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OPTIMAL CONTROL OF LINEARIZED COMPRESSIBLE NAVIER-STOKES
EQUATIONS

SHIRSHENDU CHOWDHURY! AND MYTHILY RAMASWAMY!

Abstract. We study an optimal boundary control problem for the two dimensional unsteady linearized
compressible Navier—Stokes equations in a rectangle. The control acts through the Dirichlet boundary
condition. We first establish the existence and uniqueness of the solution for the two-dimensional
unsteady linearized compressible Navier—Stokes equations in a rectangle with inhomogeneous Dirichlet
boundary data, not necessarily smooth. Then, we prove the existence and uniqueness of the optimal
solution over the control set. Finally we derive an optimality system from which the optimal solution
can be determined.

Mathematics Subject Classification. 49J20, 49K20, 35Q30, 76N25.

Received December 9, 2011. Revised April 21, 2012.
Published online February 21, 2013.

1. INTRODUCTION

The Navier-Stokes equations for a viscous compressible isentropic fluid in 2 c R is

%(t,w) + div[p(t, z)v(t,z)] = 0,
plt.a) | G2 (0.0) + (0(0,0)  V)ot0)| = ~Tple.) + nbolt.o) + (3 -+ )V div ot )] o

p(t,z) = ap’(t,z), t>0,z €L,

where p(t, ) is the density of the fluid, v(t,z) = (v1(t,z),...,vn(t,x)) denotes the velocity vector in RY and
p(t, x) denotes the pressure. Note that the second equation of (1.1) componentwise is

[div v],i=1,2,...,N.

dv; _ Op 0
p(a —&—v.sz) = ou, +MAUZ+(/\+M)83:Z-

Throughout this paper, we follow this same notational convention and use bold script to denote vectors and
product spaces. The viscosity coefficients p, A are assumed to be constant satisfying the following thermodynamic
restrictions: u > 0, A+ p > 0 and the constants a > 0, v > 1.
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In this paper, we study the following system, linearized around the steady state solution (gs(z), vs(x)) of (1.1)
n (0,7) x 2

8 (1,2) + divlo(t, 2)v, ()] = ~divlgs(x)u(t, o)) (1.2)
@w—iux—()\—km ivu(t, vs(z) - Viu(t,z) + (u(t,z) - V)vs(z
G (0:2) = L= Ault) — ST (e )] + (v, @) - V)ult) + (u(t.a) - Vv

o(t,x)

= —aqufz(x)VU(t, x) +

We consider system (1.2)—(1.3) in
(Z:{x:(:r1,x2)€R2:0<x1 <1, 0<z <h}
with boundary 92, consisting of three disjoint portions
i, = {0} x (0,h), Ip=1[0,1]x{0,h}, Iou ={1}x(0,h).

Let us denote
QT:(O,T)XQ; ZT:(O,T)XaQ.

The initial and boundary conditions are

0(0,2) = oo(x), u(0,z)=ue(x) in £2, (1.4)
o(t,x) =w(t,x) on (0,T) X I, u(t,z) =&t z) on Xp,

where
o0 € L*(02), ug € L*(N2), w € L*(0,T; L*(I1)), € € L*(0,T;L?*(012)), fc L>(02)NnH (0). (1.6)
We assume that (gs (), vs(2)) = (¢s(x), vs1(7), v52(z)) € R? satisfies the following conditions:
qs € C*(2), qs(x) >0 on 12, (1.7)
vs € C3(R?),v51 > a > 0 on T}, U T,y for some constant a and v = 0 on I, (1.8)

We first prove that the linearized system (1.2)-(1.5) has a unique solution (o, u) in L2(0,T; [H'(£2)]") x
L2(0,T;L2(£2)) in the sense of transposition, where [H*(£2)] denotes the dual of H'(2). Then we consider the
following optimal control problem:

(P) inf{ J(o,u,w, &) | (w,&) € L?(0,T; L*(I},)) x L*(0, T; L2(912)), (o, u, w, §) satisfies (1.2)1.5)},

where

1 T
Houw§) =3 [ o=l oyt + 3 / [ huwdade

AL v L]

B >0, (0% ut) = (6%, ul,ud) € L2(0,T; [H(2)]") x L2(0,T;L%(£2)) is the desired profile and |||. iz 2y s a
!/

norm in the dual of H*(£2), equivalent to the usual norm in [H(£2)] . It is necessary to consider this norm to get




OPTIMAL CONTROL OF LINEARIZED COMPRESSIBLE NAVIER-STOKES EQUATIONS 589

a well posed optimality system. We discuss this norm in Section 4. Then we show the existence and uniqueness
of the optimal solution over the control set and derive the optimality system.

In our system, the coupling between the hyperbolic character of the first order transport equation and the
parabolic character of the second order linearized momentum equation leads to some difficulties mainly regarding
regularity which are interesting to understand.

The main novelty here is that the boundary data are not too regular. If they are regular, one can use the lifting
procedure and the standard fixed point argument in suitable function spaces for (1.2)-(1.5) to get the existence
of a solution. We mention some details regarding this in Remark 3.8. But here we need to interpret the solution
of (1.2)—(1.5) in the sense of transposition to get the solution (o, u) € L2(0,T; [H*(£2)]') x L2(0,T;L2(£2)). For
this we first study the adjoint system for regular data and prove the existence of a unique solution using fixed
point method.

Such a linearized system around a steady solution is also considered by Girinon [5] in R? but with homogeneous
Dirichlet boundary condition and slightly different assumptions on ¢s, v and f:

qs € C*(2), qs(x) >0o0n 2, vy € C3(R?), vy >0 o0n Iy UThu, ve =0 on Iy and f € L®(0).

He proved in [5], the existence and uniqueness of the solution for the linearized system. Here we consider the
linearized system with nonhomogeneous Dirichlet L? boundary data, f € L>°(2)NH(f2) and assumptions (1.7)-
(1.8). The C? assumptions on (qs, Vs), vs1 > a > 0 on I3, U T,y and £ € L°(2) N HY(£2) are used to get H!
estimate for the solution of the transport equation in the next section.

Geymonat and Leyland study in [4] the linearized system in a bounded domain with homogeneous Dirichlet
boundary conditions in RV, N > 2 using semigroup theory for both the transport and the Stokes part and
proved the existence of a unique mild solution in C([0,T]; L2(£2)) for the full system. The space regularity that
can be obtained for the transport equation using semigroup theory is not sufficient for us to get a well posed
adjoint system. So we use the representation formula for the transport equation to get H' regularity.

Neustupa in [8] studies the linearized system in a bounded domain 2 in R with homogeneous Dirichlet
boundary condition for velocity when the boundary of the domain is C*%, a € (0,1), (g5, vs) € C>*(£2) and
vy -n = 0 on 92, where n denotes unit outward normal to 9f2. Using semigroup approach, he proved the
existence of a unique mild solution in C([0,T]; X), where X

X = {(a,v) € O () x C"*(7) | /Qadx - 0}.

He used the representation formula to study the initial value problem for the transport equation. Here we
study the initial boundary value problem for the transport equation and show the existence of the solution in a
Sobolev space. Using the classical method of characteristics, we find the representation formula for the solution
of the transport equation and prove H'! estimate of solution. Regularity results for the initial value problem
for transport equation using the representation formula, are already known. Regularity estimate for the initial
boundary value problem of transport equation in regular bounded domain has also been studied by Judovi¢ and
Valli. Using the representation formula, Judovié in [7] established the existence of classical solution in a bounded
domain in R? with C* boundary. Valli and Zajczkowski in [11] proved existence of H? solution for transport
equation with a lower order term in a bounded domain in R? with C? boundary. To the authors knowledge, H'!
estimate of the solution for the initial boundary value problem for the transport equation in a rectangle in R?
is new and so the detailed Proof of Theorem 2.6 is one of the contributions of our work in this paper.

Raymond considered the linearized problem for incompressible Navier—Stokes equation in a bounded domain
in R? and R® with weaker boundary data and proved the existence of the global weak solution in [9]. An
optimal control problem for the linearized Boussinesq system has been studied by Raymond and Nguyen in [10]
and optimality conditions are derived. In Boussinesq system Convection-Diffusion equation is coupled with the
linearized incompressible Navier—Stokes equation, where both the equations are of similar nature unlike (1.2)—
(1.3). Our cost functional is inspired by the cost functional used by Gunzburger and Manservisi [6] for velocity
tracking problem for incompressible Navier—Stokes in a bounded two-dimensional domain.
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This paper is organized as follows. In Section 2, we study the adjoint system of (1.2)—(1.5) and prove the
existence and uniqueness of the solution. In Section 3, we study the existence of a unique solution for the
linearized system (1.2)—(1.5) with L? boundary data via the transposition method. In Section 4, we establish
the existence of a unique optimal control. Then optimality conditions are derived. We give a detailed Proof of
Theorem 2.6 on H' regularity estimate and some trace result for the transport equation in Appendix A.

2. ADJOINT SYSTEM

In order to define the solution of the linearized system (1.2)—(1.5) in the sense of transposition we consider
first the following adjoint system in {2 with homogeneous terminal and boundary conditions

=Gt = via) - Vft) = HALE TN g0.0) 4y divlad (@)l + Flta). (1)
_o¢ x) — eta)] _ iv St _ iv z)vs(z)], div x)vs(x
srt,) - s | 282 g9 {ai | 202 v rapval, divfentt v o))
+H(Vvs)To(t,2) = gs(2)Vi(t,2) + G(t, ), (2.2)
U(T,z) =0, ¢(T,z) =0 in (2, (2.3)
P(t,z) =0 on (0,T) X I'ous, ¢(t,x) =0 on Xrp, (2.4)
where (Vv,)” denotes the transpose of the Jacobian matrix of vy, i.e.
8’051 8’052
(VVS)T _ 3$1 31'1
8’051 8’052
8x2 31'2

and (F,G) € L?(0,T; H'(22)) x L*(0,T; L?(£2)).

For (F,G) € L?(0,T; H'(£2)) x L*(0, T; L?(£2)), the C? assumptions in (1.7)—(1.8) on ¢, vs and f € L>(2)N
H!(2) are used to conclude that the R.H.S of (2.1)(2.2) belongs to L%(0,T; H'(£2)) x L?(0,T;L?(£2)). Using
this in the next two subsections, we study the regularity of the solution of adjoint system (2.1)—(2.4).

2.1. Adjoint continuity equation

The first equation (2.1) of the adjoint system with homogeneous terminal and boundary conditions can be
written in the following form of an initial boundary value problem by defining ¢ (¢, z) = (T — t,z). Then

2 (t,2) = vala) Vi) = o6, 2) i On,

(0,2) =0in 2, P(t,z) =0 on (0,T) X Lo,

(2.5)

where (1.8) holds for vs. Our aim in this section is to find the explicit solution of (2.5) using the method of
characteristics, initially for ¢ smooth and later in L?(0,7; H'(£2)) and then use the representation formula to
study the H' regularity of the solution. This will be required to show that the adjoint system (2.1)—(2.4) is well
posed.

Let (7,2) = (7,21, x2) be any point in the cube {27. We consider the O.D.E:

dX

Fr —vs(X), X(t,7,x)==xfort=r1,teR. (2.6)
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t
H(0,0,T)
G(0,0,4)
1 Dy
E(0,h, ) S A(1,0,0)
0(0,0,0) h o
1
C(0,h,0) 3 B(1,h,0)

FIGURE 1. Partition of the cube for vy = (k,0).

The solution
X(ta 7, x) = (Xl (ta 7, 'T)’ X2 (ta 7, 'T))

for t < 7 can hit the boundary of the cube only at ¢ = 0 or 1 = 1 plane because v satisfies (1.8). This leads
us to the partition of the cube as follows

Dy :={(r,2) € 20 : X(0,7,2) € 2} (2.7)
Dy :={(1,2) € 270 : X1(t2,7,x) = 1 for some t2, 0 <ty <7} (2.8)
S:={(r,x) € 2r: X;(0,7,2) = 1}. (2.9)

Remark 2.1. If v(z) = (k,0) Vx € 2, where k > 0 is a constant, then
1
X1(t,’7‘,$) = —kt+x1 + kT, Xg(t,T,ZL’) = I, tQ(T,ZL') = E(xl — 1) + 7.

See Figure 1, where S denotes the interface, which is plane now and given by the equation: x; + kt = 1 for
(t,l’) e Q.

Proposition 2.2. Under the assumption (1.8) on v, there exists a function to : Do — R such that to(7,x) is
a C? function of all the variables and

%(T 1') _ 38);71 (t2a7—a x) %(’T .’E) _ 855—1 (t277'7 1‘) . (2 10)
oz’ ve1 (X(tg, 7,w))" O vs1(X(ta, 7, 7)) '
Also,
%(T, ) € L®(Dy) and %(T, 2) € L=(Dy). 2.11)

Proof. For each (to,z0) € D2, the solution X(¢,tg,xo) of (2.6) starting from zq at ¢ = o, satisfies

Xl(tgvt()vxo) =1
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for some t9 € (0,tp), by the definition of Dy. Then vy (X(t9,t0,70)) > 0 as vs; > 0 on {1} x [0, k] by (1.8). The
O.D.E (2.6) gives
dXx;

1 —— (13, t0,z0) <0

and hence in particular nonzero.
Define the function H(t,7,z) = X1(¢,7,2) — 1 on R x Ds. Since v4(z) € C2(R?), X;(¢,7,z) is a C? function
from R x D5 into R and hence H is a C? function on R x Ds. Further

d
H(tgathxO) =0 and d—tl(t,T, x) £ 0.
(t9,t0,x0)

Applying implicit function theorem on H at (9, to, 7o), there exists a 3-dimensional open set W in Dy containing
(to, o) and a C? map to : W — R such that

ta(to, xo) = tg, Xi(ta(r,2),7,2) =1 for (1,2) € W.

After differentiation we get (2.10). Since vs; > o > 0 on {1} x [0, k], (2.11) follows from (2.10). This completes
the proof. ]

Remark 2.3. Using the continuous dependence on initial data for the solution of ODE (2.6), we can show
that to(7, ) converges to zero when (7,z) € Da, converges to a point in S. It helps in the next proposition to
conclude that solution of (2.5) on D; and Dy matches on S.

Proposition 2.4. Under assumption (1.8) on v, forp € C(0,1;C <(02)) equation (2.5) has a strong solution
(i.e. satisfying the equation almost everywhere) ¥ € C([0,T); C(2)) and in fact i is C*(Dy U Dy).

Proof. Using (2.6) and the first equation of (2.5) for ¢t < 7,

%{@(t,X(t,T, )} =t X(t,7,2)), (1,2) € Q7.

Integrating this between T7 and T, for 0 < T7 <715 < 7, we get

T>
DTy, X(Ty, 7, 2)) — DTy, X (T, 7, ) = /T (5, X(s,,))ds. (2.12)

Case 1. Let (1,2) € D1 US. Choosing 71 = 0,T» = 7 in (2.12) and using the second equation of (2.5) we get,

P(r,x) = /OT o(s,X(s,7,2))ds.

Case 2. Let (7,2) € Dsy. Then choosing T} = ta(7, x), the time when the trajectory X(¢, 7, ) hits 1 = 1 plane,
T = 7 in (2.12) and using the second equation of (2.5) we get,

(r.x) = / C (s X(s,m2)ds.

2(T,2)

Combining both, the solution of (2.5) can be written as

d(t,2) = { / t so(s,X<s,t,x>>ds} N { /() s, x<s,t,x>>ds} XDa- (2.13)
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X(s,t,z) is C? on R x R x R%. Also ¢ and ty are C? functions for all the variables on 27 and Dy (using
Prop. 2.2) respectively. Therefore from (2.13), using Remark 2.3, we get 1 is at least a continuous function of
(t,z) on N2r.

Now let us calculate the derivatives of ¢/ with respect to space and time. From (2.13) we get for i = 1,2 and
(t, l‘) eDiUS

g;i( x) :/0 8az (s,X(s,t,x))}ds, %—qf / a{cp s, X(s,t,2))}ds + o(t, x). (2.14)

For (t,z) € Dq, since X (to,t,z) = 1,
Gt = [ Glele XotaN}ds — G2 aa(t0) 1, Kol ) ), (215)
?;f( t,x) :/ . gt{go(s X(s,t,x)) ds + p(t,x) — aa—t(t x)p(ta(t,x), 1, Xao(ta(t, x), t, x)). (2.16)

Hence from (2.14)-(2.16) we get | p,, 9| p, are C' functions with respect ¢,z on D; and Dy respectively. [

Remark 2.5. The hitting time ¢2(7, 2) will satisfy the following equation on Do

%(r, z) = vs(x) - Via(r,2) = 0. (2.17)

Using this equation (2.17), we can see that the representation formula (2.13) is indeed a solution of equation (2.5)
after differentiation.

Proposition 2.4 leads to the following H' regularity result for ).

Theorem 2.6. Ifp € L*(0,T; H'(2)), then equation (2.5) has a unique strong solution ¢ € L>(0,T; H*(£2))N
HY0,T; L*(2)) and we have the following estimate:

9y
w60 )+ || 51 < O(va, T, D)l 0 .10 () (218)
[0.7] tllL20,1;02(2))

for some constant C(v,T,$2). In fact i € C([0,T]; HY(2)) N HY(0,T; L*(2)) and solution is unique in the

class L?(0,T; H*(2)) N HY(0,T; L*(£2)).
Details of the L? integrability of the derivatives of ¢ and uniqueness of ¢ required for the proof are given in

the appendix of this paper. This will be required in Section 2.3 to show that the adjoint system (2.1)—(2.4) is
well posed.

2.2. Adjoint linearized momentum equation
Let B be the operator defined in L?(2) by

D(B) = H2(@2) N H}(©), Bu= " au— A1

y - V(divu) + (vs - V)u+ (u- V)vs. (2.19)

In this section, we study the following system with homogeneous terminal and boundary condition:

_%_(f(t r) + B*¢(t,x) = Y (t,x) in O,

¢(T,x2) =01in 2, ¢(t,x) =0 on Xp,

(2.20)
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where ¥ € L?(0,T;L%(£2)) and B*¢ = ((B*¢)1, (B*¢)2) is the adjoint of B from D(B*) = H?(2) NH}(2) C
L2(£2) into L?(£2) defined as:
B*¢p = —u/ (qi) - A+ )V [div (?)} — (div(¢y vs),div(es vi)) + (Vve) T
for ¢ = (¢1,¢2) € H?(£2) N H(£2).
We look for a weak solution of equation (2.20) in the following sense:
Definition 2.7. A function ¢ € L?(0,T;L?(£2)) is a weak solution of problem (2.20) if for all ¢ in D(B),
(¢, @(t))12(02) belongs to H'(0,T) and

(0O = (~BC Sy + (G TW)ieen,
(¢, @(T))L2(02) = 0,
for almost all t in [0,T].
Let us define the bilinear form b on H}(£2) x H}(2) associated with the operator B* as:

ve, ) —u [

] {V!I’:V(gﬂdw—k()\—k,u)/ﬁdiv!l/ div <3> d:r+/ﬂ[(!I'~V)vs-415+(VS~V)!II-§15}dx,

qs qs

where

2

{V? vV (f)} => (V¥)-V <g> , (P -V, &= i(w Vg )i, (Vs V)& - b = g(vs V)P

qs i1 s i=1

Clearly b is a continuous bilinear form on H}(£2) x H}(§2) and we can show that there exists Ao > 0 and a > 0
such that

b ) + Molll22(c) > allllEy ) ¥ & € HY().
Hence using Proposition 3 (Chap. XVII, Sect. 6) of Dautray and Lions [2] we get the following result.

Proposition 2.8. —B* generates an analytic semigroup S_p«(t) on L2(£2) with domain D(—B*) = H(£2) N
H{(12).

Notice that defining n(t,xz) = ¢(T — t,x), we can write (2.20) as the following system for n with initial
condition

g—?(t, z) + B*n(t,z) =Y (T —t,z) in Qr,
n(0,2) =01in 2, n(t,z) =0 on Xr.

(2.21)

Using the following theorem, we get the existence and regularity of the weak solution for the system (2.21).
Proof can be found in the book “Representation and Control of Infinite Dimensional Systems” [1] (Prop. 3.7 in
Sect. 3.6 of Part II, Chap. 1).

Theorem 2.9. Let A be the infinitesimal generator of a strongly continuous analytic semigroup {Sa(t)}io0
defined on a domain D(A) in the Hilbert space Z. Then for any T > 0 and f € L?(0,T; Z), the Cauchy problem

2(t) = Az(t) + f(t), t€[0,T], 2(0)=0€Z
admits a unique weak solution ,
) = [ (Sa(t=9). f()ds.

This z in fact lies in L?(0,T; D(A)) N H(0,T; Z) and hence is a strong solution of the Cauchy problem.
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Thus equation (2.21) has a unique strong solution

n(t):/o (S_p+(t—38),Y(T —s,x))ds

and hence using the change of variable 7 =T — s and | =T — t we get,

T
B = [ (Sp-(r = 0. ().
!
Thus for ¥ € L?(0,T;L?(£2)), equation (2.20) has a unique strong solution ¢ in H'(0,T;L?({2))
N L2(0,T; H2(2) N Hi(02)).
2.3. Solution for the adjoint system

In this section we consider the adjoint system (2.1)—(2.4) and we will show the existence and uniqueness of
the strong solution by a fixed point argument. For that we need to set up a map Il from a suitable function

space into itself.
Let F: HY(2) — L?(0,T;L?(£2)) be defined for G € L?(0,T;L?(2)) and ¢ € H' ()

Flq) =q¢sVq+ G.

We want to show that for any (F, G) € L?(0,T; H'(£2)) x L?(0,T;L?(£2)), the coupled system:

f_ s s . — .
—%—qf —vs -V = [(Vq—sV)v] ¢ +ay div(q? ?¢) + F in Q2r, (2.22)
Y(T,x) =01in 2, Y(t,z) = 0on (0,T) X Iout,
9o . .
_E_FB ¢:.7:(’(/J) mn .QT, (2.23)

¢(T,z) =0in §2, ¢(t,z) = 0on X,

admits a unique strong solution (¢, @) in [H(0,T; L2(2)) N L*(0,T; H(2))] x [H'(0,T;L?(£2))
N L2(0,T; H2(2) N H(£2))].

Let 0 < Ty < T. For y € L?(0,T1; H*(£2)), define ¢? as the solution in H*(0,Ty; L2(£2)) N L2(0,Ty; H2(£2) N
H}(02)) for the equation

0 o
_E—'_B d)_f(y) m QTlv (224)
¢(Ty1,2) = 0in 2, ¢(t,z) =0 on Yp,,

given by Theorem 2.9. For this ¢¥,

([f - <v2 YVl gyt ay divigr ") + F) € L*(0,Ty; H'(92)).
Let ¥ € L%(0,T1; H'(£2)) denote the solution of the equation

8¢ _ [f B (VS ! V)VS} y . Y—=2 1y .
_E—vs.v¢_—-¢ +ay div(q?*¢Y) + F in Q7,, (2.25)

ds
'l/](Tlvx) =01in “Qv ¢(t»$) = Oon (OaTl) X Fout~

Theorem 2.6 gives the existence of the ¥¥ in L?(0,Ty; H($2)).



596 S. CHOWDHURY AND M. RAMASWAMY

Now we define a map IT from L%(0,Ty; H'(£2)) into itself by
(y) = v*.

We want to show that IT is a contraction for small T;. For that we adapt the proof of Girinon to the case of
the adjoint system. However, we give the details since there are some major differences:

(i) We work in more regular spaces as we need more regularity for the solution of the adjoint system so as
to define the solution of the original system by transposition. In fact, Girinon gets a contraction map
in L2(0, Ty, L*(92)) for (1.2)—(1.5) with homogeneous boundary conditions whereas we get contraction in
L2(0,Ty, HY(£2)) for adjoint system (2.1)—(2.4).

(ii) For the adjoint continuity equation we use explicit expression of the solution via method of characteristics
because we need H' regularity of the solution while he uses the semigroup approach.

(iii) We use the semigroup approach to study the adjoint linearized momentum equation while Girinon studies
the linearized momentum equation by the variational method (Galerkin method). Thus using the method
of Girinon, we can get only a weak solution for adjoint continuity equation by semigroup and a weak
solution for adjoint linearized momentum equation using Galerkin method. But our approach gives strong
solutions for both the equations.

Proposition 2.10. There exists a natural number N depending on T, qs and vs such that for Ty = %, II is a
contraction on L?(0,Ty; H'(£2)).

Proof. Let y; € L?(0,Ty; H'(2)) for i = 1,2 and ¢' = ¢¥ )" = 9% be the solution of (2.24) and (2.25)
corresponding to y; for i = 1,2. So (¢* — ¢?) is the solution of

0 . _
—8—(5) + B¢ = q:V(y1 — y2) in 1,
¢(Ty,2) =0in £2, ¢(t,z) = 0on Xp,.
Hence using Theorem 2.9, for ¢ € [0, T1]

¢ — &%|| 20,1 :m2(2)) < CallasV(y1 — ¥2)llz20.1m2(2)) < Ca(@s, v, T)lly1 — vollr2o,mm (2. (2-26)
Also (¢! —4)?) is the solution of

0y B
—r Ve V=

v VIV (g1 62y 4 ay divigd 2(6" — )] in 2,

P(Ty,z) =0 on (Z,S P(t,z) = 0on (0,71) X Lous.
Therefore using (2.18) of Theorem 2.6 we get for ¢ € [0, T}]
[f — (Vs - V)VS]

S

191 () = ¥* ()l (2) < Clvs, T, 2)| (' — ¢°) + ardivla] (@' — )]l 20,7 (2))

and hence using (2.26)

1 (t) — ()] ) < Cslld' — &*[|20mm2(2)) < Co(Ve, T as, 2,8) ||y — vl 20,7000 (2)-

Thus
1T (y1) — T (y2)l| 20,1510 (2)) < Co(Vs, T qs, 2,£)\/ Tl lyr — y2l|£2 0,115 (2))-

1
Cs (Vs ,T,qs 7~wa)2

TCs(vs, T, qs, Q,f)z, then for 77 = %, IT is a contraction on L2(0,Ty; H(£2)). O

Consequently [T is a contraction for 77 < . Therefore if we choose a natural number N >

Hence we have the following theorem for local existence of a solution.
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Theorem 2.11. Under assumptions (1.7)—(1.8), £ € L>(2) N HY(2) and for (F,G) € L*(0,T; H*(£2)) x
L2(0,T;L%(92)), there exists Ty > 0 depending on v, T, s, {2,f as in the above proposition such that, the
adjoint system (2.1)~(2.4) has a unique strong solution (¢, @) in [L2(0,Ty; HY(£2)) N HY(0,T1; L*(2))] x
[L2(0, T4; HE(2) N HY(2)) 1 HY (0, T35 L2(2))].

It is standard to pass from local to global existence by subdividing [0, 7] for T > T3, into N subintervals and

getting the existence in each [%, W] using Theorem 2.11. Hence we have the following theorem for global

existence of a solution. See for details, for example, the thesis of Girinon (Chap. IV, Sect. 4.3) [5].

Theorem 2.12. The adjoint system (2.1)~(2.4) admits a unique strong solution on (0,T).

Remark 2.13. The solution map (F, G) — (1, @) is continuous from L2(0,T; H'(£2)) x L?(0,T;L*(£2)) into
L2(0,T; HY(£2)) x L?(0,T; H2(£2) " H§(£2)) using closed graph theorem.

Remark 2.14. Note that if we choose F' € L?(0,T;L?(2)) and G € L*(0,T;L?(£2)), then using Girinon [5]
we already know that the adjoint system (2.1)—(2.4) has a unique weak solution (¢, @) in C([0,T]; L*(£2)) x
[L2(0,T; H{(£2)) N C([0,T]; L2(£2))]. In our set up we need H! regularity of 1. So we work with F €
L2(0,T; HY(2)).

3. SOLUTION BY TRANSPOSITION FOR THE LINEARIZED
SYSTEM

In this section we prove the existence of a unique solution in the sense of transposition of system (1.2)—(1.3)
with inhomogeneous initial and boundary conditions (1.4)—(1.5) using the adjoint system (2.1)—(2.4) and obtain
continuity estimate of the solution.

Definition 3.1. A function (o, u) € L2(0,T; [H'(£2)]') x L%(0, T; L2(£2)) is a solution to the system (1.2)—(1.5)
if for every (F, G) € L2(0,T; H'(£2)) x L?(0,T;L?(2)),

T
/ (o, F) (1 () Hl(Q))dt+/ /G udedt = /aozp(o x)dx+/ ug - ¢(0, ) dx—i—/ / wipvg dsdt
O ln

L L) onfo (2]} en

where (1, ¢) is the strong solution to the adjoint system (2.1)—(2.4) with this (F,G) € L2(0,T; H*(£2)) x
L2(0,T; L%(92)).

Notice that the term /OT /(m {u [% (qf)} +(A+p) [div (qfﬂ n} - £dsdt denotes
5 LA () o o (¢

We first consider system (1.2)—(1.3) with homogeneous initial condition in {27 and inhomogeneous boundary
conditions namely, (1.2),(1.3) with
0(0,2) =0, u(0,2) =0 in £2, (3.1)

o(t,z) =w(t,xz) on (0,T) x Iy, u(t,x)=E&(t, x) on Xp. (3.2)
Now we show that the system {(1.2), (1.3),(3.1), (3.2)} is well posed.
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Theorem 3.2. For every (w,&) € L*(0,T; L*(I} )) x L2(0,T;L%(092)), the system {(1.2),(1.3),(3.1),(3.2)}
admits a unique solution (6,0) € L*(0,T;[HY(£2)]') x L*(0,T;L?(£2)) in the sense of transposition and the

operator
(’U}, 5) - (6—7 ﬁ)
is linear and continuous from L*(0,T; L*(I},)) x L2(0,T;L2(82)) into L2(0,T; [H*(2)]') x L2(0,T; L2(R2)).
Proof.
Uniqueness:

If (w,&) = (0,0), we have

T T
/ <J,F>([H1(Q)]I’H1(Q))dt+/ / Gudmdt:()
0 0 2

for all (F,G) € L2(0,T;H'(2)) x L*(0,T;L?(£2)). Thus (o,u) = (0,0) and so the solution to system
{(1.2),(1.3),(3.1),(3.2)} is unique.

Existence:
Let us define a map A from L2(0,T; H(£2)) x L?(0,T;L?(£2) using the solution (¢, ¢) of (2.1)—(2.4):

G @] e la (@]

From Remark 2.13, by the continuity of the mapping (F, G) — (¢, ¢), the operator

A(F,G) = (vslw

A L*0,T; H(£2)) x L*(0, T; L2(2)) — L*(0,T; L*(I1,)) x L*(0,T; L?(912))
is linear and continuous. So its adjoint
A% L2(0,T; L2 (L)) x L2(0,T; L2(802)) — L0, T; [H'(2)]') x L*(0, T; L2(£2))

is linear and continuous. Let us denote A*(w, &) := (6,0). Then

T T
/ <6’,F>([H1(_Q)]/7H1(_Q))dt+/ /QGﬁdZL’dt
0 0
= (A%(w, &), (F, G)) (120,711 (2))') x L2 (0,TL2(2));L2(0,Ts H1 (2)) X L2(0,TL2 ()]

= (A(F, G), (w, 5))L2(0,T;L2(nn))xL?(O,T;L?(aQ))

[ [ [ (2] e o (D)) e

for every (F,G) in L%(0,T; H'(2)) x L?*(0,T;L?(£2)). Hence for (w,&) € L*(0,T; L*(In)) x L?(0,T;L%(012)),
(6,1) is the solution of the system {(1.2),(1.3), (3.1), (3.2)} in the sense of Definition 3.1 and

(&, W) L2071 (2))) x L2(0,T512(2)) =A™ (W, E)l|L2(0,73111 (2))7) % L2(0,7i12(02))
<A (w, )| L2(0,7;02 (1)) x L2 (0,712 (092)) - O
Now we look for a strong solution when initial conditions are nonhomogeneous and boundary conditions are

homogeneous for system (1.2)—(1.5). For that we study first the transport equation using the representation
formula as in Theorem 2.6, but now with a lower order term and nonhomogeneous initial condition.
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Theorem 3.3. Let

g_i(t,w) +div(o(t,z)vs(x)) = g(t, ) in 27,

0(0,z) =oo(z) in 2, o(t,z) =0 on (0,T) X Iiy.

(3.3)

Under assumption (1.8) on v, if g € L*(0,T; H'(2)),00 € H*(2) and oo(z) = 0 for x € I}y, then equa-
tion (3.3) has a unique strong solution o € L>(0,T; H*(£2)) N HY(0,T; L*(2)) and we have the following
estimate:

do

Y < C(vs, T, 2)[|ool |z (2) + llgllz2 0,101 (2))] (3.4)

max || (8)]l a1 o +]
[0.7] ) L2(0,T3L(£2))

for some constant C(vs, T, §2).

To study the existence of a unique solution for the linearized momentum equation with inhomogeneous initial
condition, we note that since —B* generates an analytic semigroup S_p-(t) in L2(£2), —B also generates an
analytic semigroup S_p(¢) in L2(£2) with D(—B) = H?(2) N H}(£2). We recall the following theorem.

Theorem 3.4. Let A be the infinitesimal generator of a strongly continuous analytic semigroup {Sa(t)}i>o0,
with domain D(A) in a Hilbert space Z. Then for f € L*(0,T;Z) and 29 € D = {2(0) : z € L*(0,T; D(A)) N
HY(0,T;Z)} the Cauchy problem

Z(t) = Az(t) + f(t), t € 0,77, (3.5)
z(0) = zo,

admits a unique strong solution z(t) € L?(0,T; D(A)) N HY(0,T; Z) for any T, 0 < T < co.

Proof of Theorem 3.4 can be found in the book “Representation and Control of Infinite Dimensional
Systems” [1] (Thm. 3.1 in Sect. 3.6 of Part II, Chap. 1).

Remark 3.5. Girinon also studies the continuity equation (3.3) using semigroup theory when g €
L?(0,T;L*(92)),00 € L*(2) in [5] (Chap. IV, Sect. 2.4) and the linearized momentum equation, which is
of the form (3.5)-(3.6) (taking A = —B, 2y = ug) in [5] (Chap. IV, Sect. 3) using variational method when
feL?0,T;H 1($2)) and 29 € L?(£2) and gets a weak solution. Since we have to do some integration by parts
in the next theorem, we consider (3.3) and (3.5)—(3.6) with more regular initial conditions oy, zg and force terms
g, f in Theorems 3.3 and 3.4 and we obtain a strong solution.

Theorems 3.3 and 3.4 will be required in the following to show the well posedness of system (1.2)—(1.5).

Theorem 3.6. For every (w,€) € L?(0,T; L*(I1y)) x L2(0,T;L%(9£2)) and every (oo,ug) € L?(£2) x L2(02),
the system (1.2)~(1.5) admits a unique solution (o,u) € L(0,T;[H*(£2)]') x L2(0,T;L%(2)) in the sense of
transposition as in Definition 3.1.

Proof.

(i) Uniqueness:
If (09, u0) = (0,0) and (w, &) = (0,0), we have

T T
/ <07F>([H1(Q)]',H1(Q))dt+/ / Gudmdt:()
0 0 2

for all (F,G) € L*(0,T; H'(£2)) x L*(0,T; L?(£2)). Thus (o,u) = (0,0) and so the solution to the linearized
system (1.2)—(1.5) is unique.
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(ii) Existence:
Now our target is to show that (o,u) = (5,1) + (6,10) is the solution of equation (1.2)—(1.5) in the sense
of Definition 3.1, where (&,1) is the solution of the system (3.8)-(3.11) corresponding to homogeneous
boundary condition and nonhomogeneous initial condition. The other part (6,1) is the solution of the
system {(1.2),(1.3),(3.1),(3.2)} corresponding to nonhomogeneous boundary condition with homogeneous
initial condition, already studied in Theorem 3.2.

Step 1. From Theorem 3.2, we have A*(w,€) = (6,0) € L*(0,T;[H (£2)]") x L*(0,T;L?(£2)) and for all
(F,G) € L*(0,T; H(£2)) x L*(0, T; L?(2)),

T
/ <J F>([H1(.Q)]' Hl(()))dt+/ /G lldl’dt

R A 155 e | R

Step 2. From Girinon’s thesis [5] and [4], we know that for (g, ug) € L?(§2) x L?(§2), the following system in
QTa

g_(tj + div(gvs) = —div(gsu), (3.8)

98 _ 1 pq— QEW G i) + (ve - V)it 4 (@ V)ve + S (v - V)ve + avgl—2V5 = 2f,  (3.9)
ot qs qs ds qs

&(0,z) = og(x), u(0,2) =ug(x) in {2, (3.10)

(t,z) =0o0n (0,T) X Il,, u(t,z)=0on Xr, (3.11)

has a unique solution (&,1) € L?(0,T; L?(£2)) x L*(0,T; H}(£2)).
In this step we will show that for (og,up) € L%(£2) x L?(£2) this weak solution (5,1) € L?(0,T;L?(£2)) x
L2(0,T; H{($2)) satisfies:

/OT/QF(}dxdth/OT/QG.ﬁdxdt:/anw(o,x)dx—k/ﬂuo.(ﬁ(o@)dx (3.12)

for all (F,G) € L2(0,T; H'(£2)) x L*(0,T; L3(12)).

Case 1. Let us consider first the regular case when o € H'(£2),00(z) = 0V z € I}, and ug € H2(2) NH{(2).
From Theorems 3.3 and 3.4, we get that the solution (&,1) of (3.8)—(3.11) belongs to [L>(0,T; H(£2)) N
HY(0,T; L*(92))] x [L2(0,T; H*(2) N HY(2)) N H'(0,T;L*(£2))] and so the integration by parts is justified in
these spaces.

Multiplying (2.1) by &, using integration by parts, ¥(T,z2) =0, vs-n =0on Iy, ¢ =0 on [},,¢ = 0 on
I'out and (3.8) we get

// [ v ¢+ ay div(g]™ ¢>)+F}dwdt /T a—dxdt—// (v - Vi) dadt
// |:_+dlv avs)} wdxdtju/ﬂgw(o’x)dw

_ /Q /O (gid) - Vepddt + /Q oot (0, 2)dz.  (3.13)
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Multiplying (2.2) by u, using integration by parts, ¢(7,x) = 0,u(0,2) = up, and 1 = 0,¢ = 0 on 92 we get

fori=1,2
T T o~
/ /u <q38—¢+Gi) dxdt:// %qﬁidazdIH—/(uo)i(as)@(o,ac)da:
0 Jn Q
T
—u/ ; Auzdxdt—&—/ / oidiv(a;vs)daede
" Ys

/ /uZVv 3—i) - (—¢2,¢1)dxdt — (A + ) / /uZa |:le( )] dxdt.
T qs
Thus for ¢ = 1,2

T T .
/ / i, (qs i ) dzdt = / / Ot o At / O At
o Jo Ox; 0o Jods
0. (¢ g i
—|—/ (ug)i(z)i (0, z)dz — (N + u)/ / U div [ = | | dedt +/ ¢i(vs - Va;)dadt
Q o Jo Oz ds 0o Jo
T Ovs1 O0vsa
t; —_— . . 14
—|—/O /QuZ |:¢1 o + @2 oz ] dxdt (3.14)
Using integration by parts and ¢p = 0 =t on 0f2, we get
/ v {div (ﬁﬂ ade = —/ div <2> div adz = / 2 V(div w)da. (3.15)
0 qs 0 qs n 4s
Therefore, using (3.14), (3.15) and (3.9)
/ / (¢sVY + G)dadt = / / —.¢pdzdt —|—/ ug - ¢(0, x)dx — / / — - Audzdt
24
—|—/ /[(ﬁ-V)VS -V)u] - ¢dzdt — (A + p) / / — - V(div a)dzdt
24

:/ ug - ¢(0, ) d:r—i—/ / f— (vs-V)vg]- ¢dxdt+a7/ / & div(q] ™= ¢)dzdt. (3.16)
2 9s
Thus adding (3.13) and (3.16) we get

/OT/QFédxdt+/0T/QG.ﬁdxdt:/rzaow(o,x)dx-q—/guo.(;b(()’x)dx. (3.17)

Case 2. Let us consider the general case when oy € L%(£2) and ug € L2(£2). We will deduce equation (3.17)
through a limiting procedure in this case. C°(§2) is dense in L?(£2). Because of this, {hg € H'(§2) : ho(x) =
0V z € Iy} is dense in L2(£2), so is H2(2) NH}($2) in L?(£2). So there exist sequences (0¢),, € {ho € H1(£2) :
ho(x) =0V z € Iy} and (uo), € H?(2) N H($2) such that

(00)n — 00 in L2(2) and (ug),, — up in L?(2).

Let (G, 0,) € [L°°(0,T; HY(2))NH(0,T; L2(£2))] x [L2(0, T; H?(2)NH(2))NH* (0, T; L?(£2))] be the solution
of (3.8)—(3.11) corresponding to (0¢), and (ug),. Therefore by case 1 we have

/OT/QF&ndxdt+/0T/QG.ﬁndxdt:/Q(ao)nw(o,x)dag-s-/g(uo)n.¢(0’x)dx. (318)



602 S. CHOWDHURY AND M. RAMASWAMY

Since the solution map corresponding to homogeneous system (3.8)—(3.11) is linear and continuous,
[1onllz2(0,1:L2(2)) + @220, 718 (2)) < C(vs, T)[[[(00)nl|L2(2) + [[(W0)nllL2(2)]- (3.19)

Thus we get (5, @,) is a Cauchy sequence in L2(0,T; L2(£2)) x L*(0, T; HY(£2)). Let (6, @) converge to (&, )
in L2(0,T; L%(2)) x L?(0,T; H}(£2)). Hence taking the limit as n — oo in (3.18) and (3.19) we get

T T
/ /F&dazdt—l—/ /G-ﬁdxdt:/ 00¢(0,x)d$+/ uo - ¢(0,z)dx
o Jo 0o Jo Q I7)

61|20, 7;02(02)) + [0l 22(0, 7001 (2)) < C (Vs T)[lo0]|22(2) + [[10]|L2(02)] (3.20)

for all (F,G) € L*(0,T; H*(£2)) x L*(0,T;L2(£2)) and (09, uq) € L?(£2) x L?(£2).
Hence adding (3.7) and (3.12) we get (o,u) = (5, 1) + (&, 1) is the solution of equations (1.2)-(1.5) in the
sense of Definition 3.1. O

Theorem 3.7. Let H be defined on L?(§2) x L?(£2) x L*(0,T; L*(I,)) x L*(0,T; L%(02)) by

and

H(og,up,w, &) = (o,u).

Then H is linear and continuous from L*(2) x L2(2) x L2(0,T;L*(I}.)) x L2*(0,T;L?(0%2)) into
L2(0,T; [HY(2)]') x L2(0,T; L2(£2)) and there exists a constant C such that

ol 20,z (2 + Iullz2(0,7512(2)) < Clllool|L2(2) + [[vollrz(@) + [lwl[L2(0,7:L2(r)) + [1€ll22(0,7512002))]-

(3.21)
Proof. Clearly H is linear. To verify the continuity of H,
|[H (00, w0, w, &) 220,751 (2)))x L2 (0, 1512 (2)) = I[A™ (w0, &) + (&, W) 20, 13151 (2))) x L2 (0,312 (2))
<A [(w, €| L2 (0, 1522 (1)) x 20,7512 (092)) + 10|22 0,7522(2)) + (10|22 00,7512 (02))
< Cllfwllz2(o,m502(rm)) + €ll220,7:L2(802)) + |loolL2(2) + [[wollL2(2)]
using (3.20). O

Remark 3.8. We consider the system (1.2)-(1.5) with less regular boundary data, namely L? boundary data,
so that we get the solution wvia transposition in weaker spaces. If boundary data are little bit regular, then
solution of (1.2)—(1.5) has better regularity. In fact we show in the following that, if boundary data only for the
velocity has better space and time regularity, then solution of (1.2)—(1.5) will be more regular.

Let w € L2(0,T; L%(I},)) and &€ € H(0,T; Hz (d12)), then using the surjectivity of trace map T from H!(£2)
on to H%(&Q) for our domain, a reactangle with Lipschitz boundary, we can pick a € € H'Y(0,T; HY(£2)) such
that 7'(€) = £&. Thus by this lifting arument we obtain a homogeneous boundary value problem for (u — £) and
hence using [5] (Sect. 3 of Chap. 4 in Girinon) we get u in L2(0,7;H*(£2)) N C([0,7]; L?(£2)). For the density
we first consider adjoint continuity equation for 1 with force term ¢ in L2(0,7T; L?(£2)) and using multiplier
method (namely multiplying by 1), we show the mild solution ¢ € C([0,7]; L?(£2)) has a trace on inflow
boundary (hidden regularity), in fact ¥|n, € L?(0,7;L?*(I},)) and the map ¢ — |p, is continuous from
L?(0,T; L*($2)) into L?(0,T; L*(I},)) (For details see Sect. 5.2 in appendix). Then using transposition method
for the continuity equation we will get o € L2(0,T; L?*(£2)) for w € L*(0,T; L?(I},)). After that defining a
contraction map in L?(0,Ty,L?(£2)) exactly like Girinon [5] (Sect. 4 of Chap. 4) for this nonhomogeneous
boundary conditions, we get the solution (o, u) € L?(0,Ty; L?(£2)) x [L?(0,T1; HY(£2)) N C([0, T1]; L?(£2))] and
then in L2(0,T; L?(£2)) x [L?(0,T; HY(2)) N C([0, T]; L?(£2))].
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4. OPTIMAL CONTROL PROBLEM

In this section we study the optimal control problem (P) mentioned in the introduction of this paper. First
we discuss the norm [[|.|[|{z1 (@) and then prove the existence of a unique solution to the problem (P) and
derive the optimality system.

Denote by |[.|[(z1 () the dual norm,

<f7 > I‘I1 N . HY(N
[z = sup (HY(D],HI(2))
zeH!(2) z|[m1 (2

For f in [H'(£2)]', let u be the solution to the equation

—Au+u= fin 02, %:001189. (4.1)
on

Denote u = (—A+ 1)L f.
Proposition 4.1. If we define

H‘f”hHl(Q)]' = <fa(_A+I) f>(§ L)), HL(2))

then it is a norm on [HY(2)]" equivalent to the usual norm [ £l o)) -

It is well known, so we omit the proof here.

4.1. Existence and uniqueness of solution to (P)

Theorem 4.2. Under assumptions (1.6)—~(1.8), the control problem (P) admits a unique solution in
L2(0,T; L*(I1n)) x L2(0,T;L2(092)).

Proof.
(i) Existence:
Let

m = inf J(o,u,w, §).
(w,€) € L2(0,T;L2(I1n))x L2(0,T;L2(212))

So there exists a minimizing sequence (wy, €,,) € L?(0,T; L*(I1,)) x L?(0,T;L?(0£2)) such that

lim J(Un, unawnagn) = T_TL,

n—0o0

where (0, u,,) is the solution of system (1.2)—(1.5) corresponding to the boundary value wy, &,,.
Now
lim J(on, up, wp, &,) =m = J(op, up, wy,§,) < D, for some constant D.

n—00

Thus wy,&,,0n,u, are bounded sequence in L2(0,T;L2(I},)), L2(0,T;L2(892)), L2(0,T; [H'(2)]') and
L?(0,T;L%(£2)). So there exist subsequences of wy, &, ,0n,u, (still indexed by n to simplify the notation)
and functions w, €, o, u such that

wyp, — w in L*(0,T; L*(I)),
¢, — &in L*(0,T;L*(012)),
o, — o in L*(0,T;[H (Q)])
u, — uin L*(0,T; L?(£2)).

N N N /N
i ol o
Tt W N
NN
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So

2 s 2
HwHLQ(O,T;L"’(F;,,)) < hnnl}gf HwnHLQ(O,T;LQ(I}u))a

(
8llz2(0.ru2(00)) = i Inf 1€, lzeo.r2 00 (
llo = 0l 0,rn () < liminfllon = oIz o ), (
= w20 ria(a)) < lim inf |Ju, — w320 m,12(0))- (

Therefore from (4.6)—(4.9) we get

J(o,u,w, &) <liminf J(o,, up,, w,, §,,) = m.

n—oo

Hence J(o,u,w, &) = m. Now the proof of existence of optimal solution will be complete if we can show that
(o, u) is the solution of system (1.2)—(1.5) corresponding to the boundary value (w, §). As (o, u,,) is the solution
of system (1.2)—(1.5) corresponding to the boundary value wy, §,,, we have using Definition 3.1 of transposition:

T
/ <0naF>([H1(Q)]’ Hl(Q))dt+/ /G Llndl'dt /aow(O,x)dx—i—/ u0~(;b(0,x)dx
9] (0]

//mwwvsldsdt //(m{[ (S)}+(A+M)[div(;i;ﬂn}.€ndsdt

for all (F,G) € L*(0,T; H*(£2)) x L*(0,T;L?(£2)), where (1, @) is a solution to adjoint system (2.1)—(2.4).
Now using (4.2)—(4.5) and taking limit in the above equation we get

T
/ (o, F) (1 (2)) Hl(Q))dt+/ /G udzdt = /aow(O,x)dx—i—/ up - ¢(0,z)dx
Q o)

//mwmsldsdt—/ /m{[ (S)}+()\+u){div<£>}n}.€dsdt

for all (F,G) € L*(0,T; HY(£2)) x L?(0,T;L?(£2)), where (1, ¢) is a solution to the adjoint system (2.1)—(2.4)
and hence (o, u) is the solution of the system (1.2)—(1.5).

(ii) Uniqueness:
Since J is strictly convex, the minimum is unique. Thus the problem (P) admits a unique solution. This completes
the proof. a

2. Green’s formula

To obtain the expression for the gradient of J, we need the following Green’s formula which is a simple
consequence of Definition 3.1.

Theorem 4.3. If w € L?(0,T; L*(I1n)), & € L?(0,T;L2(002)),F € L*(0,T; H'(2)) and G € L?(0,T;L%(12)),
then the solution (o,u) of system {(1.2), (1.3), (3.1), (3.2)} and the solution (¢, @) of adjoint system (2.1)—~(2.4)
satisfy the following

/OT<0 F)qm oy Hl(Q))dt+/ /G udzdt = / /mw¢vs1dsdt
/ /(‘m{ [ ( S)]—&-(x\—&-u) {div(%)] n}~£dsdt.

(4.10)

This will be required to write the optimality system for problem (P) in the next section.
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4.3. Optimality system for (P)

Necessary and sufficient optimality conditions are stated in the following theorem.

Theorem 4.4. Under assumptions (1.6)—(1.8), if (w,&) is the optimal control for the problem (P) and (,1)
is the corresponding solution of system (1.2)—(1.5), then

_ 1

w = _B{Uslw}‘(O,T)mev (4.11)

-SR] oen e ()

where (U, @) is the solution of the adjoint system (2.1)—(2.4) corresponding to

F=(-A+1)"5-0%, G=ua-u’

Conversely, if a pair ((6,10), (12, (2))) obeys the coupled system

g—(tj + div(ovys) = —div(gsu)  in 027, (4.13)

(2_1; - qﬁAu - (/\;_JV(div u) + (vs - Vu+ (u-V)vy = —ayq? *Vo + qz[f —(vs-V)vg] in 2p, (4.14)
c(0,z) = oo(x), u(0,z) =ug(z) in 12, (4.15)

o(t,z) = —%{vsw}ko,wm on (0,T) x Tin, (4.16)

u(t,z) = —% {,u {8% (qi:ﬂ + A+ [div (%)] n} on X, (4.17)

—%—:{] —vs -V = [f_(V;—VM cp+ay div(g? 7 2p) + (A + 1) Yo — %) in Q2r, (4.18)

—g—f — pu\ (qf) - A+ )V [div (qi)] — (div(¢py vy),div(ge vs)) + (Vvs)Td) =¢qsViy+ (u— ud), (4.19)
O(T,2) =0, ¢(T,z) =0 in 2, (4.20)

Y(t,x) =0 o0n (0,T) X ITou, ¢(t,z) =0 on Xp, (4.21)

then the pair
+ (A +p)

o~ 1 ~ 1 9 gt
P

is the optimal solution to problem (P).

(2))7})
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Proof. First we obtain the necessary optimality conditions. Let

1
F1<w,s>=J<o,u,w,s>:2/ llo = 012 oy e + 3 //|u—u“dwdt

/ / | whdsdis / /m|s|2dsdt] (4.22)

where H(og,up,w, &) = (o,u), H is the solution map as defined in Theorem 3.7. Our aim is to compute the
gradient of F.

Let (w,€) be the optimal control and (&,@) be the optimal state i.e. H(og,up,w,€) = (7,0). Let
H(oo,ug,w + 0w, & + 0€) = (0%, u?). As H is linear, we have

+_

c”—0 u —u

0 0
H(anaewvaé):(09_5—7u9_ﬁ); H(0,0,w,{):( 0 5 0 >

Now using (3.21) of Theorem 3.7 we have

l0? =&l L2010 () + 107 =0l L2 0,102 (0)) < ClOI[wllL20 7221 + 1€ll20,702(02))]-

Thus
(0%, u’) — (5,1) in L2(0,T; [H'(2)]') x L*(0,T;L3(12)), (4.23)
when 6 — 0. Let us define
(08 u"t) = (099—6’ uee— u> . (4.24)
Then H(0,0,w, &) = (a¢, u®-*).
_ 1 T
Fi(i+ 00,8 +08) ~ A(@.8) = 5 [ [0 = 0" <A+ D7 0" = o) ay.an

1 e _ _
—(e -0 (—A+I)" (g - O-d)>([H1(Q)]/7H1(Q))}dt +3 / /Q(ug —1)- (u’ +a - 2ul)dzdt
0

B g 2,2 B g CE 021412
+2/ /F[29ww+9w]dsdt+2/0 /89[295 €+ 62/¢ 7] dsdt

in

1 .
- 5/ (0! —o.(-A+ D)7 (o _Ud)><[H1<n>]',H1(m> +(7 -0t (~A+ D)7 (0" —U)>([H1(m}',mm>ﬂdt
1 B 2 9 g 2
5 ¥ 41— 2u?) dedt +5 [20ww + 0 w=]dsdt +3 295 € + 0%|¢|*]dsdt.

So using (4.24) we have,

w w, T
(Fi(w+96 5;95) Fi(w,£)) %/ (0 (= A+ 1)~ (0 — 0™) ars oy sas o)

<7 — ( A+I) >([H1(Q)] Hl(Q)) dt+ / / wiE +ﬁ—2ud)dasdt

3] fronesf fowose 8] [ Ltm
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Now taking limit as # — 0 and using (4.23) we get

T T
(Fl(0,€), (w,€)) = / (06 (— A+ 1) (T — o)) (qars (cnpams (ayy E + / /Q € - (0 — ut) dedt
T T
pdsdt -€dsdt, 4.25
+ﬁ/0 /mews +ﬁ/0 [ ¢gas (4.25)

where (0§, u®¢) is the solution of the system in £27:

Oo . .
s + div(ovs) = —div(gsu),

gu _ LT MV(divu) + (vs-V)u+ (u-V)v,s + g(vS -V)vs +ayql *Vo = Ef,
ot qs qs ds qs
c(0,2) =0, u(0,z) =0 in 2,

o(t,x) =w(t,x) on (0,T) X Iy, u(t,z)=E&(t ) on Xp.
To derive an expression for F(w,£) we introduce the adjoint equation in 27

?;f Ve - Vip = [f—(v;—-V)vs] ¢+ ay div(g? 2¢) + (A + 1) — o), (4.26)

L9 _ A (qﬂ) O+ )V [div (2)] — (div(f1 V), div(ds v4)) + (Vvy)T b = g Vb + (@ — ), (4.27)

(T, z) =0, ¢(T,z) =0 in 12, (4.28)
Y(t,z) =0o0n (0,T) X Ioue, ¢(t,x) =0 on Xp. (4.29)

With formula (4.10) applied to (¢, @) and (¢, u®*¢) we have

T
/ < w,§ ( A+I) (0’—0’ )>([H1(Q)]’ H1 Q))dt+/ / —ud)dxdt

[ o [ L b2 o (2]
So
(F{(w,é),(w,{))z/OT/mw[ﬁu‘)—kvslw}dsdt—/OT/MZE-{5E+u {a% <£>}+(>\+u) {div (;fﬂ n} dsd.

Hence 5
F{(w, &) = (ﬁw + {vs1¢}(0,7)x 11> BE + 10 {a_n (%)} + (A +p) [div (%)] n) )

where (¢, @) is the solution of adjoint system (2.1)—(2.4) corresponding to

F=(-A+D"Y5—-0%, G=ua-ul
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Since (w, £) is the minimum of Fy, FJ(w, &) = 0. Hence

et €= 3o [&()] wrm (@]}

where (1, @) is the solution of the adjoint system (2.1)(2.4) corresponding to F' = (—=A+1)"'(6 — o), G =
a—ud.
Next we derive the sufficient optimality conditions. Due to the previous calculations, we have for every

(i, €) € L2(0,T; L3(Iy)) x L2(0,T; L2(82)),
o (o (e
w(7) o (3)])

¢ +ay div(d 2@) + (-A+ 1)1 (6 — o?),

F{(w,€) = (ﬁw + {U31¢}|(0,T)xn,,’ BE+ 1 + (A +p)

where (1&, (2)) is the solution of the following system in {21

o - (ve V)]
_E_Vs.vqp_T

9% N (?) — A+ )V [div (?)] — (div(¢y vs),div(da vi)) + (Vve) T = ¢ Vi) + (1 — u?),

ﬁ(T, x) =0 in £, (,E5(T7 ) =01in 2,

P(t,z) =0o0n (0,T) X Tout, ¢(t,x) =0 on Xp

and H (o, uo,u},é)
Thus if ((¢,q);

(0,1).
)) satisfies system (4.13)—(4.21), we have F}(C) = 0, where

b
1. - 1 o (¢ (¢
<_B{Uslw}(0,T)><Fm? _E {IU/ [% (q_s> div (q—s>‘| n}) .

Hence the convexity of the functional (w, &) — Fi(w, &) implies that
div ¢ n
ds

0 (¢
on \ ¢

is the optimal control for problem (P). O

< |l

(
C

+ (A4 p)

+ (A4 p)

1 -
—B ({Usl'(/JH(O,T)mev 12

Corollary 4.5. From (4.11) and7(4.12), using Theorems 2.11 and 2.12, we see that optimal control for problem
(P) are more regular, in fact (w,€) € L*(0,T; Hz (I},)) x L2(0,T; Hz (912)).

APPENDIX A

Here we prove Theorem 2.6 and then established the trace result for the adjoint continuity equation which
is mentioned in Remark 3.8.
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A.1 Proof of Theorem 2.6

Proof. Our target is to prove here the H' regularity of the solution ¢ of (2.5) when the force term ¢ is in H!, by
getting the estimates for the derivatives of ). For this we first choose a smooth force term ¢ from a dense class
in H' and use the representation formula to get an estimate for the derivative of 1) on Dy and Ds. The main
tool used for this estimate is the change of variable formula. After this, using a density argument we complete
the proof of H' regularity and finally show that the solution is unique in H'.

Existence of H! solution: -
Case 1. Let ¢ € C2°(0,T;C*(£2)). This class is dense in L?(0,T; H'({2)). For this ¢, using Proposition 2.4 we
want to show the following estimates:

o
maX 81'2 (t) L) < C(V37T, »Q) H(‘DHL"’(O,T;HI(Q)) N (Al)
H < C(vs, T, 2ol 20,111 (2))- (A.2)
L2(0,T;L2(2))

Now let us estimate the derivatives of ¢ w.r.t space and time variable. From (2.14) we get on Dy

W ) as]

aZL'Z‘
Since X; and X, are C? functions, their derivative will be bounded on [0, 7] x 2. Therefore from the above,
using Hélder’s inequality
2 3
ds}

2

<[/

=1

(t,2) aX

Do ‘

Oy

o
<
axz( )‘ Cl(vS,T(Z\/_E:{ J(sX(stx))
and hence
/ % ol de < Cotw 9% (o X(s.t.2))| dsd (A3)
o oy , T x < Ca(vs, o X sdzx, .
where

D} ={z e :(t,x) € Di}.
Now for estimating the R.H.S of (A.3), we will use the change of variable formula. For that let us define the
map 3 : (0,¢) x D} — Uy by
ﬁi(s’ .’L‘) = (3’ X(S’ t7 l‘)) = (Z17 22, Z3)7
where Uy = 31{(0,t) x D{} and show that it is a diffeomorphism.
Since X(s,t, ) is the unique C? solution of the O.D.E:

dX
— = —v(X), X(s,t,x)=ux for s=t,
ds
B¢ is bijective, C! and the Jacobian matrix of 3% is
1 0 0
9X1 (s,t, ) %ii (s,t,x) 4 ay L(s,t,x)

Dfi(s,z) = s

88X2 (s,t,x) %X2 (s,t,x) %XQ (s,t,x)
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Using Girinon [5] (Chap. IV, Sect. 2.1), we have
1ol

89X (5, ¢, 2)

811 %21(8’ t7x)

— exp < /0 v (X0, :c))dr)

%fz (s,t,x) %X2 (s, t,x)

and hence det[Dg% (s, z)] > 0. Therefore, 3} is a diffeomorphism. Let

M = sup |divvs(p)]. (A4)

pER?
AsO<s<t<T,
0
—/ divvg(X(r,0,2))dr > =M (t — s).
s—t

Then for (s,z) € (0,t) x D},

det[DBL (s, 2)] = exp ( /0 - divvs(X(r,O,x))dr> > exp(—MT)

and so L
— < exp(MT). A5
aDa (s, = P o
Now using (A.5)
2
(s, X(s,t,x dsdac s, T det[DSt (s, z)]|dsdz
WAr ) [ T e it )| D .0
S eXp(MT)/ 8 (21722,Z3) d21d22d2’3
U, | 022
<eXp MT / / 21722,Z3) ledZQdZ3.
Thus we get for j = 1,2
<p 2
; 7 5, X(5,t,2))| dsdz < exp(MT) 1|2 0.1 (a0 (A.6)
Hence combining (A.6) with (A.3), we get on Dy
% | e < v, D)ol (A7)
i |8 )| 68 S CWVer B N2 0. () :

Also from (2.15), for a similar estimate on Dy, we begin with

I

where Db = {xz € 2: (t,x) € Dy}. Since the interval (¢3(t, x),t) changes w.r.to x, we cannot directly apply the
change of variable formula and estimate as before. So we go to a bigger interval (0,¢) which does not vary with
x and estimate using change of variable as on D;. But notice that for (¢,x) € Da, (t2, X(t2,t,2)) is a point

2

7"0 s, X(s,t,xz))| dsdz,
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on the wall {z; = 1} and (0, X(0,¢,z)) is outside of (0,¢) x (0,1) x (0, k) where ¢ is not defined. So we use a
continuous H! extension ¢ € L?(0,T; H*(R?)) of ¢ € L?(0,T; H'(£2)) and get for j = 1,2

fo %

Since {2 is a bounded domain with Lipschitz boundary, we know from Sobolev space theory that such continuous
H' extension exists. For details see [3] (Chap. 4, Sect. 4.4, Thm. 1).
Now we will consider the change of variable 3% : (0,t) x Dy — Uy = 85{(0,t) x D5} defined by

2

s, t,x) dsdx < (s,X(s,t,2))| dsdx. (A.8)

ax;, & XL D4

55(8’1') = (S,X(S,t,l’)) = (21722323)
1

and estimate the R.H.S of (A.8). Using Tdet DA (s, 2]
2 9

we get

< exp(MT) and the continuity of the extension operator

2

(s, X(s,t,x))| dsdz < exp(MT)/ 890 (21, 22, 23)
Us Z22

< eXp(MT)/O /Rz

< eXP(MT)\|%5H2L2(0,T;H1(R2)) < C(vs, T, Q)H<PH%2(0,T;H1(Q))-

d2’1 dZQng

Dt
2
d2’1 dZQng

a_zz(zlv 22, Z3)

So from (A.8), we get for j = 1,2

/Df /f;(t x)

Now we want to estimate:
/Dé

We define a map K*: D} — K*'(D}),

K'(z) = (Kj(2), K3(x)) = (ta(t, @), Xa(ta(t, 2), 1, 2)) = (y1,93)-

Clearly K* is bijective and C*.

2
dsdz < C(vs, T, Dl 220 7,11 (2))- (A.9)

7@ s, X(s,t,))

2

ot
2 lp(ta(t, ), 1, Xo(ta(t, ), t, 2))|* da.

g%(t, x) g%(t, x)

gy 2 (tg,t, x)g—(t x)

DK'(x) =

)

a a 1%}
8?;12 (t2a t,l’) %(tg,t,m)a—g(t,x)

a
8?;22 (t2a t7 l’)

ot 0X ot 0X.
= det[ DI (2)] = 5 2 (6, 2) 52t t,2) — 5 2 (1) 5 2ty 1)

v
VUs1 (X(tg, t, .’E))

90 (ty,t,2) ZX1(ta,t,2)

using (2.10
%ii? (t2at7$) %ii? (tQatal') [ g( )]

— m exp (/O 2_Idivvs(X(r,O,J;))dr) #£0. (A.lO)
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Hence K is a diffeomorphism. Also from (A.10), using vs; > a > 0 on Iuy and (A.4) we get

1 exp(MT)
|det[DKt(x)]| — «

(A.11)

So, using (2.11), (A.11) and the continuity of the trace map

I,

< O\(va, T, ) / p(ta(t, 2), 1, Xalta(t, ), ,2))|? da
D}

Oty
8l‘i (t’ :E)

(t2(taw)7 ]-a XQ(tQ(t7w)7tax))‘2dw

1
— Ci(vs,T, Q) /D [det[DK(z)]|

< Co(vs, T, Q)/ ©*(y1, 1, y3)dy1dys
K*(D$)

?(Ki(), 1, Kj())|det[DK" (x)]|dz

T h
< CQ(VsaTa Q)/ [/ @2(y13 17y3)dy3 dyl
0 0

T
< O(vs, T, 9)/0 el @) dyr = C(vs, T, D)@l L2 0710 (2))- (A.12)

Hence using (A.9) and (A.12) from (2.15) we get on Dy

IR
DY

oz, (t, )

2 2 2

dz < Ca(vs, T, (Z)Z/t/ (s,X(s,t,x))| dsdx
j=1

to (t Z)

2

ot
2 [p(t2(t, @), 1, Xa(ta(t, ), t,2))|* dz

—|—2/
py |0

< C(vs, T, DNl220 1211 (2))- (A.13)

Let us now estimate the time derivative. From (2.14) we get on D,

(t, )

£

2
< - R — .
00| < X [ 3 0 Xts 0| |G, s+ ot )
Thus
o) & dp : O\
‘_815( )| < O vg,TQ\/T;:l:{/O S (s t.2) ds} (7))
So,
a,l/‘} 2 2 t 8@ 2 )
—(t,x)| dax < Co(vs, T, 12 //—S,Xs,t,x dsdx+2/ t,x)|*dz. (A.14
IREE RO N AL ) [ lpt ol (a4

Using (A.6) we get from above

A

2

e t,x)| dedt <TC3(vs, T, Q)H<PH%2(0,T;H1(Q)) + QH@HQL?(O,T;B(Q))-
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Therefore, on D, 5
o
HEHL'Z(DQ < C(vs, T, )|l 20,111 (02)) (A.15)
and on Do,

2

/ a—w(t,w)‘ dz < Cy(vs, T, 2 Z/ / (s,X(s,t,2)) dsdx+3/ lp(t, z)|* dx
py | Ot ¢ Jta(t,2) D}
Oto 2
+3 E(t,x) \go(tg(t,:r),1,X2(t2(t,x),t,x))| dz.
Dt

Hence using (2.11), (A.12) and (A.9) we get on Ds:

Using the change of variables ﬁl, 35 and following the same estimation of derivative from representation formula,
we will get the L? estimate of v (t)

%%H&(t)ﬂm(m < C(vs, T, D)l 2(0,;L2(02))- (A.17)

< C(vs, T, D)ol 20,151 (2))- (A.16)

For proving the above L? estimate in Do, note that we will choose ¢ as zero extension of . Thus proof of (2.18)
is completed in this case.

Case 2. Let ¢ € L*(0,T; H'(£2)). Since C°(0,T) is dense in L?(0,T) and C*(£2) is dense in H'(£2), there
exists a sequence {¢, }{neny € C2°(0,T5C(£2)) such that

on — o in L2(0,T; H(22)).
Let ¥y, be the solution of (2.5) corresponding to ¢,. From (2.18) and expressions (2.13)-(2.15), we see that
Y, € C([0,T); HY(£2)) is a Cauchy sequence in L°°(0,T; H'(£2)) N H*(0,T; L?(£2)) and hence converges to

some 1) in C([0,T); HY(£2))L>(0,T; H*(2)) N HY(0,T; L*(£2)) N H*(0,T; L*(12)). Therefore we get a strong
solution ¢ € C([0,T); H'(£2)) N HY(0,T; L?(£2)) of (2.5) for ¢ € L*(0,T; H'(02)).

Uniqueness: Now we will show that the solution of (2.5) is unique in the class L?(0,T; Hl((Z)Ongo, T;VLz((Z)).

Let ¢; € L*(0,T; H'(£2)) N H'(0,T; L*(£2)),i = 1,2 be two solutions of (2.5). Let us denote ¢ = ¢); — 3. Then
1) satisfies

00

aqf (t,2) — va(x) - V(b 2) = 0 in O,

P(0,2) =0in 2, P(t,z) =0 on (0,T) x [oyt,

(A.18)

where (1.8) holds for vg. B
Multiplying (A.18) by 9, using wvse = 0 on Iy, =0 on (0,7) X I'out,n1 = 0 on Iy, ne = 0 on I, where
n = (n1,ne) denotes unit outward normal to 92 and doing integration by parts we get

d - . - "
SNy + [ divtvia+ [ uavtds=o.
2 Fin
Since vs; > o> 0on Iy,

d, - _
— 9|22 g—/ div(v,)y? dz.
3 Yz2(0) i (vs)
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Thus d
EHWIQL?(Q) < ||div(vs)l| o () 191132y and [[$(0)]|L2(2) = O

Hence using Gronwall’s inequality, we get ) = 0 and so ¢; = 1p5. This completes the proof. O

A.2 Trace result for the adjoint continuity equation

In this section we give the proof of “hidden regularity” mentioned in Remark 3.8 for the adjoint continuity
equation. This trace result is required to define the solution of non homogeneous initial-boundary value problem
for continuity equation via transposition and to obtain a L?(0,T; L?({2)) solution.

Let us consider

oy

—E—Vs-vw:gpin(h,

U(t,z) =0 on (0,T) X Ty, (A.19)
PY(T,xz) =01in £2,

where ¢ € L?(0,T; L?*(£2)) and (1.8) holds for v,. Following theorem, gives the existence of the weak solution
for the problem (A.19). The proof uses semigroup approach and can be found in [4] (Thm. 1.12, p. 65).

Theorem A.1. For o € L*(0,T;L?(£2)), problem (A.19) admits a unique weak solution v € C([0,T]; L*(£2))
and we have the following estimate

[o®)|2(0) < CM)ellL20,7522(02)) (A.20)
for some constant C(T) > 0.

Theorem A.2 (Hidden regularity). If ¢ € L?(0,T;L?(2)), then v|r, € L?(0,T;L*(I},)) and the map ¢ —
|, is continuous from L?(0,T; L?(£2)) into L2(0,T; L*(I}y)).

Proof. We will prove this regularity result using multiplier method.

Case 1. Let us consider the case when ¢ € L?(0,7; H'(£2)). Then from Theorem 2.6 we get ¢ belongs to
HY(0,T; L*(2)) N C([0,T]; H*(£2)). Now multiplying (A.19) by 9 and integrating over (0,7) x 2 we get

—/OT/Q %—fwdxdt—/oT/Q(vs ~V¢)1/Jd:rdt:/OT/ng/)dxdt.

Using integration by parts we get,

-3 | AT 0+ 5 | ' | ivvotazae— [ ' | wemptasar = | ) | vdat

Since (T, z) = 0,vs-n=0on Iy, ¢ =0 on I,y and n = (—1,0) on Ii,, we get

1 1 /7 1 /7T T
—/ 1/12(0,x)dac—|——/ /(divvs)wzdxdt—&——/ / vslz/Jstdt:/ /gm/dedt.
2Ja 2Jo Ja 2Jo Jn, 0o Jo

in

T T T
/ / vs1w2dsdt§M/ /¢2dxdt+2/ / |ol|1|dadt,
0 I} 0 2 0 2

in

Thus

where M is given by (A.4). Using vs; > o > 0 on I}, and Holders inequality we get

ally

Iin 2L2(0,T;L2(nn)) < MHwHQLQ(O,T;L?(Q)) +2[lell 20,7522 2)) 1Y L2 0,7:22(2)) - (A.21)
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So from (A.20) and (A.21) we get

1],

Case 2. Let ¢ € L%(0,T;L?(2)). So there exists a sequence p,, € L?(0,T; H*(£2)) such that ¢, — ¢ €
L?(0,T; L*(£2)). Let v, be the solution of (A.19) corresponding to ¢,,. Then according to (A.22) we have

L2(0,T;L2(I'w)) < C(T, VS)|‘@|‘L2(O7T;L2(Q)) v (RS Lz(O,T; Hl(Q)) (A22)

H’l/}n|rin - wm|ri1)

So Y|, is a Cauchy sequence in L2(0,T; L?(I},)). Therefore ¥y, |1, converges in L2(0,T; L?(I}y,)). From (A.20)
we have 1, converges to ¢ in C([0,T]; L?(£2)), where v € C([0,T]; L?(£2)) is the weak solution of (A.19)
corresponding to ¢ mentioned in Theorem 5.1. We define

(@

£2(0,7522(rw)) < Cllen — omllrzo,m522(2))- (A.23)

Iin — lim ¢n|ﬂn7
n—-oo

the limit taken in L2(0,T; L*(I},)). According to (A.23) this definition does not depend on the particular choice
of regular functions approximating ¢. Hence

1K

This completes the proof. O

rwllzzomr2 ) < C(Tva)llellnzo.rr20) ¥ ¢ € L2(0,T; L*(12)).
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