analyzed. It is found that when the memory of system is
counted from the infinity, the spectrum of system contains a left half complex plane, which is sharp
contrast to the most results in elastic vibration systems that the vibrating dynamics can be considered
from the vibration frequency point of view. This suggests us to investigate the system with memory
counted from the vibrating starting moment. In the latter case, it is shown that the spectrum of
system determines completely the dynamic behavior of the vibration: there is a sequence of generalized
eigenfunctions of the system, which forms a Riesz basis for the state space. As the consequences, the
spectrum-determined growth condition and exponential stability are concluded. The results of this
paper expositorily demonstrate the proper modeling the elastic systems with Boltzmann damping.
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1. INTRODUCTION

The dynamics and control of vibration for elastic structures with or without viscoelasticity have at-
tracted much attention over the past three decades, see for instance [10,11, 14,16, 23,24] for beam equations,
and [13,17,21,25] for wave equations. A special property reported in [10,11] for elastic systems says that even
under the feedback control, the closed-loop system shares the same basis property as the free (uncontrolled)
counterpart: there is a sequence of generalized eigenfunctions, which forms a Riesz basis for the state space.
This shows that the dynamics of the vibrating system is determined completely by the vibration frequencies.
Other studies from different aspects for elastic structures can also be found in [1,3-5,7,8, 15,18, 20].

Among of these works, one of the most widely used models for viscoelasticity is the Boltzmann integral
model, see [2,17,21,23] and the references therein. This kind of passive control can now be accomplished as
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active vibration control through piezoelectric actuator/sensor ([22]). The Boltzmann type models attempt to
capture the viscosity of the material and the history dependence of the stress on the strain and/or strain rate,
which can be reduced easily to some well-known differential models, e.g., Kelvin-Voigt and Maxwell. Basically,
there are two types of Boltzmann integrals. One is with the infinite entire memory ([2,15,17,18,23]), and another
is with finite memory ([3,8,21]).

In this paper, we are interested in the difference between these two different types of Boltzmann integrals
for the dynamics of vibrating systems. We use the one-dimensional wave equation with Boltzmann model of
the viscoelasticity for expository demonstration. It is assumed that the instantaneous stress depends on the
instantaneous strain and history of strain rate linearly. When the history is entire, that is, the memory is
counted from —oo to ¢, then the stress o at time ¢ and position z is ([17]):

oz, t) = / n(x,t — s)er(z,s)ds  (e(x, —o0) = 0)

— 00

= e o0)lant) = [ e o)) - ot~ 9)ds @

= a(x)e(z,t) — b(x) /Ooo gs(8)[e(z,t) — e(z,t — s)]ds,

while the memory is finite, that is, the memory is counted from the vibration starting moment 0 to ¢, the stress
is:

ol 1) = /0 (@t — $)er(z,s)ds  (e(z,0) = 0)
= 0)c(e.t) + [ mlat = s)ela s (1.2)

=M@+M@mwd%0+Ab@Mﬁ—@d%@®,

where we take the relaxation function in the form of ([17])

n(z, ) = a(z) + b(x)g(s), g(oc) =0. (1.3)

So, the corresponding governing equation to infinite memory is ([17]):

weliyt) = (afo)us 0 = 360) [ 0. usli,0) — sl = )1ds)

x

u(0,t) =u(l,t)=0, t>0,0<z<1, (1.4)
U(l‘,t) = UO(l',t), ut(xat) = ul(xvt)a t < Oa 0<z< 1a

and the equation to finite memory is ([21]):

upe(x,t) = (a(ac)ux(x,t) + b(ac)/o ge(t — s)ux(ac,s)ds) , z€(0,1), t>0,

w(0,t) = u(1,t) =0, x (1.5)

u(z,0) = up(x), ue(z,0) =uy(z),

[k
/

where in (1.5), we replace a(x) + b(x)g(0) by a(z) for the sake of simplicity. Hereafter, we use prime to

represent the derivative with respect to x.
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In order to compare the models (1.4) and (1.5) qualitatively, we take the kernel simply as the finite sum of
exponential polynomials, and both a and b are positive constant functions:

N
g(s) = a;e™* 0<a;,bj eR,1<NEN,
j=1 (1.6)

a(z) =a>0,bx) =b>0,

where it is assumed that
0<by <by <---<by. (1.7)

It is noted that since we replace a + bg(0) by @ in (1.5) and a > 0 in modeling (1.2), it is natural to assume in
(1.6) that

N
a—bg(()):a—bZaj>(). (1.8)
j=1

The system (1.4) has been formulated into an abstract evolution equation in [17] based on the idea of [6].
In next section, Section 2, the spectral analysis for this system with kernel (1.6) is thoroughly performed.
The asymptotic distribution of eigenvalues is presented. It is shown that the spectrum of the system operator
contains a half complex plane, which is an unexpected result for an elastic vibrating system.

Section 3 is devoted to the analysis of system (1.5), (1.6). We adapt the methods used in [23] for the heat
equation with finite memory. The spectral analysis for the system operator that is not of resolvent compact
shows that there is a sequence of generalized eigenfunctions of the system operator, which forms a Riesz basis
for the state space. This is sharp contrast with the heat equation with memory discussed in [23], but coincides,
in reflecting the dynamic behavior of system via the vibrating frequencies, with those presented in [10,11] where
the system operators are of compact resolvent. As the consequences, the spectrum-determined growth condition
as well as the exponential stability of the system is concluded.

2. INFINITE MEMORY

In this section, we analyze the spectrum of system (1.4) with kernel (1.6). Special attention would be paid
to the distribution of the spectrum on the complex plane and the asymptotic behavior of the eigenvalues.

2.1. System operator setup
The following general formulation comes from [17] for general kernel satisfying
(gl) g€ C?(0,00) N C[0,00), and g5 € L'(0, 0);
(82) 9> 0,95 <0,gss >0 on (0,00);
(g3) —kgs < gss < —Kgs on (0,00) for some k, K > 0;
(g4) g(o0) =0.
Tt is easily seen that the special kernel (1.6) satisfies the above four conditions. Let

y(a,t,s) = u(z, t) —ulx,t —s), v=u.

Then

Yt = Ut — Ys,
and

y(+,-,0)=0. (2.1)
The energy function of the system (1.4) is given by

1 (e’ 1
B(t) = %/O (a\ux(x,t)|2—l—\ut(as,t)\z)dx—l—%/o |gs(s)\/0 blys (. 1, 5)|2dads. (2.2)



892 B.-Z. GUO AND G.-D. ZHANG

Let W = H{(0,1) with the inner product:

1
{(wy,we) = b/ wi (p)wh(x)dz, YV wi,ws € W. (2.3)
0
Define the energy state Hilbert space
H=V xHXxY, (2.4)
where )
Vom0, =a | @),
0
1
H=1}0.1),  [ol% = [ lo(@)Pd. (2.5)
0
oo
Y = L*((0,00); W), lyll3 = /0 195 () [I1y[[Fw-ds.

Define the system operator A : D(A)(C H) — H as

Az = (v, (au’ - b/ooo gs(s)y’(~,s)ds>: v— ys> ,V 2 = (u,v,y) € D(A),

(2.6)
D) = {z Ml v Vi € Vip0) = 0.l b [~ o/ (o)as € 0.1}
0
Then system (1.4) can be formulated as an abstract evolution equation in H ([17]):
d
az(t) = Az(t), z(0)= zo, (2.7)

where z(t) = (u(-,t),ue (-, t),y(-, t,-)) is the state variable and zo(z) = (uo(z,0), u1(x,0), ug(x, 0) — uo(x, —s)) is
the initial value.

Proposition 2.1 below justifies A*, the adjoint operator of A. The proof is straightforward and we omit it in
detail.

Proposition 2.1. Let A be defined by (2.6). Then its adjoint A* has the following form:

Arn = <_U, . (au’—b / ~ gs(s)y’(-,S)d8>/, =y - 955(8)@/)) L r=(w,0,y),

9s(s) (2.8)
D(A*) = {z € H| u,v € V,y,ys € Y,y(-,0) =0, av’ — bfooo gs(8)y' (-, s)ds € H(0, 1)} )
The next Lemma 2.2 comes from Lemma 2.1 in [15].
Lemma 2.2. Suppose that y € Y, Re\ > —g, g satisfies conditions (91)-g(4),
h(s) = / e ATy (1) dr.
0
Then
(i) heYNC([0,00),W), hs €Y, and
1
A3 < 5(2ReA+ k- §)"Hyll3 for & € (0,2ReA + k); (2.9)
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(i)
Re [ gu(s)(tha(o). A(s)wds < -
0

It was explained shortly in [17] that A is invertible and generates a Cp-semigroup. Here, we give a simple
proof.

Proposition 2.3. Let A be defined by (2.6). Then A~ is given by

u hi(x) 4+ ha(z) — [h1(1) + ho(1)]z
Ao | (25) = u(z) , (2.10)
y u(z)s — [ y(x,¢)d¢

where

hi(z) = gu(:r) /Ooo sgs(s)ds — g/oz {/000 gs(9) /OS Ya (T, C)dCds} dr,

ho(z) = 2/0 UOTU(g)dg} dr.

And hence 0 € p(A), the resolvent set of A. Moreover, A is dissipative, and thus A generates a Co-semigroup
of constructions et on H.

(2.11)

Proof. Let (u,v,y) € H. By A(u,v,y) = (u,v,y), it has

v(z) =
<auz b/ooo 9s(8)Yz(x, 5 d8> = v(z),
o(x) —ys(z,5) = y(z, s).
This together with the boundary conditions shows that o = u, § =us — [, y(-,{)d(, and
s /
(au —b/ (6) [w@s = [/ (@ 00ac] ) _—e

u(0)
A direct computation gives
~ C
u(x) = hy(z) + ho(x) + el

where hq(z), he(z) are given by (2.11), and C' is a constant to be determined. Using the boundary condition
u(1) = 0 gives

C = —a[hl(l) + hg(l)}
Therefore

W(@) = i (2) + ha(2) — e (1) + ha(D]a.
By Lemma 2.2, it has ¥ € Y. And hence, (4, v,y) € D(A), (2.10) holds.
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By Lemma 2.2, for each z = (u,v,y) € D(A), it has

R€<AZ, Z) = Re<(7}, (au/ B b/ooo gs(s)y/('v S)ds)/’ v = ys))’ (uv v, y)>

:Re{ /01 av'(z)u' (z)dx + /01 (au’(w) - b/oOO gs(s)y’(w,s)ds> v(x)da

+ / " 19:(9) / b(o(z) — ye(z, 8)) 7@, s)dxds}

1 %)
= bRe/ / 9s(8)ys(x, s)y' (z, s)dsdz
o Jo

k
<- §||y||§/

Therefore, A is dissipative. By the Lumer-Phillips theorem, A generates a Cy-semigroup of contractions on H.

The proof is complete.

2.2. Spectral analysis for system operator

O

In this subsection, we analyze the spectrum of A with the kernel (1.6). Firstly, consider the eigenvalue

problem. Suppose Az = Az for 0 £\ € C and 0 # z = (u,v,y) € D(A). Then

v(z) = )

(au’(ac) - b/ gs(s)y’(ac,s)ds) = \v(x),
0

’U('T) - ys(l‘,s) = /\y(as,s),
u(0) = u(l) = 0.

Au(x

From the third equation of (2.12) and y(-,0) = 0, we have

y(e,5) = 11 ().

(2.12)

(2.13)

We claim that v can not be identical to a constant. Actually, if this is the case, it follows from (2.12) that

(u,v,y) = 0. Hence y ¢ Y for any ReX < —%. Therefore,

ap(A)chz{AeC\—bQ—l<Re/\<0},

(2.14)

where 0,(A) denotes, as usual, the set of point spectrum of A. By this fact, we always assume that A € Dy
when we mention the eigenvalues of A in what follows. Collecting these facts just mentioned, we find, from

(2.12) and (2.13), that A € 0,(A) if and only if (A, u),u # 0, satisfies

N N b
a+b laj_b;/\j—;)j o (z) — Nu(z) = 0,

Jj=

u(0) = u(l) =0.

(2.15)
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Lemma 2.4. Let A be defined by (2.6) and

N N
_ o 30
A)_a+b;aj b_ pp (2.16)
Then there exists a unique solution Ao € {\| — b1 < ReX < 0} to p(A\) = 0. Moreover, A. is real, and
Ae & op(A). (2.17)

Proof. Obviously, for any j = 1,2,..., N, A = —b; is not the zero point of p(A). Thus, p(A) = 0 is equivalent to
p(A) =0, where

N N N N N
N[O+ ={a+bd a; | [TA+0)=b> ajb; J] A+bx)
j=1 j=1 j=1 j=1 k=1,k#j

However, p(A) is an N-th order polynomial, and hence there are at most N number of zeros for p(A). Now we
find these zeros. Notice that p()) is continues in (Uévz_ll(—bjﬂ, —b;)) U (—b1,00), and

lim p(A) =+o0, lim p(A)=—o0, p(0)>0, j=1,2,...,N.

A——b7 A——bT
It follows that there exists a solution to p(A) = 0 in (=bj41,—b;), s = 0,1,2,..., N — 1, here we set by = 0.
Moreover, when A. > —%1 and p(A) = 0, it follows from (2.15) that « = 0. This together with (2.12) gives
(u,v,y) = 0. Hence (2.17) is valid. The proof is complete. O

By Lemma 2.4, the eigenvalue problem (2.15) can be written as

)\2
u”’(z) = ——u(x),
p(A) (2.18)
u(0) =u(l) =0.
The nonzero solution of (2.18) is found to be
u(z) = oV m® _ e—V%m, (2.19)
where \ satisfies -
\/L ,\/L
VI o Vi =, (2.20)
That is
2
62\/17)\_” = 17
or
N 2_2
—— =-n7°, n=1,2,... (2.21)

Substituting (2.21) into (2.19) gives the corresponding eigenfunction (u(x), Au(z), (1 —e~**)u(z)), where
u(x) = sinnnz, (2.22)

for some n € Nt.
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Set
N
a=a+b) aj (2.23)
j=1
When |)] is large enough, since
2
A2 1, al ban , 0[S )
o + =D abid == abi+ = | D ab (IA7Y)
j=1 Jj=1 Jj=1

we obtain that
b o b 2 [ &
2+;Zajbj)\—:2ajb§+~—2 Zajbj +Fdn2’ﬂ'2+0(‘)\|71):0
= @i @ \i=
Thus, the eigenvalues of A are found to be
p N
% Zajbj +iVant + O™, n— .
j=1
When A — Ae, p = A — A. — 0. Since

N
)\)Za—i-bZaj Z/\-H)
j=1

1
_a—i-bZaj bz/\ —|—b . /\ )\)

_“bz%[ e 1 0;)? (Acfbj)3+0(uz)7

it has
NN 2
p(A) p(A)
-1
N a;ib;
1 22 2 1 dim1 Ty
= SN by (1+/\—u+ p/f) - S o0
H Z] 1 (hetb;)? ¢ ¢ Zi=1 (Ac+b;)?
N a;ib;
1 22 2 1 dim1 Dy
= Cba“_ (1+)\_M+FM2>. 1+_§V (/\aJerbj) |+ 0w
BN o A 2i=1 Tt
122 2 A
= -2 - o
MA{+(AC+A | +O(n),
where

A:i baj Fi\’: ab; 020

J=1 Jj=1
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This together with (2.21) yields

%)\Zg {1+ (%4‘ A—) u} +0(p) = —n’r?, n — oo,
Thus 1 )\2
Hn = — n27r2Z+O( 3, n—oo
or
A = A — %§+0( %), n— oc.

We summarize these results as Theorem 2.5 following.

Theorem 2.5. Let A be defined by (2.6). Then the eigenvalues of A must be located inside of D1 that is given
by (2.14). The eigenfunction corresponding to \ is (u(x), \u(x), (1 — e **)u(x)) with

u(x) = sinnnz, (2.25)

for some n € NT. More precisely,
(i) When Ao > — 1 , where X\ is given in Lemma 2.4, there is a sequence of eigenvalues {\,} of A, which
have the following asymptotic expression:

An = A LA—2—1—(')( %), n— o0 (2.26)
n — C 7T2A ) :

where A is given by (2.24). Furthermore, the corresponding eigenfunctions (un (), Aptin (), (1 — e % )u, (2))

are of the form:
up () = sinnwx, n — oo. (2.27)

(ii) When |\ — oo and
b b
1
—3 2 b >
i=1

the eigenvalues of A have the following asymptotic expressions:
p N
T E a;b; £ ivant + O™, n— oo, (2.28)
a
=1

where a is given by (2.23). In particular,

N
b
ReA, — T ;ajbj <0, n— oo, (2.29)
that is, ReA = — % ;Vl a;b;j is the asymptote of the eigenvalues specified by (2.28). Furthermore, the corre-

sponding ezgenfunctzons (un (2), Apun (), (1 — e %), (z)) satisfy (2.27).

Theorem 2.6. Let A be defined by (2.6), and \. be given in Lemma 2.4. Then

o(A) = o,(A) U {/\ YU LA Red < _1)2_1} (2.30)
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Proof. Let A ¢ o,(A). If A =0, by Proposition 2.3, A € p(A). So we need only consider the case of A # 0. For
any z = (@,0,y) € H. Solve (Al — A)z = Z for z = (u,v,y), that is,
Nu(z) — ofz) = (z),

!

ofe) = (@)= [ g0 @) ) =),

(2.31)
Ay(l‘v S) - (U($) - ys(% S)) - y(-T, S)a
u(0) = u(1) = 0,
to get
v(z) = Au(z) — ulx),
y(z,s) = %(1 e M)u(z) + e_’\s/ A y(x, T)dr (2.32)
0
and ,
<au’(x) - b/ gs(s)y' (z, s)ds) — Nu(x) + MNu(x) +v(z) = 0,
0 (2.33)
u(0) =wu(l) =0
There are three cases:
Case I: ReX < —%1. We claim that A € o(A). In fact, take
z = (u,v,y) = (0,v,0), Yoe H, v#0.
It follows from (2.32) and (2.33) that
v(z) = du(x),
y(@,s) = (1—e *)u(w)
(2.34)

o0 /
(au’(ac) - b/ gs(s)(1 — e_’\s)u’(ac)ds) — Mu(z) +v(z) =0,
0
u(0) =u(l) =0.

If (2.34) admits a solution, it must have y € Y. This together with ReA < —%1 shows that ' = 0. Thus, u = 0,
and so v = 0. This is a contradiction. Therefore, there is no solution to equation (2.34), which means that

Aea(A).
Case II: Re) > —%1 and A # \.. We show that A € p(A). By Lemma 2.2, it has y € Y. (2.33) is equivalent to

n'(x) — Nu(z) + M\

—~

z) +v(x) =0,

n(x) =pNu' (z) + < (a — p(N)i' (x) — b/ooo 9s(s) UO eA(ST)@“’(w,T)dT] ds, (2.35)

>| =

u(0) = u(1) = 0.

We write above equation as the following first order system of differential equations

d [u(z) B Oﬁ u() ﬁU(l‘)
E(n(w)>_ A2 0 n@) | T\ i) - 3() | (2.36)
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where

U(x) = —%(a—p()\))ﬂ/(w) +b/000 gs(s) er A=y (i, T)dT] ds. (2.37)

Let )

A(N) = y o

( )_ )\2 0 .
Then
eA()\)x B ((111()\ x) 0,12()\ ZL’))

- (121()\,.%) 0,22()\,1’) ’

where
a1 (A, ) = cosh (\/’\—x> a12(\ x) = )\\/— sinh (\/;\—A)x> ,

as1 (A, x) = Ay/p(A) sinh (\/l%x) , asa (N, z) = cosh (\/l%x) .

The general solution of (2.36) is given by

W@\ _ e (O T A ()
<n<w>>_ (77(0)> / i) — 3 |

By u(0) = 0, it has,

ula) = (o) - [ ' L%)\)an(/\’l‘ S )UM) + an(hz — 3)(-Aily) - %m)} & (238)
and . .
n(z) = azz(X\, 2)n(0) — /0 [mam()\» x =) U(y) + az2(A\, &z —v)(—Au(y) — '5(7))] dry. (2.39)

Since A ¢ o,(A), it follows from (2.20) that

1 ) A
a12(A, 1) = o sinh ( p()\)) # 0.

By the boundary condition u(1) = 0, it has

1 trq _ _
n(0) = PG / [p(/\) a1 (A 1 =)U(y) + a12(A, 1 =) (=Au(y) —v(7)) | dv. (2.40)

Hence u is uniquely determined by (2.38). By the second equation of (2.35) and (2.39), it has «/ € L?(0,1).
This together with (2. 32) shows that (A — A)~! exists and is bounded, or A € p(A).

Case ITI: A = )\, > —2. In this case, it follows from (2.33) that

u(z) = 33 W) + 3(e)  U'(a)],

u(0) = u(1) =0, @41
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where U is given by (2.37). Since u € H}(0,1), (2.41) means that (2.31) admits a solution if and only if U is
differentiable and
v(0) = U'(0) =9(1) = U'(1) = 0.

Thus A ¢ p(A).
Combing all these cases completes the proof. O
3. FINITE MEMORY

In this section, we turn to the system (1.5) with kernel (1.6). We analyze the spectrum of the system operator
first, and then prove the Riesz basis property for the system. The idea comes from [23] but the result is different,
particularly for the basis property.

3.1. System operator setup

In what follows, we always assume (1.8). Set

hj(z,t) = a;b; /Ote_b-’(t_s)ug,;(ar;,s)ds7 i=1,2,...,N. (3.1)
Then it has
(hj)e(x,t) = ajbjug(z,t) — bjh;(2,t),
(hj)a(z,t) = a;b; /Ot e Py, (2, 5)ds, (3.2)
hj(z,0) = 0.

Thus we can rewrite the system (1.5),(1.6) as

N
uge(x,t) = | aug(z,t) — bZhj(m,t) , e (0,1), t >0,

=1 N
(hj)t(:E?t) :ajbjuz(wvt)_bjhj(wvt)a .7:1723va (33)

u(0,t) = u(l,t) =0,
u(z,0) = up(z), u(z,0) =ui(x), hj(z,0)=0, j=1,2,...,N.

The system energy is given by

1/t N
E(t) =3 alug (2, 1) + [us(z, 6) > + ) |hy(2, )] | da. (3.4)
2 Jo

j=1

We consider the system (3.3) in the energy state Hilbert space H = Ha(0,1) x (L?(0,1))V*! with the inner
product:
<(’LL,1), hl, ey hN), (17, 5, h1, ey hN)>

1 - 1 _ N o _
:/0 au'(x)u (J;)dx—l—/o v(m)v(ac)dac—i—;/o hj(x)h;(x)dz, (3.5)

v(u,U,hl,...,hN),(ﬂ,g,;L\I,...,h,N) €EH.
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Define the system operator B : D(B)(C H) — H as

.
v
.
u N
v (au’ — bz h;)
j=1
Bl | =
alblu’ — blhl ’
hn '
(leN’LL/ — bNhN (36)
T
u
u,v € H}(0,1),
v
hj € L2(0,1), j=1,...,N,
DB ={|Mm N
au’ — bZhj € H*(0,1)
j=1
hn

Then (3.3) can be formulated into an abstract evolution equation in H:

d
i\
where U(t) = (u(-,t), ue(-, ), h1(-t), ..., An(-, 1)) is the state variable and Uy = (uo(-),u1(+),0,...,0) is the

initial value.

= BU®), U(0) = Uy, (3.7)

Lemma 3.1. Let B be defined by (3.6). Then 0 € p(B).
Proof. Let U= (ﬂ,'ﬁ,a,...,fj&) € H. Solve BU = U for U = (u,v,h1,...,hy), that is

v(z) = (),

( —bZh ) =o(2), .

ajbju/(z) — bjhj(z) = hj(z), j=1,2,...,N,
u(0) =wu(l) =0,

to give

hi(x),j=1,2,...,N (3.9)

and N o )
(a - bZaj) o' () —|—bZ b—jhj(x) :/0 v(r)dr + Cy, (3.10)

where C is a constant to be determined. By the boundary condition u(0) = 0, it follows from (3.10) that

u(z) = Zb dT+A/ / des+—ac (3.11)
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where
N
A=a-— bZaj.
j=1

Using the other boundary condition u(1) = 0, it gives

C = b/olﬁjlbijf{j(x)dw - /01 /0 o(r)drds. (3.12)

This together with (3.9) and (3.11) gives the unique solution U € D(B) to equation (3.8). Hence B~! exists and
is bounded, or 0 € p(B). O
3.2. Spectrum of system operator

In this subsection, we consider the spectrum of 5. As in previous section, we first consider the eigenvalue
problem. Suppose BU = AU for A € C and 0 # U = (u,v, hq,...,hy) € D(B), that is,

v(z) = du(x),

!

N
au'(x) — bZ hj(z) | = Mv(z),

(3.13)
ajbju’(x) - bjh](l‘) = /\hj(l‘), j = 1, 2, cen 7]\/v7
u(0) =u(l) =0.
Proposition 3.2. Let B be defined by (3.6). Then A\ = —b;, j = 1,2,...,N are eigenvalues of B, which
corresponding to eigenfunctions ejio, j =1,2,..., N respectively, where e; is a constant function whose element

is the jth element of the canonical basis of R™N12. Moreover, each of these eigenvalues is algebraically simple.

Proof. We only give the proof for A = —b; because other cases can be treated similarly. Let A = —b; and
U= (u,v,hq,...,hn) € D(B). Since A = —by, (3.13) becomes

v(z) = —bju(z)

!

N
au’(z) — bz hj(z) | = —bv(x),

Jj=1

(3.14)
arbu/(z) =0,
(bj — bl)hj(x) = ajbju’(x), j = 2, ey N,
u(0) =u(l) =0.
This together with (1.7) yields
u(z) =v(x) =h;(z) =0, j=2,...,N. (3.15)
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Therefor, es is an eigenfunction of B corresponding to —b;. Further computation of (b1 + B)U; = —e3, where
Uy = (w,v,hy,...,hn) € D(B), gives

!

a b/ (z) = -1, (3.16)
(bj — b1)h;(z) = azb;u’(z), j=2,....N,
u(0)=1u(l) =0
(3.16) has no solution since otherwise, u satisfies
a1 (z) = -1, u(0) =u(1) =0,
which is impossible. This shows that —b; is algebraically simple. The proof is complete. O
When A # —b;, j =1,2,..., N, it follows from (3.13) that
v(z) = du(x),
hj(z) = %u’(w), j=12,...,N (3:17)
and u satisfies
a—bz )\—i—b () = Nu(z), 5.18)
u(0) = u(l) =0.
The following Lemma 3.3 is straightforward.
Lemma 3.3. Let B be defined by (3.6) and
A=qXeCla- bz)\+b (3.19)
Then
ANnoy(B) =0. (3.20)
Lemma 3.4. Let B be defined by (3.6). A is given by (3.19). Then
A={Ac1,Ae2y -y AenN Ty (3.21)
where A1 € (=b1,0), and A\, € (=bg, —bk—1),k=2,...,N.
Proof. Since —b; ¢ A, j =1,2,...,N, p(A) =0 is equivalent to ¢(\) = 0, where
N N
= Z (A +b;) (3.22)

]:1



904 B.-Z. GUO AND G.-D. ZHANG

However, ¢()) is an Nth order polynomial, and hence there are at most N number of zeros for p(\). Now we

find all these zeros.
Since p(A) is continues in (—by, 00) U (U;y:_ll(_bj+1, —b;)), by the fact

lim p(\) = —

A——bf
and (1.8), we see that there exists a solution to p(A) =0 in (—b1,0). For any j =1,2,..., N — 1, it has

lim p(\) =—-oc0, lim p(\) = +oc.
A——b;

Therefore, there exists a solution to p(A) = 0 in (—bj41, —b;). The proof is complete. O

By Lemma 3.3, the eigenvalue problem (3.18) is equivalent to the following problem:

= (3.23)
u(0) =wu(l) =0,
where p(A) is given by (3.22). Hence
u(z) = J%ﬂ” — e—V%ﬂé (3.24)

By the boundary condition u(1) = 0, (3.23) has non-trivial solution if and only if

Vi — o Vi — o, (3.25)
That is
62\/ o7 — 1,
which is equivalent to
\? 2_2
—— =-n"", n=12... 3.26
() (320
Substituting (3.26) into (3.24), we obtain the eigenfunction (u(x), Au(x), f_ﬁll u'(z),..., %u’(x)) correspond-
ing to A\, where
u(z) = sinnmz, (3.27)
for some n € NT.
When |)| is large enough, since
N N N ?
22 1.5 b b , b 1
m:a A +aZajbj)\—EZajbj+; Zajbj +O(‘)\| ),
j=1 Jj=1 Jj=1
it has
2

b b b2
2 2 2 2 1y _
A+ a E (ljbj)\ — a E (ljbj + CL_2 E ajbj +an“m® + O(‘)\| ) =0.
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Thus, the eigenvalues of B is this case are found to be
p N
An = 50 Zajbj +ivant +O0(n™ 1), n— 0.
j=1

For any A\, € A, when A\ — A, u = A — A, — 0. Notice that

N
PO = b sty oo oot W)
We have 2 2 R
ﬁ:%% 1+ (%Jr%)u +0(w),
where v v
ba;b; a;b
AL G ATy

This together with (3.26) yields

12 2 A
;Z“ 1+ ()\_C—l—Z)M +0O(p) = —n’n%, n — 00
Thus,
1 A2 s
Hence, the eigenvalues of B in this case are given by
1 A2 _3

We summarize these results as Proposition 3.5 following.

Proposition 3.5. Let B be defined by (3.6), A be an eigenvalue of B, satisfying A # —b;, j =1,2,...,N. Then
the eigenfunction corresponding to \ is of the form

(u(w),)\u(m), GbL gy, G0N u'(m)),

A+ b1 A+ by
where
u(z) = sinnmz, (3.28)

for some n € N*. Furthermore,
(i) For any 1 < k < N, there is a sequence of eigenvalues { .1} of B, which have the following asymptotic
exTPressions:

1 AZk -3
Ak = Ak — 2E A, +0(n7), n— oo, (3.29)
where v
ba;b;
A, = 7 .
=Y 530)
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The corresponding eigenfunctions (un(x), Ay, (), f_ﬁll ul (z),..., K{T_Zﬁ u’n(x)) satisfy
(r) = —si (331)
up(x) = — sinnwr, n — oo. .
" nm

(ii) When |\ — oo, the eigenvalues { Ao, Ano} of B have the following asymptotic expressions:
p N
Ano = ~5a ;ajbj +ivanm + O™, n— oo, (3.32)

where \no denotes the complex conjugate of Ano. In particular,

N
b
Redno — =5 ;ajbj <0, n— o0, (3.33)
that is, Re\ = —% ;'V=1 a;b; is the asymptote of the eigenvalues \no given by (3.32). Furthermore, the corre-
sponding eigenfunctions (un(x), Ay (), f_ﬁll ul (z),..., K{T_Zﬁ u’n(x)) satisfy (3.31).

Combing Propositions 3.2 and 3.5, we obtain the following Theorem 3.6.

Theorem 3.6. Let B be defined by (3.6). Then
(i) B has the eigenvalues

{=b;,j=1,2,...,N}U {)\nl,/\ng,...,/\nN,)\no,)\—m, n € N+}, (3.34)
where i,k =1,2,..., N and A,o have the asymptotic expressions (3.29) and (3.32), respectively.
(#) The eigenfunction corresponding to —b; is ej4o for any j =1,2,...,N.
(iii) The eigenfunctions corresponding to \nk, k=1,2,..., N, are given by
1 . ai1by anbn >
Unk(z) = | — sinnmx, 0, ————— cosnnz, ..., ———— COSNTE

«(@) <n7r Ak + b1 Ak + b

+(0,0(n™Y),...,0(n™Y), n— cc. (3.35)

(iv) The eigenfunctions corresponding to Ano and Ao, are given by
1
Uno(z) = (— sinnwz,iv/asinnrx,0, ..., 0) +(0,0(n™h),...,0(n™ "), n — 0 (3.36)
nmw

and
1
Uno(z) = <— sinnmx, —ivasinnrz, 0,. . ., 0> +(0,0(n™Y,...,0n™1)), n — o0 (3.37)
nmw
respectively.
Concerning about ¢(B), we have the following Theorem 3.7.

Theorem 3.7. Let B be defined by (3.6). A is given by (3.19). Then

o(B) = AU, (B). (3.38)
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Proof. Let X ¢ 0,(B). For any U= (u, v, ?Lvl, o H}) € H. Solve (A\I —=B)U = U for U = (u,v,hi,...,hyN), that

is,

Mu(z) - v(z) = ii(a),

N /
Mo(z) — (au’(w) - bZhj(w)) =3(2),

(3.39)
Aj(x) = (ajbju () = bihj(x)) = hj(x), j=1,2,..., N,
u(0) =u(l) =0,
to get
v(z) = Au(z) — u(z),
ho(a) = s asbgu' (@) + y(e)), 5= 1,2, N (3.40)
and
0'(z) = Nu(x) — \u(x) — o(x),
0(e) = PO (@) = 3 5 o) (3.41)

j=

[

u(0) =u(l) =0,
where p(\) is given by (3.22). There are two cases:

Case I: A\ ¢ A. In this case, p(\) # 0. Since by Lemma 3.1, 0 € p(B), we only need consider the case of A # 0.
Now, we can rewrite (3.41) as the following first order system of differential equations:

d [u(z) B Oﬁ u() ﬁv(ﬂﬁ)
@(W))— A2 0 6(z) | T\ —Ni(2) - o) | (3.42)

u(0) = u(l) =0,
where
N b~
= : . 4
V) =X 53, (3.43)
Let L
0 L
()
Then
an(/\,x) alz()\,l‘)
eA()x)ar
a1 )\,x) 0,22()\,1’) ’
where

— cosh [ =L s 2
all()\7x) = cosh ( ey l‘) ) a,12()\,l') - A/ p(N) sinh ( P(N) x) ’
a1 (A, ) = Ay/p(A) sinh (\/l%m) ;| a22(A @) = cosh (\/,%l) :
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The general solution of (3.42) is given by

1
@)\ _ ae (O _ s [ 0V
(9@))_ 0(0) / _xaty) — o) |

By u(0) = 0, it has,

u(z) = a12(A, 2)0(0) — /033 Lﬁan(k,x -V (Y) + arz(Mx — ) (= a(y) — 5(7))] d~y (3.44)
and
0(e) = an(r)60) - [ [ﬁam, =)V () + am(Az — 3)(~Aily) - m))} dy.  (3.45)

Since A ¢ o,(B), by (3.25)

1 . A
a12(A, 1) = N sinh ( p()\)) #0

By the boundary condition u(1) = 0, it has

1

1
00) =~ [ g enO 1= V) + a1 =) (=X ~ 5 | (3.46)

Hence w is uniquely determined by (3.44). By the second equation of (3.41) and (3.45), we know that v’ €
L?(0,1). This together with (3.40) shows that (A\I — B)~! exists and is bounded, or A € p(B).

Case II: A\ € A. In this case, A # 0. By (3.41),

{ u(w) = 33 (Ni(@) +3(z) ~ V'(@)), (3.47)

u(0) = u(l) =0,

where V is given by (3.43). Since u € H}(0,1), (3.47) means that (3.39) admits a solution if and only if V is
differentiable, and

v(0) = V'(0) =o(1) = V'(1) = 0.
Thus A ¢ p(B). The result follows by combining of these two cases. O

In order to investigate the residual and continuous spectrum of B, we need the adjoint operator B*.

Lemma 3.8. Let B be defined by (3.6). Then

T N T T
U —v + % Zj:l ajbj fO hj (T)d’]’
v —au
B* h1 — bv’ — bl h1 , (348)

hN b’ —bNhN
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with
-
u
v N x 1
- by u, v, Zj:l a;b; fo h;(r)dr € Hg(0,1), »
(B7) = u” hj € L?(0,1), j=1,...,N. (3.49)
hn
Theorem 3.9. Let B be defined by (3.6). Then
o-(B) =0, c.(B)=A, (3.50)

where 0,.(B) and o.(B) denotes the set of residual and continuous spectrum of B, respectively.

Proof. By Lemma 3.3 and Theorem 3.7, we only need to prove ANo,.(B) = (). Since A € o,.(B) implies X € 0,(B*),
it suffices to show that AN o,(B*) = 0. Suppose that B*U = AU for A € C and 0 # U = (u,v,h1,...,hy) €
D(B*). Then

N x
—v(z) + 2 z_:lajbj/o hj(T)dT = u(zx),

—au () = (),
bv'(z) — bjh;(z) = Ahj(z), j=1,2,...,N,
v(0) = v(1) = 0.

When A # —bj, 7 =1,2,..., N, v satisfies

a-bY A“ibz (@) = A\2o(a), )
j=1 J :
v(0) =v(1) = 0.

For any A € A, it has v = 0. This implies that U = 0. Therefore, A ¢ o,(B*). So, AN o,(B*) = 0. The proof is
complete. O

3.3. Riesz basis property

Now, we study the Riesz basis property for system (3.3). To this purpose, we need the following Theorem 3.10,
which was originally proved in [12]. Since [12] is not published, we attach its brief proof as appendix in this
paper.

Theorem 3.10. Let A be a densely defined closed linear operator in a Hilbert space H with isolated eigenvalues
{N\i}5° and 0,.(A) = 0. Let {¢n}5° be a Riesz basis for H. Suppose that there are No > 1 and a sequence of
generalized eigenvectors {1, }3 of A such that

7 ln — dulll < . (3.52)
n=Ny

Then there exist M (> No) number of generalized eigenvectors {1y, 12! such that {thny}1 U {tn}35.1 forms a
Riesz basis for H.
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Theorem 3.11. Let B be defined by (3.6). Then

(i) There is a sequence of generalized eigenfunctions of B, which forms a Riesz basis for the state space H.

(ii) All eigenvalues except finitely many are algebraically simple.

(iii) B generates a Cy-semigroup eBt on H.

Therefore, for the semigroup e5t, the Spectrum-determined growth condition holds: w(B) = s(B), where
w(B) = limy_.oc +||€B?|| is the growth order of eb* and s(B) = sup{ReX | A € o(B)} is the spectral bound
of B.

Proof. Since from Theorem 3.6, all eigenvalues are located in some left half complex plane, the other parts
follow directly from (i) and (ii). So we only need to prove (i) and (ii). For any n € N*, set

1
Voo = (— sinnmx,iv/asinnrz, 0, .. .,0) , (3.53)
nm

Pno = (\/acosmrx,i asinnmx,0,. .. ,O) +(0,1,1,...,1)0(n™ 1),

a1by anby _1
= a,0, ceey cosnmz + (0,1,1,...,1)O(n
Pnk (\/_a )\nk + bla /\nk T bN> T + ( ’ ; ; ) ( )a (354)
k=1,2,...,N.
Define the reference sequence:
Yno = (\/Ecosmm;,i asinnrz,0,.. .,0) ,
a1by anby (3.55)
=10,0 Y cosnmx, k=1,2,...,N.
wnk: ( ’Ank + bl ’)\nk +bN> U ) )
Since b; # bi, Anj # Ak, 1 <j <k < N, a direct computation shows that
ai1by ai1by . ai1by
An1+bi Ap2+b1 AnnN +b1
asbo as by . asbo
det An1+bz Ap2+b2 An N +b2 ?é 0.
anbn anbn V. anbn
An1+bN  An2+bn AnN+bN
Hence, L
{wn07¢n03wnlawn2w~w¢nN}To (356)

forms a Riesz basis for Hy = (L2(0,1))N¥+2. By (3.54), (3.55) and Theorem 3.6, there exists an Ny € N*, such
that,

o0

N U+ T 2
> U0 = Vaoll e + 1Tn0 — Vaoll3e + > ||Unk — = 5 0 — i ]
n=No k=1 H
o] N — 2
= > |lleno = Guoll3e, + I1Em0 = Guollfe, + D Pre — 220 QSD S — Yk 1 (3:57)
n=Ng k=1 H1

< 00.

By Theorem 3.10, (i) and hence (ii) hold true. The proof is complete. O

Combing Theorems 3.6, 3.7 and 3.11, we conclude the exponential stability of system (3.3).
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Theorem 3.12. System (3.3) is exponentially stable, that is,
E(t) < Me *'E(0), (3.58)

for some M,w > 0, where E(t) is given by (3.4).

APPENDIX A. PROOF OF THEOREM 3.10

Let sp(A) denote the root subspace of A that is a closed linear span of all generalized eigenfunctions of A.
Let E(A;, A) denote the projection on the space of generalized eigenvectors of A corresponding to A;, that is,
the subspace spanned by all those ¢; satisfying (\; — A)"¢; = 0 for some positive integer n. We have following
lemmas.

Lemma A.1. Let A be a linear operator in a Hilbert space H with isolated eigenvalues and residual spectrum
NI, p(A) # 0. Let
Ooo ={z | E(\;, A)z =0,i > 1}. (A.1)

Then o is either O or infinite dimensional.

Proof. Suppose first that A is bounded and 0 < dimo,, < oco. Since 04, is invariant subspace of A, that is,
Aoo C 0, A has at least one eigenvector o, € 0o such that Ax., = Nz for some constant 1. So n = \; for
some 7, and hence,

ZToo = E(Niy A)zoo =0,

which is a contradiction. So (A.1) holds true.
If A is unbounded. Take \g € p(A) such that | \g — X\; |[> & > 0 forall i > 1. Let T = (\g — A)7 1,
i =(Xo—X\;)7t,i=1,2,... Then it is well-known that

i € 0p(A) if and only if p; € 0,(T), \; € 0,(A) if and only if p; € 0. (T)

and
E(N\,A) = E(u;,T), foralli>1.
Hence
0o ={z | E(p;, T)x =0, 1; € 0,(T) Uo,(T)}.
Since T' is bounded, o is either 0 or infinite dimensional. O

Lemma A.2. Let A be a densely defined closed operator in a Hilbert space H with isolated eigenvalues {\;}5°.
Then
H =sp(A) ® o’ (A.2)
where _
oi ={z | E(\;, Az =0,\; € 0,(A)}. (A.3)

Proof. By a well-known fact o(A*) = {\ | A € 0(A)},)\; is an isolated spectral point of A* and so E(\;, A*)
makes sense. For any f € E(\;, A)H, g* € o, we have E(\;, A)f = f. And hence

(f,9%) = (BN, A)f, g") = (f,E(\i, A%)g") = 0.
So sp(A) C (0%,)*. If f & sp(A), then there exists a functional g* such that

(f,g") =1,(h,g%) =0, for all h € sp(A).
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For any w € H, it follows from E(\;, A)w € sp(A) that
(w, E(\i, A%)g*) = (E(\i, A)w, g*) = 0.

By the arbitrary of w, it has E(\;, A*)g* = 0. That is g* € o,. Hence f & (07,)*. Therefore, sp(A) = (o%,)*,
proving (A.2). O

The next Lemma A.3 comes from [19].
Lemma A.3. Let {¢,,}7° be a Riesz basis for a Hilbert space H. Suppose there are Nog > 1 and an w-linearly
independent sequence {,}%, such that

o

S 1t — 6ll? < 0.

’I’L:ND

Then {1n}%, forms a Riesz basis for the subspace spanned by itself.

Proof of Theorem 3.10. Condition (3.52) implies that there exists an M > N such that {¢,}{! U {¢n}371
forms a Riesz basis for H. In particular, (sp(A4))* is finite dimensional. This together with (A.2) shows that o7,
is finite dimensional. It is known that A € o,(A*)Uo,.(A*) if and only if A € ¢,(A) U, (A). By our assumption,
op(A*) U o, (A*) = {\i}5°. By Lemma Al, it follows that o, = {0}. Therefore,

sp(A) = H. (A.4)

Suppose that {1q} U {1, }37 is the “maximal” w-linearly independent set of generalized eigenvector of A,
that is, {} U {1, }37 is an w-linearly independent set and if adding another extra generalized eigenvector of
A to {pa} U{¥n}37, the extended set is not w-linearly independent anymore. By Lemma A.3, {¢o} U {¢)n}37
forms a Riesz basis for the subspace spanned by itself, which is the whole space as we just proved.

Since a proper subset of a Riesz basis can not be a Riesz basis, it follows from condition (3.52) and Bari’s
theorem (see Sect. 2 of [9] in p. 309) that the number of {14} is just M. The proof is complete. O
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