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NUMERICAL CONTROLLABILITY OF THE WAVE EQUATION THROUGH
PRIMAL METHODS AND CARLEMAN ESTIMATES

NicoLAE CINDEA!, ENRIQUE FERNANDEZ-CARA%Z AND ARNAUD MUNCH!

Abstract. This paper deals with the numerical computation of boundary null controls for the 1D wave
equation with a potential. The goal is to compute approximations of controls that drive the solution
from a prescribed initial state to zero at a large enough controllability time. We do not apply in this
work the usual duality arguments but explore instead a direct approach in the framework of global
Carleman estimates. More precisely, we consider the control that minimizes over the class of admissible
null controls a functional involving weighted integrals of the state and the control. The optimality
conditions show that both the optimal control and the associated state are expressed in terms of a
new variable, the solution of a fourth-order elliptic problem defined in the space-time domain. We
first prove that, for some specific weights determined by the global Carleman inequalities for the wave
equation, this problem is well-posed. Then, in the framework of the finite element method, we introduce
a family of finite-dimensional approximate control problems and we prove a strong convergence result.
Numerical experiments confirm the analysis. We complete our study with several comments.
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1. INTRODUCTION. THE NULL CONTROLLABILITY PROBLEM

We are concerned in this work with the null controllability for the 1D wave equation with a potential. The
state equation is the following:

Yy — (a(2)ys)z + bz, t)y = 0, (z,t) € (0,1) x (0,7
y(0,1) =0,  y(1,t) =), te(0,T) (1.1)
y(x,O) = yO('T)’ yt(as,O) = yl(x)’ T € (O’ 1)'

Here, T' > 0 and we assume that a € C3([0,1]) with a(z) > ag > 01in [0,1], b € L>((0,1)x (0,T)), yo € L?(0,1)
and y; € H1(0,1); v = v(¢) is the control (a function in L?(0,T)) and y = y(z,t) is the associated state.
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In the sequel, for any 7 > 0 we denote by @, and X, the sets (0,1) x (0,7) and {0, 1} x (0, 7), respectively.
We will also use the following notation:

Ly =y — (a(2)ya)o + b(x, )y (1.2)

For any (yo,y1) € Y := L?(0,1) x H=1(0,1) and any v € L?(0,7), it is well known that there exists exactly
one solution y to (1.1), with the following regularity:

y € C°[0,T); L*(0,1)) nC ([0, T); H~1(0, 1)) (1.3)

(see for instance [23]).
On the other hand, for any 7" > 0, the null controllability problem for (1.1) at time T is the following: for
each (yo,y1) € Y, find v € L?(0,T) such that the corresponding solution to (1.1) satisfies

y(-,T)=0, w(-,T)=0 in (0,1). (1.4)

In view of the linearity and reversibility of the wave equation, (1.1) is null-controllable at 7" if and only if it
is exactly controllable in Y at time T, i.e. if and only if for any (yo,y1) € Y and any (z0,21) € Y there exist
controls v € L%(0,T) such that the associated y satisfies

y(-,T) =20, y:(-,T)=2 in (0,1).

Tt is well known that (1.1) is null-controllable at any large time T > T* for some T* that depends on a (for
instance, see [2,23] for a = 1 and b = 0 leading to T* = 2 and see [32] for a general situation). As a consequence
of the Hilbert Uniqueness Method of Lions [23], it is also known that the null controllability of (1.1) is equivalent
to an observability inequality for the associated adjoint problem.

The goal of this paper is to design and analyze a numerical method allowing to solve the previous null
controllability problem.

So far, the approximation of the minimal L2-norm control — the so-called HUM control — has focused most
of the attention. The earlier contribution is due to Glowinski and Lions in [19] (see also [21] for an update)
and relies on duality arguments. Duality allows to replace the original constrained minimization problem by an
unconstrained and a priori easier minimization (dual) problem. However, as observed in [19] and later in [34],
depending on the approximation method that is used, this approach can lead to some numerical difficulties.

Let us be more precise. It is easily seen that the HUM control is given by v(t) = a(1)¢.(1,t), where ¢ solves
the backwards wave system

Lp=0 in  Qr
=0 on Xp (1.5)
(¢('3T)a¢t('aT)) = (¢Oa¢1) in (031)

and (¢o, ¢1) minimizes the strictly convex and coercive functional

(60, 61) = 5l (1, Moo + / yo(@) 61 (2,0) d — (1, 6(-, 0)) 1.y (16)

over H = H}(0,1) x L?(0,1). Here (-, ) -1,y denotes the duality product for H=1(0,1) and H{(0,1).
The coercivity of Z over H is a consequence of the observability inequality

6ol 0,1y + 01117201y < Cllda(L, )220,y V(0. d1) € H, (1.7)

that holds for some constant C'= C(T). This inequality has been derived in [23] using the multipliers method.
At the numerical level, for standard approximation schemes (based on finite difference or finite element
methods), the discrete version of (1.7) may not hold uniformly with respect to the discretization parameter,
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say h. In other words, the constant C = C(h) may blow up as h goes to zero. Consequently, in such cases
the functional Z, (the discrete version of 7) fails to be coercive uniformly with respect to h and the sequence
{vn}n>0 may not converge to v as h — 0, but diverge exponentially. These pathologies, by now well-known and
understood, are due to the spurious discrete high frequencies generated by the finite dimensional approximation;
we refer to [34] for a review on that topic; see [24] for detailed examples of the behavior observed with finite
difference methods.

Several remedies based on more elaborated approximations have been proposed and analyzed in the last
decade. Let us mention the use of mixed finite elements [6], additional viscosity terms which have the effect to
restore the uniform property [1,24] and also filtering technics [11]. Also, notice that some error estimates have
been obtained recently, see [7,11].

In this paper, following the recent work [12] devoted to the heat equation, we consider a different approach.
Specifically, we consider the following extremal problem:

1 e
Minimize J(y,v)zi// p2|y\2dacdt—|—§/ palv|? dt
Qr 0

Subject to (y,v) € C(yo,y1;T)

(1.8)

where C(yo,y1; T) denotes the linear manifold
Clyo,y1;T) = { (y,v) : v € L*(0,T), y solves (1.1) and satisfies (1.4) }.

Here, we assume that the weights p and pg are strictly positive, continuous and uniformly bounded from below
by a positive constant in Q7 and (0,7"), respectively.

As in the previous L?mnorm situation (where we simply have p = 0 and py = 1), we can apply duality
arguments in order to find a solution to (1.8), by introducing the unconstrained dual problem

o 1 _ 17
Minimize J*(u,0,60) = 5 [ 7P dedt+ 5 [ pitlaVon (1 0P di
T 0

+/ yo(@) ¢ (x,0) dz — (y1,¢(-,0)) 1,2 (1.9)
0

Subject to (i, ¢o, ¢1) € L*(Qr) x H,

where ¢ solves the nonhomogeneous backwards problem

Lo=p in  Qr
o=0 on X
(¢('3T)a¢t('7T)) = (¢Oa¢1) in (071)

Here, J* is the conjugate function of J in the sense of Fenchel and Rockafellar [10,28] and, if p € L>(Qr)
and py € L>®(0,T) (that is, p=2 and py ? are positively bounded from below), J* is coercive in L*(Qr) x H
thanks to (1.7). Therefore, if (f, bo, gz§1) denotes the minimizer of J*, the corresponding optimal pair for J is
given by

v= —a(1)052¢x(1a ) in (OvT) and Y= _pizﬂ in QT~

At the discrete level, at least for standard approximation schemes, we may suspect that the coercivity of J*
may not hold uniformly with respect to the discretization parameters, leading to the pathologies and the lack
of convergence we have just mentioned.

On the other hand, the fact that the state variable y appears explicitly in the cost J makes it possible to
avoid dual methods. We can use instead suitable primal methods to get an optimal pair (y,v) € C(yo,y1;T).
The formulation, analysis and practical implementation of these primal methods is the main goal of this paper.
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More precisely, the optimality conditions for the functional J allow to express explicitly the optimal pair
(y,v) in terms of a new variable, the solution of a fourth-order elliptic problem in the space-time domain Qr
that is well-posed under some conditions on 7', the coefficient a and the weights p and pg. Sufficient conditions
are deduced from an appropriate global Carleman estimate, an updated version of the inequalities established
in [3]. From a numerical viewpoint, this elliptic formulation is appropriate for a standard finite element analysis.
By introducing adequate finite dimensional spaces, we are thus able to deduce satisfactory convergence results
for the control, something that does not seem easy to get in the framework of a dual approach.

A similar primal approach, based on ideas by Fursikov and Imanuvilov [16], has been used in [12] for the
numerical null controllability of the heat equation.

This paper is organized as follows.

In Section 2, adapting the arguments and results in [12], we show that the solution to (1.8) can be expressed
in terms of the unique solution p to the variational problem (2.14) in the Hilbert space P, defined as the
completion of Py with respect to the inner product (2.9); see Proposition 2.5. The well-posedness is deduced
from the application of Riesz’s Theorem: a suitable global Carleman inequality ensures the continuity of the
linear form in (2.14) for T large enough when p and pg are given by (2.10); see Theorem 2.2.

In Section 3, we analyze the variational problem (2.14) from the viewpoint of the finite element theory. Thus,
we replace P by a conformal finite element space P, of C'(Q7) functions defined by (3.5) and we show that
the unique solution pj, € P, to the finite dimensional problem (3.10) converges (strongly) for the P-norm to p
as h goes to zero.

Section 4 contains some numerical experiments that illustrate and confirm the convergence of the se-
quence {pp}.

Finally, we present some additional comments in Section 5 and we provide some details of the proof of
Theorem 2.2 in the Appendix.

2. A VARIATIONAL APPROACH TO THE NULL CONTROLLABILITY PROBLEM
With the notation introduced in Section 1, the following result holds:

Proposition 2.1. Let T > 0 be large enough. Let us assume that p and po are positive and satisfy p € CO(Qr),
po € C°0,T) and p, po > p > 0. Then, for any (yo,y1) € Y, there exists evactly one solution to the extremal
problem (1.8).

The proof is simple. Indeed, for T' > T*, null controllability holds and C(yo, y1; T') is non-empty. Furthermore,
it is a closed convex set of L?(Qr) x L%(0,T). On the other hand, (y,v) — J(y,v) is strictly convex, proper and
lower-semicontinuous in L?(Q7) x L?(0,7T) and

‘](ya U) — 00 as ||(ya 1})||L?(QT)><L2(2T) — +-00.

Hence, the extremal problem (1.8) certainly possesses a unique solution.
In this paper, it will be convenient to assume that the coefficient a belongs to the family

A(zg, a0) = {a € C3([0,1]) : a(x) > ap>0,
(2.1)

. . 1
_ 1[{)1’111]1 (a(z) + (& — xg)ag(x)) < %,111]1 <a(az) + 5(1‘ - xo)ax(x)> }
where g < 0 and ag is a positive constant.

It is easy to check that the constant function a(xz) = ag belongs to A(z, ap). Similarly, any non-decreasing
smooth function bounded from below by ag belongs to A(xg, ag). Roughly speaking, a € A(zg, ap) means that
a is sufficiently smooth, strictly positive and not too decreasing in [0, 1].
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Under the assumption (2.1), there exists “good” weight functions p and py which provide a very suitable
solution to the original null controllability problem. They can be deduced from global Carleman inequalities.
The argument is the following. First, let us introduce a constant (3, with

1
—min (a(x) + (z — z0)ag(r)) < f < min <a(w) + —(z— xo)az(x)> (2.2)
[0,1] [0,1] 2
and let us consider the function
oz, t) == |z — x0]® — Bt* + Mo, (2.3)
where M is such that
oz, t) > 1 Y(a,t) € (0,1) x (=T,T), (2.4)

i.e. My >1— |zo|? + BT?. Then, for any A > 0 we set
o(x,t) = @D, (2.5)
The Carleman estimates for the wave equation are given in the following result:

Theorem 2.2. Let us assume that xo < 0, ag > 0 and a € A(xo,ap). Let § and ¢ be given respectively by (2.2)
and (2.5). Moreover, let us assume that

1
T>— I[Iéai)]( a(z)?(z — x0). (2.6)
Then there exist positive constants so and M, only depending on xo, ao, |lallcsqo,17), |bllz~(@s) and T, such

that, for all s > sg, one has

// 252 (|we* + |wa|?) dxdt+s/ / e25¢|w|* dz dt

<M/ / 2S@|Lw\2dmdt+Ms/ e w, (1,t)|? dt
T

for any w € L*(—=T,T; H}(0,1)) satisfying Lw € L*((0,1) x (=T,T)) and w,(1,-) € L*(=T,T).

There exists an important literature related to (global) Carleman estimates for the wave equation. Almost
all references deal with the particular case a = 1; we refer to [3,4,18,31,33]. The case where a is non-constant
is less studied; we refer to [17].

The proof of Theorem 2.2 follows closely the ideas used in the proofs of Theorems 2.1 and 2.5 in [4] to obtain
a global Carleman estimate for the wave equation when a = 1. The parts of the proof which become different
for non-constant a are detailed in the Appendix of this paper.

In the sequel, it is assumed that z¢p < 0 and ag > 0 are given, a € A(xg, ap) and

T> % r[réaf]( a(z)Y?(z — x0), with 3 satisfying (2.2). (2.8)

Let us consider the linear space
Py={qeC>®Qr):q=0o0n Yr}.

The bilinear form

T
P, q)p ::// p_QLqudasdt—i—/O pgza(1)2px(1,t)qx(1,t)dt (2.9)
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is a scalar product in Py. Indeed, in view of (2.8), the unique continuation property for the wave equation holds.
Accordingly, if g € Py, Lg = 0in Q7 and ¢, = 0 on {1} x (0,7"), then ¢ = 0. This shows that (-,-)p is certainly
a scalar product in FPy.

Let P be the completion of Py with respect to this scalar product. Then P is a Hilbert space for (-,-)p and
we can deduce from Theorem 2.2 the following result, that indicates which are the appropriate weights p and
po for our controllability problem:

Lemma 2.3. Let us assume that s > sq, let us set
pla,t) = e @2 ho(h) = p(1,t) (2.10)

and let us consider the corresponding Hilbert space P. Then there exists a constant Cy > 0, only depending
on 2o, ao, |lallcsqo)), [10llL=(@s), As s and T', such that

I O 0.1y + Ipe-, 0) 3201 < Co (p.p)p Vo E P. (2.11)

Proof. For every p € P, we denote by p € L?((0,1) x (=T,T)) the function defined by

P,t) = p (x #) |

It is easy to see that p € L2(—T,T; H}(£2)), Lp € L*((0,1) x (=T, T)) and p,(1,-) € L*(=T,T), so that we can
apply Theorem 2.2 to p. Accordingly, we have

// 2¢ (15, + 7. P°) dxdt+s/ / 2% pf? dur dt

(2.12)
<c/ / 2§“”|Lp\2d:cdt+6's/ 22 (L5 (1,1)2 dt
T

where C' depends on xo, ao, ||lallcs(o,1)), 0l Le(@.) and T
Replacing p by its definition in (2.12) and changing the variable ¢ by ¢’ = 2t — T' we obtain the following for

any T satisfying (2.8):
s [ ol P dsde s [ e dva
Qr T
T
<c [[ pitsPasarscs [ optaopa
Qr 0

where C' is replaced by a slightly different constant. Finally, from Corollary 2.8 in [4], we obtain the esti-
mate (2.11). O

Remark 2.4. The estimate (2.11) must be viewed as an observability inequality. As expected, it holds if and
only if T is large enough. Notice that, when a(z) = 1, the assumption (2.8) reads

T > 2(1 — .To).

This confirms that, in this case, whenever T' > 2, (2.11) holds (it suffices to choose xg appropriately and apply
Lem. 2.3; see [23]). O
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The previous results lead to a very useful characterization of the optimal pair (y,v) for J:

Proposition 2.5. Let us assume that s > s, let us set p and po as in (2.10) and let us consider the corre-
sponding Hilbert space P. Let (y,v) € C(yo,y1,T) be the solution to (1.8). Then there exists p € P such that

y=—p’Lp, v=—(a(x)py’ps)|,_,- (2.13)

Moreover, p is the unique solution to the following variational equality:

T
// p~Lp Lqdzdt + / po 2a®(D)pa(1,1) gu(1,1) dt
T 0 (2.14)

1
=/ yo(x) g (x,0)dz — (y',q(-,0)) g—1 gz Vg€ P; peEP.
0

Here and in the sequel, we use the following duality pairing:

a0y = [ (=) )@ ac(o.0) do

where —A s the Dirichlet Laplacian in (0,1).
Proof. From the definition of the scalar product in P, we see that p solves (2.14) if and only if

1
(p,a)p = / yo(x) ge(2,0)dz — (y',¢(-,0)) g1 gz Vg€ P; peP
0
In view of Lemma 2.3 and Riesz’s Representation Theorem, problem (2.14) possesses exactly one solution in P.

Let us now introduce y and v according to (2.13) and let us check that (y,v) solves (1.8). First, notice that
y € L2(Qr) and v € L?(0,T). Then, by replacing y and v in (2.14), we obtain the following:

1
J[ viadsacs / a(1)o(0):(1,0dt = [ vn(a) (. 0)do ~ o a0y Vg P (215)
T 0
Hence, (y,v) is the solution of the controlled wave system (1.1) in the transposition sense. Since y € L?(Qr)
and v € L?(0,T) the couple (y,v) belongs to C(yo,y1,T).

It remains to check that (y,v) minimizes the cost function J in (1.8). But this is easy. Indeed, for any
(z,w) € C(yo,y1,T) such that J(z, w) < +00, one has:

J(z,w) > J(y,v) // y(z—y dxdt+/ pev(w —v) dt
T 0

_//TLp(z—y)dwdt-i-/O pov(w —v)dt = J(y,v).

The last equality follows from the fact that
// Lp(z—y)dxdt :// pL(z—y)dxdt
T Tl
+ [ = do = < e = 9)ep >

T T
- / la(@)ps (= — ) dt + / la(@)p (= — y)ali dr,
0 0

the boundary condition for p (see Rem. 2.6 below), the fact that both (y,v) and (z,w) belong to C(yo,y1;T)
and (2.13). O
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Remark 2.6. From (2.13) and (2.14), we see that the function p furnished by Proposition 2.5 solves, at least
in the distributional sense, the following differential problem, that is of the fourth-order in time and space:

L(p~2Lp) = 0, (z,t) € Qr
p(0,t) =0, (p~2Lp)(0,t) =0, te(0,7)
p(1,) =0, (p~2Lp+apy’p.)(1,t)=0, t€(0,T) (2.16)
(p )( 0) =yo(x), (0 °Lp)(x,T) =0, z¢€(0,1)
(p2Lp)e(x,0) = ya(x), (p2Lp)e(a,T) =0,z € (0,1)
Notice that the “boundary” conditions at ¢ = 0 and ¢t = T are of the Neumann kind. O
Remark 2.7. The weights p~! and p, ! hehave exponentially with respect to s. For instance, we have
p(z,t)"" = exp (s e’\(|I*I°‘2*5(2t*T)2+M°)) .
For large values of the parameter s (greater than so > 0, see the statement of Thm. 2.2), the weights p~2 and

Po 2 may lead in practice to numerical overflow. One may overcome this situation by introducing a suitable
change of variable.

More precisely, let us introduce the variable z = pp and the Hilbert space M = pP, so that the formula-
tion (2.14) becomes:

T
[ oL tmasdes [ a0 (200 dr
r 0 (2.17)

/0 o) (92)u(,0) dz — (g1, (92)(, 0)) gror sy VZE M; 2 € M.

The well-posedness of this formulation is a consequence of the well-posedness of (2.14). Then, after some
computations, the following is found:

L) = (021 (alp)o)s + 002
= (p_lpt)z + 2 = aw((p_lpx)z + 2z) — a(QP_lprx + p_lpxacz + 2z2) + b2

with
p e = —spp(@,2t = T), p~pr==2804(2,2t = T), p~'paw = =500z + (s2)%.
Similarly,
(P51 (p2)2) (1, 1) = 24(1,1).

Consequently, in the bilinear part of (2.17), there is no exponential (but only polynomial) function of s. In the
right hand side (the linear part), the change of variable introduces negative exponentials in s. A similar trick
has been used in [12] in the context of the heat equation, where we find weights that blow up exponentially as
t— T, O

Remark 2.8. The exponential form of the weights p and pg is purely technical and is related to Carleman
estimates. Actually, since for any s and )\ these weights are uniformly bounded and uniformly positive in Qr,
the space P is independent of p and pg and one could apply the primal approach to the cost J (defined in (1.8))
for any bounded and positive weights. In particular, one could simply take p = 1 and py = 1; the estimates (2.11)
would then read as follows:

O 0 + I Ol < Co(I1E0lExan + laDp (L rory ) We P (215)
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for some constant Cy > 0. This inequality can also be obtained directly by the multipliers method; we refer
to [32] and references therein. O

Remark 2.9. As remarked in [4] (see Rem. 2.7), the estimate (2.11) can be proven for a weight pg which blows
up at t = 0 and ¢t = T'. For this purpose, we consider a function 5 € C?([0,T]) with 65(0) = 65(1) = 0 and
Os5(x) = 1 for every z € (6,T — §). Then, introducing again p(x,t) := 05(¢)p(x, (t + T)/2), it is not difficult to
see that the proofs of Lemma 2.3 and Theorem 2.2 can be adapted to obtain (2.11) with

pla,t) = e 52D po(t) = 05(t) " p(1,1).
Thanks to the properties of 5, the control v defined by
v =03y a(l)pal,_,

vanishes at t = 0 and also at t = T, a property which is very natural and useful in the boundary controllability
context. In the sequel, we will use this modified weight pg, imposing in addition, for numerical purposes, the
following behavior near t =0 and ¢t = T"

lim 260 =0(1), lim 10

t—0+ \/E t—T— \/’T——t

= 0(1). (2.19)

3. NUMERICAL ANALYSIS OF THE VARIATIONAL APPROACH

We now highlight that the variational formulation (2.14) allows to obtain a sequence of approximations {vy }
that converge strongly towards the null control v furnished by the solution to (1.8).

3.1. A conformal finite dimensional approximation

Let us introduce the bilinear form m(-,-) over P x P

T
m(p,q) == (p,q)p = // p2LpLqdadt + / a(1)? 05 2pa(1,8) g (1, 1) dt
T 0

and the linear form /¢, with

(6.q) = / y0(2) 40(2,0) dz — (54, 4(, 0)) gr-1 a1

Then (2.14) reads as follows:
m(p,q) = ((,q), Vg€ P; peP (3.1)

Let us assume that a finite dimensional space P, C P is given for each h € R%r. Then we can introduce the
following approximated problems:

m(pryqn) = (l,qn), Van € Pp;  pn € Pp. (3.2)
Obviously, each (3.2) is well-posed. Furthermore, we have the following classical result:

Lemma 3.1. Let p € P be the unique solution to (3.1) and let p, € Py be the unique solution to (3.2). Then
we have:

- < inf = .
lp = pallp < inf flp—qnllp
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Proof. We write that

Ipn — 3> = m(pr — p.pr — p) = m(pn — P, Pr — qu) + m(pn — P, qn — D).

The first term vanishes for all g, € Pj,. The second one is bounded by ||pr — p||p|lgn — pllp- So, we get

lp —pulle < llp—aqrllp Van € P
and the result follows. O

As usual, this result can be used to prove that p; converges towards p when the spaces P}, are chosen
appropriately. More precisely, let us assume that an interpolation operator Il : Py — Py is given for any
h e Ri and let us suppose that

lp— ppllp — 0 as h— (0,0) Vp € R. (3.3)
We then have the following convergence result:

Proposition 3.2. Let p € P be the solution to (3.1) and let p, € Py, be the solution to (3.2) for each h € RZ..
Then
lp —pullp — 0 as h— (0,0). (3.4)

Proof. Let us choose € > 0. Since Py is dense in P, there exists p. € Py such that ||p — pe||p < €. Therefore, we
find from Lemma 3.1 that
Ip = pullp < llp — Hnpell P
< Hp _pEHP + ||pe - theHP
<€+ |lpe — ppellp-

But we know from (3.3) that ||pc — IIspe||p goes to zero as h € R3, h — (0,0). Consequently, we also
have (3.4). O

3.2. The finite dimensional spaces P,

The spaces P, must be chosen such that p~!Lp;, belongs to L?(Qr) for any p, € Py. This means that py
must possess second-order derivatives in LIQOC(QT). Therefore, a conformal approximation based on a standard
quadrangulation of Q1 requires spaces of functions continuously differentiable with respect to both variables x
and ¢.

For large integers N, and N, we set Az = 1/N,,, At = T/N; and h = (Ax, At). We introduce the associated
quadrangulations Qy, with Qr = |J Keo, K and we assume that {Qn}r>0is aregular family. Then, we introduce
the space P, as follows:

P,={z2,€CYQr): zn|lx €P(K) VK € Qp, 2z, =0 on Yr}. (3.5)
Here, P(K) denotes the following space of polynomial functions in x and ¢:
P(K) = (P30 ® P3,¢)(K) (3.6)

where P ¢ is by definition the space of polynomial functions of order r in the variable .
Obviously, Py, is a finite dimensional subspace of P.
Let us introduce the notation
Ky = [og, wpqa] X [t tiga],

where
xp = (k—=1)Az, t;:=(1—-1)A¢t, for k=1,...,N,+1,1=1,..., Ny + 1.
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For any k, we denote by (Lix)o<i<s the Hermite functions associated to [z, xx+1]. They are given by
Log(z) := (1 +2¢)(1 —¢)?, Lix(z) == *(3 —2¢)
Log(z) := Az c(l —¢)?, Lag(z) = Az c?(c—1)
c:= (x —ay)/Ax.

Recall that, for any f € C*([xg,zk+1]), the function

1
(I axf)(x Z Lin(@) f(@isk) + Y Livor(2) fo(@isr)

=0

is the unique element in P3([xy, xx+1]) that satisfies

(HAzf)(l'k:Jri) = f(l'k:Jri)a (HAzf)z(xk+z) = (fz)(l'k:Jri)a 1= Oa 1.

In a similar way, we denote by (£;1)o<j<3 the Hermite functions associated to the time interval [¢;, ¢;41]. Then,
from the definition of P(K};), we can obtain easily for any u € Py the polynomial function in P(Ky;) uniquely
determined by the values of u, u,, u; and u,; at the vertices of Ky;:

Lemma 3.3. For each u € Py, let us define the function IIyu as follows: for any k and [,

Hyu(z, t) Z Lik(x Jul@itk L) Z Litok(x)Lji(t)ua Tk, tj41)
4,7=0 1,7=0

+ Z Lk (2) Lo, (t)ue(Tivr, tj+i) Z Liyo (@) Ljto,1(0) Ut (Titr, tj+1)
1,7=0 i,7=0

m Ky = [xk,xk + Aa:] X [tl,tl + At].
Then ITnu is the unique function in Py that satisfies

Ihu(Tpgi, tirg) = W@hgis tigg),  (Tpu(Thgis tig5))a = U (Tipiy tigg),
(IThu(@kyi, tivg)e = we(@ptis tirg),  (TTpw(Trqas tigj)) ot = Uat(Thti, tig5)

for all i,j € {0,1}. The linear mapping II, : Py — Py is by definition the interpolation operator associated
to Ph.

This result allows to get an expression of u — IT,u on each element Kj; that will be used in the next section:

Lemma 3.4. For any u € Py, we have

1

u— Ipu = E <mijux(l‘z'+k, tit1) + nijue(Tigr, tjsr) + DijUee (Tivk, tj+l)>
j=0
" (3.7)

1
+ Z Lix LRI Tk, tivi
ij=0

in Ky, where the myj, n;; and p;; are given by
(o) = Lala)(o ) = Luas(e >)£j<
mj (l‘, t) = LLk(l‘) <£j (t)(t — t ]+2 )

pij(x,t) == Lig(x) L1 () (@ — 23)(t — 1) — Lita(w)Ljy2(t)
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and .
Rl @iae b)) 1= / (= S)use(zisp, ) ds

tjt+i

t
+ (z — xiqk) / (t — s)ugte(xitr, s)ds

tj+i

—&-/I (T — 8)uza(s,t)ds.

Titk
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The proof is very simple. In fact, (3.7) is a consequence of the following Taylor expansion for u with integral

remainder: ,
u(x,t) =u(xg, t;) + (t — t)u(zg, t) + / (t — s)ug(zk, s)ds

t

t

+ (x — xy) <um(:rk,tl) + (t — t)uge(zp, ) + / (t — s)ugpte (K, ) ds>

4 /;(33 — 8)Uz(s,t) ds

k

and the identity Z” _oLik(x)Lu(t) = 1.
3.3. An estimate of ||p — II;,p||p and some consequences

Let us now prove that (3.3) holds when the P, are given by (3.5)-(3.6).
Thus, let us fix p € Py and let us first check that

// p 2|L(p — I (p))|*dzdt — 0 as h = (Azx, At) — (0,0).

For each Kj; € Q), (simply denoted by K in the sequel), we write:

// p2|L(p — Mp) 2 dzdt < [|p~2| i / |L(p — up)[? dadt

<3p~ HLoo (K) (// |(p — IInp) tt‘ dxdt—l—// l(a th)z)z|2 de dt
bl [ P—thzdwdt>.
K

Using Lemma 3.4, we have:

/ Ip — th\Qdacdt

2
dz dt

ngpa: (isty) + nijpe(is t) + Pijpea(Tis ty) + Lil Rp; wi, t5])

< 16||px||%mm2 J[ i azat w16l o X ] o d e
iy VK iy VK
+16||pm”%oo(K)Z//K ‘pij|2dl‘dt+162//}(‘LiﬁjR[p;l‘i,thle‘dt,
4,7 4,7

where we have omitted the indices k and [.

(3.8)
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Moreover,

IRIp; @ik tya] P <[t = 852 [pee (i, M 20000y + |2 = il 21— 851 paee (@i M 2ger 00,0

+ |1' - xl‘:s”pww( at)‘|%2(xk,mk+1)'

Consequently, we get:

Z// ‘Li[,j'R[p; l'i+k,tj+l]‘2d1'dt
i YK
< s |pule um,,tmz // L)L (8) Pt — b drdt

2E€(Tp,Trq1)

+ s penle ||L2t,,tl+12 / L) (0Pt — P — s daedt

TE(Th,Thq1)

s peaot Hm,wz // L)L (1) Pl — i dar .

te(ty,tiq1)

After some tedious computations, one finds that

2 3 12 bl
Z// |m;|? de dt = 11025 (Az)3At, zj://Knj dedt = 11025Aw(At)

353 ;
S [ b asa = 22 (aappany®
1,J

and
Z/ |Li(x) L5 ()|t — t;]° da dt = 143 —— Az(At)*
7350 ’
Z// |Li(2)L;(8)|? |z — x)? da dt = 143 —— (Az)*At,
7350
Z// |Li(x) L5 (8)|x — x|t — t;]° dz dt = 209 (Az)®(At)*.
132300

This leads to the following estimate for any K = Ky € Qp:

1664
/ [ = P ot < (A0 At

— 11025

1116_06;5490<At>3||ptu%w<m
N %(mﬁ(m)gllpmlliw(m
sos 4741, 0l O
+ g AA0" S panl Dl
836

A 3 )| .
33078 z)*(At) xe<f,:1,fk+1) [Pate (2224000
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We deduce that
J[ o= 1P dsde < KaTlpa g (A2

T

+ KT [p]|7 o () (A1)

+ KoT ||pea |7 (gp (Ax)?(AL)?

+ Kslpee (- )1 220,710 0,1)) (D)

+ K3||paa (- t)H%OO(O,T;L"’(O,l) (Ar)®

+ Kallpate ()17 200,11 0.1)) (A)*(AL)?

for some positive constants K;. Hence, for any p € Py one has
// lp— I, p|*dzdt — 0 as h — (0,0).
T

Proceeding as above, we show that the other terms in (3.9) also converge to 0. Hence, (3.8) holds.
On the other hand, a similar argument yields

T
/ 0o 2a(1)?|(p — Iyp). > dzdt — 0 as h — (0,0)
0

and, consequently, we find that (3.3) holds.
We can now use Proposition 3.2 and deduce convergence results for the approximate control and state
variables:

Proposition 3.5. Let py, € Py, be the unique solution to (3.2), where Py, is given by (3.5)-(3.6). Let us set

Yn = p °Lpn, vn = —py a(z)pha|

r=1"
Then one has
ly = ynll2(@r) = 0 and |lv —wnllL20,1) — 0,
where (y,v) is the solution to (1.8). O
3.4. A second approximated problem

For simplicity, we will assume in this section that y; € C°([0, 1]).
In order to take into account the numerical approximation of the weights and the data that we necessarily
have to perform in practice, we will also consider a second approximated problem. It is the following:

mp(Phyqn) = (n,qn) Vaqn € Pr; P € Ph, (3.10)

where the bilinear form my(-,-) is given by

T
o (pn, an) = // 7(p~?) Ly Ly dar dt + / a(1)2m a2 (05 )pn an
T 0

and the linear form ¢}, is given by

1
(ln,q) 22/0 (mazyo) () g¢ (2, 0) dz — (Tazy1, q(, 0)) -1 my -

Here, for any function f € C%(Qr), 7, (f) denotes the piecewise linear function which coincides with f at all
vertices of Q. Similar (self-explanatory) meanings can be assigned to ma;(2) and ma¢(w) when z € C°([0, 1])
and w € C°([0,T7)), respectively.



1090 N. CINDEA ET AL.

Since the weight p~2 is strictly positive and bounded in Q7 (actually p=2 > 1), we easily see that the ratio
mn(p~2)/p~?% is bounded uniformly with respect to h (for |h| small enough). The same holds for the vanishing
weight 62p(1,-)~2 under the assumptions (2.19).

As a consequence, it is not difficult to prove that (3.10) is well-posed. Moreover, we have:

Lemma 3.6. Let p, and pp, be the solutions to (3.2) and (3.10), respectively. Then,

h(p72) 7TAt(P0_2) ||A ||
) ’ ) PrllP
L>(Qr) Po Lo>°(0,T) (3.11)

+ Cillmaz(yo) = vollLz + Callmac(y1) — willm-1,

-1 -1

R 7T
6n —pnllp < maX<H

where Cy and Cy are positive constants independent of h.

Proof. Since pj, and py, respectively solve (3.2) and (3.10), one has:

15n — pull> = m(br — ph, B — Pr)
= m(Pn, Pn — Pn) — M (Dr, Br — ) + (lhy P — Pr) — (L, Pn — Dh)

T
// E (e Lon Lo —pn) dodt + / (p6 = mae(pg ) a(1)*bo.(Bon—pe) dt
lh’ph_ph> (L, Pn — pn)
-2
// < )>(plLﬁh)(PlL(ﬁh—Ph))dxdt
*/0 (1—Mpt0p° ) (12(05 " 5n)05 (B — P dt

+ /Q(ﬂ'Aa:(yO) —y0)(2) (Be,n — pe,p) (2, 0) dr — (Taz(y1) = Y1, (B — Pr) (2, 0)) -1 py -

In view of the definitions of the bilinear forms m(-,-) and my(-,-), we easily find (3.11). O

Taking into account that (3.3) holds and

—2
maX(HM .
p

2

mai(py?)
Py’

-1

)

L>=(Qr)

)0
L (0,T)

we find that, as h goes to zero, the unique solution to (3.10), converges in P to the unique solution to (3.1):
lp = Pullp < llp — pullp + llpn — Prllp — 0.
An obvious consequence is the following:
Proposition 3.7. Let p € Py, be the unique solution to (3.10), where Py is given by (3.5)—(3.6). Let us set
Gn = mh(p~2)Lpp, On = —WAw(paQ)a(x)ﬁh7x|x=1. (3.12)

Then one has
|y = 9nllz2(@qr) — 0 and [Jv — OpllL20,1) — O,

where (y,v) is the solution to (1.8). O
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4. NUMERICAL EXPERIMENTS

We now present some numerical experiments concerning the solution of (3.10), which can in fact be viewed
as a linear system involving a banded sparse, definite positive, symmetric matrix of order 4N, N;. We will
denote by My, this matrix. If {p;} stands for the corresponding vector solution of size 4N, N;, we may write
(Dr> an) P, = (Mn{pn}, {qn}) for any qn € Pp.

We will use an exact integration method in order to compute the components of M, and the (direct) Cholesky
method with reordering to solve the linear system.

After the computation of pp,, the control ¢y, is given by (3.12). Observe that, in view of the definition of the
space P, the derivative with respect to x of pj, is a degree of freedom of {py}; hence, the computation of vy,
does not require any additional calculus.

The corresponding controlled state g, may be obtained by using the pointwise first equality (3.12) or, equiv-
alently, by solving (2.15). However, in order to check the action of the control function v, properly, we have
computed 9, by solving (1.1) with a C* finite element method in space and a standard centered scheme of
second order in time.

Thus, let us introduce the finite dimensional spaces

Zh:{zheCl([(),l]):zh][ €P;, Vi=1,...,N,}

xi,xi+Ax]

and Zop, = { zn € Zp, : 2p(0) = 2z,(1) = 0 }. Then, a suitable approximation gy, of the controlled state y is defined
in the following standard way:

e At time ¢ = 0, gy, is given by yx(-,0) = Pgz, (yo), the projection of yg on Zp;
e At time t1 = At, gn(-,t1) € Zj is given by the solution to

! (:& (x’tl) -9 (x’t ) - Atyl(x))
2 @

odx

! (4.1)
+/ [a()gn, (2, t0) Pz + b(z, to)dn (2, t0)d] dz =0
0
Vo € Zno;  9n(0,t1) € Zn, 9n(0,t1) =0, gn(1,t1) = Op(t1).
o At time t =t, =nAt, n=2,--- , Ny, Jn(-, t,) solves the following linear problem:
2/1 (gh(watn) B QQh(wvtnfl) +Qh('atn72)¢dw
0 (At)?
(4.2)

1
+/ [a(l‘)gh,m(xvtn—l)gbm + b(l‘,tn)@h(l‘, tn—1)¢] de =0
0
v¢ e Zh0§ yh(oatn) e Zh7 Qh(ovtn) = 0? @h(latn) = @h(tn)

This requires a preliminary projection of 95, on a grid on (0,7") fine enough in order to fulfill the underlying
CFL condition. To this end, we use the following interpolation formula: for any p, € P, and any 6 € [0, 1], we
have:

Pha(Ltj +0A) = 20+ 1)(0 — 1)? ppo(1,t5) + AtO(1 — 0) pre(1, 1))

4.3
+60%(3 = 20) pr o (1, tj11) + A0 (0 — 1) pae(1,tj41) (43)

for all t € [t;,t;41].

We will consider a constant coefficient a(z) = ap = 1 and a constant potential b(z,t) = 1 in Q7. We will take
T =22, 20=—1/20, 8=0.99 and My = 1 — 22 + T2, so that (2.8) holds. Finally, concerning the parameters
A and s (which appear in (2.12)), we will take A = 0.1 and s = 1.

Remark 4.1. Let us emphasize that our approach does not require in any way the discretization meshes to be
uniform. O
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TABLE 1. The constant Cyy, with respect to h.

Az, At 1/10 1/20 1/40 1/80
T=22 660x10"2 761x1072 856x10"2 9.05x 102
T=15 0.565 2.672 17.02 96.02

4.1. Estimating the Carleman constant

Before prescribing the initial data, let us check that the finite dimensional analog of the observability constant
Cp in (2.11) is uniformly bounded with respect to h when (2.8) is satisfied. We consider here the case ¢ = 1 and
b=1.

In the space Py, the approximate version of (2.11) is

(An{pn}Apn}) < Con(Mnui{pn},{pn}) Y{pn} € Ph,

where Ay, is the square matrix of order 4N; N, defined by the identities

(An{on}. {an}) = /O (P (2,0) gho (@, 0) + pie (2, 0) ot (,0)) dr.

Therefore, Cyy, is the solution of a generalized eigenvalue problem:
Con, = max{ A: Jpp € Pn, pn #0, such that Ap{pn} = IMp{pn}}. (4.4)

We can easily solve (4.4) by the power iteration algorithm. Table 1 collects the values of Cpy, for various
h = (Azx, At) for T = 2.2 and T = 1.5, with At = Az. As expected, Cpy, is bounded in the first case only. The
same results are obtained for At # Ax.

In agreement with Remark 2.8, we obtain the same behavior of the constant with respect to T for any s, in
particular for s = 0 leading to p =1 and py = 1.

4.2. Smooth initial data and constant speed of propagation

We now solve (2.14) with ¢ = 1 and smooth initial data. For simplicity, we also take a constant potential
b=1.

For (yo,y1) = (sin(mx),0), Table 2 collects relevant numerical values with respect to h = (Az, At). We have
taken At = Ax for simplicity but, in this finite element framework, any other choice is possible. In particular,
we have reported the condition number x(M}) of the matrix My, defined by

(M) = [[[Malll2 1M ]2

(the norm [|[Mp]||2 stands for the largest singular value of Mj,). We observe that this number behaves polyno-
mially with respect to h.

Table 2 clearly exhibits the convergence of the variables p, and 0j, as h goes to zero. Assuming that h =
(1/160,1/160) provides a reference solution, we have also reported in Table 2 the estimates ||p — pn||p and
|v — nll£2(0,7)- We observe then that

Ip—pullp = OGN, o —pll 20,1y = O(R'F).

The corresponding state §;, is computed from the main equation (1.1), as explained above, taking At = Az /4.
That is, we use (4.3) with § = 0,1/4,1/2 and 3/4 on each interval [t;,t;41]. We observe the following behavior
with respect to h:

19 (. Dl 20,1y = OBF™), e T)llr-10,m) = OR5Y),
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TABLE 2. (yo(z),y1(x)) = (sin(7z),0), a=1,b=1-T = 2.2.

Az, At 1/10 1/20 1/40 1/80

K(Mp) 3.06 x 10° 1.57 x 10*° 6.10 x 10" 2.47 x 103
lpnll e 1.541 x 107" 1.548 x 107" 1.550 x 10~!  1.550 x 107!
lpn — pllp 446 x 1072  145x1072 401 x107® 838x107*
9n Il 22 0,1) 5421 x 1071 5431 x 107! 5434 x 107! 5434 x 1073
o — vl 20,1y 2390%x 1072  812x107% 248 x107% 957 x 1074
l9n (-, D)l 20,1y 1.80 x 1072 818 x 107 1.64x107% 585 x107*

IGen( D101y 3-06x107% 825 x107%  359x107° 1.93x10°°

TABLE 3. (yo(z),y1(z)) = (e*SOO(Z*O'Q)rZ,O) anda=1,0=1-T=22.

Az, At 1/10 1/20 1/40 1/80 1/160
li231¥2 438 x 1072 395x 1072 420x1072 431x1072? 4.33x10°?
Ipn — pllp 1.80 x 107" 6.30x 1072 1.66 x 1072 278 x 10> -

9n Il 22 0,1) 148 x 107" 1.33x 107" 153 x 107" 1.64x 107" 1.67x 107"
o — vl 20,1 981 x1072 628x1072 380 x10°2 1.11x 1072 -
l9n (-, Tl 20,1 1.09 x 107" 7.67x107% 3.70x107? 111x107% 1.87x107?

IGen( D101y 136 x107" 882x107° 516x107% 1.76 x107* 2.82x10°

which shows that the control 9y, given by the second equality in (3.12) is a good approximation of a null control
for (1.1).

Figure 2-Left displays the function pj, € P (the unique solution to (3.10)) for h = (1/80,1/80). Figure 2-right
displays the associated control oy,. As a consequence of the introduction of the function 5 in the weight, we see
that v, vanishes at times ¢ = 0 and ¢t = T'. Finally, Figure 3 displays the corresponding controlled state yy,.

Table 3 and Figures 4 and 5 provide the results for yo(z) = e~500(@=0.2)* pq y1(z) = 0. We still observe the
convergence of the variables py, v and g, with a lower rate. This is due in part to the shape of the initial
condition yo. Precisely, we get ||p — pulp = O(RY™), [0 — v|[2(0,7) = OY ), 1Gn (-, T) || 12¢0,1) = O(R*3)
and [[ge,n( T)llg-1(0,m) = O(RM11).

4.3. Initial data (yo,y1) € H'(0,1) x L?(0,1) and constant speed of propagation

Let us enhance that our approach, in agreement with the theoretical results, also provides convergent results
for irregular initial data. We take a continuous but not differentiable initial state yo and a piecewise constant
initial speed y;:

Yo(r) = x Ljg1/9 () + (1L =) Lo (),  yi1(x) =10 X L1ys,1/9(2). (4.5)

The other data are unchanged, except b, that is taken equal to zero.

Observe that these functions remain compatible with the C! finite element used to approximate p, since 1o
and y; only appear in the right hand side of the variational formulation and ma,yo and wa,y; make sense;
see (3.10). The unique difference is that, once py, and 9y, are known, ¢, must be computed from (4.1)—(4.2) using
a C% (and not C1) spatial finite element method.

Recall however that these initial data typically generate pathological numerical behavior when the usual dual
approach, based on the minimization of (1.6), is used.

Some numerical results are given in Table 4 and Figures 6 and 7. As before, we observe the convergence of the
variable py, and therefore 9, and g, as h — 0. We see that [|ps, —p|lp = O(h'**) and |65, — v| 12(0,1) = O(R*23).
In particular, we do not observe oscillations for the control or the functions p;, and pj ; at the initial time.
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FIGURE 1. logyq [|[p — prllp (x) and logyq [[v — On|| 20,7 (©) ws. logio(h).

FIGURE 2. (yo(x),y1(z)) = (sin(7x),0) and a = 1 — The solution pj, over Qr (Left) and the
corresponding variable ¢y, on (0,7) (Right) — h = (1/80,1/80).

TABLE 4. (yo,y1) given by (4.5) and a=1-T = 2.2.

Az, At 1/10 1/20 1/40 1/80 1/160
lon ]l P 316 x 107! 289 x 1072 273x1072 265x1072 261 x 107"
lpn — pllp 112 x 107 462x1072 1.70x 1072 5.12x1073 -

6nll 220, 1.23 1.11 1.05 1.02 1.004
on — vl 20,7 252 x 1071 1.25 x107Y 557 x 1072 1.90 x 1072 -
9n( Tl 20,1 1.09 x 107'  540x 1072 220x 1072 1.09x 1072 6.20 x 1073

[Gen(, T)llg-100y) 725 x107% 462x107* 285x107° 5.12x10°° 6.75 x10°
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FIGURE 3. (yo(x),y1(x)) = (sin(mx),0) and a = 1 — The solution ¢ over Qr — h = (1/80,1/80).
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FIGURE 4. (yo(z),y1(x)) = (6*500(1*0'2)2,0) and a = 1 — The solution pj, over Qr (left) and
the corresponding variable ¢y, on (0,7") (right) — » = (1/80,1/80).

4.4. Discontinuous initial data yo and constant speed of propagation

The method also provides convergent results for data yo only in L2(0,1). We consider the following initial
condition:

Yo(r) = 1jo.5,0.7(2), v1(x) =0. (4.6)

The other data are unchanged with respect to Section 4.3. This leads to pathological numerical behavior when
other frequently used dual methods are employed (we refer to [24]). Some numerical results are given in Table 5
and Figure 8. Once again, the convergence of the variable p;, and therefore v}, and g5, as h — 0 is observed.
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FIGURE 5. (yo(z),y1(x)) = (6*500(1*0'2)2,0) and a = 1 — The solution g, over Qp — h =
(1/80,1/80).

1.4

1.2r

0.8
0.6
~0.014 0.4f

-0.02- 0.2}

-0.03-..
-0.2r

-0.41

FIGURE 6. (yo,y1) given by (4.5) and a = 1 — The solution py over Qr (left) and the corre-
sponding variable @5, on (0,7) (right) — h = (1/80,1/80).

TABLE 5. (yo,y1) given by (4.6) and a =1 - T = 2.2.

Az, At 1/10 1/20 1/40 1/80 1/160

nl P 1.01 x 107" 1.00 x 107" 9.71 x 1072 9.53 x 1072 9.47 x 1072
9nl £2 0,1 342 x 107" 327 x 107" 319x 107" 3.14x107' 3.4 x 107!
9n( Tl 20,1 1.24 x 107" 927 x 1072 7.26x1072 588 x 1072 3.12x1072

IGen(, T)llg-100y 1.55x107" 116 x 107" 1.06 x 107!  7.13x 10" 6.02x 10>
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FIGURE 8. (yo0,y1) given by (4.6) and a = 1 — The solution pj, over Qr (left) and the
corresponding variable ¢y, on (0,7) (right) — h = (1/80,1/80).

4.5. Non constant smooth speed of propagation

Finally, let us consider a non-constant function a = a(x) (we refer to [20] for the dual approach in this case).
In order to illustrate the robustness of our method, we will take a coefficient a € C*(]0,1]) with

1 & € [0,0.45]
a(z) =¢ €[1.,5] (d'(z)>0), z€(0.45,0.55) (4.7)
5 € [0.55,1]

so that condition (2.8) is equivalent to 7' > 2(1 + 1/20)v/5 ~ 4.69 (taking again o = —1/20). In order to
reduce the computational cost, we take as before T'= 2.2 and we still observe that the constant Cyy, in (4.4) is
uniformly bounded.
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0.5 1 1.5 2
t

FIGURE 9. (yo(x),y1(z)) = (6*500(“5*0'2)2,0) and a given by (4.7) — The solution pj, over Qr
(left) and the corresponding variable oy, on (0,7) (right) — h = (1/80,1/80).

TABLE 6. (yo(x),y1(z)) = (e~500==0-2%.0) and ¢ given by (4.7) - T = 2.2.

Az, At 1/10 1/20 1/40 1/80 1/160
lon |l 2y, 387 %1072 344x1072 3.75x1072 3.85x1072 3.86 x 1072
llpn — pllp, 125 x 107 575 x 1072 264 x 1072 1.01 x 1072 —

1on ]l 22(0,7) 774 %1072 653 x1072 916 x 1072 1.0l x107' 1.03 x 107!
on — vl 20,7 507 x 1071 4.17x 1072 2.03x 1072 4.86 x 1073 —
90, Tl 20,1 1.09 x 107" 7.89x 1072 1.81x107% 1.16x107% 1.71 x107°

[Gen (-, T)llgr-100y 1.01x107" 839 x107* 481 x107° 752x10°°% 1.55x10°

We take again (yo(x),y1(z)) = (e—5OO(ac—O.2)27 0) and b = 0. Table 6 illustrates the convergence of the approxi-
mations with respect to h. Figures 9 and 10 depict for h = (1/80,1/80) the functions py, ¥p, and . In particular,
in Figure 10, we can observe the diffraction of the wave when crossing the transitional zone (0.45,0.55).

5. FURTHER COMMENTS AND CONCLUDING REMARKS

Let us begin this section with some general considerations on the use of Carleman weights that serve to
justify our approach:

(i)

The search of a control minimizing J in (1.8), where y is involved, is very appropriate from the numerical
viewpoint. As shown in Section 2, the explicit occurrence of the state variable y leads to an elliptic problem
in Qr, that is easy to analyze and solve (at this level, the particular choice of the weight is less impor-
tant). This approach does not require the discretization of the wave operator, as for usual dual approachs;
therefore, it does not generate any spurious oscillations and leads to numerical well-posedness. This is an
important feature of the approach.

The Carleman weights provide regularity of the solution to (2.14) and therefore allows to derive estimates
of the errors ||p — pu||p in term of h = (Ax, At). This will be detailed in a forthcoming work.

The process can be viewed as a first step for the numerical controllability of semi-linear problems: if we just
apply a fixed-point argument, we will find at each iterate a linear equation with non-regular coefficients
depending on x and t for which the present approach is adequate.

In our numerical experiments we have not found any essential difference for small or large s or \: this is in
full agreement with Remark 2.8 and Section 4.1.
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FIGURE 10. yo(x) = e~500@=02)> anq ¢ given by (4.7) — The solution ¢ over Qp — h =
(1/80,1/80).

(v) Furthermore, we mention that the approach has been considered by analogy with the similar analysis in
references [12] to [15], dealing with heat equations.

5.1. Primal versus dual approach (I): analogies

The solution to the variational formulation (2.14) is also the unique minimizer of the functional I, with

1 _ 1T
10 =5 [[ oLl dedis 5 [ ppa(n2ipa (1P di
%QT 0

= [ wo@)pi(a0)dr + 01

(5.1)

This is similar to the conjugate functional J* in (1.9). Actually, we notice that J*(u, ¢o, 1) = I(—¢) for all
(1; G0, 1) € L*(Qr) x H.

Therefore, the extremal problems (1.9) and (5.1) are connected to each other having (1.8) as starting point.
The problem (2.14), deduced from the primal approach belongs to the framework of elliptic variational problems
in two dimensions and is well tailored for a resolution with finite elements. The dual problem (1.9) is of hyperbolic
nature: the time variable is kept explicitly and time integration is required.

Note that we may also derive the optimality conditions for J* (as we did in Sect. 2 for J): this leads, at least
formally, to the problem (2.14).

We also mention [26] where a (different) variational approach is introduced.

5.2. Primal versus dual approaches (II): discrete properties

The variational approach used here leads to satisfactory convergence results, in particular the strong conver-
gence of the approximate controls vy, towards a null control of the wave equation. This relies in a fundamental
way on the fact that we work in a subspace Pj, of P. Indeed, this allows to write directly the Carleman esti-
mate in Py and get that the function I (given by (5.1)) is uniformly coercive with respect to the discretization
parameter h.

On the other hand, notice that no wave equation has to be solved in order to compute the approximations .
For each h, once vy, is known, we must solve the wave equation, in a post-treatment process, to compute the



1100 N. CINDEA ET AL.

corresponding state ¢, (recall that, actually, this may be avoided by using directly the optimality condition
y=—p *Lp).

This is in contrast with the dual approach. Indeed, the minimization of J* by an iterative process requires the
resolution of wave equations, through a decoupled space and time discretization. As recalled in the introduction,
this may lea to numerical pathologies (the occurrence of spurious high frequency solutions) and, therefore, needs
some specific numerical approximations and techniques. We mention the work [5], where the authors prove, in a
close context and within a dual approach, a weaker uniform semi-discrete Carleman estimate with an additional
term in the right hand side, necessary to absorb these possibly spurious high frequencies (see [5], Thm. 2.3).

Notice that the computed @), are not a priori null controls for discrete systems (associated to the wave
equation (1.1)), but simply approximations of the control v furnished by the solution to (1.8). If one wants to
go further in the comparison, it can be said that the primal approach aims to first compute the control for (1.1)
and then approximate it, while the dual classical method aims first to discretize (1.1) and then control the
corresponding finite dimensional system.

Let us also observe that the (primal) approach in this paper is relatively easy to implement. In practice, the
resolution is reduced to solve a linear system, with a banded sparse, symmetric and definite positive matrix, for
which efficient direct LU type solvers are known and available. Furthermore, we may want to adapt (and refine
locally) the mesh of Q7 in order to improve convergence and such adaptation is much simpler than in the dual
approach, where ¢ is ”conserved” as a time variable. For additional considerations, see also [8] and [9].

5.3. Mixed formulation and C°-approximation

The approach can be extended to the higher dimensional case of the wave equation in a bounded set 2 C RV,
with N > 2. However, the use of C'!-finite element is a bit more involved. Arguing as in [12], we may avoid this
difficulty by introducing a mixed formulation equivalent to (2.14).

The idea is to keep explicit the variable y in the formulation and to introduce a Lagrange multiplier, associated
to the constraint py+ Lp = 0 (see (2.13)). We obtain the following mixed formulation: find (y,p,\) € Zx Px Z
such that

T
[ #vvasars [ ptaapnop s [ ey i
T 0 T

= /0 Yo(#) Py (x,0) dz — (y1,P(-,0)) -1 my V(. D) € Z x P, (5.2)

// Xp?y + Lp)dzdt =0 VA€ Z,
T

where

Z=L*p*Q ::{ GLIOCQ : 222 dedt < + }
(7%:Qr) = 2 € LL.(Qr) //Qp dt < +oo0

Taking advantage of the global estimate (2.7), we may show, through an appropriate inf-sup condition, that (5.2)
is well-posed in Z x P x Z. Moreover, the approximation of this formulation may be addressed using C°-finite
element, which is very convenient. The approximation is non-conformal. More precisely, the variable p is now
sought in a space Rj, of C%-functions that is not included in P.

At the discrete level, (5.2) reduces the controllability problem to the inversion of a square, banded and
symmetric matrix. Moreover, as before, no wave equation has to be solved, whence the numerical pathology
described above is not expected. However, since the underlying approximation is not conformal (this is the
price to pay to avoid C! finite elements), a careful (and a priori not straightforward) choice for Rj has to be
done in order to guarantee a uniform discrete inf-sup condition. The analysis of this point, as well as the use of
stabilized finite elements, will be detailed in a future work.
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5.4. Extensions

The approach presented here can be extended and adapted to other equations and systems. What is needed
is, essentially, an appropriate Carleman estimate.

In particular, we can adapt the previous ideas and results to the inner controllability case, i.e. the null contro-
lability of the wave equation with distributed controls acting on a (small) sub-domain w of (0,1). Furthermore,
using finite element tools, we can also get results in the case where the sub-domain w varies in time, that is
non-cylindrical control domains g7 of the form

gr ={(z,t) € Qr : g1(t) < x < g2(t), t € (0,T)},

where g1 and g are smooths functions on [0, 7], with 0 < g1 < g2 < 1. This opens the possibility to optimize
numerically the domain g7, as was done in a cylindrical situations in [25] (see also [27]).

Let us finally mention that many non-linear situations can be considered through a suitable linearization and
iterative process. We refer to [14,15] for some ideas in a similar parabolic situation.

A. ApPPENDIX. ON THE PROOF OF THEOREM 2.1

We first prove a global Carleman estimate for functions w satisfying vanishing initial and final conditions. In
what follows, L stands for the operator given in (1.2) with b = 0. It is easy to check that, if the estimate (2.7)
holds in this particular case, then the same estimate holds for any potential b € L>((0,1) x (=7, T)).

Theorem A.1. With the notation of Section 2, let xy < 0 be a fized point, let ¢ and ¢ be the weight functions
defined by (2.3)~(2.5) and let a € A(xo,ap) with ag > 0. Then there exist positive constants so and M, only
depending on xo, ao, |allcso,1) and T such that, for all s > so, one has:

// 252 (o] + |vg]?) dxdt—l—s/ / e2¢|v|* dz dt

(A.1)
<M/ / 25*"\Lv|2dxdt+Ms/ e\, (1,1)]2 dt
T

for any v € L?(—=T,T; H}(0,1)) satisfying Lv € L*((0,1) x (=T, T)), vz(1,-) € L*(-T,T) and
(-, £T) = ve(-, £T) = 0.

The proof of this result follows step-by-step the proof of Theorem 2.1 in [4]. However, since the argument
provides conditions on the set of admissible a and, to our knowledge, these conditions have not been stated in
this form before, we provide here the detailed proof.

Proof. Let us introduce w = e*?v and let us set
Pw :=e*?L(e” **w) = e*¢ ((e_‘ww)tt — (a(e_ww)x)z) .
After some computations, we find that Pw = Pyw 4+ Pow + Rw, with

Piw = wy — (awy ), + s°N2p%w (Wt|2 — a\wx|2)
Pyw = (a — 1)sApw (Vi — (ahs)s) — 3/\28071) (WtP - a\¢xl2) — 25\ (Yrwr — appwy)
Rw = —CVS)\QO’U} (wtt - (a’wz)x) )

where the parameter o will be chosen below.

Recall that
w(xa t) = "T - l'0|2 - ﬁtQ + MOa 30(1‘ t) ATP(?E 2
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and

Y(x,t) > 1 Y(x,t) € (0,1) x (=T,T).

In this proof, we will denote by M a generic positive constant that can depend on wg, ao, ||a|cs(jo,1)) and T'.

As in the constant case a = 1, the first part of the proof is devoted to estimate from below the integral

T 3
. /_ ) /Q (Prw) (Pyw)dadt = 3 I, (A.2)

i,j=1

By integrating by parts in time and/or space, we can compute the integrals I;; in (A.2). We obtain:

T 1
I = (a— 1)3/\/T/ Wi pw (Y — (ahy),) da dt
-1Jo

T ,1
= (1 —a)sA /—T/O @\wt\2(¢tt — (athy),) da dt

_ T 41
_OTOK)S/@ /—T/o olw|? e (Ve — (athy) ) da dt

(1-a)

T 1
_TS/\3 /—T/O olw)? [ (Ve — (athz)s) dz dt,

T 1
I12:—s)\2/ / wttww(\wt\z—a\wz|2)dxdt
—T JO
T 1 T 1
= a2 / / ol P(el? — alibu|?) dadt — 532 / / w2l da dt
—-T JO —-T JO

3sx3 (Tt sa3 (Tt
5 / / <P|w|2|1/)t|21/1tt dx dt + 7/ / <P|w|2a‘1/1z|21/)tt dx dt
—-TJo -TJ0

sAt
2

T 1

/ / w12 (nl? — alwha|?) dardt
—T JO

and

T 1
I3 = —23)\/ / wy p(Vrwy — ayw,)) de dt
~7Jo

T 1 T 1
= s)\/ / ©lwe|? e dxdt+s)\2/ / olwy |1 | dee dt
—-TJo -T JO0

T 1 T 1
—|—s)\/ / <p|wt|2(awz)z dxdt+s)\2/ / <p|wt|2a|z/)x\2dwdt
~7Jo -7 Jo

T 1
—25\? / / pa, P wywy do dt.
-1 Jo
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Also,
T 1
Iy =(1- a)s)\/T/O (awy )z pw( — (athy)) do dt

—(1 —a)sA /_i /01 palwg |* (Y — (aty),) dz dt
(1;@”2 /_i /01¢|w|2(awx)x(wtt— (atby)s) dz dt
+(1_Ta)3k3 /_i /01 palw). | Wu — (aty),) dz dt
—(1—a)s\? /_i /01 plwl*ayn(aye)r, dz dt

T 1
Oé)s/\/_T/O ap\w\Q (azx(as)we + a(athy)pae) da dt,

+

T 1
2 = sX° /41 /o (aws)z pw(|ve? — alve]*)) da dt

T 1
_ o / / palw, 2(1n]? — alv]?)) da dt

)\2
_E / / olw? ((|az? + atee) [Ve|? + 4aasths ey + 2a(athy ) be,) da dt

)\3

4 f / / lwf (ahs)s (4]? — aliby|?)) dzdt
)\4

4 f / / olwlZaliby P(? — albl?)) d dt

—s)\?’/ / <p|w|2awm (%WJHQ —|—2a1/1mz/)m) dz dt
-TrJo

and

T 1
o3 = 23/\/ / (awy )z @ (Prwr — atppw,) dodt
—r.Jo

T 1
:s/\/ / @a\wx|2(¢tt+a¢m)d$dt
-7 Jo
T 1 T 1
52 / / palwe | (1¢r* + alie|?) dzdt — 2577 / / patpathy wowy dz dt
-7 Jo

—SA/ ) [wa (1, 1)L, 1) (1, 1) — a(0)? wz (0, 1) (0, 1)1 (0, 1)] dt.

Finally,
T 1
Iy = (a— 1) / / Gl (]2 — altbe?) (Ve — (atpa)s) dadt,
—T JO

T 1
iy ==\ [ [l (o — alun P o
-7 Jo

1103
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and

T 1
Ly — —25%\° / / GPu(lel? — alipel?) (rwor — atpowy) de dt
—T JO
T 1
g\ / ) / GPlwl (]2 — altbe ) (Y — (atp),) de dt
T 1
+283“3/ / P wl® ([0 Pre + aagthe| s |* + a® s * b)) dadt
—T JO

T 1
35X [l = a2 d

Gathering together all terms I;; for i, j € {1,2, 3}, we obtain

T 1
I = P P. da dt
| [ ) (Prwyas
T 1
:SA[T/O plwe|® (204 — by — (aths)s)) dadt
T 1
—|—s)\/ / goa\wx\z(a(z/)tt — (athz)z) + 2(aty ) — aztd,) dadt
-7 Jo
T 1
+2$)\2/ / @ (Jwe |9 ]* — 2av0brwewy + a®|wy2Y,]?) dadt
-7 Jo
T 1
963 )\ 30,12 2 NE 2 de dt
w28 [ [ Sl (i = alu, ) da
T 1
+S3)\3/ / @3‘w‘2(|2¢t|27/}tt+aaz¢z|¢x\2+202\¢z|2¢zz)dxdt
-7 Jo
G G T 1 G
ast® [ [ (unl? — alia ) — (av).) dod
-7 Jo

T
— s\ / (a1l (1,8) Pp(L, 06 (1, 8) — a(0) 0, (0, D)20(0, )45, (0, 1)) dardt
-7
+ XOa
where X is the sum of all “lower order terms”:

T 1
| Xo| < Ms/\4/ / ©*|w|? dz dt.
-1 Jo

Let us analyze the high order terms arising in the previous expression of I. First, remark that

T 1
3A2/ / o (lwe 2l — 2atbutbrwswe + a2, Plel?) dzdt > 0. (A3)
—-TJO

Secondly, notice that, under the assumption a € A(xg,ap), if [ satisfies (2.2), we can choose « in such a way
that the terms of order s\ are positive. Indeed, we have in this case

—a(z) — (x — zg)ay(x) < B < alz) + %(ac —xo)ax(x) Ve |0,1],
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whence
203 - 2a(x) + (z — zo)ax ()

B+a(r) + (z—xo)as(x) ~ f+a(@)+ (v —z0)as(z)

Yz € [0,1].

Let « satisty

(oY e (ot st
0,1 \ B+ a(x) + (z — z0)a.(x) 0,1\ 3+ a(z) + (z — wo)ax(z) )
Then, an explicit computation of the derivatives of ¢ shows that
2wtt - a(wtt - (awz)z) >0 and a(wtt - (awz)x) + 2(0/7/];1:)2: - axwx >0 in [07 1} X [_Ta T}

and, consequently,

T 1
! [TA plwe|* (20 — a(tr — (avs)s)) dzdt

T 1
+ sA/T/ palwy [ (e — (ats)s) + 2(ats)s — apthy) dzdt
- 0

T 1 T 1
> Ms)\/ / <p|wt|2dxdt—|—Ms)\/ / o|w, |* dz dt.
—TJo -TJ0

The remaining terms in I can be written in the form
‘ T 1 )
253 [ [l (f? o) doa
-1 Jo
‘ T 1
500 [ Gl @l + ablial? + 202l )
-1 Jo
T 1
asx [ P unl? - alb ) — (@) dadt
Y |
235/\5/ / O lw?Fy(x, Y (z,t)) dz dt,
-1 Jo

where Y := || — a|y,|? and

Fx(2,Y) :=2\Y? + (20 + a(tu — (a(z)he)s)) Y
+ (@)t 2vu + au(2) s + 2a(2)rs)
=2)\Y? + (48 + a(26 + a(z) + (z — z0)a.(x))) Y
+ 8a(z)(z — x0)%(—26 + 2a(x) + (x — 20)a(x)).
Since F) is polynomial of the second degree in Y, one has
Fx(z,Y) > 8a(x)(z — 20)*(—26 + 2a(x) + (x — x0)a.(x))
~ 4+ a2f +a(2) + (z - wo)aq (2))]?

for all z € [0,1] and Y € R.. Therefore, if 3 satisfies (2.2), for A large enough (depending on zo and ||a||cs(jo,17))>
we obtain:

T 1 T 1
o8 [ [ PR dedr = 8N [ [ Gl da. (A4)
—17.Jo T JOo
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Putting together the estimates (A.3)—(A.4), the following is found:

T T 1
/ / (Pw) (Pyw) dazdt > Ms)\/ / ¢ (Jwe]® + |wy|?) da dt
—-TJo -TJ0

T 1
—|—Ms3/\3/ / ©*lw]? dz dt (A.5)
-1 Jo
T T 1
—Ms/\/ \wm(l,t)|2dxdt—Ms)\4/ / ©*|w|? dz dt.
-T -TJO0
On the other hand, recalling the definition of P, P;, P, and R, we observe that

T 1 T 1 T 1
/ /(\P1w|2+|P2w|2)dxdt+2/ /(le)(Pgw)dxdt:/ / | Pw— Rw|* dz dt
-TJO0 -TJO0 -TJO0

It is not difficult to see that there a exists M such that

T 1 T 1 T 1
/ / |Pw—Rw|2dxdt§M/ / |Pw\2dxdt+Msz)\2/ /¢2|w|2dmdt.
—-TJO0 —-TJO0 -TJO0

In particular, we have

T 1 T 1 T 1
/ / (Pyw)(Pyw) dx dt SM/ / \Pw|2dxdt—|—M32)\2/ / ©*|w|? de dt (A.6)
—-17Jo -TJO0 -TJo

and combining (A.5) and (A.5) we obtain:

T 1 T 1
s/\/ / @ (lwe]® + wa]?) dxdt+s3)\3/ / ©*lw]? dz dt
—TJo -TJ0

T 1 T
gM/ / \Pw|2dxdt+Ms)\/ (1, 0)|2 dt
—TJo -T
T 1 T 1
+Ms)\4/ / @3\w\2dxdt+M32)\2/ / ©*|w|? dx dt.
-1 Jo -1 Jo

Obviously, the last two terms in the right hand side can be absorbed by the second term in the left for s large
enough. Therefore, there exists so > 0, only depending on g, ao, |lal/¢s(,1) and T', such that, for all s > s,

one has:
s)\/ / (Jwe? + |ws|?) d:rdt—i—sg’)\s/ / O3 |w|? da dt
<M/ / |Pw\2dxdt+Ms)\/ lw, (1,1)]? dt. (A7)
-7

Since w = ve®? and Pw = e*? Lv, we can easily rewrite (A.7) in the form (A.1).
This ends the proof. O

In the remaining part of the Appendix, we will use the Carleman estimate (A.1) to prove Theorem 2.2.
Thus, let us assume that (2.6) holds, w € L?(=T,T; Hi(0,1)), Lw € L?((0,1) x (=T, T)) and w,(1,-) €
L?(~T,T). Thanks to (2.6), there exists n € (0,7) and ¢ > 1 such that

(1 =e)T—n)p = ax x a(x) /2 (x — o).
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Moreover, simple computations show that, for every t € (=T, =T +n)U (T —n,T), the function (- ,t) satisfies:

(1—-¢) I[gm (@, )] = e a(z)? |z, t)|

t 0’ ! (A.8)
max Y(a,t) < r[g’llr]l ¥(z,0).

Let x € C2°(R) a cut-off function such that 0 < y <1 and

1, iflf<T—n
t) =
XO=10, ipy>T

Then we can apply Theorem A.1 to the function w := yw, whence the following Carleman estimate holds

// 252 (|| + |wz|)dxdt+s/ / ¢ |w|? da dt

<M/ / 25“"|Lw\2dxdt+Ms/ 5|1, (1,t)|? dt.
-T

Since Lw = yLw + xuw + 2xwe, we deduce from (A.8) that

/ / 252 (Jwy]® + |wy|?) dadt + s® / / e |w|* da dt
T+n T+n

<M/ / 25“"\Lw|2dxdt+Ms/ e2¢|w, (1,t)]* dt (A.9)
-T

T+n T 1
—|—M/ / e (|wy)* + \w\2)dxdt+M/ / ¢ (Jwe)? + |w|?) da: dt.
-T 0 T—nJ0

Let us denote by Es = F(t) the energy associated to the operator L, that is,

1 1
Ei(t) := 5/0 e (lwe* + alw,|?) da. (A.10)

Then, the argument employed in the proof of Theorem 2.5 in [4] (using the modified energy given by (A.10))
can be used to deduce (2.7) from (A.9).
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