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CONTROLLABILITY OF SCHRODINGER EQUATION
WITH A NONLOCAL TERM

MARIANO DE LEO!, CONSTANZA SANCHEZ FERNANDEZ DE LA VEGA? AND DIEGO RIAL?

Abstract. This paper is concerned with the internal distributed control problem for the 1D
Schrodinger equation, ¢ ug(x,t) = —uzs+a(x) u+m(u) u, that arises in quantum semiconductor models.
Here m(u) is a non local Hartree—type nonlinearity stemming from the coupling with the 1D Poisson
equation, and a(z) is a regular function with linear growth at infinity, including constant electric fields.
By means of both the Hilbert Uniqueness Method and the contraction mapping theorem it is shown
that for initial and target states belonging to a suitable small neighborhood of the origin, and for
distributed controls supported outside of a fixed compact interval, the model equation is controllable.
Moreover, it is shown that, for distributed controls with compact support, the exact controllability
problem is not possible.
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1. INTRODUCTION

We are mainly concerned with the internal distributed controllability for the following 1D Schroédinger
equation

Uy = —Ugg + () u + m(u)u, reR, t>0, (1.1)
u(x,0) = uo(x),

posed in the Sobolev space H = {¢ € H'(R) : [ pu(z)|¢|?> < oo}, where u is a positive regular function that
coincides with |z| away from the origin. Here, the non linearity m(u) is of non local nature:

m(6)(z) = / o(z, ) 6 () Pdy, (13)
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where the kernel satisfies the estimate |o(z,y)| < w(y). This choice is motivated for the self-consistent 1D
Schrodinger—Poisson equation used in quantum semiconductor theory

iy = —Ugg +u (2] * (D = |ul?)) (1.4)

where D € C*°(R) denotes the fixed positively charged background or impurities, see [8] and references therein
for semiconductor models. After a suitable rearrangement of terms the Hartree potential reads

ol (D = Juf?) = [ (12 3] = pl2)(D() ~ uw ) 2)dy + nle) [ (D) ~ ) )y
= [z =3~ @)Dy~ [ (12 =31 = pa)luly. O dy+

w(@) (Pl my — ||U(‘»t)||2L2(R))'

Introducing a == [Pl gaga) — [lu(6)|2a0) F@) i= [(z — yl — p(@)Dly)dy, and o(z,y) = u(x) — |z -y,
equation (1.4) thus becomes

tug(x,t) = —uge(z,t) + (ap(z) + F(z))u(z, t) + m(u(z, t))u(z, t),

taking a(x) := ap(x) + F(x) we show that the evolution equation (1.4) becomes (1.1).

We note that in the 1D case the kernel p(z) is not bounded nor integrable so the classic theory developed
in [1] does not apply and we refer to [3] for details on the well posedness. In this article we will consider a
slightly extended version in which the term ap(z) is replaced by a regular function a(z) € C*>°(R), with at
most linear growth at infinity (i.e. with the asymptotics a(z) ~ C*x for & ~ +00), in order to include constant
electric fields a(z) = gz. We note that due to the regularity requirements of the unique continuation technique
displayed in Lemma 3.2, the regular function a(z) appears as a regularized approximation of a locally constant
electric field, which is modelled with a continuous piecewise linear function. It is also worth to mention that
since the impurities give rise to a bounded potential

F(z) = / (I - o] — |z) D)y,

and hence enters in the model equation as a bounded multiplication operator, and since our results are still
valid for bounded perturbations, there is no loss of generality in restricting ourselves to the case F' = 0. Let us
finally mention that results on controllability with local nonlinearities as |u|?*?u are widely developed, see [5,11],
and therefore local nonlinearities will not be taken into consideration.

The problem of exact internal controllability of equation (1.1)—(1.2) is usually described as the question of
finding a control function h € L2(0,T,H) and its associated state function v € C(0,T,H) such that

WUy = —Ugy + () u+m(u)u+ (z)h(z,t), R, te(0,T), (1.5)
u(z,to) = uo(x), w(z,T)=ur(x)

where T' > 0 is a given target time and ug and up are the given initial and target states respectively, and
1 : R — Ris agiven C! function that localizes the control to Supp(¢). The problem of distributed controllability
for Schrodinger equations of nonlinear type appears often in nonlinear optics, see for instance [4,9]. There are
several results on controllability of the Schrodinger equation, for a review on this topic we refer to [13].

In this paper we discuss the internal distributed controllability for the problem

iUy = —Ugy + () u+mu)u, =R, t>0,

u(x, tg) = uo(x)
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and present results concerning two different situations depending on the support of the control: on one hand
controls that are supported outside a compact interval, in which case we shall give positive results, and on the
other hand localized controls, in which case we shall give a non controllability result.

We start dealing with a distributed control given by v (x)h(x,t) where ¢ € C1(R) satisfies:

_J1lfor|z|>R+1
v ={s bz h 17

We thus show that for a given 0 < T there exist a (small) constant ¢ such that for every wo, ur € H with
lluo||2¢, |ur |2 < 0 there exists a control h(z,t) € L?(0,T,H) such that the nonlinear problem (1.5)—(1.6) has a
unique solution u € C(0,T,H).

We then turn to the case in which ¢ € C! is compactly supported and show that for both a = p (linear
operator with a discrete spectrum) and a(z) = x (constant electric field, which has a continuous spectrum),
the linear system is not exactly controllable. More precisely we show that for any fixed finite time 7' > 0 and
any fixed target state ur € H there exist an open bounded interval {2 and an initial state ug € H, such that
for any v with Supp(¥)) C 2, there is no control function v (x)h(z,y), with h € L?(0,T,H), and no constant
C = C(T, £2) such that

Uy = —Ugy + () u + P(x)h, xeR, te[0,T],
u(z,0) = uo(z), u(z, T) = ur(z)
with [[Bll 0,222y < C(T, ) (ol + lfur )
The paper is organized as follows. We set the problem in Section 1. In Section 2, we deal with the existence of
dynamics and establish useful estimates for the related evolution. Section 3 is devoted to the problem in which
the control vanishes inside an open bounded interval. We start studying the linear system for which we prove

global controllability in the space H; we then prove the local controllability for the nonlinear system (1.5). In
Section 4, we deal with the non controllability result for compactly supported controls.

2. PRELIMINARIES

In this section we shall collect some results concerning spectral properties for the operator —92 + a(z). Since
most of the estimates refer to different functional spaces we list them below:

o HY(R):={¢ € L*(R) : ¢, € L*(R)}.
o LZ(R) := {¢: u'/2¢ € L?(R)} where p is a regular even function satisfying 1 < u(x), and u(x) = |z| for
x| > 2.
o Hi= HU(R) N LE(R) with [0l13 = [164]12: + 1612
2.1. Existence of dynamics

To start with we consider the auxiliar operator L, defined by
L+ H— H/
¢ = Li(9) := (=07 +xl) . (2.1)

Although this operator does not enter directly in our model, because of the loss of regularity of |z| in the
origin, it provides the workspace H and also it possesses useful spectral properties, easily deduced from the ones
of the Airy function, that are needed for the proof of the non controllability result of Theorem 4.1.

Lemma 2.1. The operator L satisfies the following properties:

(a) It is self-adjoint in L*(R).
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(b) It has a discrete spectrum 0 < A\; < ... < Ay / +00.
(¢) It has a countable set of orthonormal (with respect to L?) eigenfunctions {¢n : N € N} CH satisfying

A ( /Q (m)ﬁ)l/z < 0(0), (2.2)

where §2 is an arbitrary bounded interval.

Remark 2.2. Self-adjointness of L and the existence of both a discrete spectrum, {0 < Xl < Xz < ...}, and
an orthonormal basis of eigenfunctions, {¢n } ven C H, follows directly from [2] where by means of variational
methods it is only shown that L;l is a compact operator. However, the non-controllability result relies on some
special feature of the eigenfunctions, given by claim (c), that are not considered there and we shall give an
alternative proof.

Proof. We first notice that the related quadratic form verifies (¢; L1¢) = [¢||2> + |||z[*/2¢||2- and this is an
equivalent norm for H, from where we recover the self-adjointness of L. The operator L has an explicit spectral
decomposition expressed in terms of the Airy function Ai, defined as the solution of —Ai,,(z) + zAi(z) = 0
such that Ai(+o0) = 0, as follows. Let 0 < zp < z1 < .../ +oo,and 0 < wo < wy < ... / 400 be the
zeros of Ai’(—x) and Ai(—x) respectlvely, and take \oy = ZN, )\2N+1 = wy, and ¢y (x) = czNAi(\x\ — XQN),
pan1(2) = cany15gn(x)Ai(jz] —Xan41), where e is a (bounded) sequence of normalization constants. A direct
computation shows that Ly (¢x) = Ax¢n. This gives the spectral decomposition of L. Since for || ~ +oo it
happens that |z|— XN > 0, each eigenfunction ¢y inherits the decaying properties of the Airy function near +oo
where it behaves as e~

In order to get claim (c) we take profit of the integral expression for the Airy function and its derivative,
with z = —|z|,

Aifa) = (2m) " 2af /2 [ 050
Ai'(z) = (27r)—1/2 /ikeilxIS/Q(k3/3—k)dk
from where, by means of the stationary phase method, we deduce the asymptotics
|4i’ ()] < C(M)][*/* (2.3)

valid for x < —M, and also an estimate for the eigenvalues

Ay ~ N?/3, (2.4)
Let M be such that 2 C [-M, M], from estimate (2 4) there exists Ny such that, for N > N, )\gN )\N > M.
Then, for = € {2 one has |z| — )\gN < M —Xyn < —Ay. Using (2.3) we conclude |¢on (z)| < )\1/4 and therefore

[(On)ellL2(0) < (2M)1/2/\}V//42 This finishes the proof. O
As a direct consequence of previous result we get the existence of dynamics for the operator L, defined by

L,:H—H
¢ Lu(9) == (=05 + p(x)) ¢ (2.5)

where u(x) is a regular even function satisfying u(x) = |z| for |z| > 2 and max{1, |z|} < u(x) <1+ |z|.
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Lemma 2.3. The operator L, is well defined and verifies

(a) It is self adjoint.
(b) It has a discrete spectrum 0 < A1 < Ao < Ay /" 400, and a countable set of orthonormal (with respect to
L?) eigenfunctions {on : N € N} CH.

Proof. 1t follows directly from the inequalities

(93 Ly @) < (¢ L) <|oll72 + (65 L19),

and the compact embedding H — L2.
Notice that previous estimates yield the asymptotics

Ay ~ N2/3, O

In order to develop the observability inequality we need to build some appropriate Sobolev spaces, related to
the operator L, defined by (2.5). This is done as follows. Let {¢n}nen be the orthonormal basis of L? given

by Lemma 2.3 and, for ¢ € L2, let $ be the Fourier coefficient: ngS(N) := (¢; on). We then set for k =0, 1,2 the
Hilbert spaces W* := {¢ € L?: ZNEO N8 B(IN)? < oo}, with the inner product

o~

(W3 d)ywe =D _ ARWD(N)*G(N). (2.6)

N2>0

Let 7 C WY be the set of finite linear combinations of {¢n } nven. Then for k = —3, —2, —1 the inner product (2.6)
is well defined. We then define W* as the Hilbert space obtained from the closure of F with the norm induced
by (-;-)yx. We have that L, : W* — Wk=2 is an 1sometry | L w|we-2 = ||w|lw=. Being L,, positive, we have

Ll/2 WF — Wk=1 which is also an isometry: ||LM 2wllyr-r = [|wllyye.
We finally mention that W° = L2, W' = H, W2 = D(L,,), the domain of the operator L, : W? — L? and
W~ = H’, with compact embeddmgs

W2cwtcwcwtcw 2 (2.7)
Remark 2.4. Since for any ) € W* and ¢ € W—* we have

(W02 = > BN

N>0

_ Z )\k/2 —k/2¢(N)

NZ>0

< lwllpllw -+,
we also have for k = —2,—1,0, 1,2 that (Wk)/ =Wk,

We now turn to the general situation L := —92 + a(z), where a(z) € C°°(R) is a regular function verifying
Qg, gy € L, and also the asymptotics

im A& _ o (2.8)
v ()
The following lemma states precisely the self-adjointness result.
Lemma 2.5. Let a € C°(R) satisfying (2.8). Then L : H — H' defined by L := —02 + a(x) is self-adjoint,
and therefore —iL generates a strongly continuous group of unitary operators in L?(R).
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Proof. To this purpose we first show that L is a closed operator. Let ¢ € C§°(R) and (¢n; L(¢n)) € H x H’
a sequence such that (¢,; L(¢n)) — (¢3%) in H x H', since (¢;doe — (dn)az) = (Pazi@ — ¢n) — 0 and
(p;a(p — dn)) = (sgn()|al'/?g; |2 (¢ — ¢n)) — 0 we thus have (p; L(¢ — ¢n)) — 0, and consequently we
conclude (p;1¢ — Lo) = (@31 — Ly,) + {@; L(¢pn, — ¢)) — 0. This shows that L : H — H’ is a closed operator.
Since L, := —02 + u(x), with u(x) > 1 we deduce that L, > I (the identity operator). For p,¢ € H
we introduce the (well defined) bilinear form Q(¢, ) = (¢z;z) + (¢; a(x)). We now establish two useful

estimates

1Q(¢5¥)| < Ko V)| + (95 1))

<|
< (1 + flap ze) {83 Lutp)|
< (L+ lap )L/ * @l 2 |1 L/ ?| 2

QL5 ¥) — Q@5 L)l = [(¢3 [L = LIY)|
< |<¢a (/~L - a)zz¢>| + 2|<(/~L - a)z¢; wm”
< (11 = @)aallp= + 201 (1 = @)all) 1L/ 2l 22 | L2400 2

1/2
o

where we have used the identity ||L,/“¢||7> = ll¢z[l7- + ll¢l/3-. Applying Theorem X.36" in [10] we obtain that
7

L is a essentially self-adjoint operator in H, since it is closed, it follows that L is self adjoint. O

2.2. Scattering properties for constant electric fields

The non controllability result, see Theorem 4.4, for a constant electric field L. := —9% —z, follows from a well-
known L' — L* estimate for the group U, (t) generated by —iL., which depends upon a result of Avron-Herbst,
see [12] for details.

Lemma 2.6. The operator L. is essentially self-adjoint on S(R) and
Ue(t) _ e—it?’eitace—i(p2t+t2p) (29)
where p = —i0, is the momentum operator.

Remark 2.7. Identity (2.9) says that except for phase factors U, (t)¢p(z) is obtained by first translating by 2

units to the right and then applying the free particle group eitd:

Corollary 2.8. For ¢ € L'(R) we have the following estimate:
1Ue(t)¢llLoe < CltI 21 -

2.3. Estimates for the evolution

Lemma 2.5 guarantees that —iL generates a group U(t). In the sequel we will exhibit useful bounds for the
evolution related to both the homogeneous and inhomogeneous problem.

Lemma 2.9. Let U(t) be the group generated by —iL where L := —0% + o in H. Then
o [(UB)D)all> < ¢allz> + \tlll%llmc||<Z5HL2~1/2

1/2
o U@z < 18llzz + 21721126260 112 + el e = 6 2
o (TSl < Il (1+ 18- Iz — oz llze):
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Proof. Let u(t) = U(t)¢, since u verifies iu; = —ug, + au and |Jul|?, = HuH%IQ + ||ug||2, we have
d
a <uza UI>L2 = 2Re<uzta uz>L2
= 2Re<uz, —iazu>L2
d
E<ua MU>L2 - 2Re<ut7 ,U/U>L2
= 2Re<ux; iuxu>L2
d .
a<u,u>ﬁ = 2Re<uz; i(phe — az)u>L2

The inequalities are obtained by means of a standard ODE argument given by the following lemma. Details are
given due to the lack of a suitable reference. O

Lemma 2.10. Let y: [0,T] — [0,+00) be an L' function satisfying the inequality y*(t) < y*(0) + C'fot y(s)ds
for some constant C' > 0. Then y(t) < y(0) + Ct/2.

Proof. Let w(t) := fot y(s)ds and z(t) := /y?(0) + Cw(t). Then 2(t) < C/2 and therefore y(t) < z(t) <
2(0) + Ct/2. O
We now turn our attention to the non linear term in equation (1.5), and give the following estimates.
Lemma 2.11. Let m : H — L*°(R) be given by
m(@)(w) = [ ole.)lo()Pdy

where |o(z,y)| < p(y) and |oz(x,y)| < C. Then for ¢, p1 € H the following estimates hold.

o [Im()llz= <617,

o [Im(@)¢ —m(d1)illr < 3/2 (6113, + llellalldrlle + 61l13) 6 — bl
Proof. 1t is a straightforward computation and will be omitted.

O

We now turn to the non homogeneous problem (1.5) and give similar estimates in the lemma below, which
in turn express the global well posedness of the problem.

Lemma 2.12. Let T > 0 be fized, and let v € C(0,T,H) N C*(0,T,H’) be a solution of (1.5) with fized
h € L*(0,T,H) and v € C*(R) such that ¥, and v, € L>(R). Then we have the following estimates:

ull oo, z2 @) < llwollzz@y + T2 [1¢)l Lee Al L2 (0,,70)-
llwe |l Lo 0,7, 2®)) < llwollm + (1Bl L2072 T/ Cuo, ¥).
[ull Loe 0,7, 22 ) < lluollzz + Al L2(o,1,20) T2 Cuo, ).
lull oo o,7.00) < ol + 10l 20,7000 T/ C (w0, ).

Proof. Using estimates for the linear and nonlinear term, given in Lemmas 2.9 and 2.11 respectively, the proof
relies on a procedure similar to the one displayed in Lemma 2.9 and will be omitted. O



30 M. DE LEO ET AL.

3. CONTROLLABILITY

3.1. Linear system

We start this section taking into consideration the controllability of the linear problem, which throughout this
section means the existence of a control h(x,t) such that the unique solution of the related non homogeneous
linear equation

tug(z,t) = Lu(x,t) + p(x)h(x, t) (3.1)
u(z,0) =uo(z) zeR (3.2)
satisfies u(z,T) = up(x), for given T > 0 and wug,ur(z) € H, where L := —0? + a(z) is the operator of

Lemma 2.5, and 1 is defined in (1.7). The main result is given in the following theorem; its proof is based on
the Hilbert Uniqueness Method (HUM), requires some technicalities, which we shall first develop, and will be
delayed until the end of this subsection.

Theorem 3.1 (Global controllability: linear case). Let T > 0 be given. Then there exists a bounded linear
operator G : H x H — L?(0,T,H) such that for any uo,ur € H the system (3.1)~(3.2), with h = G(ug,ur),
admits a solution u € C(0,T,H) satisfying u(z,T) = ur.

As we stated before, we need first to present the ingredients to apply the HUM. To do this, we consider the
corresponding adjoint problem in H':

ive(z,t) = Lo, (3.3)

v(x,0) = vo(z). (3.4)

Let A : H — H’ denote the usual isomorphism between the real spaces H and H’ defined by A(v) = (v, ).
Given vy € H’, let v be the solution of equation (3.3). Then, take h(-,t) = A~(¢pv(-,t)) and consider the

problem
iwg(x,t) = Lw + p(x)h(x, t), (3.5)
w(z, T) = u(z), '
which we split into the two problems:
iwt(l)(ac,t) = LwW, (3.6)
w (2, T) = uy (),
and
i (z,1) = Lu® + g(@)hz, 1), 37)
w® (z,T) = 0. '

Clearly, w = w™ + w®). As usual with the HUM procedure, given vy € H’ the initial condition of equation
(3.3), we define the linear operator S : H' — H by

S(vg) = —iw®(-,0) (3.8)

where w®) is the solution of (3.7).

If we can show that S is an isomorphism, then the inverse image by S of —iug + iw(l)(~,0), is the initial
condition for equation (3.3) that will provide the sought control h = A=t (¢v(-,t)).

This is shown by establishing the observability inequality of system (3.3) in H’ which we describe in the
following lemma.

Lemma 3.2. Let v be a C' function defined by (1.7). There exists a constant C > 0 such that for all vo € H’,
the solution v of (3.3)—(3.4) satisfies

T
Anm@w%szwmu (3.9)
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The proof of the observability inequality (3.9) is quite similar to the one given by L. Rosier and B. Zhang
n [11]. We repeat most of the construction given in that paper for the sake of completeness.

In order to prove Lemma 3.2 we begin by proving the corresponding observability inequality in H. We recall
the isomorphism L, : H — H', L, = —02 + pu. Consider the Schrédinger equation

iw(z,t) = Lw + P(w), (3.10)
w(x,0) = wo(x), (3.11)
where P(w) = L, *[v, L,](w), with v := a — p.
Lemma 3.3. Following assertions are true:

(a) O: WF s WkE-1 is a bounded operator for k=0, 1.

(b) For g € L™ such that g’ € L™ the related multiplication operator g : W* — W¥* is bounded for k = 0,1, —1.
(c) P: Wk WF is a bounded operator for k =0,1,—1.

(@) o=y < C)lunllws for k= 0,1,-1.

Proof. For k = 0 claims (a) and (b) are evident. Claim (a) for k& = 1 is obtained from k = 0 by duality
W1 = (W) (see Rem. 2.4). Claim (b) for k = 1 follows from the estimate:

lgllre < llg'llzll@llzz + llgllz=ll¢'l 2 + llgllL=ll]lL2-

By duality we also get claim (b) for k¥ = —1. Claim (c) is a consequence of claims (a) and (b) applied to the
identity
L;l[u, L,)= L;l (20205 + Var)

where we have used that v, v,, € L°.
Finally, claim (d) is a direct consequence of claim (c). O

Lemma 3.4. Let 1) be a C* function defined by (1.7). There exists a constant C > 0 such that for every wo € H,
the solution w of (3.10)—(3.11) satisfies

T
/0 [ w(, 1) [2dt > Clluol (3.12)

Proof. By Duhamel, we know that there exists C' > 0 such that for wy € H, the solution w of (3.10)—(3.11)
satisfies

T
Jwollf < C / (-, £) 2 d. (3.13)

Therefore, (3.12) will follow if we prove the following inequality in H:

T T
/O (-, )17 dt < C/O [ w(-, ) |13 dt. (3.14)
We use the multiplier technique. Define ¢ € C§°(R)

_ fafor x| < R+2
o= {5 SRS (3.15)

We have that

T
d . . T
/O 3 (wsique)dt = (w,iquy)|, (3.16)
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Recall L = —9?2 + a, then the Lh.s of the last equation reads:
T
/ (1Wy g, 1qWy ) — (iw + iP(w), iqus) + (W, iqiwyey) + (w,ig(—i)(aw + P(w)),)dt.
0
Integrating by parts we have that:
" T
<w,iqwx>|0 = / —2(Wg, @rwy) — 2{qw + P(w), qu;) — (quaw, wy) — {cw + P(w), guw)dt
0
and therefore, using that (f,g) = Re [; fg*:
1 _ T T 2 1 _ _ 1 _
—Im qux|0 + Re Gz | W |* + = Guaww, + (aw + P(w))(qw, + =g,w) | dedt = 0.
2 R o Jr 2 2
Then

T 2 1 . T 2
‘fo Jizi< 2 ] ‘ <3 ’f{|I|SR+3} quive | ‘ +Jo ‘f{R+2S\m\§R+3} Gz |we | ‘

+ 3 | [{Re2<io/< Ra3) GeatWiln | + ‘f{\x\gms}(aw + P(w))(qws + %qzw)u

and using Lemma 3.3 and

T
leo(to, )3 < C / ot )2 gyt Vo € 0,7
law||L2({jz1<rt3}) < CllwllL2r)

we have that there exist € > 0 and a constant C. such that

T T T
/ / e Pdadt < / le(t, )2 dt + C. / Jeo(t, )22t
0 Jjz|<R+2 0 0

T
+Cs / / lw, [2dzdt.
0 J{R+2<|z|<R+3}

[wllwe < [[Ywlis + (11 = )wlln

We have that

and since 1 —¢ =0 for |z| > R+1

1A =P)wln < CI(1 = p)wl[g

It is clear that
11 = )wlF < C (/ |we|*da + Iw||2L2(R)> ;
|z|<R+1

and since (Yw), = w, for |z| > R + 2, we have that

/ gl <
x|z

Therefore, if ¢ is chosen small enough, from (3.23) and (3.25)—(3.28), it follows the inequality

/O wt i< © ( / bt Bt + / w2 dt) .

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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It remains to prove that
T T
/O lw(-,)]|72dt < C/O [bw(-, £)[17, dt. (3.30)

Assume inequality (3.30) is not true, then there exists a sequence wf € H such that the corresponding sequence
w” of solutions of (3.10) satisfies

T T
L= [ IO mde 2k [ vt @de k=12.... (331)
0 0

According to (3.29) and (3.31), the sequence {w"} is bounded in L?(0, T, H). Therefore by (3.13) the sequence
{wk} is bounded in H. Extracting a subsequence if needed, we may assume that

wh — wy weakly in H and w® — w weakly in L?(0,T;H) (3.32)

where w € C([0,T]; H) solves equation (3.10)—(3.11) with initial data wo. Indeed, we first have that wf — wo

weakly in H and w* — u weakly in L?(0,T,H). Being H compactly imbedded in L?(R), we may assume that

wf — wo strongly in L?(R) and therefore

w"® — w strongly in L*(0,T, L*(R)) (3.33)

where w € C(0,T,H) since it is the solution of equation (3.10)—(3.11) with initial data wy € H. From the
uniqueness of weak limit in L?(0,T, L?(R)) we obtain that w = .

By (3.31), pw* — 0 strongly in L?(0,7,H) and since w* — yw weakly in L2(0,T,H), we conclude that
Yw =0 on R x (0,7). Consequently,

w(z,t) =0, || >R+1,te (0,T). (3.34)
Let v = L,w, then v satisfies equation (3.3) and
v(z,t) =0, |z| >R+1,te (0,T). (3.35)
We consider the new problem (similar to (3.3))
Wy = —Vgsp + oa/?v (3.36)
v(x,0) = vy.
where ¢ is a C5°(R) given by

~ 1for |[z| <R+1
() = {o for IasI >R+2 (3.37)
Then, problems (3.3) and (3.36) have the same solution which satisfy (3.35). Using Proposition 2.3 from [11]
with a = —azﬁ and b = 0 functions in C§°(R) and being vg € H’ with compact support, we have that v is of
class C* on R x (0,7).

By the unique continuation property for Schrédinger equation we conclude that v = 0 on R x (0,7"). This
implies w = 0 on R x (0, 7). From (3.33) and (3.31) we have a contradiction.

Then observability inequality in H (3.12) is proved. O
We are now in position to prove the observability inequality (3.9) in H’'. We first prove a weaker inequality:

Lemma 3.5. There exists a constant C > 0 such that for every vo € H' = W~ and v the solution of
equation (3.3)—(3.4), the following inequality is satisfied

T
lvollfy-» < C (/0 v () 1§y dt + Ivo||%w> : (3.38)
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Proof. Suppose that inequality (3.38) is false. Then there exist a sequence vy, of solutions of (3.3) in C'(0,7,H’)
such that

T
1= [lor(0)[[fy-+ > & (/0 lpor ()3 dt + IIUk(O)H%w) : (3.39)

Then we can extract a subsequence such that vg(0) — vy weak in H’ for some vy € H' and we can assume
v, — 0 strongly en W2 and therefore vy = 0. Moreover, we can assume v, — 0 strongly in L?(0, T, H').
Since H C H'(R) continuosly, we have that

lwallwo < lwlw- (3.40)
Now, let v € H' = W1, there exists w € H = W! such that v = L,w, then
[vallw-2 = | Lpwe + powllw-2 = HL;l(Luwx + paw)[[wo < flwz [lwo + ||L;1Ma:w||W° (3.41)

using (3.40), we have ||vg|ly-2 < Cljv|lw-1. From Lemma 3.3 we also know that there exists a constant C' > 0
such that for all w € L? = WP
[wallw -+ < Cllwllweo. (3.42)

Next, we will prove that vy (0) — 0 strongly in W~! arriving to a contradiction by (3.39).
Let wy = L;l(vk), then wy € C([0,T], W) is a solution of equation (3.10) in H and

Ywe =YL e = L (or) + [, L, Joe = L, (Yor) + L MLy, wg. (3.43)

Since vy, — 0 strongly in L2(0, T, H’) and ||L,; ' (¢vp.) |1 = ||[Pvr|| -1, we deduce that L' (o) — 0 strongly in
L?(0, T, H). On the other hand, using (3.42) and Lemma 3.3 we get

1L, L ) (wi) lwr = 1L 9] (wie) [l
= [|[Yzzwi + 292 (Wk )|l
< Cllvellw-s + llvellw-2)
< Cllogllw-2

and this implies that L '[L,,¥](wg) — 0 strongly in L(0,T,H), since v;(0) — 0 strongly in W2,

Therefore Ywy — 0 strongly in L2(0,T,H). Since wy, is a solution of (3.10) we have from the observability
inequality (3.12) that wg(0) — 0 strongly in H. It follows that v, (0) = L,wi(0) — 0 strongly in H’, which
contradicts the fact that ||vg(0)|ls = 1. O

Proof of Lemma 3.2. Assume that inequality (3.9) is false, then there exists a sequence vy, of solutions of (3.3)
in C([0,T]; H') such that

T
1= ()2 > k/o o ()2 - dt (3.44)

for all £ > 0.
Extracting a subsequence, we may assume that

vy — v in L(0,T;H') weak — %,

v (0) — v(0) weakly in H’ (3.45)

for some solution v € C(0,T;H’') of (3.3)-(3.4). From (3.44), v, — 0 strongly in L2(0,7,H’) and since
Yo — Yo in L°(0,T; H') weak-x, we have that vv = 0. We deduce as before that v =0 in R x (0, 7).
{vk(0)} being a bounded sequence in W~ and since W~ is compactly imbedded in W =2, see (2.7), there
exists a subsequence such that v (0) converges strongly in W =2 necessarily to 0.
We infer from (3.38) that vj(0) converges strongly to 0 in W~! which is absurd from (3.44). This finishes
the proof. O
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Proof of Theorem 8.1. Let vg € H' and v(x,t) the solution of (3.3) such that v(x,0) = vg. Let w be the solution
of (3.7) with u; = 0 and h = A~ (¢pv(-,t)). Then

T T
/ (v, i, — Ly 2t — / (v, 6h)pe pedt. (3.46)
0 0
Using that
(v iwe) = (v, iwhp g+ (0, W
’ ’ ' 3.47
(v, 2w)pr 1 = (O30, W) 1 (3.47)
we obtain
T 4 T T
/O v, i) et = /0 (—ivy + Lo, whre et + /0 (v, 6h)pe et (3.48)
By (3.3), being w(-,T) = 0 and h(-,t) = A" (yw(-, 1))
T
<1)0, —iw(w, 0)>H',H = / <1/)’U, /1_1(1/)1})>H1,Hdt, (349)
0
and therefore .
(o0, (o) = [ wolfedt = Clunlf (350)
0
It follows from Lax Milgram that S is an isomorphism. U

3.2. Non linear system
We are now in a position to present the local controllability of the non linear problem
iug(z,t) = Lu+ m(u)u + (x)h(x, ) (3.51)
u(z,0) =up(z) xz€R (3.52)

which, as in the linear case, means the existence of a control h € L?(0,T,H) such that the related solution
satisfies u(x,T) = up(z).

Theorem 3.6. Let T > 0 be fized, then there exists R > 0 such that for every ug,ur € H with
max{||uo||7; |lur|ln} < R there exists h € L*(0,T;H) such that the unique solution of (3.51)-(3.52) satis-

fies u(z, T) = up(x).
Equation (3.51)-(3.52) can be written in its integral form
t ¢
u(z,t) = e Flug(z) — z/ LD m(u(z, s))u(z, s)ds — z/ LDy (2)h(x, s)ds.
0 0
We then set, for v € C(0,T,H), the mapping that defines the nonlinear term
¢
N (v,0,t) := —i/ et lls=t) (m(v(s))v(s))ds. (3.53)
0
We next define I' : C(0,T,H) — C(0,T,H) as follows:
Given v € C(0,T,H), we compute N (v,0,t) as in (3.53). Given the initial state ug and the target state
ur —N(v,0,T), from Theorem 3.1 there exists a control R € L?(0, T, H) such that the solution @ of the linear

equation (3.1)—(3.2) with h = hlin

w(t) = e Flug(x) —i /t LDy (2) Wl (2, 5)ds (3.54)
0
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satisfies w € C(0,T, H) and

w(T) =up — N(v,0,T). (3.55)
Observe that h'™ depends on v and therefore @ also depends on v.
Let
t
C)(#) = o~ ug + N (v,0,8) — i / SILG=0 ()R (1, 5)ds. (3.56)
0

Since w € C(0,T,H) and is a solution of the linear equation (3.1), then I'(v) reads
I (v)(t) :==w(t) + N(v,0,t) (3.57)

and therefore I'(v) € C(0,T,H), I'(v)(0) = ug, and I'(v)(T) = up. We shall remark that any fixed point of I"
yields the function needed to build the control h € L?(0,7T,H). Hence, it only remains to show that I" has a
fixed point. Let § > 0 and set K5 := {v € C(0,T,H) : v(0) = uo, v(T) = ur, [|v|| g (te,7,7) < 0}. As usual, we
must show that K is left invariant by I, and also that this is a contractive mapping. With this in mind we list
below some useful estimates.

Lemma 3.7. Let R > 0 and let ug,ur € H be such that max{||uo||#;||urlln} < R, let also § > 0 and take
v,u € Kg. Thus the following estimates hold,

o |[I(W)|lLe(0,7,7) < AR+ B&?
o [|[I(v) = T'(w)ll L (o,1,7) < CO?||u = vl Lo (0,1,70)-

where A, B,C' are positive constants.

Proof. These estimates follow from identities (3.53), (3.54), (3.57) and Lemmas (2.9) and (2.11):
¢
IN 0.0l < [ e (m(o(s))o(s) e ds
/ )l (1+ (¢ = )l — ) ds

5 (14 Tllte — ) / ()13, ds

< B(T, |tz = aallzoe) vl L 0.2.20)

< B(T, |l — aallz)d?,

/\
Do I

and

t
/ eiL(s_t)w(ac)h”"(ac,s)ds
0

t
< / 1B ()l (1 + (¢ — )| — ol )ds
H 0

< Cyllh™ | 2oy 11+ (= 8) |t — aallzeoll 20,0
< CW, T, lpa = allzoe) (uoll + [lur — N (v, 0,T)[l%)

< O, T, i = o) (ol + lluz e + NollE o o.z.00)
< AT (e — =) R+ BT, s — all)3?

For the second assertion note that

I'(v)(t) — I'(u)(t) = —i/o ot (m(v)(s)v(s) — m(u)(s)u(s))ds. (3.58)
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A similar reasoning leads us to the inequality
[T (0) () = I'(u)(®)[[# < /0 e =0 (m(v(s))o(s) = m(u(s))u(s)) | ds
< B(T, [|pa — Oéxllm)/o [[m(v(s))v(s) —m(u(s))u(s)llx ds

t
< B(T, ||pa — axIILoc)/ (Iol3e + lollallullz + llullZ) o — ull2ds
0
< B(T, ||tz — allz=)0|[v — ull =0,
from where second estimate follows easily. This finishes the proof. a

Proof of Theorem 3.6. As we state above, it relies on a fixed point argument. Set K5 := {v € C(0,T,H) :
v(0) = uo, v(T) = ur, |[v||L=@,rx) < 6} Using the estimates given by Lemma 3.7, we get the following
sufficient conditions

AR+ B8 < §
8% <1

. . . . _ . 1 1
which are easily satisfied taking 6 = 2RA and R < min {m, m}.

4. NON CONTROLLABILITY FOR COMPACTLY SUPPORTED CONTROLS

Throughout this section we shall focus our attention to controls ¢ (z)h(z,t) with Supp(¢)) compact, and
consider two different situations, depending on the linear term: L,, = —92 + u, which has a discrete spectrum,
and L. = —0? — x with a continuous spectrum. The negative result concerning the related exact controllability
for the linear problem is similar to the one given in [6], however our problem is posed in H which is not L? but
a suitable Sobolev space. For this reason we shall adapt both the result and its proof, and this heavily relies
upon the spectral properties reported in section 2. Actually, since the proof relies on a special feature of the
eigenstates of the linear operator, we shall use the unitary group U, and the eigenfunctions {¢n}nen of the
auxiliar operator Ly := —02 + |z| yielded by Lemma 2.1.

4.1. Discrete spectrum

We first consider the non-controllability result for the model equation,

tug(x,t) = Lyu(z, t) +¢Y(x)h(z,t), z R,
u(z,0) = up(x), u(z,T) = up(x), (4.2)

—~
o~
—_

with Supp(¢) compact. The main result reads as follows.

Theorem 4.1. The exact internal distributed control is not possible, i.e. for a given target state up € H there
exist a bounded open set 2 C R and an initial function ug such that there is no control function h and no
constant C' = C(£2,T) > 0 such that the equation (4.1) holds with u(0) = uo, uw(T) = ur, and ||h||10,rH) <
C (lluoll+ + llurll+)

Proof. As in [6] we argue by contradiction. Let {2 be a fixed finite interval and take ¢x, the Nth eigenfunction
of L., as a target state, and assume that there exist a time 7" > 0, a control function hy € L*(0,T,H), a
constant C(£2,T), with |2 z2(0,7,7) < C(£2,T)(||uoll# + [|¢n]l7) an initial state up and a solution uy of (4.1).
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Let U4 (t) be the unitary group generated by —iL, in H, since L,, = L1 +b where b(x) = p(x) — |z| has compact
support, from Duhamel identity we have:

T
o (@) = Uy (T)uo(x) — i /O U (T — 8)(ha + bu)ds.

Since UL (t)y = Ze*“}‘N @(N)ngN (x), where 1/1 = [(x)¢pn(x)dz are the related Fourier coefficients, after
taking the L2-inner product with ¢x we get

. T -
1= e T (ug; o) — i / e T T=9AN (hhy + bun; P )ds. (4.3)
0
Since ug € H the first term goes to zero. The second term verifies

(Whn +bun; on) = Ay (Why + bun; Lién)
= A O@WhN + bun); (68)2) + AN ([2|vhy + |zlbuy; on)
Ay

(Wahn + Y(hn)o + boun + b(un)as (On)a) + AN (Jz[hy + |2bun; dn).

From Lemma 2.1 we see that the eigenfunctions {¢n}nen satisfy |onlz = 1, |lon]n = X}\,/z, and

(dN)zllL2(2) ~ X%‘L, we also recall that both % and b have compact support, and verifies by, ¢, € L.
With this in mind we get:

- ) T
z/ e TN (hhy + bun; on)| < / [{(¥hn + bun; dn)|
o 0

_ T
< C’(?/MM?\WNHH/(} (lunllre + lAnll7)

T
+C(¢,b)>\&1\|(¢1v)x||m(n)/0 (lunllre + [1hn %)
< AN W, 2, (luoll + AR (L + A3Y)
which goes to zero as N goes to infinity. This contradicts identity (4.3), and finishes the proof. O

4.2. Continuous spectrum

We now consider the non-controllability result for the linear model equation, with L, = —92 — z,
iug(z,t) = Leu(x,t) + (x)h(z,t), = €R, (4.4)
U(J?,O) = UO(.T), U(l‘,T) = UT(-T), (45)

with Supp(¢) compact. The main result reads as follows.

Theorem 4.2. The exact internal distributed control is not possible, i.e. for a given target state up € H there
exist a bounded open set 2 C R and an initial function ug such that there is no control function h and no
constant C' = C(£2,T) > 0 such that the equation (4.4) holds with u(0) = uo, uw(T) = ur, and ||h||10,rH) <
C (lluoll+ + llurll+)

Remark 4.3. As for the result of the previous subsection we follow the ideas of Theorem 3 of [6], but in order
to accomplish the task we need an extra ingredient given by the following Lemma.
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Lemma 4.4. Let U.(t) be the group generated by —iL. where L. := —0% + x. Then [0, : Uc(t)] = —itU.(t).

Proof. We start noting that [0, : L] = [0, : 2] = 1 and [0, : LM*Y] = [0, : LM]L, + LM[0, : L.]. An inductive
argument shows the identity [0, : LM*1] = (M + 1)LM. For ¢ in the Schwartz space we have

[0, : Ue(t)] 6 = Z

M>0

8 : L

—Zt M—‘rl

_Z (M +1)! w L0

M>0

= —itUc(t)o.

A density argument allows us to extend the result for ¢ € H. O

Proof of Theorem 4.2. We first set ¥(z) € C§°(R) such that 0 < ¥(z), Supp(¥) = [—1;1], and 1 = [ ¥(z), and
take ¥, = e ='W (e~ 1x). We below collect the behavior of the different norms involved in the proof, their validity
is evident and will not be reported.

el = ¥l =1 (4.6)
1]l 2 = &= /2|1 ]| 2 (4.7)
ez < e 21+ )20z (4.8)
1(e)allzr = €™ %ol 2o (4.9)
1()allpe = /219 | 2 (4.10)

We also add, for a fixed T > 0, the function ¢. := U.(2T)¥., where U, is the related unitary group, and
notice that [|¢c[|3. = ||¥:|3. = e *||¥||3.. We now argue by contradiction. Assume the exact controllability
of (4.4), then there exist h. € L?(0,T,H) such that

hellzz0,7,7) < Clluolln + [|@ell#),
and a solution u.(x,t) of (4.4) with us(-,T) = ¢, and ug € H arbitrary.

From Duhamel identity we have

T
¢ = Ue(T)uo — z/o Ue(T — 5)(the)ds

and taking the L? inner—product with L, ¢ we get

(9ci Luge) = (Ue(Thuo —i / U(T — 5)(@he)ds; Lude), (4.11)

left hand side reads:
<¢€; L/J¢€> = <&D€; Ue(_2T)(_a§)Ue(2T)ws> + <¢€;:U'¢e>~
Before going further we develop an useful identity, based on the commutator relation given by Lemma 4.4:
Ue(r)(=02)Ue(s) = =[Ue(r) : 8,)0,Ue(s) — 8:U(r) 0, Ue(s)

= —irUe(r)0:Uc(s) 4 is02Ue (1)Ue(s) — 02U (r)Ue(5)0:
=12Ue(r +8) —i(r — 8)0,Ue(r 4 8) — 0,Uec(r + 5)0s. (4.12)
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With this result, the left hand side of (4.11) reads

(e Lute) = AT |We|| 72 + 4T (We; 0, W) — (We; O20e) + (e puope)
= AT W Lo + e P12 + el 72 -

The last term is bounded with the help of Lemma 2.9
IellZs < IWellZs + AT 2 [|(e)oll 12 + AT || |17
Previous estimates altogether yield:
e} (be; Luge) = | Wall72 + O(e). (4.13)
After multiplying by €3, the right hand side of (4.11) reads:

e3(Ue(T)uo; LU (2T)W,) — ic? / T(Ue(T — 8)(¥h); LU (2T)¥.)ds .
0

The first term goes to zero as easily follows from Lemma 2.9 and estimates (4.6):
e? [(Ue(T)uo; LUe (2T)e)| < &b lae|Ue(T)uoll¢
< 2 C(T) | Wel I luoll
< C(T, uo, Lp)eg/z.

The second term is splitted as

T T
i [ (UL = 5)(h)s (~ODUT)) ds — i [ (ULT ~ )M pUL(2T)0) ds.
0 0
and each term is treated separately. For the later we apply a similar procedure as for the initial datum:
e [(Ue(T — 5)(Wh); pUe (2T)¥e)| < || (T — s)vhe| 2

< OB AL .l
< C(Tv vz, ‘Q) 2Hh5”H1
< C(T,w, )2,

and the former is handled using the L' — L™ estimate displayed in Corollary 2.8. To see this we first apply the
identity (4.12) and get:

Ue(—2T) (=02 U(T — 5) = AT?U, (=T — 5) — i(s — 3T)0,Ue(=T — 5) — 0,Ue(—T — 5)0s.
This leads to:
(Ue(T = 5)(¥h); (=0 U (2T)e) | < AT?(We|| 11 [|Ue(=T — 5)(4bhe)|| L
+ 3T |[(¥e)a | L1 [[Ue(=T — s)(¥he) || L=

FW)allLa|Ue(=T — 8)($he )o| L=
< C(R,T)|hellpz + C(2, T, @)e™ " | he

<C,T,v, uo)s_5/2

Where we have used the estimates ||¢he|| 1 < C(82,T)||he|l L2, H(wh ellpr < C(2,T)|he|| 1, and the fact that
| =T — s|7'/2 < T71/2, Integrating in [0, 7] and multiplying by £* we see that the right hand side of (4.11)
tends to zero, contradicting the estimate (4.13). This finishes the proof. O
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