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NOTE ON THE INTERNAL STABILIZATION OF STOCHASTIC PARABOLIC
EQUATIONS WITH LINEARLY MULTIPLICATIVE GAUSSIAN NOISE*

VIOREL BARBU!

Abstract. The parabolic equations driven by linearly multiplicative Gaussian noise are stabilizable in
probability by linear feedback controllers with support in a suitably chosen open subset of the domain.
This procedure extends to Navier—Stokes equations with multiplicative noise. The exact controllability
is also discussed.
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1. INTRODUCTION
Consider the stochastic nonlinear controlled parabolic equation
dX(t) — AX(t)dt + a(t, &) X (t)dt + b(t, &) - Ve X (¢)dt
+f(X(@)dt = X ()dW (t) + 1o,u(t)dt  in  (0,00) x O, (1.1)
X=0 on (0,00)x00, X0)=2z in O.

Here, O is a bounded and open domain of R, d > 1, with smooth boundary 9O and W (t) is a Wiener process
of the form

W(t) = mrer(§)Br(t), t>0, (€0, (12)
k=1

where py, are real numbers, {e;} is an orthonormal basis in L#(O), {e,} C C?(O) and {34 }72, are independent
Brownian motions in a stochastic basis {2, F, F;,P}. Throughout this work, we assume that

oo
> wRlexl% < oo, (1.3)
k=1

where | - |oo denotes the L>°(O)-norm.
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The function a : [0,00) x O — R, b:[0,00) x O — R? and f : R — R are assumed to satisfy

a € C([0,00) x O), be CL([0,00) x O) (1.4)
sup{|a(t)|sc + [Vb(t)|o0; t = 0} < 00 (1.5)
f € Lip(R), £(0) = 0. (1.6)

Finally, Oy is an open subdomain of O with smooth boundary, 1p, is its characteristic function and u = u(t, §)
is an adapted controller with respect to the natural filtration {F;}.
The main problem we address here is the design of a feedback controller v = F(X) such that the corresponding

closed loop system (1.1) is asymptotically stable in probability, that is,

lim X(t)=0 in L?*O), P-as.

t—oo
The construction of this stabilizing feedback controller is given in Theorem 2.1 and this idea was already
used to stabilize the deterministic Navier—Stokes equation [4]. However, the extention to the stochastic case
is not immediate and less obvious; some sharper arguments involving the martingale convergence theorem are
necessary. It should be said, in this context, that a stronger property, the exact controllability of (1.1) in finite
time, is in general still an open problem. (See, however, [5,9, 11, 14] for partial results). A similar result is
established (see Thm. 4.1) for the 2—D Navier—Stokes equations with multiplicative noise.

Notation
By L?(O) we denote the space of all Lebesgue square integrable functions on O with the norm |- |2 and the scalar
product (-, -). The scalar product of L?(0p) is denoted by (-,),. If Y is a Banach space with the norm | - ||y,
we denote by LP(0,7;Y), 1 < p < oo, the space of all Bochner measurable functions w : (0,7) — Y with
llully € LP(0,T). By C([0,T];Y), we denote the space of all continuous Y-valued functions on [0, T]. We denote
also by H*(0), k = 1,2, the standard Sobolev space of functions on O, H}(0) = {y € H*(O); y = 0 on O}.
Given an F-adapted process u € L%(0,T; L2(£2, L*(0))), an F;-adapted process X : [0,7] — L?(0O) with
P-a.s. continuous sample paths is said to be a solution to (1.1) if it is in C([0, T]; L2(£2; L*(O))) and

X(t6) =z + / (DX (5.€) — alt, )X (5,€) — b(s,€) - VeX (5.£)
s s tl u(s s t s s
(X (s,6)d +/0 o,u(s,€)d +/0 X(s, €)W (s),

€0, te(0,7), Pas.,

where the integral is considered in sense of Itd with respect to the Wiener process W (see [10]). We refer to [10],
Proposition 6.1, for the existence and uniqueness of such a solution. Moreover, by the Burkholder—Davis—Gundy
theorem, if follows also that X € L?(£2; L*°(0,T; L*(0))).

2. THE STABILIZATION OF EQUATION (1.1)
We set O = O\ Oy and denote by A; : D(A;) C L?(01) — L*(O) defined by
Ay = —Ay, y € D(Ay) = Hj(01) N H*(0y), (2.7)

or, equivalently,

<A1y72>1 = Vy -Vz dgv Vyvz S HOI(Ol)a (28)
Oy

where (-, ), is the duality on H}(O1) x H~*(O1) induced by L?*(Oy) as pivot space.
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Denote by Aj(O1) the first eigenvalue of the operator A;, that is,

oy =ur{ [ 1vyPas e mion, [ ipac=1}. (2.9
O1 O1
Consider in (1.1) the feedback controller
u=-nX, neRT, (2.10)
and the corresponding closed loop system
dX — AXdt + aXdt +b-VXdt + f(X)dt = Xdt — nlp,Xdt + XdW in (0,00) x O,

X(0)==zin O, (2.11)
X =0on (0,00) x 00.

Theorem 2.1 is the main result.

Theorem 2.1. Assume that

AT(O) — %Zuﬂeﬂfm — | fllLip — sup {—a(t,f) + % diveb(t, €); (t,€) € RT x (’)} > 0. (2.12)

Jj=1

Then, for each x € L*(O) and for n sufficiently large (independent of ), the feedback controller (2.10) exponen-
tially stabilizes in probability equation (1.1). More precisely, there is a v > 0 such that the solution X to (2.11)
satisfies

tlggo X ()]3 =0, P-a.s. (2.13)

o0
e”tIE\X(t)@—I—IE/ X (1)2dt < Claf2. (2.14)
0

We recall that, by the classical Rayleigh-Faber-Krahn perimetric inequality in dimension d > 1, we have

2
« wd_\“
300 = (55) e (2.15)
where |O;] = Vol(0y), wqg =2/ (I' (£ 4+1)), and J, 1 is the first positive zero of the Bessel function I, (r).

Hence, by Theorem 2.1, we conclude that, if |O;| is sufficiently small, then the feedback controller (2.10)
exponentially stabilizes the system. More precisely, we have

Corollary 2.2. Assume that

1 1 B

d

01| < wgJ?2 - 2le;|? 3 —a+ = dived o |- 2.16
O <wadg_y i | 5D uglegooJrRT%{ a+ 5 dive }+|f|Lp (2.16)

Jj=1

Then, for each x € L*(O) and n sufficiently large, the feedback controller (2.10) stabilizes system (1.1) in sense
of (2.13), (2.14).

We note that, in particular, condition (2.16) is satisfied if the Hausdorff distance dg (00, 00y) is sufficiently
small.
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Remark 2.3. One might suspect that system (1.1) is stabilizable and even exact null controllable in probability
by controllers u with support in an arbitrary open subset Op C O, as is the case in the deterministic case (see,
e.g., [2,3,7]), but so far this is an open problem. (More will be said about this in Sect. 5 below).

Roughly speaking, Theorem 2.1 amounts to saying that the stochastic perturbation destabilizing effect in
system (1.1) can be compensated by a linear stabilizing feedback controller with support in a subdomain Qg
satisfying (2.16).

An example. The stochastic equation
dX — Xeedt + (aX + be)dt =puXdB+Vdt, 0 <€ <1,
X(t,0)=X(t,1)=0, t >0,

where f3 is a Brownian motion and p € R, a € C([0,T] x R), b € C'([0,1] x R), is exponentially stabilizable in
probability by any feedback controller V' = —nlj,, 4, X, where n > 0 is sufficiently large and 0 < a; < az < 1
are such that (see (2.12))

( T >2>’§+ sup {—a(t,§)+%bf(t,g)}.

az — ay (t,6)ER+x(0,1)
3. PROOF OF THEOREM 2.1
The main ingredient of the proof is the following lemma.

Lemma 3.1. For each € > 0 there is ng = no(e) such that
L Ivueracen [ e > (301 =yl Vo € H(O). > m. (317)

The proof is well known (see [1,4]), but we outline it for the sake of completeness. Denote by vy the first
eigenvalue of the self-adjoint operator

Ay = Ay +nloyy, Wy € D(A") = Hy(0) N H*(0),
where A = —A, D(A) = HY(O) N H?(O) and n € RT.
We have by the Rayleigh formula

v = inf{ [ st +n [ o ks = 1} < XH(O)) (3.18)
(0]

because any function y € Hj(O1) can be extended by zero to H}(O) across the smooth boundary 90; = 90.
Let ] € HY(O) N H?(O) be such that

ATl = vip], il =1.
We have by (3.18) that
[ 1vetpdgn [ Ia1Pae=of <2 (0), >0
o Oo
Then, on a subsequence, again denoted 7, we have for n — oo, that v/ — v* and

] — 1 weakly in H}(O), strongly in L?(0)

/ £T2d¢ — 0.
Og
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We have, therefore, 1 € Hg(O1), |¢1|12(0) = 0 and Ayp1 = v*¢1. Moreover, by (3.18) we see that v* < Aj(O1).
Since AT(O;) is the first eigenvalue of A, we have that v* = Aj7(O;) and so, by (3.18) we have

i inf{ [ ukac ey [ ipae |yz=1}=AT(01)-
O Op

—00

This yields (3.17), as claimed.

Proof of Theorem 2.1 (continued). By applying It6’s formula in (2.11) to the function ¢(t,z) = 3 e7*|z|3, we
obtain that

(X)) + /@ VX (1, €)2de

+ [ Ofalt) - 3 - 5 diveb(t. X0, + FOX L)X (1)
@]

1
2

:1 ’Ytoo X 2q¢ — 23b’e 24
3 Lo e aras - [ @xinopas

+/ evti(xek)(taf)X(t,E)dﬁk(t), P-as., t > 0.
O k=1

O
Equivalently, .
%evtp((t)\ng/ K (s)ds :% @2+ M(t), £ >0, P-as., (3.19)
0
where )
K() = [ @VX@OP +(alt.€) ~ § = 5 divebt )X (1O
- (3.20)
HIE X6 5 S X OREOME +n | X (0P
k=1 0
_ [ S d : :
mi = [ [ Do en(s: A0 (), £ 0 (3.21)

By Lemma 3.1 and by (2.12), we see that, for n > 7o sufficiently large and 0 < vy < ~¢ sufficiently small, we
have

K(t) > 50/ | X (¢, €)|%dg, Yt > 0, P-as., (3.22)
o

where ¢y > 0. Taking expectation into (3.19), we obtain that

1 ! 1

3 e"'E| X (1)[3 —1—50/ e E| X (s)|2ds < 3 2|2, Vt > 0. (3.23)

0
Since t — fot K(s) is an a.s. nondecreasing stochastic process, | X (¢)|3 is a nonnegative semi-martingale and
t — M(t) is a continuous local martingale, we infer by Theorem 7 [13], page 139, that there exist P-a.s.
tlim (7' X (t)]3) < 00, K(c0) < o0,

which, by virtue of (3.19), imply (2.13), (2.14), as claimed.

Remark 3.2. By the proof, it is clear that Theorem 2.1 extends to more general nonlinear functions f =
f(t,& ), as well as to smooth functions py = uk(t, €). Also, the Lipschitz condition (1.6) can be weakened to f
continuous, monotonically increasing and with polynomial growth. Moreover, A can be replaced by any strongly
elliptic linear operator in O. The details are omitted.
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4. STABILIZATION OF NAVIER—STOKES EQUATIONS
WITH MULTIPLICATIVE NOISE

We consider here the stochastic Navier—Stokes equation
dX (t) —vAX(t)dt + (a(t) - V)X (t)dt + (X (t) - V)b(t)dt + (X (t) - V)X (t)dt
= X(t)dW (t) + Vp(t)dt + 1p,u(t)dt in  (0,00) x O,

V-X(t)=0 in (0,00)x O,
X(t)=0 on (0,00)x00, X(0)=2 in O,

(4.24)

where v > 0, a,b € (C1((0,00) x 0))2, V-a=V-b=0,a-n=>b-n=0on JO. Here O is a bounded and open
domain of R? and Oy is an open subset of ©. The boundaries 90 and 90, are assumed to be smooth. We set

H={yc(L*(0)* V-y=0,y-n=0 on 090},

where n is the normal to dO. We denote by (-, ), the scalar product of H and by |- |z the norm. The Wiener

process W (t) is of the form (1.2), where {ex} C (C?(0))? is an orthonormal basis in H, and p; € R. As in the

previous case, the main objective here is the design of a stabilizable feedback controller u for equation (2.10).
We use the standard notations

V={ye HN(Hj(0))* V-y=0 in O},
A = —vITA, D(A) = (H2(0)2N YV,

and rewrite (4.24) as

dX + AXdt + I ((a(t) - V)X + (X - V)b(t)dt) = IT(XAW),

X(0) =, (4.24)

where IT is the Leray projector on H. Consider the Stokes operator 4; on O = O\ Oy, that is,

2
(Ary, ) = VZ/ Vyi - Vidg, Vo € V1,
i=1701

where V; = {y € (H}(01))?; V -y =0 in O1}. Denote again by \;(0;) the first eigenvalue of A1, that is,

2
A1(O1) = inf {V;/C)szd& ¢ ={p1,p2} €W, /Olwl2d§ = 1} (4.25)

Also, in this case, we have (see Lem. 1 in [4]), for n > no(¢) and € > 0,
(Ay,y) g + (I (Toyy), vy = (M (O1) —e)lylE, Vy € V. (4.26)
We consider in system (4.24) the linear feedback controller
u=—-nX, n>0. (4.27)

We set
v*(t) = sup {/o lyi Dibjy;dEl; |ylg = 1} < 00,
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where b = {by, ba}. We have
Theorem 4.1. Assume that

A(O) > 23 e + sup 3 (1) (4.28)
j 1

Then, for each x € H and n sufficiently large and independent of x, the solution X to the closed loop
system (4.24) with the feedback controller (4.27) satisfies

E[e”t\X(t)ﬁI]—k/ 'E|X (t)|4dt < Clz|%, (4.29)
0

hm X ()% =0, P-a.s., (4.30)
for some v > 0.
The proof is essentially the same as that of Theorem 2.1, and so it will be sketched only. Taking into account that
(X -V)X, X))y + ((a(t) - V)X, X))y =0, t >0, P-as.,
we obtain by (4.24), (4.27), via It6’s formula, that

S IX M + / ( (AX(s), X () + (X (5) - Vb(s), X (5))
0

l\')l»—l

Z s)e;lir +n (1o, X (s), X(8)>H>ds (4.31)

= IwIH+/ e”Z s)ej, X(s)),; dB;(s), t > 0.

Then, by virtue of (4.26) and (4.28), we have, by (4.31), that

1 1
5 IX @5+ 1) = 5 [off + M*(1), t >0, P-as.,

where the first left hand side term is a nonnegative semi-martingale, I(¢) is a nondecreasing process, which
satisfies

t
E[I(t)] > 50/ e"*E|X (s)|%ds, Vt >0,
0

for n sufficiently large, and M*(¢ f e“z (s)ej, X(s)),; dBj(s) is a continuous local martingale. As
j=1
in the previous case, this implies via Theorem 7 [13] that tlim e"| X (t)|?% exists P-a.s. and, therefore, (4.29)

and (4.30) hold.

5. FINAL REMARKS

In order to make clear the novelty of the above results and the principal difficulties related to the internal
stabilization of equations (1.1) and (4.24), we note that, via the substitution y = V(¥ X equation (1.1) reduces
to a parabolic equation of the form

dy ~ 7 Igm o _ ;
gt Qv talt)y+o(t)-Vy+ g > niety =1oyu, P-as, (5.32)

i=1
y=0 on (0,00)x 90,

with random coefficients Zi,g.
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If @ and b are independent functions of ¢, then (5.32) can be stabilized by a controller u = Z] 1 u; ()5,
where 1); are linear combinations of eigenfunctions of the dual operator y — —Ay + ay — div(by) (see [7] or [3]
for the case of Navier-Stokes equations).

For deterministic equations with smooth time dependent coefficients, a similar result was recently proved
in [6] (for the Navier—Stokes equations), but it cannot be applied, however, to the random equation (5.32) since
it does not provide an adapted stabilizable controller u = u(t). (The reason is that the argument in [6] relies on
exact P-a.s. controllability of (5.32) via an adapted controller v which so far is still an open problem).

By the new procedure we use here, we circumvert this basic difficulty by constructing an explicit feedback
adapted controller and avoiding so the exact controllability of the stochastic equation with multiplicative noise
which is equivalent to an open problem: observability inequality for the dual stochastic equation.

On these lines, we briefly present below a partial result on exact controllability of the linear Stokes equa-
tion (4.24), that is,

dX—vAXdt+ (a-V)X dt + (X-V)bdt = X AW + Vpdt + 1p,udt

5.33
X=0 on (0,00)x00, X(0)==a in O, (5.33)

which can be obtained by such a rescaling argument in the special case, where
M
0= ()85 0), (5.34)
j=1

where 1 are adapted processes which are in L>°((0,T') x {2). By the transformation X = exp (fo =1 dﬁj>

we reduce equation (5.33) via Ito’s formula to

O Ayt (alt) Yy g V) + 0y = o (0.7)x O,

y(0)=2 in O, (5.35)
V.y=0,y=0 on (0,7) x90.

Here, v(t) = exp( fo =1 u]dﬁ]) u, i =3 Z?il 5.
We set z(t) = exp fo ds)y(t). Then, (5.35) reduces to

% z—vAz+ (a(t) - V)z+ (z- V)b(t) = 10, exp /0 p(s)ds — / Zﬂy s)dB;(s) | u=1p,v(t),
(5.36)
z0)=2 in O,

V-z=0,2=0 on (0,7)x90.

On the other hand, we know (see [14]) that (5.36) is exactly null controllable, that is, there is a controller
v € L*(0,T) x O such that z(T) = 0. This means that (5.35) is exactly null controllable by the adapted
(progressively measurable) controller

t M t
ut.§) =exp | = [ Somas+ [ Gids | uie.e)
j=1

We have proved, therefore,

Theorem 5.1. There is an adapted controller w such that the solution X to (5.33) satisfies X(T,§) =
0, P-a.s., £€O.
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Remark 5.2. A similar result can be obtained via the above argument on the parabolic equation (1.1) in the
special case where the Gaussian process W is of the form (5.34) with {F; }-adapted coefficients ;. Such a result
was obtained in [9] by a more intricate argument involving the Carleman inequality for the stochastic backward
equation. It should be said, however, that the results of [9] refer to a controller 10, 1gu, where E is a measurable
set of (0,7).

REFERENCES
[1] S. Anita, Internal stabilization of diffusion equation. Nonlinear Stud. 8 (2001) 193-202.
[2] V. Barbu, Controllability of parabolic and Navier—Stokes equations. Sci. Math. Japon. 56 (2002) 143-211.
[3] V. Barbu, Stabilization of Navier—Stokes Flows, Communication and Control Engineering. Springer, London (2011).
[4] V. Barbu and C. Lefter, Internal stabilizability of the Navier—-Stokes equations. Syst. Control Lett. 48 (2003) 161-167.
[5] V. Barbu, A. Rascanu and G. Tessitore, Carleman estimates and controllability of linear stochastic heat equations. Appl. Math.
Optimiz. 4T (2003) 1197-1209.

[6] V. Barbu, S.S. Rodriguez and A. Shirikyan, Internal exponential stabilization to a nonstationary solution for 3—D
Navier—Stokes equations. STAM J. Control Optim. 49 (2011) 1454-1478.
[7] V. Barbu and R. Triggiani, Internal stabilization of Navier—-Stokes equations with finite-dimensional controllers. Indiana Univ.
Math. J. 53 (2004) 1443-1494.
[8] G. Da Prato and J. Zabczyk, Ergodicity for Infinite Dimensional Systems. Cambridge University Press, Cambridge (1996).
[9] Qi, Lii, Some results on the controllability of forward stochastic heat equations with control on the drift. J. Funct. Anal. 260
(2011) 832-851.
[10] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions. Cambridge University Press, Cambridge (2008).
[11] D. Goreac, Approximate controllability for linear stochastic differential equations in infinite dimensions. Appl. Math. Optim.
53 (2009) 105-132.
[12] O. Imanuvilov, On exact controllability of the Navier—Stokes equations. ESAIM: COCV 3 (1998) 97-131.
[13] R.S. Lipster and A. Shiryaev, Theory of Martingales. Kluwer Academic, Dordrecht (1989).
[14] S. Tang and X. Zhang, Null controllability for forward and backward stochastic parabolic equations. SIAM J. Control Optim.
48 (2009) 2191-2216.



	Introduction
	The stabilization of equation (1.1)
	Proof of Theorem 2.1
	Stabilization of Navier--Stokes equations with multiplicative noise
	Final remarks
	References

