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DISTRIBUTED CONTROL FOR MULTISTATE MODIFIED
NAVIER-STOKES EQUATIONS

NADIR ARADA!

Abstract. The aim of this paper is to establish necessary optimality conditions for optimal control
problems governed by steady, incompressible Navier-Stokes equations with shear-dependent viscosity.
The main difficulty derives from the fact that equations of this type may exhibit non-uniqueness of
weak solutions, and is overcome by introducing a family of approximate control problems governed
by well posed generalized Stokes systems and by passing to the limit in the corresponding optimality
conditions.
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1. INTRODUCTION

This paper deals with an optimal control problem associated with a viscous, incompressible fluid. The controls
and states are constrained to satisfy a modified Navier-Stokes system with shear dependent viscosity given by

V- (tr(Dy))+y-Vy+Vr =u in {2,

V-y=0 in 2, (1.1)
y=20 on I,
T
where y is the velocity field, 7 is the pressure, 7 is the Cauchy stress tensor, Dy = m is the symmetric

part of the velocity gradient Vy, the control w is the distributed mechanical force and 2 C R (n =2 orn = 3)
is a bounded domain. The objective of the control is to match the velocity field to a given target field. More
precisely, we consider the following optimal control problem

1
Minimize J(y,u) = 5/ ly —yal? dz + g/ lul* dz
7 17

Subject to (y,u) € Wy '*(£2) x U,q satisfies (1.1) for some 7 € L*(£2),

(Par)

Keywords and phrases. Optimal control, multistate Navier-Stokes equations, shear-dependent viscosity, necessary optimality
conditions.

I Departamento de Matematica, Faculdade de Ciéncias e Tecnologia da Universidade Nova de Lisboa, Quinta da Torre, 2829-516,
Caparica, Portugal. naar@fct.unl.pt

Article published by EDP Sciences © EDP Sciences, SMAI 2012


http://dx.doi.org/10.1051/cocv/2012007
http://www.esaim-cocv.org
http://www.edpsciences.org

220 N. ARADA

where o« > 2, v is a positive constant, yg4 is some desired velocity field and U,q, the set of admissible controls,
is a nonempty convex closed subset of L?({2).

The considered class of fluids are described by partial differential equations of the quasi-linear type that
generalize the Navier-Stokes system. These equations were first studied by Ladyzhenskaya [12] and Lions [13]
who proved existence of weak solutions using compactness arguments and the theory of monotone operators
(see [16] for a review on the subject). Only scant attention has been paid to the analysis of optimal control
problems governed by these equations. We mention the work of Slawig [18] for the two-dimensional steady
case, and Wachsmuth and Roubicek [19] for the two-dimensional unsteady case. We also refer to the work
of Gunzburger and Trenchea [9] devoted to optimal control problem for a three-dimensional modified Navier-
Stokes system coupled with maxwell equations, and to the work of Kunisch and Marduel [15] for a problem
with temperature-dependent viscosity.

As for optimal control problems governed by steady Navier-Stokes equations, one of the issues encountered
when dealing with the class of problems studied in this paper is related with the uniqueness of the state variable,
guaranteed under some restrictions on the data. Different approaches have been considered. The first one consists
in deriving the necessary optimality conditions on a set of admissible controls defined by taking into account
these restrictions (see e.g. [6,17]). Another method introduced by Abergel and Casas [1] allows to obtain the
optimality conditions of Fritz-John type for any convex admissible control set and derive these conditions in a
qualified form when the so-called (C') property introduced by Gunzburger et al. in [10] is fulfilled.

Another difficulty arises when studying the differentiability of the control-to-state mapping and is a conse-
quence of the nonlinearity of the stress tensor. Unless the gradient of the velocity is uniformly bounded, or a = 2
which corresponds to the Navier-Stokes equations, the related analysis cannot be achieved in Sobolev spaces
and the natural setting for the linearized equation (and similarly for the adjoint equation) involves adequate
weighted Sobolev spaces. The underlying difficulties appear identically in a class of optimal control problems
governed by quasilinear elliptic equations, and we specially mention the related papers by Casas and Fernandez
(see [3-5]).

In the present work, we do not impose any additional restriction on the set of admissible controls. System
(1.1) may then exhibit non-uniqueness of weak solutions and the control-to-state mapping u —— ¥, can be
multivalued. Combining the methods developed in [1,4, 5] together with explicite estimates established in [2],
we derive optimality conditions in a nonqualified form in both two-dimensional and three-dimensional cases.
Their qualification is guaranteed under the (C') property, or under a precise condition on the optimal control.
This last result was obtained in [2] using a different approach and seems to be new in the sense that no constraint
on the size of admissible controls is needed.

The plan of the paper is as follows. Assumptions, notation and some preliminary results are given in Section 2.
The main results are stated in Section 3. In Section 4, we introduce a family of approximate control problems
associated with well-posed generalized Stokes systems and we analyze the differentiability of the corresponding
control-to-state mapping. We establish the approximate optimality conditions in Section 5 and, by passing to
the limit, we derive the optimality conditions for our control problem in Section 6.

2. NOTATION AND PRELIMINARY RESULTS

Throughout the paper, {2 is a bounded domain in R™ (n = 2 or n = 3). The boundary of {2 is denoted
by I' and is of class C2. Since many of the quantities occuring in the paper are vector-valued functions, the
notation will be abreged for the sake of brevity and we will use the same notation of norms for scalar, vector
and matrix-valued functions.

For n,¢ € R™*", we define the scalar product and the corresponding norm by

n:¢= ij(fz‘j and [n] = (n:n)*.

ij=1



DISTRIBUTED CONTROL FOR MULTISTATE MODIFIED NAVIER-STOKES EQUATIONS 221

For n € R™»*mxnxm and ( € R™ ", the scalar product is defined by

n
n:C= > migreCre € R™,

k,b=1 i =1,

and we can verify that

(M:C):C="(C:n):C, neRV™MN () GeR™M

Let us now summarize assumptions on the nonlinear tensor 7. We assume that 7 : RY5" — RESP has a
potential, i.e. there exists a function @ € C*(R;, R}") with ¢(0) = 0 such that

sym

& 2
75 (n) = 02(|nl") 8(1|7n ) =28/ (|n|*) Mij for all n € R2 X" 7(0) = 0.
ij

(Here RE S consists of all symetric (n x n)-matrices.) Moreover, we assume that for some o > 2 the following

assumptions hold

A1: there exists a positive constant v such that for all 4,5, k., =1,...,n

‘ O7e(n)
577@3‘

sym*

a—2
‘ <y(L+m?) = for all n € R 5"

A2: there exists a positive constant g such that

n

0
)¢ = Z Z Tk; CreGij = i (1 [n] ) \C|2 for all n, ¢ € RE .

i,j=1k, =1

These assumptions are usually used in the literature and cover a wide range of applications in non-Newtonian
fluids. Typical prototypes of extra tensors used in applications are

a=2 _
rm=2u(l+> 7 n  or Tl =2ul+ )

We recall that a fluid is called shear thickening if o > 2 and shear thinning if « < 2. For the special case
7(n) = 2un (o = 2), we recover the Navier-Stokes equation with viscosity coeficient 1 > 0. Assumptions A1-A2
imply the following standard properties for the non-linear tensor 7 (see [16], Chap. 5).

Continuity

2 a—2
()| < = (L+1nl?) = Inl. (2.1)
Coercivity
() in =z pn*and o r(n) 0= ——n|". (2.2)
Monotonicity
. o 12
(r) = () : (1= ) = il —¢] (23)

(r(n) = 7(¢)) + (n =€) = gzkzr In — ¢[°

where v and p are the constants appearing in the assumptions A1-A2.
Let us now define some useful function spaces. The space of infinitely differentiable functions with compact
support in 2 will be denoted by D(£2). The standard Sobolev spaces are denoted by W< (£2) (k € N and
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1 < a < 00), and their norms by || - [|x.o. We set W%(2) = L*(2) and || - || = || - || o- In order to eliminate
the pressure in the weak formulation of the state equation, we will work in divergence-free spaces. Consider

V={peD(2)|V =0},

and denote by V, the closure of V with respect to the norm ||V - ||, i.e.
V, = {@ewgva(ﬂ) | v-wzo}.

Following [4,5], given y € W, '*(£2), we can associate two weighted Sobolev spaces V¥ and HY, where V¥ is the
set of functions z € V5 such that the norm || - || defined by

a—2

J2lf? = /Q (1+DyP) % D= da

is finite, and HY is the completion of V with respect to this norm. It may be verified that V¥ and HY are Hilbert
spaces and that HY C VY. Moreover, since o > 2, we have

V., C HY C V4

with continuous injections.

In the remaining part of this section, we collect some results that will be useful for the sequel. We begin by
the Poincaré and the Korn inequalities and next, we point out some notable facts related with the convective
term.

Lemma 2.1 (see [8], Chap. 2). Let y be in H}(£2). Then the following estimate holds

n—1 1

02|~
v

Lemma 2.2 (see [11]). Let y be in H}(§2). Then we have
IVyll, < \/§||Dy||2a
with the equality if we suppose that y € Va.

Lemma 2.3 (see [2], Lem. 2.5). Let y1 be in Vo and let yo and y3 be in HL($2). Then the following estimate
holds

|(y1 - Vy2,y3)| < k1 | Dy1lly [[Dy2ll, |1 Dysll,

3
MLQ 'n(nl—l) 3
n

with k1 =
Lemma 2.4. Let y1, y2 and y3 be in H}(£2). Then
(y1-Vyz,y3) = = (y1-Vys,p2)  and (1 Vi, 92) = 0.

Multiplying equation (1.1) by test functions ¢ € V,, and integrating, we obtain the following weak formulation.

Definition 2.5. Let u € L?(£2). A function y € V, is a weak solution of (1.1) if

(1(Dy),Dp) + (y- Vy,¢) = (u, ¢) for all p € V.
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Let us recall that, having a solution satisfying the formulation given in Definition 2.5, it is standard to
construct the corresponding pressure m € L§({2) such that

(T (Dy), Do)+ (y - Vy, @) — (1, V- ¢) = (u,)  for all p € Wy*(£2).

We will involve the pressure only in the formulations of the theorems and lemmas but not in the proofs, since
it can always be reconstructed uniquely.

First mathematical investigations of (1.1) under conditions (2.1)—(2.3), were performed by Lions who proved
existence of a weak solution for o > n‘g—_& (see [13] for more details). The restriction on the exponent « ensures
that the convective term belongs to L' when considering test functions in V,,. Due to Lemma 2.3, we can see that
this condition is obviously satisfied when dealing with shear-thickening flows. Let us also emphasize the work
by Maélek et al. who established existence and regularity results for this class of problems under less restrictive
assumptions (see for example [7,14,16]).

For the subsequent analysis, we state an existence and uniqueness result for the state equation and useful
estimates.

Proposition 2.6 (see [2], Props. 3.3 and 3.4). Assume that A1-Ay are fulfilled and that u € L*(£2). Then
problem (1.1) admits a weak solution y,, € V,, and the following estimates hold

2
||Dyu||2 < /@2% and ”Dyu”Z < (Oz _ 1) <K2 |U||2)
K 7
; _ V2(n-1) 9L . _ _ N
with kg = v [2|n. Moreover, if u satisfies the following condition

HU||2 < Vn?
1w 4(n—1)%|0R

1 )
n—1

then equation (1.1) admits a unique weak solution y,, € V,.

Proposition 2.7 (see [2], Thm 4.1). Assume that A1-A2 are fulfilled. Then problem (P,) admits at least a
solution.

3. STATEMENT OF THE MAIN RESULTS

In order to obtain the necessary optimality conditions for (P,) stated in Theorem 3.1 below, a family of
problems (P%). whose solutions converge towards a solution of (P,) is introduced and studied in Section 4. We
derive the optimality conditions for these approximate problems in Section 5 and we pass to the limit in these
conditions in Section 6.

Let us now formulate our main result.

Theorem 3.1. Assume that A1-A2 are fulfilled with o > 2. Let u € Uqq be a solution of (P.) and let § be the
associated state. There then exist a number X > 0 and p € V¥ such that the following conditions hold

A+ ol 5 #0, (3.1)
V- (1(Dy))+y-Vy+Vr =1 in £,
V-g=0 in §2, (3.2)
7=0 on I,
~=V - (7'(Dy): Dp) =4 -Vp+ (V§)"p+ VT =AYy —ya) in 2,
V-p=0 in £2, (3.3)
p=20 on I

(;5 + \vii, v — ﬂ) >0 for all v € Uyy. (3.4)
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Moreover p satisfies B
(7' (Dy) : Dp, Dp) + (P~ Vy,p) < MY — ya, P)
It is obvious that these optimality conditions can be written using the weak formulations corresponding to
the state and adjoint state systems. More precisely, systems (3.2) and (3.3) read as
(T (Dy), D) + (5 Vi) = (w,p)  forall p €V,
(' (Dy) : Do, Dp) + (¢ Vy+5-Ve,p) = Xy — ya, ) forall p € HY.
The optimality conditions stated in Theorem 3.1 are of Fritz-John type and we are interested in the cases where
A can be chosen equal to one. Following Gunzburger et al. [10], the set of admissible controls U, is said to have
in £2,

the property (C) at (g, u) if for any nonzero solution (p, ) of the system
~V - (7'(Dy) : Dp) =5 -Vp+ (Vy)'p+Vr =0

in £2,
on I

V-p=0
p=0
we can find v € U,q such that
(p,v—u) <0.
% we obtain the following result.

It is obvious that if the property (C) is satisfied then X # 0. Replacing p by
Corollary 3.2. Assume that assumptions of Thorem 3.1 are fulfilled. If Uyq has the property (C) at (g, u), then

Another consequence of our main result is that the optimality conditions can be obtained in a qualified form if

conditions (3.2)—(3.5) hold with A = 1.
the optimal control is subject to some constraint, the same that guarantees the uniqueness of the corresponding
state and adjoint state. This result seems interesting in the sense that we do not need to impose any other
(3.6)

—
1

U
ol _ ;
H 4(n—1)7 02|
Then there exist a unique § € V,, and a unique p € HY such that conditions (3.2)-(3.4) hold with X = 1.

Proof. Due Proposition 2.6, the state equation (3.2) admits a unique solution y € V. Similarly, due Propo-
sition 3.9 in [2], if u satisfies (3.6) then the adjoint system (3.3) admits a unique solution p in HZ. It follows

that, if we suppose that A = 0 then p = 0 is the (unique) solution of (3.3) leading to a contradiction with the
O

constraint on the admissible set of controls.
Corollary 3.3. Assume that assumptions of Thorem 3.1 are fulfilled, and assume that u satisfies
Vn3

nontriviality condition (3.1).
Notice that if the assumptions of the previous corollary are satisfied, then the solution p of (3.3) belongs

to HY C VY, implying that inequality (3.5) is automatically satisfied. More precisely, by testing the weak

formulation of (3.3) by p, we obtain
(" (Dy) : Dp, Dp) + (P~ V¥, p) = (U = Ya, P)
Let us finish this section by considering the case of the Navier-Stokes equations. For a« = 2, V¥ = HY =V,
and we recover the optimality conditions already established by Abergel and Casas in [1] for a slightly different

functional.
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Corollary 3.4. Assume that the extra-stress tensor has the form 7(n) = 2un. Let 4 € Uaq be a solution of (P)
and let § be the associated state. There then exist a number A > 0 and p € Va such that the following conditions
hold

A+ plly 2 # 0,
—pAY+7y-Vij+ VT =i in 02,
V-y=0 in §2,
7=0 on I

A —G-Vo+ (V)T +VE = NG —ya) in £,

V-p=0 in §2,
0 on I

(]5—1—5\1/12,11 — 12) >0 for all v € Uyg.

Moreover, if Uyq has the property (C) at (y,a) or if @ satisfies (3.6), then the optimality conditions (3.2)—(3.5)
hold with A = 1.

4. APPROXIMATE PROBLEM

4.1. Setting and preliminary convergence results

Let (u,y) be a fixed solution of (P,). Following Abergel and Casas [1], we approximate the control problem
by a family of penalized problems governed by a generalized Stokes system for which uniqueness of solutions is
guarenteed. More precisely, for every € > 0, we define a functional J¢ by

. 1 o 1 21 2
JHw,u) = I Yuuw ) + 5 1D Yo = w)ll; + 5 19w =3l + 5 llu—allz

where vy, ., satisfies following (generalized) Stokes system
-V .- (r(Dy))+w-Vy+Vr=u in {2,
V-y=0 in (2, (4.1)
y=20 on I
The problem (PZ) is then defined in the following way
Minimize J®(w,u)

(Fa) :
Subject to (w,u) € Vo X Ugg.

Proposition 4.1. Let u € L*(2) and w € V,,. Then problem (4.1) admits a unique weak solution Yy, ,, n V.
Moreover, the following estimates hold

2
K2 K2
1Dsally < Zlale and Dy} < (0= 1) (;nunz)

with ko defined in Proposition 2.6.

Proof. Existence and uniqueness of a solution and the corresponding estimates can be established by using
standard arguments (see for example Props. 3.3. and 3.4 in [2]). O
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We next prove that each problem (PS) admits at least a solution (w®,u®) and that these solutions form an
approximating family for (P,)

Proposition 4.2. For every e > 0 there exists at least one solution (w,u®) of (PZ). Moreover, if we denote
by y© the solution of (4.1) corresponding to (w®,u®), then we have

. _ o1
tim [ — ], = i, 1D (5* — ), =0,
lim | D" ~ ), = lim DG - 9)ll, =0
liH(l) JE(w®,u®) = J(y, u).
£—
Proof. Existence of an optimal solution (w®,u®) of (P%) is standard and can be proved by using standard
arguments. Since yy 5 = 9, we have
Jo(w®,w®) < J5(y,u) = J(§,u)

implying that
luf]l3 < 2w —all +2 |lull; < 47 (7, ) + 2 |lull3, (4.2)

and
1D (y° — w)||3 < 2¢J(y,a) — 0 when & — 0.

Setting ¢ = y© in the weak formulation of (4.1) yields
(7(Dy"), Dy) = (u°, 7).
Taking into account (2.2), the Poincaré and the Korn inequalities, we obtain
Dy I3 <l 17y < me2llws [ Dy° L

which together with (4.2) give

1

1Dyl < 22 uelly < 22 (47,3 + 2 all3)” (4.3)
7 7
and )
pID L < il 7l < sl NPyl < 22 (475 0) + 2 )
The previous estimate together with (2.1) imply
2

a/

5 / n-y 5 22q e

rol < (225) [ oy ) T by as
a— Q

n2 o a n2'y o a=2 e
<(225) [ awipr)ass (S20) 2% (o) 1ol

a—1

()2 (10 (22)" (0 - 200))

and the sequence (7(Dy®)). is uniformly bounded in L (£2). There then exist subsequences, still indexed by €,
)z, (%), (w9)z and (7(Dye))e, and (u,y,7) € L2(2) x Vo x L (£2) such that (uf). weakly converges to u in
L*(£2), (y°)e and (w?). weakly converge to y in V,, and (7(Dy?))_ weakly converges to 7 in L% (£2). Moreover,
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since av > 2 > by using compactness results on Sobolev spaces, we deduce that (w®). strongly converges

et
to y in Ln—l( ) and for all ¢ € V,, we have
[(w® -V —y-Vy, )| < [(w" —y) - Vo, o)+ |(y- V (w° —y), ¢

= [((w® —y) - Vs, 9)| +(y - Vo, " —y)|

< (V0o sl 20, + 19l 2o, 1960, ) Nl = ] 2o,

—0 when € — 0. (4.4)

Taking into account these convergence results, by passing to the limit in the weak formulation corresponding
to y© and using classical arguments, we obtain

(7(Dy), Do) + (y - Vy, @) = (u, ) for all ¢ € V.

Therefore y is the solution of (1.1) corresponding to u and (y,u) is admissible for (P, ). To prove that (y°)e>0
strongly converges to y in WO1 "*(£2), notice that due to the monotonicity condition (2.3)s, Lemma 2.4 and
classical embedding results, we have

< (7(Dy?) — 7 (Dy), D(y* —y))
= (v —u,y* —y) + (y- Vy —w® - Vy*,y° —y)
= (v —u,y* —y) + ((y —w) - Vy,y° —y)

— 0 when € — 0.

22a+1 ||D(y - y)H

Finally, since (g, @) is a solution of (P,), we have

J(y,u) < J(y,u) + —Ily y||2dx+ lu — )3
< liminf J*(w®, u®) < J(g, )<J(y, u).

e—0

and consequently y = ¢ and v = 4. On the other hand

J(y,u) < llmlngE(w u®) < limsup J*(w®,u®) < J(§, @)

E— 5—70
and thus

1
s (52 1D (= w92 o+ o =l ) < Tomsup (70, ) — T(57,05)
£—

£—

< limsup J*(w®, u®) — limi(ljlf J(y,u®) <0.
£—

e—0
The claimed result is then proven. O

In order to establish the approximate optimality conditions corresponding to (PS), we need to study the
properties of the corresponding control-to-state mapping. Consider

G:Vyx L2(02) — Vs
(0, u) — Yu,u-

where vy, 4, is the solution of (4.1). In the next section, we derive some estimates necessary to prove the Lipschitz
continuity of G. Existence and uniqueness results for an auxiliary linearized system are established in Section 4.3
while Section 4.4 is devoted to the the analysis of the differentiability of G.
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4.2. Lipschitz continuity of the control-to-state mapping

Lemma 4.3. Fori= 1,2, let (u;, w;) be in L*(2) x V,, and let Yy, u, be the corresponding weak solution of (4.1).
Then the following estimates hold

K1l|uil2

K2
1D i = )l < 2 (nul gy + 1D(w; — w2)||2>

2
K9 Rif|u1]]2
1D (Yos = Ywzua)lly < 2% (—M (Iul —usgfl, + 7|M H [ D (w2 — w1)|2>>

with k1 and ko Tespectively defined in Lemma 2.3 and Proposition 2.6.

Proof. To simplify the notation, set y; = Y, u,. Substituing in the weak formulation of (4.1), setting ¢ = y1 —y2
and using Lemma 2.4, we get

(1(Dy1) = 7(Dy2), D (y1 — y2)) = (w1 — u2,y1 — y2) + (w2 - Vyo — w1 - Vyi1, 91 — y2)
= (u1 —u2,y1 — y2) + (w2 —w1) - Vyr,y1 —y2) — (w2 - V(y1 — ¥2), 41 — ¥2)
= (ul —U2,Y1 — yz) + ((wz - w1) ~Vyi,y1 — 92)-

Using the Poincaré and the Korn inequalities, we obtain
[(ur —u2,y1 — y2)| < [lur — wally ly1 — vally < k2 flur —ually 1D (y1 — y2) I, -
On the other hand, due to Lemma 2.3 and Proposition 4.1, we have

|((w2 —w1) - Vyr,y1 — y2)| < k1 [[D(wz2 — wi)lly Dy ly (1D (y1 — y2)ll5

Ra||u1]|2
< % 1Dz — w1l 1D — vl -

By combining these estimates and taking into account the monotonicity condition (2.3)1, we deduce that

Ri]jUu1]2
DG =213 < (D)D), D 0 =32)) < i (s =l =L DG ), ) 100 = ),
(4.5)
implying the first estimate. Due to (2.3)2 and (4.5), it follows that
27 C DDy — ya)lla < (7(Dyr) — 7(Dya), D(yr — y2))
Ri]ju1lf2
<z (Jun = wally + L0 Dy = ), ) 1D - ),
K2 o [ua|2 ’
< m [ur — ually + —— [[D(w2 — w1)l|,
which gives the second estimate and completes the proof. O

Lemma 4.4. Fori= 1,2, let (u;, w;) be in L*(2) x V,, and let Yy, u, be the corresponding weak solution of (4.1).
Then the following estimate holds

K2R3

K1|uil2
1Y ,ur = Yos,us | e e < . (|u1 —Uglly + ———

D~ wl, )

with rg = 2°5 (14 220+1) 7
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Proof. By taking into account assumption A2 and using standard arguments, for every 7, ¢ € RY " we have
(r(n) = 7(C) = (=) =D (m5(m) = 755(Q)) (n = Q)

]

Z/dmCJrsn O)ds(n =),

zgl

Z Z/ 87723 (C+sn=0)(n—=Cpe ds(n—¢);;

i,j=1k, (=1

1
=/0 P+ st —0): (1-C): (- ) ds

1 ws )
zu/O (L+1C+ 01— OF) = In— (2 ds
— L+ m=QP) T ¢, (4.6)

where 0 < s* < 1 is a number arising when applying the mean values thorem to the integral. On the other
hand, for every s € [0, 1], we have

(L 1CP) ™ < (1420 +stn= QP +20n - ¢P)
o ((”'”5("—02)% +n—<|°“2). (4.7)

<

Combining (4.6) and (4.7), we obtain

—a a=2 a2 a
2+ P)T =P S (A+ ¢+ m—OF) * In—¢+n—]
1 «
< ;(T(n) =7(¢):(n=¢) +n—(]
and thus
2—a 2 anz 2 1
2 (1 + |Dyw2,u2‘ ) D(yw1,u1 - ng,ug) ‘2 < ; (T(Dyw1,u1) - T(Dyw2,u2)’ ‘D(ywhul - wa,ug))
+ HD(yw1,u1 - ywz,u2)‘|3 .
The conclusion is a direct consequence of inequality (4.5) and Lemma 4.3. O

4.3. Linearized equation
To show the differentiability of GG, we need to investigate the following linearized system
V.- (7'(Dy):Dz)+w-Vz+Vr=v—f-Vy in,
V.z=0 in 12, (4.8)
z=0 on I
where v € L2(2) and (f,w,y) € (Va)®.

Definition 4.5. A function z is a weak solution of (4.8) if

(t"(Dy) : Dz,Dp) + (w-Vz,0) = (v— f-Vy,p) foral o€ HY.
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Proposition 4.6. Let v € L2(2) and (f,w,y) € (Va)>. Then problem (4.8) admits a unique solution z in HY.
Moreover, the following estimate holds

1
12y < u (R [[vlly + w1 D]l 1Dylly) -

Proof. Consider the bilinear form defined by
B(z1,22) = (7"(Dy) : Dz1,Dz2s) + (w- V21,22) .
Let us first prove that B is coercive on HY. Taking into account Lemma 2.4 and assumption A2, we have
B(z,z) = (7'(Dy) : Dz,Dz) + (w - Vz,2) = (7'(Dy) : Dz, Dz)

> v [ (D) DaP do = v el (4.9)
Q
for every z € HY. On the other hand, Lemma 2.3 and assumption A1 yield

a=2
(7(Dy) D, D) < [ (14 Dy) T |Dar|| D o
2

a—2 a—2

<7 |+ 1Dy T Da| |1+ 1Dy T D2 | =7 Ul

Z2HH3;

and

|(w- Vz1,2)| < k2 [ Dwlly [ D21l [ D22y < ko 1 Dwlly ]l gy 22l

for every z1, zo € HY*. Therefore,
B (z1,22) < (v + K2 [ Dwlly) |21 gz 122l gy -

The bilinear form B is then continuous and coercive on HY. Applying the Lax-Milgram theorem, we deduce
that problem (4.8) admits a unique solution z in HY. Taking into account (4.9) and Lemma 2.3, we obtain

g2l < B(2,2) = (u,2) — (f - Vy, 2)
< oll I2llo + |(f - V. 2)| < (w2 ||ully + 51 [ DF]l5 | Dylly) | D21l
< (k2 |[ully + 51 | D£l, 1Dyll,) |12]

Y
which gives the estimate. 0

4.4. Differentiability of the control-to-state mapping

As referred in the introduction, the ideas of the proof dealing with the nonlinear tensor when studying the
Gateaux diferentiability of the control-to-state mapping are mainly due to Casas and Fernandez, and were
developed in [4,5] to study optimal control problems governed by quasi-linear elliptic equations. By taking into
account the corresponding estimates and managing the convective term, these arguments are adapted to our
specific problem in Lemma 4.9 and Proposition 4.11 below, and the proofs are given for the confort of the reader.

For w and v in L?(2), w and f in V,, and p in ]0,1], set u, = u + pv, w, = w + pf, and let Yw,u, and

Yuw,u be the solution of (4.1) corresponding to (w,,u,) and (w,u) respectively. In order to simplify the notation
Ypo—Y

we set y, instead of Yy, «,, y instead of y, ., and z, = , throughout this section. Substituing in the weak

formulation of (4.1), we obtain

(t(Dy,) — 7(Dy), Dp) + (w, - Vy, —w - Vy, ) = p(v, ) for all p € V. (4.10)
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Lemma 4.7. The following estimates hold
K2 K1
Dz <—<v + —||upll2 | Df >,
1Dz, B vl MII pll2 1D £l
2
_ K2 K1
Dl < 20 (2 (ol + Ll 1D51,) )
Y 1
ff3f‘€2 K1
<52 (ol + a2 D51,

Proof. The first and second estimates are direct consequence of Lemma 4.3. The third estimate follows from
Lemma 4.4. O

Lemma 4.8. If (z,,), weakly converges to z in Va for some sequence (pr)r converging to zero, then

1
klu}rl o — (wpy, - Vyp, —w-Vy,@) = (w-Vz+ f-Vy,p) for all p € Vs.

Proof. Notice that

1
—k(wpk “VYp, —wa,sO)—(w-Verf-Vy,sO)‘ ‘(f-Vyme)Jr(w'VZpk,sO)—(w~Vz+f-Vy,s0)’

= |- Vo =) 0) + (- V(2 = 2),0)|
= | (F T = 1).9) — (@ Vg, 25, = 2) |
< N1V @ = Wllllolla + [wlall Vellallzp, = 21l

The result is then a consequence of the strong convergence of (y,, ), to y in H}(£2) and the strong convergence
of (zp,),, to z in L*(£2). O

Lemma 4.9. If (2,,), weakly converges to z in HY for some sequence (py)r converging to zero, then

1
klir+n m (1 (Dy,,) — 7 (Dy),Dy) = (7'(Dy) : Dz, Dyp) for all o € V.

Proof. Let ¢ € V be fixed. Standard calculation shows that

1

— (7(Dyp) ~ 7(Dy). D) = / / (Dy(z) + 5D (4, — v) () : D2y (z) : Do() ds da

= /QT (afk( )) : Dz, (z) : Dp(x)dx = (7" (afk) : szk,Dgp) , (4.11)

where of (z) = Dy(z) + 5% (2)D (yp, —v) (z) with 0 < 5% (z) < 1 being a number (depending on ¢(z)) arising

when applying the mean values theorem to the integral in the interval [0, 1]. Since o > 2, we have

(1+ 0% ( 12T = (1+ |Dy(x ) + 8% (2)D(y,, — y)(x)[*)
< (14 2|Dy(x) > +2(s5, (2))*|D(yp, — v)@)?) T
2°7 (14 |Dy(@) 2 + |D(yp, — 9)@)I2) 7T

ga-2 ((1 F1Dy@)P) T+ (Dl — y><x>“)

IN

IN
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and by taking into account Lemma 4.7, we deduce that
2 @ 2\ 2=2 2
, = Q(l +lof (@)]7) = [Dzp, (2)|” da
<22 [ (@ iytel)
Q
a— 2 —
= 2272 Iz, + 52 1D20, 1)

2
Ko K1
< (2204 4 2) (7) (|v||2 + 2Ll + ol IIDf|z>

Therefore, the strong convergence of (o )i to Dy in L*({2) and the weak convergence of (Dz,, ) to Dz in
L2(2) yield

a—2
|a+lo5® Dz,

a—2

= 1D () <x>°“2) D2y, () da

2

(14 0%, %) T Dz,, — (1+|Dy[>)*T Dz weakly in L*(2). (4.12)
On the other hand, let us consider the superposition (or Nemytskii) operator A acting from (L%(£2))"*" to
(L?(£2))™*™ and defined by
Dy : 7' (g(x
Alg)a) = 227G e,
(1 +g(z)[?) =

Using A1, we can easily verify that

Dy : ' (g) |Del(1+lg*) "= a2
Alg)| = 22O 00) 7 — 2Dl (1 + lgf?)
(1+1g?) (1+1g?) =
which shows that 4 is continuous. Therefore, since (Ufk) , converges to Dy in L*(2), we deduce that
A(c% ) — A(Dy) strongly in L?(2). (4.13)

Combining (4.12) and (4.13), we deduce that

kEToo (T/ (Ufk,) : Dz,,k,Dap) = kgljrrloo (Dgp o7 (gfk) ,Dz,,k)

. 2\ 2=2
Jim (A(05), (4 log, )T Dz, )

= (A(Dy), (1 + |DyP?)*7 Dz)

= (Dy: 7' (Dy),Dz) = (7' (Dy) : Dz, Dy)
and the proof is complete. O
Remark 4.10. Notice that following [18], we can avoid the use of the mean values theorem in (4.11) and obtain
similar estimates and convergence results by adapting the proof. In particular, (4.12) may be replaced by

1
/ (1+|Dy + sD(y,, — y)|*) T dsDz,, — (1+|Dy[)*T Dz weakly in L*(2)
0

and the superposition operator A may be defined as

ACLN[0,2]; (L)) — (L*(2))"

1
Dy / 7 (g(s)(x)) ds

(/01(1 +lo(e)@)) T ds)

Alg)(z) =

, x e 2.

=
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Proposition 4.11. If (z,,), weakly converges to z in HY for some sequence (px)i converging to zero, then z
is the unique solution of problem (4.8). Moreover, (z,,), converges strongly to z in Va.

Proof. The first assertion is a direct consequence of Lemmas 4.8, 4.9 and of the density of V in HY. To prove
the strong convergence, let us set

M =7'(Dy(x)),  My(x) =1"(0,(x)),
where 0, is as in (4.11) with ¢ substituted by y, — y. Due to A2, the matrices

M(z) + MT(z)

X T X
M) = ML) gy - T TR

2

are symmetric and positive definite. Applying the Cholesky method to M?®(z) and Mj(z), we deduce the
existence of lower triangular matrices L(x) and L,(z) such that

M*(z) = L(z) LT (z) and M;(z) = Lp(x)Lg(x).

Therefore, by taking into account (4.10) and (4.11), we obtain

2 1
|‘LZkDZPk|‘2 = (Mpk : szk’DZPk) = _P_k (ka “Vyp, —w- Vy?’zpk) + (U»Zpk)

- (f : Vypk +y- Vzpwzpk) + (U7Z,Dk) = - (f ' Vypwzﬂk) + (U7Z.Dk)
KD fll2 (|1 DYy lly [1D2p Nl + K2 [[v]l5 D20, [l

g
(reat 011202 o ol ) 121,

IN

IN

k1
< o (7<||u||2 T ol Dflla + |v||2) 1Dz,
l‘{z K1 2
<2 (;(Hunz T el Dflle + |v||2) (4.14)

and the sequence (L}, Dz, ) is bounded in L?(£2). Arguments similar to those used in the third step of the
proof of Theorem 3.1 in [5] show that (L,, ), strongly converges to L in L?(£2) and (L] szk)k weakly converges
to LT Dz in L?(£2). Taking into account (4.14), we deduce that

||LTDZ||§ < limkinf ||L§szpk||z < limsup ||L§szpk||§ = limsup (M,, : Dz,,,Dz,,)
k k

= limksup (—pik (Wpy - VUp, —w - VY, 2p,) + (v, Zm))
= limksup (—(f - Vyp, +w-Vzp,25) + (v,2,,))

= limksup (= (f  VYpis 2p,) + (v,2p,)) = = (f - Vy,2) + (v, 2)
— —(f-Vy—w-Vz2)+(v,2) = (M: Dz,Dz) = |[LTDz|.

Weak convergence together with norm convergence implies strong convergence of (LT Dz,, )i to L Dz in L?(£2).
The conclusion follows by following [5]. O

Proposition 4.12. Let G : L*(2) x V,, — Vi be the functional defined by G(w,u) =y, where y = Yy, 4 is the
solution of (4.1) corresponding to (w,u). Then, G is Gateaux diferentiable at (w,w) and its derivative in direction
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(f,v), z= G (w,u)(f,v) is the unique solution in HY of problem (4.8). Moreover, setting I(w,u) = J(Yuy u, )
we have

I I
) S == ya ) and Shw) 0= (5,00 + v (w0,

where zy € HY is the solution of (4.8) corresponding to v =0 and ¢, € HY is the solution of (4.8) corresponding
to f=0.

Proof. For p €]0, 1], let w, = w+pf, u, = u+pv, Yo = Yu,u, and z, = %. Due to Lemma 4.7, we deduce that
(2p), is bounded in HY. There then exist a subsequence (z,,), and z € HY such that (z,,), weakly converges
to z in V3. Due to Proposition 4.11, z is the solution of the linear equation (4.8) and (z,, ), strongly converges
to z in V5. Taking into account Lemma 4.7, we deduce that

K1|ull2

—|Df||2)

n

K2 ko flullo 2] "5 Ko k]| 2] =

2 ol + 2R IDf e ) < 21+ SRR ) (lolle + 1D ll)
H H M H

. K2
D21, =t 1Dz, < %2 (ol +

IN

which implies the continuity of G'(w,u) : L?(£2) x V,, — Va and therefore the Gateaux differentiability of G.
The last part is a consequence of the differentiability of .J. g
5. APPROXIMATE OPTIMALITY CONDITIONS

The following result states the optimality conditions for (P%).

Theorem 5.1. Let (w®,u®) be a solution of (PS) and let y° € V, be the corresponding solution of (4.1). Then
there exists p° € HY  such that

(T(Dy*), Dp) + (w° - Vy©,0) = (u® ) for all p € Vg, (5.1)

('(Dy°) : D, Dp°) — (uf - Vp©,0) — (¢ - V5, 0°) = 20" =G —yarp)  forall p € HY (5.2)
and
(»® +vu® +u® —a,v—u) >0 for all v € Uyg. (5.3)
Proof. Let p* € HY" be the solution of

1 £
(7"(Dy®) : D, Dp®) — (w® - Vp©,0) = (2y° — § — ya, ) + - (D(y" —w®), Dy) forallpe HY . (5.4)

(Existence and uniqueness of p® can be obtained with arguments similar to those used in the proof of Prop. 4.6.)

Since J¢ is differentiable, by taking into account Proposition 4.12, we obtain

0J¢
ow

(w ) - f = (20 — 5~ 4, 5) + = (D —w), D(5 ~ £)) (55)

where 25 € Hgs is the solution of (4.8) corresponding to (y,w,v) = (y°,w*®,0), and

oJ¢
ou

(0 ) -0 = (24 =5 =y 65) + 2 (D = wF), D) + (v 7 — ,0), (56)
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where ¢2 € HY is the solution of (4.8) corresponding to (y,w, f) = (¥, w*,0). Setting ¢ = 2 in (5.4), by
taking into account (5.5) and the weak formulation of (4.8), it follows that

oJ¢
ow

(w,u?) - ] = (7/(Dy?) : D=5, Dp?) — (w? - V9, 25) — = (D" — ), f)
= (F(Dy) : D=5, D) + (uF - V27.07) — = (D" —w), )
= — (/YY) - 2 (DG — ), f)
= (- 95,57) = 2 (D7 — ), f). (57)

Similarly, by setting ¢ = ¢¢ in (5.4) and taking into account (5.6) and the weak formulation of (4.8), it follows
that
8JE / € (1 (1 € € 7
5y (W5 ut) v = (T(Dy") : Déy, Dpf) — (w” - Vp©, ) + (vu +u® — 4, 0)
— (7 (Dyf) : DY, Dpf) + (- V5, p) + (u° + u° — ,0)
= (v,p%) + (vu® + u° — @,v)
= (p

p° 4+ vu +uf —a,v). (5.8)

On the other hand, since (w®, u®) is a solution of (P), we have

9 (wf,uf) - f =0 for all f €V,
0 (f uf) - (v —uf) >0 for all v € Uyg.

These relations together with (5.7) and (5.8) imply the optimality condition (5.3) and

1
(F- 95 y) = L (Dl —w). ) forall f € Vi, (5.9
Relation (5.2) is then a direct consequence of (5.4) and (5.9). O

6. PROOF OF THE MAIN RESULT
The proof is split into four steps.
Step 1. Estimate for pc.
Setting ¢ = p® in (5.2), and using assumption A2 and Lemma 2.4 we obtain
2
2
1o\l < (7'(Dy") : Dp®, Dp°)
= (w - Vp©,p%) + (" - VD", ) + (¥ —ya, p°) + (v — ¥,p)
=" VY %) + (v° —ya, 0°) + (" — 5,0%) (6.1)

Using classical arguments, we have the following estimate
= (0 - V= 0°) + (0 = was %) + (0 = 5:09)] < [V Lo 197115 + Cly® = wall, + Iy™ = 3llo) 19°]
< IVl 171+ 3 o = vl + 5”312 + )2
7 Y o A e B
< IVyell, 1715 + T @ @) + [Ip°])5 - (6.2)
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Moreover, recalling the inequality (see [8], Chap. 2)
1-% 2 . 2n—1)\ 1
Plly < mallp®llz * IVEE[lS with kg = <7> ’
1P°1l, IP°ll * IVP©ll3 N

by using the Korn inequality, Proposition 4.1 and estimate (4.3), we deduce that

2 9_n n
IVl 19711y < w21Vl 7l VD75

n+42 2-2 2
<2 & Dy l, Ip°lly I1Dp°ll5

n42 o_n n
<27 KDyl 1ol 2 P71 e

2
o%+1 2Ry

IN

o 1 22 )
(27 (7,) + 1ally)? 19l 2 P17, -

Due to the Young inequality, for all § > 0 we have

4

2 2 in 4
n 1 K2k o _ 1 2_n n 4—n nyq1 ROR o _ 1 2 nfn 2
24“—“4 (2J(g, a)+llall)* llp7llz > 7l 7y < = <24+1—M4 (QJ(Z/,U)JrIIulz)?) D%z + == " e
(6.3)
Choosing 6 = p, using assumption A2 and combining (6.1)(6.3), we deduce that

2 i—n T

N nyq Kok] B It n o2 nd(g,a)
P < <24+1—(2(u) + ||l )2> | I+ (6.4)

Ha I ? (4 —=n)p 2 d-n)p

Step 2. Passage to the limit when p° is bounded in L*(£2).

Let us assume that (p®). is bounded in L?(£2). Due to (6.4), it follows that (p°). is bounded in HY" (and thus
in V3). There then exist a subsequence (p* ) and p € Va such that (p** ), weakly converges to p in V. Arguing
as in the proof of Lemma 4.9 and taking into account Proposition 4.2, we deduce that

. lilf (7"(Dy**) : Dy, Dp.,) = (7 (Dy) : Dy, Dp) forall p € V

and

S (W - Vp™, @) + (- Vp™,5%)) = (5 VP, @) + (¢ VD, §)

for all ¢ € V4. Therefore, by passing to the limit in the weak formulation satisfied to y°*, we deduce that
(r'(Dy) : Do, Dp) = (- Vp,9) = (- VD, §) = (§ = ya, ) (6.5)
for all p € V.
Step 3. p belongs to VY.
Let us now prove that (1 + |Dg|2)QT_2D]3 belongs to L%(£2). Set
M =7'(Dy(z)),  M"(x) =7'(Dy"(z)),

and
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Due to A2, the matrices M*(x) and M*=*(z) are symmetric and positive definite. Applying the Cholesky method
to M*(xz) and M*=*(z), we deduce the existence of lower triangular matrices L(x) and L°(x) such that

M*(z) = L(z) L (z) and M®3(z) = L (x)(LF (z))T.
Therefore, taking into account (6.1) and (6.2), we have
[ £ 2 g (> (> (> g £ (> £ g — (>
(LT Dp® ||, = (M*® : Dp®, Dp®) = — (p° - V", p°) + (y° — ya, p°) + (y° — 4, 1°)
€ c(2 _ 112
< IVyEllp Ip° Il + T (@, @) + [lp°ll

and the sequence ((L)T Dp?). is bounded in L2(§2). On the other hand, due to A1 we have

IL°(@)[? = [MF(@)] < yn? (14 Dy @))€ La%s (@)

for all € §2. The convergence of (Dy®)_ to Dy and the weak convergence of (p°). to p in Vs together with
arguments similar to those used in the proof of Proposition 4.11 show that

(L)' Dp* — LTDp  weakly in L?(12).
Moreover, we have
g e=z |2 = 12
[ H(l +[Dyl*) "= DpH2 < (M : Dp, Dp) = ||L" Dp|,
< liminf H(L‘E)TDpEHZ < lim sup H(LE)TDp‘Euz = limsup (M? : Dp®, Dp®)
€ € €

= limsup (— (p° - Vy©,p°) + (¥° — ya, 0°) + (¥° — 4,0%))

g

= —(5-V§,0)+ (G — ya, D)

which implies (3.5). This inequality, together with (6.5) and the density of V in HY give (3.3) with A\ = 1.
Similarly, we can pass to the limit in (5.1) and (5.3) and derive (3.2) and (3.4). Notice here that we can
guarantee that the sequence (p®). is compact in H, gs and that its limit point belongs to VY. However, there is
no reason to assume that the sequence converges to an element of HY. This is closely related to the fact that
the space V is not dense in V.7 and to the nonuniqueness of the limit problem.

Step 4. Passage to the limit when p° is not bounded in L?(2).
If (p) is not bounded in L?(§2), we set

AE

= —0 when ¢ — 0,
[p#(l2

and denote again A°p® by p°. Using optimality conditions (5.2) and (5.3), we obtain
(r'(Dy°) : D, Dp°) — (uf - Vp©,0) — (¢ - V5, y°) = A° (¥° — ya, ) + A° (v — ) forall p € HY,

and
(P°+ A (vu® +u® —a),v—u°) >0 for all v € Uyq
respectively. Repeating the arguments stated in step 1-step 3, we can derive the optimality conditions (3.2)—
(3.4) with A = 0. Finally, to prove (3.1) in this case, observe that since (p°) weakly converges to p in Vs, it
converges strongly in L?(£2). Therefore,
171l = tim p°], = 1

and thus p # 0. O
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