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DIMENSION REDUCTION FOR —A;
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Abstract. A 3D-2D dimension reduction for —A; is obtained. A power law approximation from —A,,
as p — 1 in terms of ['-convergence, duality and asymptotics for least gradient functions has also been
provided.

Mathematics Subject Classification. 35J92, 49J45, 49K20, 49M?29.

Received May 24, 2012. Revised January 4, 2013.
Published online September 3, 2013.

1. INTRODUCTION

Recently a great deal of attention has been devoted to thin structures because of the many applications they
find in the applied sciences. A wide literature, concerning mathematical problems defined in thin structures and
modelled through partial differential equations and integral functionals, is available both in the Sobolev and
BV settings. To our knowledge little is known when one wants to investigate the relations between problems
dealing with thin structures whose deformation fields are functions of bounded variation and the analogous
problems modelled through Sobolev fields. This issue has been in fact pointed out also by [8], in the context
of applications dealing with approximations of yield sets in Plasticity and for models dealing with dielectric
breakdown.

The aim of this paper consists, in fact, in determining the asymptotic behaviour, both for e — 0 and p — 1

g £

of p—harmonic functions in thin domains of the type (2. : w X (—5, 5), with prescribed boundary data vy on
the lateral boundary of {2, := dw X (—%, %), i.e.

—Apv = —div(|Vu[P72Vv) = 0 in 2,
v = g on Jw X (—%,%), (1.1)
[VolP=2Vu v =0 onwx {-5 5},

where v denotes the unit normal to the top and the bottom of the cylinder.
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We emphasize the fact that the thin domain is a cylinder, with cross section w, satisfying suitable regularity
requirements, that will be clearly stated in the sequel (see in particular Sect. 5). We assume in our subsequent
analysis that the boundary is indeed piecewise C! (see beginning of Sect. 3).

Equivalently one may think of studying as e — 0 and p — 1, the associated Dirichlet integral, namely

é/ |VolPdz (1.2)

€

among all the fields v € W'P((2.), with v = vg on dw x (-5, 5)-

Several issues appear at this point, (see for instance [24] for a recent survey on the asymptotics as p — 1):
varying domains (2., meaning of the equation (1.1) for p = 1, the possibility and the order with respect to which
one may take the limits as ¢ — 0 and p — 1.

We start by rescaling our problem, thus eliminating the varying domains, transferring the dependence on &
to the expression of the equation and its associated variational functional.

To this end, we fix our notations: let w C R? be a bounded smooth domain which is piecewise C! (or whose
boundary dw has positive mean curvature (c¢f. [29] and Thm. 5.2 below)) and let ug be in a suitable trace space
to be defined later according to the different formulations of the problems.

For every € > 0, let £2. be a cylindrical domain of cross section w C R? and thickness e, namely (2. :=

£. €

w X (—5, 5). We reformulate (1.2), considering a %7dilati0n in the transverse direction x3.

=0 =wx (—%,%),
u(xy, e, x3) = v(x1, T2, 623), (1.3)
ug (@1, 2) = vo(x1, T2).

In the sequel we will denote the planar variables (21, z2) by x4 and for every &, &2, &3 € R, the vector (&1, &2, &3)
will be denoted by (£4/¢3).
Thus for every p > 1, (1.2) is replaced by I, : WP () — RT, defined as

Ipe(u) = /Q (Vau §V3u> ’ dr,dxs. (1.4)
We can consider the following variational problem
Pp,e := min {Ip,g(u) cu € WHP(02),u = ug on dw x <—%, %) } . (1.5)
The Euler-Lagrange equation associated to (1.5) is
—Apeu=0 in (2,
u = ug on dw x (=3,3), (1.6)

|[Id-Vu - Vu\g(IdEVu) v=0 onwx{-1,1
where Id. € R3*3 is the matrix defined as
L ifi=j=3,

(Ide);; = (1.7)
0;,; otherwise,
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and A, . is the simple anisotropic p, e-Laplace operator defined as
—2
Apeu = div (|[d.Vu- Vul"F 1d.Vu)-

We are interested in the asymptotic behaviour of P, . and argminP, ., (namely the behaviour of the weak
solutions of (1.6)) both in the order (p — 1, € — 0) and in the reverse one, i.e. (¢ — 0, p — 1).

In order to exploit pre-existing results in the I'—convergence setting, we will discuss first the case € — 0 before
p— 1.

For ¢ = 0 we may introduce the 3D problem in terms of PDE’s

—Aapou = _diva(‘vau‘pizvaU) =0 in £,
Vau =0 in {2, (1.8)
U= Ug indw x (-1,3),

where the index o means that the derivatives are taken only with respect to x,.
Let I, 0 : WHP(w) — RT, be the functional defined as

now) i= [ [Vaul’ da, (1.9)
and define the minimum problem
Pp,o :=min {I,o(u) : u € W"P(2),u=ug on dw} . (1.10)

It is well known since the pioneering papers [1,26] that, for every p > 1, P, . converges as € — 0 to P, o, namely
the functionals I, . I'-converge with respect to L? strong topology, as € — 0 to I, o, (¢f. Sect. 3.1). In particular,
it has to be observed that the convexity of the space functions in (1.5) and (1.10), the strict convexity and the
coerciveness of I, . and I o, due to the choice p > 1, ensure that P, . and P, o admit a unique solution, which,
in turn is a weak solution of (1.6) and (1.8), respectively, for instance when ug € W%’p(aw) (cf. Sect. 2 for
the definition of trace spaces).

At this point it is worth, identifying the fields in W1 (£2) with Vsu = 0 with the fields in WP (w), to observe
that (1.8) admits the equivalent 2D formulation

—Apou = —div(|VuP2Vu) =0 in w,

(1.11)
u = ug on Jw.
For every fixed € > 0 and p = 1, one can also define the following variational problems
) 1.1 _ 11
Piei=inf ¢ c(u) :u € W (£2),u = up on dw X 53] (1.12)
where I; . : WH1(02) — R, is defined as
1
I e (u) ::/ (Vau gv;gu)‘dx. (1.13)
9

In principle I; . may not admit a solution in the Sobolev setting, because of many reasons, first of all the lack
of coerciveness, but, as we shall see in Section 5, also the choice of the trace space and the regularity of the
set 2. play a crucial role.
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Consequently in order to guarantee a correct formulation for problem P; . one needs to extend I . (with abuse
of notations) on the space of functions with bounded variation BV ({2), taking care of the fact that u = wug
outside the lateral boundary of {2, thus considering

I e(u) == ’(Dau

where the derivatives are intended in the sense of distributions and the integral is replaced by the total variation.
Hence the minimum problem, after a relaxation procedure (cf. [28], Thm. 3.4), becomes

P1,e = min { ’ (Dau

Analogously one may consider the problem P, . for p =1 and € = 0, thus formally obtaining

%DSU)‘ (2) (1.14)

11
272

1 2
gD3u>’(Q)+/an(_ " |u — uo|dH ,ueBV(Q)}. (1.15)

-

P10 = min {IDau (2) + /

8w><(—§,%)

u—u0|dH2,u€BV(Q),D3u:O}, (1.16)

which arises from the relaxation in BV (£2) (see [2,18]) of the functional I; o : U — R, where U := {u €
WhH(2) : Vau = 0,u = ug on dw x (—%, %)}, defined as

I o(u) :== / |V oulde, (1.17)
9
whose related minimum problem in I/ is
Pro:=1inf {I1 o(u) :u € U}. (1.18)

Also the asymptotic behaviour of I; . as € — 0 is a consequence of the results in [6], ¢f. Section 3.1, where we
state the I'-convergence of I . to the functional in problem (1.16).

The asymptotics in terms of I'—convergence for p — 1 are indeed one of the targets of this paper. Namely in
Theorems 3.8 and 3.11. we prove the convergence of P, o to Py, and of P, . to Py . respectively. In the above

mentioned analysis it is assumed that the prescribed boundary datum wug is in the space Wlf%’ﬁ(ﬁw), for a
certain p > 1.

We emphasize that a different view to the limit p — 1 of problems P, . and P, can be provided in terms
of equations, namely, besides the asymptotic analysis in terms of I'-convergence, mentioned above, via Duality
theory we define in a precise way the anisotropic —A; and —A;, thus giving a clear meaning to (1.6) and (1.11)
when p = 1.

Our analysis focuses also on the study of least gradient problems in dimensional reduction, in connection
with P o and P . In this framework the minimum problems can be stated essentially in the same way but test
fields are assumed in BV, thus in order to ensure existence of solutions a crucial role is played by the regularity
of the domain w and the boundary datum wug.

The paper is organized as follows. Section 2 is devoted to preliminary results about I'-convergence, measures,
functions of bounded variation, trace spaces and duality theory. In Section 3, we first discuss in Section 3.1
the asymptotics as ¢ — 0, for every p > 1 by means of recalls to the existing literature, we then provide
sufficient conditions in order to pass to the limit as p — 1 for every € > 0 (¢f. Sects. 3.2 and 3.3). Finally
in Section 3.4 we conclude that the limits p — 1 and € — 0 commute (cf. the diagram therein). In Section 4
through Proposition 4.1 a meaning to 1-Laplacian and anisotropic 1-Laplacian operators is given and we state
a rigorous connection, for a suitable choice of the boundary datum wug, between the differential problems (1.6)
and the integral ones via the duality when p = 1, see Remark 4.2 and Proposition 4.4.

Connections with the least gradient problem will be addressed in Section 5, see Theorems 5.7 and 5.8. This
latter approach reveals its importance in determining the existence of solutions to the limit problems (asp — 1)
of (1.1). In fact, in spite of possible lack of coerciveness of Problems 1.15 and 1.16 below, the solution exists
provided suitable geometrical regularity assumptions on the cross section w of the cylinder (2..
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2. PRELIMINARY RESULTS

In the following subsections we give a brief survey of I'—convergence, functions of bounded variation and
trace spaces. For a detailed treatment of these subjects, we refer to [3,4,9,10] respectively.

2.1. I'-convergence
Let (X, d) be a metric space.

Definition 2.1 (I'-convergence for a sequence of functionals). Let {J,} be a sequence of functionals defined
on X with values in R. The functional J : X — R is said to be the I' — liminf (resp. I' — lim sup) of {.J,,} with
respect to the metric d if for every u € X

J(u) = inf {liminf In(un) : up € X, up — win X} (resp. limsup).

n—00 n— o0

Thus we write
J =T —liminf J, (resp. J =T —limsup Jn>.

n—00 n—00

Moreover, the functional J is said to be the I'—limit of {J, } if
J =1 —liminf J, = I" — limsup J,,

n—oo n—oo

and we may write
J=I— lim J,.
For every € > 0, let J. be a functional over X with values in R, J. : X — R.
Definition 2.2 (I'-convergence for a family of functionals). A functional J : X — R is said to be the I'-liminf
(resp. I'-limsup or I'-limit) of {J.} with respect to the metric d, as e — 07, if for every sequence &, — 0T
J =1 —liminf J,, (resp. J=TI—-limsupJ., or J =1 — lim J€n>,

and we write
J =1 —liminf J, (resp. J=TI—-limsupJ. or J =1 — lim JS).
e—0+ e—0+ e—0+

Next we state the Urysohn property for I'-convergence in a metric space.

Proposition 2.3. Given J : X — R and ¢, — 07, J = I' — lim J., if and only if for every subsequence

n—oo
{en,} ={e;} there ezists a further subsequence {5njk} = {er} such that {J., } I'—converges to J.
In addition, if the metric space is also separable the following compactness property holds.

Proposition 2.4. Fach sequence €, — 0 has a subsequence {snj} = {e;} such that I' — lim J., exists.
j—oo

Proposition 2.5. If J = —lim iErLfJE (or I' —limsup J;) then J is lower semicontinuous (with respect to the
e—0 e—0t
metric d).

We conclude with a result dealing with the convergence of minimizers and minimum points, [10], Corol-
lary 7.17.

Theorem 2.6. For every e € N, let {z.} be a minimizer of J. in X. If {z.} converge to x in X, then x is a
minimizer of I' — liminf. J. and I' —limsup, J. in X and

(I’ — liminf Jg) (x) = liminf J, (z.), <F — lim sup J€> (z) = limsup J. ().
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2.2. Measures

We start this subsection by recalling a result that may be found in [12].

Proposition 2.7. Let O be a bounded open set in RN, and for every sequence p > 1, let {u,}, and u be
non-negative Borel measures on O such that

lim sup 1,(0) < p(0) < 400,
p—1

lim sup pp,(A4) > p(A) for every open subset A of O.
p—1

Then for every ¢ € C(O) we have

lim gpdyp:/ edp.
p—1 o o

Let O be an open subset of RY | we denote by M(O) the space of all signed Radon measures in O with bounded
total variation. By the Riesz Representation Theorem, M(O) can be identified with the dual of the separable
space Co(O) of continuous functions on the closure of O vanishing on the boundary d0O. The N—dimensional
Lebesgue measure in RY is designated as £~ while HN~! denotes the (N — 1)-dimensional Hausdorff measure.
If p € M(O) and A € M(O) is a nonnegative Radon measure, we denote by % the Radon—Nikodym derivative
of p with respect to A. By a generalization of the Besicovitch Differentiation Theorem (see [2], Prop. 2.2), it

can be proved that there exists a Borel set E C O such that A(E) = 0 and

dp .z +p0)
—(x)=1 —————< forall E
d)\(x) pir([)l_'_ Nt p0) or all x € Supp A\

and any open convex set C' containing the origin. (Recall that the set F is independent of C.)

2.3. Functions of bounded variation

We say that u € L'(O;R?) is a function of bounded variation, and we write u € BV (O;RY), if all its first
distributional derivatives Dju; belong to M(O) for 1 < i < d and 1 < j < N. We refer to [3] for a detailed
analysis of BV functions. The matrix—valued measure whose entries are D;u; is denoted by Du and |Du| stands
for its total variation. By the Lebesgue Decomposition Theorem we can split Du into the sum of two mutually
singular measures D%u and D*u where D% is the absolutely continuous part of Du with respect to the Lebesgue
measure £V, while D%u is the singular part of Du with respect to £V. By Vu we denote the Radon-Nikodym
derivative of D%u with respect to the Lebesgue measure so that we can write

Du = Vul? + D*u.

The set S, of points where u does not have an approximate limit is called the approximated discontinuity set,
while .J, C S, is the so-called jump set of u defined as the set of points x € O such that there exist u™(x) € R?
(with ut(z) # v~ (x)) and v, (z) € SN~ satisfying

1
i | ju(y) — u* (@)| dy = 0,
=0 &N JryeB.(@):(y-2) vu(2)>0)
and
1
im —= lu(y) — v~ (x)|dy = 0.
e=0 &N J{yeB. (@):(y—) wu(z) <0}
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2.4. Trace spaces

If O is an open set with Lipschitz boundary 9O and u € BV (O), we denote by u, the null extension of u
to RN defined by
u(z) if z €O,
0 ifz e RV\ O,

for £V a.e. x € RN, It turns out that u, € BV (RY), and we define the trace yo(u) of u on 9O as

Yo (u) = (uo)+ = (uo) ™.

It results that for HYl-a.e. z € 9O, the vector v, (r) agrees with the exterior (interior) normal v(z) to 0O
at z, moreover u} (z) =0 or u, (x) = 0 and o (u)(z) = u} or yo(u)(x) = u, . We observe that

o(u)(z) = u(z)
for every u € WP(0) N C(O) and for HN~l-a.e. € 0. We also recall that (see [32])

lim —/ lu(x) — Wo(u)(aco)\%dx =0 for HN ! —a.e. 29 € DO.
ONB,(xo)

Let O C RY be a bounded open set with Lipschitz boundary, p > 1, there is a well defined continuous trace
operator from W1?(0) (resp. BV (0)) into LP(90) (resp. L'(00)) satisfying the following integration by parts
formula

/ udivodzr = — / Vu-¢dz+ [ ¢yo(u) - vdHN 1,
O O o0

for every u € WP(O) (resp. u € BV(0)), ¢ € CLRN)N.

Then the trace space of W'?(0), meaning that there is a continuous surjection whose kernel is W, ?(0), is
denoted by Wl_%’p(aO), and it turns out that for p = 1 W%1(90) = L'(90).

Namely the following inequalities hold

o (w)] < Collullws(o) for every u € WH2(0), (2.1)

w7 (90)
and, conversely, for every ¢ € WI*%’P(ao) there exists u € W1P(0) such that vo(u) = ¢ and

lullwiro) < Crllell 1ot (2.2)

(90)’

for suitable constants Cp, Cy > 0.
The following result (cf. [31], Prop. 1.1) allows us to extend the previous considerations and inequality (2.1)
to RV \ O, provided O is bounded.

Proposition 2.8. Let p > 1, let O be a bounded open set with Lipschitz boundary, then there exists Ch > 0
such that for every ¢ € Wl_%’p(aO) there exists u € WP (RN \ O) such that Yrv\p(u) = ¢ and
e e I~
For every p € [1, —ﬁ—oo[,let I be a bounded open set in R with Lipschitz boundary such that I" :== 9ONI # ()
and suppose that HYN~1(I"\ I') = 0. We denote by W&’IE(O) the space {u € WtP(O) :u =0H "1 —ae.on I'},
Woly’gO(O) = W,P(0). In the sequel, for every u; € WLP(RN) we denote u; + WO{’IE(O) by Wifr(O)’ and
uy + WyP(0) by Whe(0).

Ul
Moreover with an abuse of notation, we will identify (the restriction of) a function u with its trace on 00

(or part of 0), vo(u).
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2.5. Duality

We end this section by recalling a result due to Ekeland and Temam (¢f. [17], Thm. 4.1 Chap. IIT) that will
be exploited in the sequel, we refer to the version mentioned in [16], Theorem 2.

Theorem 2.9. Suppose that X and Y are Banach spaces, that A is a linear and continuous operator which
sends X into Y, that F' and G are convex functions on X and Y, respectively. We denote F* and G* their
Fenchel conjugates, defined, respectively, on X* and Y™, by A* the adjoint operator of A. Then

inf {F(u) +G(Au)} = sup {=F"(A"p") = G*(=p")}.
ue preY*

Suppose that there exists ug € X, such that F(ug) < oo, and G is continuous on Aug. Then,

inf {F(u) +G(Au)} = sup {~F"(4"p") = G*(=p")},
ue preEY*

and the dual problem on the right-hand side of the above possesses at least one solution.

3. ASYMPTOTICS IN TERMS OF [ ~CONVERGENCE

In order to study the asymptotics for ¢ — 0 and p — 1 of problems P, . and P, in (1.5) and (1.10)
respectively, we will invoke previous results and prove more general ones for generic open sets O C RY. Finally
we will apply these lemmata to the specific open sets 2 C R? and w € R? involved in problems P, o and P, ..
We will assume, in all the following statements, that w is a bounded open set in R?, which is piecewise C*,
on the other hand we will weaken this assumption in some particular cases as below specified. We conjecture
that it is possible, in the general framework, to assume w with Lipschitz boundary, but, since our aim consists
of providing I'-convergence results in dimension reduction for —A1, connecting our results, in the last section,
with ‘Least Gradient’ theory, we do not focus on the regularity assumptions for the boundary dw.

3.1. Asymptotics as € — 0

The first part of this section is devoted to recall the results available in literature for the asymptotics as
e — 0 of problems P, in (1.5) for p > 1 and P; . in (1.12). Within this subsection w C R? will be a bounded
open set with Lipschitz boundary and (2 := w X (—%, %) .

First we refer to the Sobolev case, i.e. p > 1, to this end we state the following result due to Le Dret and
Raoult (¢f. [26], Thm. 2 where also loadings are considered). Their result deals with the hyperelastic case, besides
some technical restrictions have been imposed. For the scalar case one may refer to [1], where the 3D — 1D

dimension reduction has been performed under mechanically consistent hypotheses.

Theorem 3.1. Let ug € WP (w;R3), let f: R3*3 — [0, +00[ be a continuous function satisfying the following
growth and coercivity condition

Cilg]P = C2 < f(§) < C3(1 + [€7)
for every & € R3*3 and for some C1,C3 > 0, and Co > 0. Then the family of functionals E. : LP(£2;R3) —

[0, +00] defined by
/f (Vau
E.(u) = Q

400 otherwise,

2;R3),

1 , -
EV;;u) dz if u € Wuo,awx(fé,%)(
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I —converges, with respect to the LP(§2;R?) convergence, as ¢ — 0 to the functional Ey : LP(£2; R3) — [0, +0o0]
defined by

/ Qfo(Vau)dzs if u € WhP(w;R?),
Eo(u) = w

400 otherwise,

where WP (w; R?) has been identified with {u € I/Vl’pa
ug,0w
defined as

X(7%,%)((2;1‘&3) : Vau =0} and fo : R3*2 — [0, +o0] is

fo(z) == Cienﬂg3 f(z,¢)
and Qfy : R3*2 — [0, 4+00) is the quasiconvezification of fo, viz

1

Qfo(z) = inf {W

/ fo(z +Vp)dz : p € W&’OO(D;Rz)} (3.1)
D

with D C R3.

Remark 3.2. The above result applies to the family I, . in (1.4), just replacing the density f(-) by |- |P as
in (1.4), providing the I'-convergence, as € — 0, to I, o in (1.9) (observe that Q(| - [P)o = | - |P).

Analogously, in the linear case, i.e. p = 1, from [6], Theorem 3.2, where the SBV setting has been considered,
the following result can be deduced.

Theorem 3.3. Let f: R332 — [0, +00[ be a continuous function satisfying the following growth and coercivity
condition

€l < f(§) =CA+¢])

for every & € R3*3 and for some C > 0. Assume also that there exist constants C,L >0, 0 < r < 1, such that

f(tf)‘ _ot

=01 <oy

for every € € R¥*3 with || = 1 and for all t > 0 and t > L. Then the family of functionals J. : L'(£2;R3) —

[0, +00] defined by
JE(U) _ /Qf (vau7

400 otherwise,

éVgU) dz if u € WH(;R3),

I'—converges, with respect to the L*(§2;R3) convergence, as € — 0 to the functional Jo : L'(£2;R3) — [0, +o<]
defined by

w [ dD3u s ) . B
Jo(u) = /wao(Vau)dxa + /w(QfO) (d|Dgu) d|Diu| ifue BV(Q,R?’),Dgu =0,

400 otherwise,

where (Qfo)>° represents the recession function of the quasiconvezification of fo in (3.1), namely

(Qf0)>°(v) := limsup Qfo(tv)

t—+oo t
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Let W, : R® — R be the function defined as W.(¢) = W.(&1,&2,&3) = |(£a\%§3) ’ We recall the functionals
. : BV(£2) — R, introduced in (1.14), as

I (u) == ‘(Dau

gpgu) ‘ @+ [ ey ellam o (3:2)

where v is the unit exterior normal to dw x (— L l) .

202
We observe that the restriction of I; . to W awx( L )(Q) is given by (1.13).
L

1
3
Moreover, for every € > 0, let G1. : BV (£2) — [0 +00) be the functionals defined as

Gre(u) = /Q (

+00 otherwise.

1,1
v3u> ‘ do ifuc Wuo,awx(fé,%)(g)a

(3.3)

Then, their relaxed functionals (with respect to L'- strong topology) coincide with the functionals I; . in (3.2)
(cf. [28], Thm. 3.4).

We point out that entirely similar arguments to those adopted in the proof of Theorem 3.3 (c¢f. also [7]
where bending moments are taken into account) allow to consider the case with fields u clamped on the lateral
boundary, thus leading to the following result.

Proposition 3.4. The family of functionals {I1.} in (1.13), defined in {u€ W'(2):u=muy on dwx
(—3.%)}, I'—converges as € — 0, with respect to L' strong convergence, to Ir o(u) = |Du|(w) + [, [u—uo|dH*,
where this latter functional describes in {u € BV (£2) : Dsu = 0}, the relazed functional, with respect to the
L —strong convergence, of I o in (1.17).

Remark 3.5. We recall that the I'-convergence result as € — 0, stated in Proposition 3.4 is the same either if
we consider the family of functionals {G1 c}< in (3.3) or their relaxed ones {Ij ¢} in (3.2) (¢f. [10], Prop. 6.11).

3.2. Asymptotics as p — 1 in the reduced 2D model

Let w C R? be a bounded open set, piecewise C, let p > p > 1, let ug € W'~ 7 P(Qw) and let H,o:BV(w) —
R be the family of functionals defined as

1

iy | (L1700)" irvewizio)

400 otherwise,

where W : R? — [0, +-00[ is convex, positively 1-homogeneous and verifies (3.8).

The target of this subsection is to study the asymptotic behaviour as p — 1 of (3.4) in terms of I'-convergence.
We start by observing that the regularity of w, and the fact that ug € Wl_%’ﬁ(aw) allow us to apply Propo-
sition 2.8 and thus deduce that ug can be naturally extended as a W1P(R?) function. Consequently in this
subsection we will implicitly assume that ug € W1P(R?) and prove the following result.

Theorem 3.6. The family of functionals {Hp o}, defined in (3.4), I'-converges, as p tends to 1 and with respect
to L' strong convergence, to the functional Hy o : BV (w) — R defined as

dDu _
Hi o(u) = /w W <m> d|Du| + N W ((ug — u)v)dHN 1, (3.5)

where v denotes the unit exterior normal to Ow.
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This result will be achieved by several steps: first we will consider the case W (-) := | -|, stating first the upper
bound inequality in Proposition 3.7 for any dimension N and achieving full I'-convergence in Theorem 3.8.
Then we will treat the case of W convex and positively 1-homogeneous, proving the upper bound inequality in
Proposition 3.9 and arguing, in the proof of Theorem 3.6 exactly as in Theorem 3.8.

We start by recalling the following result that can be found in [14,21].

Proposition 3.7. Let O C RY be some bounded open set, which is piecewise C'. Let uy € L(0O). Suppose

that u, € WpT_l’p(aO) converges in LY(0O) to uy. Then for every u € BV (O), there exists U, € WHP(O),
U, = u, on 00, such that

lim/ \VUP\de:|Du|(O)+/ f— g [dHN 1,

lim/ U, —ul' dz =0,

* N .
where 1" =

We restate the above result in terms of I'-convergence with respect to L!-strong convergence.
Let F, o : BV (w) — R be the functional defined as

1
(/ |Vu|pdac) if u e WiP(w),
w

Fyo(u) := (3.6)
400 otherwise.
Let F1,0 : BV (w) — R be defined as
Fio(u) = | Dul(@) = | Dul(w) +/ lu — wo|dH. (3.7)
Ow

We can prove the following theorem

Theorem 3.8. Let {F, o}, be the family of functionals introduced in (3.6), then {F, o}, I'—converges, with
respect to the L'(w) strong topology, to Fi .

Proof. The lower bound is trivially obtained if {u,}, is such that lim, .1 F, o(u,) = +00. Let {up}, strongly
converge in L'(w) to u € BV (w) and assume also that it is a sequence with equibounded energy, namely there

exists C' > 0 such that .
Fyo(up) = (/ |Vup|pdx) e
w

By Holder inequality, and the fact that u, € VV&&I’ (w) it results that

1
| Du,| (@) < (/ |Vup|pdx) \w\lf% < ' for every 1 < p < p.
w

Observe that, by virtue of Poincaré inequality, any sequence with equibounded energy {u,}, admits a further
subsequence, converging weakly * in BV (w) to u € BV (w).

Now by the observations made at the beginning of Section 3.2, ug can be assumed as a WP (R?\ &)-function,
whence the regularity assumptions on dw ensure that we can extend u € BV (w) by ug in R? \ @, thus obtaining
a BV (R?) function, still denoted by u. In the same way we may extend, with an abuse of notations, any wu,, by
ug € R?\ @, getting u, € WhHP(R?).
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Clearly {u,}, weakly * converges to u in BV (w’) for any bounded open set w’ DD w. Consequently the lower
semicontinuity of the total variation with respect to the weak * topology in BV, and Hoélder inequality provide
the following chain of inequalities

1
P

|Du|(w’) < liminf |Du,|(w') < liminf </ |Vup|pdx> \w’|1_%
p—1 p—1 W'
= lim i{lf (/ |Vu, [Pdz —l—/ |Vuopdx> , for every p < p.
p— w w\w

As ' shrinks to w, by (3.7), we obtain the so-called I'-liminf inequality

1
| Du|(w) < 1iglj{1f (/ Vuppdx) , for every p < P.
w

For what concerns the upper bound, we invoke Proposition 3.7 with N = 2, thus for every u € BV (w) we get

the existence of a sequence {uy,}, € Wl-P(w) such that

lim/ lup — ul**dz =0,
p—1/,

1
lim (/ |Vup|pdw>p = |Du|(w)+/ lu — uo|dH*,
p— w ow

and this concludes the proof. O

The following result carries Proposition 3.7 over to more general integrands. To this end we will consider
bounded open subsets O of RV, with piecewise C' boundary and boundary datum u; € Wl_%”j(aO) for
some p > 1. The same argument invoked at the beginning of Section 3.2, namely the regularity of O and
Proposition 2.8, lead us, without loss of generality, to assume that u; € WHP(RY),

Proposition 3.9. Let O C RN be a bounded open set, with piecewise C* boundary. Let W : RN — [0, +o0[ be
a continuous, positively 1-homogeneous function such that

SI6 S W(©) < Cle] for every € € RV, (33)

for a suitable positive constant C. Let uy € Wlf%’p(ﬁO), for some p > 1. Then, for every uw € BV (O), and for
every 1 < p < P, there ezists U, € WLP(0), U, = uy on 00, such that

dD
lim [ (W(VU,))Pdz = / W (—“> dDu|+ [ W((us —u)v)dHN 1,
r=1Jo o d|Dul 20
lim / U, —u|' dz =0,
r—1 Jo

where v is the unit exterior normal to 00, and 1* = %

Proof. Let u € BV(0), first we claim that for every sequence {p} converging to 1, with p > 1, it is possible to

find a subsequence, still denoted by {p} and a sequence {v,} C W1P(O) N C*>(0), with v, = u; on O such

that

lim / lup —ult dz =0 (3.9)
o

p—1
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and

limy | W(Voy)da /W dDu d|Du|+/ W ((u1 — w)v)dHN L, (3.10)
p—1 o d[Dul a0

To prove the claim we observe that [15], Proposition 2 ensures that there exists a sequence {v,}, such that

€ WhP(0) N C*(0), and v, = uy on 90, (3.9) holds, lin%/ v, —ul* dz =0 and liml/ |V, [Pdz =

|Dul|(O) + / |u—u1\dHN !, This in turn, by virtue of Holder inequality, implies that hm / |Vu,|de <

hm (/ va|pdx) \0\1*% = |Du|(O) —l—/ | — ug|dHN L
o0

The opposite inequality follows by well known relaxation results, see [20], where the functional |Dv|(O) +
Joo lv — ua|[dHN ™! turns out to be the relaxed functional (with respect to L*(O) strong convergence) of
{fo [Voldz if v e WL1(0),

+00 ifveBV( )\ WL(0).

Ul
Now, observing that, without loss of generality u; can be considered a WP(RY \ O) function, we can extend

v, and u by uy outside O, thus obtaining a WP(R”Y) function and a BV (RY) one (cf. Prop. 2.8 and [3],
Cor. 3.89), respectively. Consequently for every open set O’ DD O, applying Reshetnyak’s continuity theorem
([3], Thm. 2.39), it results

lim |va\dx—hm / \Vu1|dac—|—/ [Vup|dz
r=1Jor —~1 \Jono 0

:|Du|(0)+/ |u—u1\dHN_1+/ Vs |da.
90 OO

Thus, as O shrinks to O, we obtain, invoking again Reshetnyak’s continuity theorem, (3.10) and this proves
the claim.

Again, via an extension argument to any open set O’ DD O, we can assume that all the functions are extended
as uj to all O’.

Next, the density of smooth functions in W?(0), with respect to strong WP convergence, the Sobolev
embedding theorems and the continuity of W imply that there exists a further sequence {w,}, € W1?(O) N

C>(0), with wy = uy on DO, converging strongly in W?(O) to v, as ¢ — 1, such that lin% / lvp — wq|1*dx =0,
q— [0)

Vw, and W9(Vu,) pointwise converge a.e. to Vv, and W (Vv,), respectively, as ¢ — 1.

The growth from above in (3.8), and Hélder inequality entail that W7(Vw,) is equi-integrable, thus we can
conclude that [, W9(Vw,)dz converges to [, W (Vu,)dz as ¢ — 1.

Finally a diagonal argument guarantees that there exists another sequence in W?(0) N C°(0), denoted by
{U,} such that U, = uy on 90, (3.9) holds and

D
lim [ WP(VU,)da / % (d—U) d| DU +/ W ((uy — U)p)dH 1. (3.11)
r—=1Jo o d|DU| a0
By the arbitrariness of the sequence {p} the thesis follows. O

Proof of Theorem 3.6. The proof develops along the same lines as Theorem 3.8. Namely the lower bound can
be proved arguing exactly as in the latter theorem, just exploiting the lower semicontinuity with respect to
BV-weak * convergence, of the functional H; o as proven in [19]. On the other hand the upper bound is an
immediate consequence of Proposition 3.9. O

Remark 3.10. Let O C R”" be any bounded open set with piecewise C' boundary, 1 < p < p, and let
1 -
up € WHeP (00). The results expressed by Proposition 3.7 and the arguments in the first part of that proof,
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allow us to prove I'—convergence, as p — 1, with respect to Ll-strong convergence of the functionals {G,}, :

ueWpP(0) — [, WP(Vu)dz to Gy : u € BV(O (ddlD)Z|) d[Du| + [0 W(|lu — u|[)dHN ! (v being
the unit exterior normal to 90) for any W : RN [ 00) convex, positively 1-homogeneous, satisfying a

linear growth condition as (3.8)

3.3. Asymptotics as p — 1 in the original 3D model

As in the previous subsections we recall that we are assuming p > 1, w a bounded open subset of R? with
piecewise C! boundary, and 2 := w x (—%, %) and let ug € Wlf%’ﬁ((?w). Clearly the same arguments used at
the beginning of Section 3.2 about the regularity of w, and the possibility of applying Proposition 2.8 ensure
that up can be naturally extended to a function in W1P(R?), in turn with an abuse of notations, this latter
function can be regarded as a function depending also on 3, u € W1P(R?).

Having in mind the functionals {I, .}, - quoted in (1.4), we define, for every p > 1, with p < p and ¢ > 0,
F,.: BV({2) — R as the functionals

1
1 P
(/ wr (Vau —Vgu) daz) if uew"? L (92),
Fpe(u) = Q € vo,0wx(~3:3) (3.12)
400 otherwise,
where W : R?® — [0,+oco[ is a continuous and positively 1-homogeneous function satisfying (3.8)

and the space W17

uo,&ux(fé,

(£2) has been introduced in Section 2 (cf. Sect. 2.4 and observe that

)
He (0w x (3.5 \ 0w x (~4,4)) =0),

The main result of this subsection is stated in the following theorem.

(S

Theorem 3.11. Let {F), .}, be the functionals introduced in (3.12). Then {F, .}, I'-converges as p — 1, with
respect to the L'(§2) strong topology, to

dDu
W. | —— ) d|Du +/ W.((u — uo)v)dH?,
/Q (dDU> [Dul dwx(~4.) ((w = ojv)

where We(€1,&2,&3) == W (&1, &, 1&3).

Remark 3.12. This theorem provides I'-convergence of the functionals {I, ¢}, in (1.4) towards the functional
I in (3.2) as p — 1, just replacing the function W(-) in (3.12) by | - |.

To prove the I'-convergence of {F), .}, to I1 - in (3.2) as p — 1, we need some preliminary results in the same
spirit of those proposed in [28], which need the assumption 2 (8w X ( 55 2) \ Ow x ( 515 —)) = 0. We also
observe that, having in mind the subsequent applications to —A;-type equations, and for the sake of simplicity
in the exposition of the proof, we consider an energy density W positively 1-homogeneous, but analogous results
hold replacing W with its recession function W where necessary.

The I'-convergence result of Theorem 3.11 will be obtained through several steps. First in Lemma 3.13 we
prove the lower bound inequality, then via intermediate results we will achieve the upper bound inequality in
Lemma 3.17. The main difficulty consists in fact of the construction of recovery sequence, realized through
Lemmas 3.14, 3.15 and 3.16. Indeed the imposed mixed boundary conditions require, roughly speaking, to glue
three ‘recovery sequences’, one for the Dirichlet part, one for the Neumann and one for the open subset far from
the boundary. In this “gluing” procedure it is important the requirement of essential closedness of the Dirichlet
part of the boundary.



56 M.E. AMENDOLA ET AL.

Lemma 3.13. Let p, w, 2 and ug be as above and let W : R® — [0,+o00] be a conver and positively 1-
homogeneous function, satisfying (3.8). Then for every u € BV (§2), for every 1 < p < p it results

dDu
w < )d Du +/
L () e (-

for every sequence {uy}, with u, € W7 (£2), such that u, — u in L'(£2).

11
uo,é)wx(f§,§)

3 W ((uo — w)r)dH? < lim inf ( /(Z Wp(vup)dxy (3.13)

Proof. The result easily follows from the lower semicontinuity with respect to L'(§2) strong topology of the left
hand side of (3.13) as proven in [28], Proposition 3.1, and the Hélder inequality. O

Now we introduce the following notations, already adopted in [11,28]. We say that an open set O C R¥ is
cone-shaped if and only if there exists 2o € R, S ¢ RY, such that

O={1-t)zo+tx:zeS,te€0,1[}.
We call z( the vertex of O, S the basis of O and observe that, if ¢ €]0, 1], then
20+ t(0 —ax0) CO, w9+ 1t(S—x0)CO.
Let 2o € RY and S € RY we denote by Cy,,s the cone
Coos ={(1—t)xzo+tx:x € S,t>0}.

In what follows we will consider cone-shaped sets of vertex xy and basis S such that for any fixed x € S, one
has,
{1=t)xg+te:tel0,1]}NS = {z}. (3.14)

The following lemma develops along the lines of [11], Lemma 2.1.

Lemma 3.14. Let 1 <p and let W : RN — [0, +o0[ be convex, positively 1-homogeneous and verify (3.8). Let
uy € VVli’f(RN), O be an open set with piecewise C' boundary. Let A, B be open sets such that A C O, A CC

B,O\ B # 0, and let us assume that O N B has piecewise C* boundary. Let u € BV (O), with u = u1 a.e. in
O\ A, then there exists {u,}, such that u, € W,"P(RN) and u, = uy a.e. in O\ B for every 1 < p < p and

loc

lim/ lup —ult dz =0,
)

p—1
and

lim [ WP(Vu,)dz < W(Vu)dz
r=1Jo OnB

dD?
+/ W (_u) d|D*u| _|_/ W((uy —u)v)dHN 1 + W(Vuy)dz.
4 d|Dsul onaA o\A

Proof. Since O N B has Lipschitz boundary, by virtue of Proposition 3.9, applied to O N B, and since u = u;
a.e. in O\ A we know that for every 7 > p > 1 there exists {v,}, with v, € W,?(RY), such that

loc

lim lup — u|' dz = 0,
r=1JonB
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and

W < dDu ) d|Dul. (3.15)
NnB

lim (W(Vup))Pde = / D]

r=1 JonB 16)

For every sequence p > 1, k € N, let x; : R — R be a smooth function such that 0 < xj, < 1 with

—(k+1) ift <—(k+2),
xe(t) =<t if —k<t<k,

E+1 ift>k+2,

and set

O,p = u1 + Xk(vp — u1),
O = u1 + xr(u —uy).

Let ¢ € C§°(B) with ¢ =1 in A and define, for t €0, 1],

Wi kp = 122 = )i p + (1 — @)ur] + (1= t)(1+t — *)us,
W = t2(2 — )t + (1 —p)ur] + (1 —t)(1 +t — t2)uy,

wy =122 = [pu+ (1 — @] + (1 — ) (1 +t — t*)uy

Clearly, for every p > 1, k € N, t €]0,1[, wi rp € Wl’p(RN) and wypp, = up a.e. in O\ B. By the convexity

loc
of W, the convexity and increasing monotonicity of s € Rt — s? € R, we get

/Wp(th7k7p)dx

(0]

<1 / WP(t2 — £)(eVinp + (1 — @) Vs + (i — 1) Vip))da
0]

—I—j(l—t)/ WP((1 +t — £2)Vuy)de
¢ (3.16)
<221 /O WP(oVinr + (1 — )V )de

Wp( t2—1) )(W —m)W)

-tz 1) [w (L2

o

+(1—t)/OWp((1+t—t2)Vu1)dx,

for every p > 1, k € N, t €]0,1].
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The estimate of the first term in the right hand side of (3.16), gives, since WP(-) is convex,

/ WP (Vg p + (1 — p)Vuy)de
o

= / WP(Viy,,)da + / WP(pVogp + (1 — ¢)Vuy)de + WP(Vuy)dz
A ON(B\A) O\B

S/Wp(Vf)k,p)dx—i—/ WP (Vg p)de
A ON(B\A)

+ / (1 —)WP(Vuy)dz + WP(Vuy)de
ON(B\A) O\B

< WP(Viy,)de + WP (Vuy)de
ONB O\A

= / WP (Vuy)da + / WP(Vu,)dz
ONBN{|vp—u1|>k+2} onBN{|vp—u1|<k}
(3.17)
+ / WP (x5 (vp — u1)Vu, + (1 — x5 (vp — u1))Vug )dz
ONBN{k<|vp—u1|<k+2}

+ WP (Vuy)dz
O\A

<

WP(Vuq)dx + / WP(Vop)dex

/OﬂBﬂ{|vpu1>k+2} ONnBN{|vp—u1|<k}

+ / 0 (0 — ) WP(Ty) + (1 — X (0p — 1)) WP (V)] d
ONBN{k<|vp—u1|<k+2}

+ WP(Vuy)dx
O\A

<

WP(Vop)dz + / WP(Vuy)dz + WP(Vuy)de,

/Oan{|vp—u1<k+2} onBN{|vp—u1|>k} O\A

for every p > 1, k € N, t €]0,1[. The growth condition on W, expressed in (3.8), the fact that u; € Wl})’f(RN)
entail that

lim sup

/ WP(Vup)de < / W (Vuy)de. (3.18)
p—1 ONBN{|vp—u1|>k}

onBN{|u—u1|>k}
On the other hand, since we want an upper bound we can estimate the asymptotics as p — 1 of the term

WP(Vu,)da as follows
ONBN{|vp—u1|<k+2}

p—1 /OmBm{upu1|<k+2} p—1 OonB
dD%u

D
lim sup WP(Vup)dx < limsup Wp(va)dx:/ w dDu d|Dul,
W (Vu dac—l—/ W(—)stu
(Vuda+ [ W (5 ) dIDul

OoNnB

where we have used (3.15) and the fact that u coincides with u; outside A.
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Again Lebesgue’s dominated convergence theorem implies that

lim WP(Vuy)de = W (Vuy)dz. (3.20)
P—1 Jo\a O\A

Consequently by (3.17), (3.19), (3.18), (3.20), the fact that u coincides with the Sobolev function u; a.e. in
O\ A, we obtain

lim sup/ WP(oVigp + (1 — ¢)Vuq)de
o

p—1

dDu
< W | ——)d|Du
o /OmB (d|Du|> [P

+ / W(Vu)de + [ W(Vu)de (3.21)
ONBN{ju—u1|>k} o\A

DS
[ w(vwds +/ % (d—“) d|D*u| +/ W ((ury — w)p)dHN !
onB A d[Dsul 0noA

+ / W(Vu)de + [ W(Vuy)de,
onBN{|u—u1|>k} O\ A

for every k € N, t €]0,1[.
Let us fix k € N, ¢ €]0, 1[ and observe that ||0x,, — u1| L~(onp) < k+2 for every p > 1. Therefore, the growth

condition on W (3.8), its convexity and the fact that H2=t)

m(ﬁk’p —u1)Vy € L*(0 N B) converges pointwise

a.e. in ON B to %(@k —u1)Ve, lead us, via Lebesgue’s dominated convergence theorem, to get
. t(2—-t) . / t(2-t) .
1 WP ———— —u1)Ve | dz = W ——(0 —u1)Vep | d 3.22
71 Jong (1 —t(2-1) (rp = 1) Lp) 7 Jors (1 —t(2-1) (0 — )V ) dv (3:22)

for every k € N, t €]0, 1].
Consequently by (3.16), (3.21), (3.22), we obtain

limsup/ WP(Vwy i p)da
p—1 JO
dD*u
<tP(2-t [ WVudaz—l—/W(—)stu
@=t)|)  WVu) AT |D*ul

—u)v N1
+/008AW((u1 w)dH

+ / W (Vur)de + W(Vul)dx]
onBN{|u—u1|>k} O\A

(1= (2 — 1) /O % (%(vk - ul)Vgo) dz+ (1—1) /O W (14t — )Vu) de

for every k € N, t €]0,1[.
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The proof from now on is identical to that of Lemma 2.1 in [11] and we omit the details. We just observe
that the positive 1-homogeneity of W allows us to replace the recession function W in [11] by W.
Thus we have that
lim sup lim sup lim sup / WP (Vwy  p)de
o)

t—1 k—+4o00 p—1

dDsu
< W(Vu dac—l—/ w (—) d|D%u 3.23
o (Vu) . a0 | D% ul (3.23)

+ / W((uy —uw)r)dHN ! + W (Vuy)dz
onoA o\A
By (3.23) the thesis follows by a standard diagonal argument once we observe that wy x , — wyj, in L (O) for
every k € N, t €]0,1[ as p — 1, and wy . — w; in L' (O) for every ¢ €]0,1[ as k — +o0 and w; — u in L' (0)
ast — 1. g

The result stated below is analogous to [11], Lemma 2.2.

Lemma 3.15. Let p > 1, let O be a cone-shaped open set with piecewise C' boundary, with vertex xo and
basis S, W : RN — [0, +oo| be convex, positively 1-homogeneous and verifying (3.8), u; € WHP(RY), and
u € BV(0). Then there exists {up}p, b > p > 1, such that u, € WEP(RN) and u, = uy a.e. in Cpy 5\ O for
every p > 1, u, — u in L' (O) and

limsup/ Wp(vup)dxg/ W(Vu)dw+/ W(dd|gu|>d|Du|+/W (uy —u)v)dHN L,
p—1 e}

Proof. The proof is very similar to that of Lemma 2.2 in [11]. We do not propose it in its entirety but we just
outline the main steps and differences.

First we extend u € Cy, g by defining u = u; a.e. in Cy, s\O. Let t €]1, +o00[ and 7 €]0, 1], set Oy = 1’0+@
and define us ; = u1 + F(u —u1)(wo +t(- — 20)). We have that if x ¢ Oy, then zo + t(x — 2¢) € O, hence being
u=uy a.e. in Cy, g\ O, it turns out that u; » € BV (A) for every bounded subset A of Cy, 5, ur,r = u; a.e. in
Cro.s \ O and

Vue () = Vuy(x) + 7V (u — u1)(zo + t(x — x0)) for ae. € Cyy 5.

We claim that w; , — w in v (O) first as t — 1 and then 7 — 1.
Indeed, by Lemma 3.14, applied to A = O; and B a bounded open set satlsfylng O; CC B, O\ B # 0 and
such that O N B is piecewise C', there exists {u};"}, - such that ul7 € W, LP(RNY) and verifies ub”T = ug, in

loc
LY (0), u™ = uy ae. in O\ B for every p > 1, and

limsup/ WP(Vulb™)dax
o

p—1

dDS’LLt-,—
< W (V. dx+/ W (7> 3.24
OonB (Vae,r) 1) d|Dsuy | (3:24)

+ / W ((uy — ug - )v)dHY 1+ W(Vuy)dz
0ondo, O\O¢

Observe also that it is not restrictive to assume that u;’T = up a.e. in Oy, g\ O for every p > 1.
Then, exploiting the convexity and the positive 1-homogeneity of W and the change of variable y = xg +
t(x — o) the proof develops along the same lines of [11], Lemma 2.1, thus we omit it.
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In conclusion, taking first the limit as ¢ — 1 and then letting 7 go to 1, we have,

dD%uy ,
lim sup lim sup W (Vuy,r)dx —I—/ w (i) d|D%uy .|
=1t onB o) d[Douy - |

+ / W ((u1 — u)v)dHN L + W(Vul)dx} < (3.25)
ONoO0,

O\O¢

§/ W(Vu)dw+/ w D" d‘DSU‘+/W((U1—u)V)dHN71.
o o d[Dsul s

By (3.24), (3.25) and a diagonal argument, the thesis follows. O

The following result, developed in the same spirit of [28], Lemma 3.2 will be exploited in the sequel.

Lemma 3.16. Let O be a cone-shaped open set in RN with piecewise C' boundary with vertex xo and basis S,
satisfying (3.14). Let I be another bounded open set in RN piecewise C1 such that I' := SN I # 0, and assume
that HN=Y(I'\ ') = 0. Let W : RN — [0. + oo| be a conver, positively 1-homogeneous function satisfying (3.8).
Let u € BV(0) and u; € W,5P(RN) for some p > 1. Then there ewists a sequence {u,}, such that for every

ocC

1<p<p,uy€WPRY) and uy = uy on Cuy.rr \ O, up — uy in L' (O) and

loc

dD
limsup/ Wp(Vup)de/ w Y d|Du|—|—/ W((uy —u)r)dHN 1.
p—1 Jo o d[Du| r

Proof. Without loss of generality we may assume that the right hand side of the above formula is finite.

Let {B®}.~0 be a decreasing family of open subsets of O with Lipschitz boundary such that, setting I'® =
BN S, one has,

i) I'° DI}
i) Nesol™® = 1.

Let A be a cone-shaped set of basis I and vertex x4 with x4 € int(O), and for every € denote by A® a cone-
shaped set of basis I'® and vertex z., with . € int(O \ A) suitably chosen (a convenient choice is to take .
along the line which provide the distance between x4 and I" with a bigger distance from I"). Assume that
{A®} .50 is a decreasing family of sets such that N.~¢A® = A. (3.8) allows us to apply Lemma 3.15. Hence there
exists a sequence {ug}, with uj, € Wl})’f(RN), ug, = uy in Cy, e \ A%, such that ug; — u in LY (A®) and

dDu

lim sup WP (Vug)dz < /AE w (W

> d|Du| + [ W((uy —u)v)dHN L (3.26)
p—1 As Ie
Moreover an argument analogous to that exploited in the proof of Proposition 3.9 guarantees that there exists

a sequence {v,}, such that v, € W,?(RN), lim,_, Joralve — u|'" dz = 0 and

dDu
lim WP(Vuv,)dx = / w (—) d|Du. 3.27
i [ wr@nae= [ w (G o (3.27)
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For every € > 0, let 0 < ¢° < 1 be a smooth function such that

c 0 ifrxeCy,r,
® ’“TGO_){l if 2 € Cry.5\ Ca, e,

and set wy = (1 — ©°)ug + p°vp.

We observe that, by definition, w;, € WLP(RN) and that wy, = uy in Oy r\ O. Let us fix € > 0 and observe
that

lim sup/ WP(Vwj,)dz = lim sup {/ WP (Vuy,)dx
o A

p—1 p—1

(3.28)

+ WP([(1 - @E)Vu; + ¢V, + Vo (v, — u;)])das + Wp(va)dx} .
As\A 0O\ A=

Next, by exploiting the convexity of W and (3.8), we obtain the following inequality due to the local Lipschitz
continuity of WP (the constant C' below may vary from line to line, being uniformly bounded in p as p tends
to 1).

WP([(1 = ¢°)Vauy, + " Vop + V& (v, — up)])dx

As\A
< WP((1 = ¢°)Vug, + ¢ Vo, )da
A\ A
: - c € € -1 £ 5 5 —1
+C A <|[(1 — %) Vug, + ¢V, + Vo (v, _up)HP + |(1 — )V + o va|p )

x|V e® (v, — uf,)| dz.

By exploiting again the convexity of W and Hélder inequality we obtain

i WP([(1 = ¢°)Vug, + 9"V, + V£ (vp — up)])dz

< WP(Vug,)dz + WP(Vup,)dz
A\ A As\A

+C (/ (H(l - ‘PE)VU; + ¢*Vu, + Vo (v, — uf})”pil + ’(1 _ @E)VUZ + @EVUPVFI) -1 dw) .
A\ A

(/ |V<p€(vp - u;)|p d:r)
As\A

Sl



DIMENSION REDUCTION FOR —A; 63

Thus, the last inequality and (3.28) provide

limsup/ WP (Vw,)dx
o

p—1

< lim sup WP(Vug)dz + WP(Vup,)dz
p—1 A= O\A

p—1

" </As\A (10 = )V + 67y + 97 (o — )]+ (1= )V + T ) da)

(/ |V<p5(vp — u;)|p dx)
A\A

Exploiting (3.26),(3.27), the bounds on fAE\A |Vug|Pdr and fAE\A |Vu,|Pdz following from (3.26) and (3.27)
and the growth from below of W in (3.8), and since both u;, and v, € WP (RN) converge to u in L' (A%) and

loc

L' (O \ A) respectively, we can conclude, passing to the limit as p — 1, that

lim/ |w; — u’l* dxr =0,
o

p—1

obtaining also

limsup/ WP(Vw,)dr < / w ( dDu ) d|DU]| —l—/ W((ug — u)v)dHN !
o o re

p—1 d[Dul
dD?
+ W (Vu)da +/ W ( “ > d|D*ul.
A\ A AS\A d|Dsu
We also observe that
W((uy —u)v)dHN 1 = / W((uy —w)v)dHN 1 + W((uy —u)r)dHN 1,
Ie r re\r

where this latter term is finite as a consequence of (3.8). Then the thesis follows exploiting again the growth
condition and the fact that HN~1(I"\ I') = 0 as A® shrinks to A. O

The following result, analogous to [28], Lemma 3.3, allows us to obtain the upper bound inequality for
the desired I'-convergence. We emphasize that the arguments below essentially rely on the application of a
partition of unity to glue the recovery sequences (in L' (£2) and not just in L'(£2) as in [28]) for the Neumann
and Dirichlet parts of (2, i.e. “lateral boundary” and ‘bases’ of the domain and exploit the local p—Lipschitz
continuity of W? and the fact that in the above lemmas, the “almost” recovery sequences converge in L'~ and
not only in L.

Lemma 3.17. Let p,w, 2 and ug be as above. Let W : R3 — [0, +oc[ be a convex, positively 1-homogeneous
function verifying (3.8). Let w € BV (w). Then there exists a sequence {up}p such that u, € whe . 1)(Q),
11

ug,0w X (— 5

with 1 < p < p such that

lim/ lup —ul' dz =0,
r—1 Jo
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and

dD
lim | WP(Vu,)dz < / W (—“> d|Du| +/ W ((ug — u)v)dH?. (3.29)
r=1t /o Q d[Du| dwx(—1,4)

Proof. We start by recalling, as always in this section, that ug can be considered with an abuse of notations as
a function in V[/Iif (R?).

Without loss of generality we may assume the right hand side of (3.29) is finite, otherwise there is nothing
to prove.

Let ~ (8w X (—%, %)) be the boundary of I' in the topology induced on 9f2. Take a finite open covering
Si,j=1,...,i0f~y (aw X (—%, %)), made up of balls in R? centered in ~ (3w X (—%, %)), andlet Sj,j =i+1,...1
be a finite covering of the remaining part of dw x (—%, %), made up of balls centered on I”, such that S; N 95?2
is the graph of a piecewise C' function for j =1,...,1L.

Let z; € 05; N (aw X (—%,%)), and, for every j = 1,...,l, define A; as the cone-shaped set of basis

S; N (aw X (—%, %)) with vertex x;. Clearly A; has piecewise C! boundary. Let r > 1 and consider B; =
xj +r(A; —x;) for every j = 1,...,l, then we obtain an open covering of I" with cone-shaped open sets.
Moreover for j = [+ 1,...,m let B; be a finite family of balls such that {B;};—1, . is an open covering

of wx (—3%,3). Let {¢;}j=1,..m be a partition of the unity, relative to this covering, namely ¢; € C5°(B;),
0<¢p; <1, forj=1,...,mand Y7 pj(x) =1in 2.

We also observe that, by Lemma 3.16, applied to the cone-shaped set A;, for j = 1,...,4, there exists a
sequence {v} such that v} € WL?(RY) and v/ = ug on Oxj,sjm(awx(fé,%)) \ 4, fAj v —u|'"dz — 0asp — 1,

and

. D
limsup/ WP (Vol)da g/ % ( dDu ) d|Dul +/ W (o — w)r)dH2, (3.30)
A, A, d|Dul 8;n(8wx(-4%,4))

p—1

for every j = 1,...,i. Moreover the growth condition (3.8) allows us to apply Lemma 3.15 to the cone-shaped
set Aj for j =i+ 1,...,1, hence we can conclude that there exists a sequence {vi}p, with 1}1]; € VVli’Cp(RN) such

that v = ug on Ca:j,sjn(awx(—é,é)) \ 4, fAj vd — ul''dz — 0 as p — 1, and

lim sup/ WP(Vul)dz < / W <§ﬂ> d|Du] +/ W ((ug — u)v)dH?, (3.31)
p—1 Ja, A, | Du| $;n(0wx (~1,3))
for every j=i+1,...,1.

Concerning the remaining part of the domain {2, we recall that an argument entirely similar to that of
Proposition 3.9, guarantees that for all j = [ + 1,...,m there exists {vg;}p with v]{ € VVli’f(RN) such that
v} — uin LY (B;N2) and

) dD
lim WP (Vod)de = / W < “ > d|Dul. (3.32)
p=1lJ)B;nn B,;NQ2 d[Du|
Now, for every p > 1 we may define the function w, € whp (£2) as

11
uo,&ux(f§,§)

m
Wy = vl
p J%p-
j=1
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The convexity of WP and, the growth condition (3.8) entail the local p—Lipschitz property for WP?. Thus ex-
ploiting the convexity of WP, the Holder inequality we get

/W”(pr)dw:/ wer Z(ijvg—knggoj) dz
Q Q =
S/ we Z(ijv; dzr + C’/ Z @JVUJ _|_<pJVyJ) + ngvag ZUZ{V@J- dx
£ j=1 j=1 j=1 j=1
P p_1
p—1 p—1\ p—1 r
S/ wer ijVv; dz+ C / Z ijvj—MoJij) + ijVv; dz
0 - 0 ° -
Jj=1 Jj=1 =
(3.33)
/ ZUZ{V@J dz
o=
, p—1
p—1 p—1 =T P
m ] m m .
< Z/ ;WP (Vvl)dz + C / Z(%VUJ —|—g03V113) + Z@va; dx
j=171 2\ li=1 j=1

1
P

. P
/ ngVgoj dx

We notice that v} € WEP (RN, Z;nzl Ve; =0and v) — u in LY (A;) asp — 1, for j = 1,...,m. Hence

loc

P
;Ln% ) ngV% dz = 0. (3.34)
Jj=1

Next we want to show that

) . dDu 2

lim [ o;WP(Vo))de < [ ;W === ) d|Du| + 0 W ((up — w)v)dH=, (3.35)

=1 Jg o d[Dul 8;0(0wx (~1,1))
for j=1,...,L

To this aim we start by fixing j € {1,...,i} and consider the set C; = B; \ ( 25,(5;102)\0wx (— 1,3) \ A4 )

272
We may assume that C; is an open set with piecewise C' boundary (the general case always reduce to this
one by considering a set C7 with piecewise C" boundary such that A; U (&u X ( 55 2)) C Cj C Cj, and apply
the following argument to C7). Thus, we extend u to Cj setting u = ug in C; \ A;. Clearly u € BV(Cj) and
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by (3.30) we can write

lim sup/ WP(Vu))dz = lim sup [/ WP(Vu))dz + / Wp(Vuo)dx]
Cj Aj Ci\A;j

p—1 p—1
< / W (“J) d|Dul +/ W ((uo — u)v)dH> (3.36)
A, d|Dul s;n(awx(-1,1))

dDu
+/ W(Vu dx:/ W( )dDu.
C\A ( 0) c; d|D’lL| | |

The growth condition on W (3.8), the regularity of ug, namely the fact that uy € VVlif (R3), entail that the
right hand side of (3.36) is finite.
On the other hand, well known lower semicontinuity results, and Hélder inequality provide

/ W (Cﬁg“') d|Dul < hmmf/ WP (Vol)da (3.37)

for every open subset A of C;. By (3.36) and (3.37) we can apply Proposition 2.7 to C; for u, = [ Wp(va)dx

and p= [ W (d(}gz‘) d|Dul to obtain (3.35) for j = 1,...,17 as follows

lim @ij(Vvi)dx = lim [/ cijP(VvZ)dw —/
Pt Je ¢

r=1Jq \A;

dDu
= W | ——)d|Du —/ W (Vug)dx
/Cj (d|Du|) g Ci\A; (Vo)

_ /A w (%) d[Dul + /sjn(awx(_;,,;)) W (o — u)v)dH2.

Next, we fix j € {i +1,...,l} and extend u to B; setting u = g in B; \ A;. Clearly u € BV (B;) and we can
reason as in the previous case taking B; in place of C; to obtain (3.35) for j =i+ 1,...,l. Now, notice that for
fixed j € {I{+1,...,m}, (3.37) still holds for every subset A of B; N df2. Moreover by (3.32) we get that

dDu
W | —— ) d|Du| < +c.
N (d|Du|> | |

goij(Vuo)dxl

lim WP(VUJ )dx = /

p—1J)Bn0 B;

Thus applying again Proposition 2.7 to B; N §2 with p, = [ W?(Vvl)dz and p= [ W (dﬁgzl) d|Du| we obtain

) dDu
1 . P J .
Lim Q%W (va)de/Q%W (d|D |)dl ul, (3.38)

for j =1+ 1,...,m. Thus, putting together (3.33)= (3.35) and (3.38), since W is convex we conclude that

limsup/ WP (Vwy)dz < Z (/ (dd|11; |> d|Du| + wa(% )cij((uo —u)y)dH2>

p—1

:/ww<dd%) dDu+/{9wx(_%7%)W((u—uo)u)dH2,

and this concludes the proof. O

1
2

(3.39)
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Proof of Theorem 3.11. We start observing that Lemma 3.17 guarantees the existence of a sequence {u,}, such
that u, € WP (02),

11
uo,&ux(fg,g)

lim [ |up,—u|' dz =0,
2

p—1
and
. dDu 9
lim [ WP(Vuy)de = [ W, d|Du| + We((u — uo)v)dH=.
r=ljg Q d[Du| dwx(—1,4)
These prove the upper bound. For what concerns the lower bound it is enough to invoke Lemma 3.13. This
concludes the proof. O

Remark 3.18. We observe that in Theorem 3.11 and in the preliminary lemmata, we have chosen a function W
positively 1-homogeneous, having in mind the applications to the —A; type equations, but the I'-convergence
results hold similarly without this assumption, introducing the recession function W in the integrals dealing
with the singular part of Du.

3.4. Summary of the results

Let w C R? be a bounded open set, with piecewise C'' boundary, and let ug € Wlf%’ﬁ(aw), for some p > 1;
recall the families of problems {P), .}, c, {P1.cte, {Pp,o}p and P1 o in (1.5), (1.12), (1.10) and (1.16), respectively.

As a consequence of the above results we obtain that the dimensional reduction, i.e. the asymptotics as
e — 0, and the so-called power law approximation, namely the convergence as p — 1, commute in the sense of
I-convergence with respect to L'(§2)-strong convergence, as summarized by the following diagram:

PPaS Pl,s
p—1
e —0 e—0
Ppo P10
p—1

Indeed, the left vertical arrow is a consequence of Remark 3.2, the right vertical arrow has been proven in
Proposition 3.4, the upper horizontal arrow has been proved in Theorem 3.11 while the lower horizontal arrow
follows from Theorem 3.8.

Other types of analysis of solutions to problems P, . as p — 1 and € — 0 will be discussed in the following
sections.

In the following remark we point out a result which turns out to be a byproduct of our previous I'-convergence
analysis.

Remark 3.19. Let w C R? be a bounded open set, piecewise C*, with £2(w) = 1 for convenience, let 2 :=

w X (—%, %), let W : R3 — [0, +-00[ be a continuous function, positively 1-homogeneous and verifying (3.8). Fix
P> 1, and let ug € VVlicp (R?). For every 1 < p <P we can define the functionals

W (V) gy 1 uweW,” (£2),

11
uo,awx(fg,g)

~+o00 otherwise in BV (2).
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It is easily verified that dom(F,) D dom(F,) whenever 1 < p < g and if v € dom(F,) then F,(u) < Fy(u).
Let F : BV (§2) — [0, 400] be the functional defined as
wr (€2),

p>1 uo,@wx(—%,%)

WVl ifuel
—+00 lfueBV(Q)\Up>1 M/i:jawx(_%7%)(g)

The monotonicity of {F,}, provides pointwise convergence as p — 1 of F,(u) to F(u), for every u € BV ({2). On
the other hand it is easy to verify that F is not lower semicontinuous with respect to L!(£2) strong convergence.
Thus [10], Proposition 5.7 ensures I'-convergence, with respect to L!({2) strong convergence, of F,, as p — 1,
to the lower semicontinuous envelope of F, denoted by F. On the other hand Lemma 3.13 and Lemma 3.17
guarantee that {F,}, I' — converges, with respect to L'({2) strong convergence, as p — 1, to the functional

Fi(u) = /Q W (Vu)dx + /Q W <(fg—jz> d|D?u| + /&ux(;,;) W ((u — ug)v)dH?

for every u € BV (£2). Consequently we have proven that F(u) = Fi(u) for every u € BV (£2).

4. THE CASE p =1 IN TERMS OF DIFFERENTIAL PROBLEMS

The aim of this section is to provide another view to the limit problems of (1.6) and (1.11) as p — 1, by
means of duality. As it is well known that (1.6) and (1.11) represent the Euler-Lagrange equations associated
to (1.5) and (1.10) respectively, in the sequel we state some results which allow us to regard the limiting
equations (4.1) and (4.2) as the counterparts in duality of the limit functionals (3.2) and (3.7) respectively,
achieved via ['-convergence in Section 3.

Formally, putting p = 1 in (1.6) and (1.11), one obtains

~Ayeu = —div (|[d.Vu- V| 7 1d.Vu) =0 in w,
U = ug on dw X (—%,%), (4.1)
11d.Vu-Vu| = (Id-Vu) v =0 onwx {~1 1}

where Id. has been defined in (1.7), and

—Aq pu = —div <&> =0 inw,

|Vl (4.2)

U = ug on dw.

Clearly the above equations are meaningless in W'!(w). In order to deal with problems (1.15) and (1.16) in
terms of PDE’s it is useful to approach them using the theory developed by Ekeland and Temam in the context
of variational problems (see [17]).

The following proposition is stated in [25], Proposition 1.1 and, with the purpose of applications to 1-Laplace
equations quoted also in [13-15]. A proof can be found in [25], Theorem 3.2 in the context of Hencky’s Plasticity
theory, cf. also [5], Section 4 for a proof in the scalar case.
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Proposition 4.1. Let O C RY be an open set. Suppose that u € BV (0) and o € L¥(O;RY) is such that
dive € LN (0). One defines the distribution o - Du by the following
1. For every ¢ € C§°(0)
< o-Du,p>= —/ div(o)updx — / o - (Dp)udz.
o) o)

Then, the distribution o - Du hence defined is a bounded measure in O, absolutely continuous with respect to
| Dul, with
|o - Du| < |Dul|o]co- (4.3)

2. Suppose that O is piecewise C*. The following generalized Green’s formula holds for ¢ € C§°(RY)

<o-Du,p>=— / div(o)updx — / o - Doudz + / o - vupdHN (4.4)
o o 90

where v denotes the unit outer normal to 00 and HN~' the N — 1 dimensional Hausdorff measure.

By virtue of Proposition 4.1 applied to O = w, with ug € W' 2
the following equation which provides a rigorous meaning to (4.2).

(Ow) for a suitable p > 1 one may consider
—dive =0, in w,
o - Du = |Dul| in w, (4.5)
o-v(u—1up) = |u—1up| on dw.

Applying again Proposition 4.1 to O = w X (—%, %) we can give a meaning to the anisotropic —A; . operator

appearing in dimension reduction, and we can also consider it as the “Euler-Lagrange equation” associated
to (1.15).

—dive. =0 inwx(—1,3),
o.-Vu= |Id5Vu-Vu|% in w x (—%,%)’
oe - v(u—up) = |u—ug| ondwx (—1,1), (16)
o.-v=>0 onwx{—%,1},

where v represents the unit outer normal vector to dw x (—%, %) and Id. is as in (1.7).

Via the duality theory the solutions to (4.5) and (4.6) are in correspondence with the minimizers of P .
in (1.15) and Py o in (1.16), according to the regularity assumptions on wug.

In fact we can invoke Theorem 2.9 and apply it to (4.5) and (4.6). Namely, having in mind the notations of
Theorem 2.9 in the first case we can set X = Wl (w) and Y = (L'(w))?, the linear operator A maps u € X to

Vu €Y, G and F are defined as
2 3
G(p) = / (Zp?) dxidxs,
“ \i=1

with p = (p1,p2)
0 if u=wup in Ow,
F(u) =
400 otherwise,
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where the equality is intended, as usual, in the sense of traces, recalling that uy € WP (Ow), for some p > 1.
Thus it easily checked that the dual Problem of Py is

Dy = sup {—/ o- V’LbodHl} , (4.7)
o € L>®(w;R3), w

dive =0,|0] <1

where in fact o is exactly as in (4.5).
Analogously in the e-dependent case, by assuming X = Wh! (w x (=1,1)) and Y = (L' (w x (-3, 3)))?

and A:ue X — (Vau %V:}U) €Y, let G be given by

3 3
G(p):/Q (Zp?) dzidxodaxs,
=1

(where we kept track of the factor é in the space of admissible functions rather than in the integrand), and
0 ifuzuoinawx(—%,%),
F(u) =

400 otherwise.

The dual problem becomes

D= sup {—/ oe - z/uode} .
0. € L®(15R%), dwx(=3.3)

dive. = 0, ’Id;as <1,
€
oe-v=0o0nuwx —%,%

Remark 4.2. We observe that the application of Theorem 2.9 entails the existence of the solution only to the
dual problems, related to anisotropic almost 1-Laplacian and almost 1-Laplacian, namely to (4.5) and (4.6).
On the other hand the regularity of ug, namely the fact that it is in some suitable trace space, guarantees the
application of our I'-convergence results, Theorem 3.8 and 3.11. On the other hand by virtue of Theorem 2.6,
the same arguments exploited to exhibit the recovery sequence for the upper bound in Theorems 3.8 and 3.11
guarantee the convergence of the minimizers at p-level of P, o and P, . (that exist for convexity reasons) to the
minimum points in the original problems P; o and P; . respectively as p — 1, in spite of the lack of coerciveness
of Il,O and Il,g.
A direct proof of existence of minimizers to P o and Py will be provided in the last section.

The relations between the extremal points in the dual problems P; o and D; o are stated in Proposition 4.3,
while the relations between P; . and D; . are stated in 4.4. We omit the proofs of these results for the sake of
brevity.

Proposition 4.3. Suppose that u € BV (w), and o € L= (w;R3), with dive =0 and |o| <1 a.e. in w. Then u
and o are extremal for Pi o and Do, respectively if and only if

—0 - Du = |Du| as measures on w, (4.8)

and
U — Uug
=" . 4.
o-v pra— on dw N {u # up} (4.9)



DIMENSION REDUCTION FOR —A; 71
Proposition 4.4. Suppose that u € BV (w X (—%, %)), and o € L™ (w X (—%, %) ;R?’), with dive = 0 and
‘Id;a’ <1 ae inwx (—%, %) Then u and o are extremal for Pi . and D ., respectively if and only if

11
—o - Du=|Id.Du- Du\% as measures on w X (—5, 5) ,

and
U — uUg

0-Vv=—— on 0w X (—%,%)ﬂ{u#uo}a

u — up|

11
cv=00mwx<——,—>-
2'2

5. ASYMPTOTICS IN TERMS OF LEAST GRADIENT PROBLEM

and

The target of this section consists of discussing asymptotics as € — 0 and p — 1 for problems (1.6) when
the imposed boundary datum has a regularity, in principle different from that required in the previous I'—
convergence analysis, but a more stringent requirement is imposed on the domain w x (—%, %) Under this new
set of assumptions we will prove that the problems P; . in (1.15) and Pi o in (1.16) indeed admit a solution.
Consequently in the light of Propositions 4.3 and 4.4, there exist solutions to the anisotropic almost 1-Laplacian
and almost 1-Laplacian in (4.1) and (4.2), respectively, when both the assumptions introduced in Section 3 and
Section 5 are imposed. We recall that the symbols for the domains 2 and w denote the same sets as in (1.3),
namely w C R? is a bounded open set and 2 =w x (-1, 3) -

As already observed in the Introduction there is equivalence, in the sense of “Euler-Lagrange”, between
problems (1.6) and (1.11) and their variational formulation (1.5) and (1.10) respectively when p > 1 and the
boundary datum wug is in a suitable trace space. Analogously, with the same regularity assumptions on wuy,
and via the duality argument invoked in Section 4, there is ‘equivalence’ between (4.6) ((4.5) respectively) and
the minimum problems (1.15) ((1.16) respectively). This fact may be no longer true if one requires ug to be a
continuous function on dw, cf. [23].

On the other hand, as already emphasized, the problems P, . and P, may exhibit other behaviors when
p = 1, and the integral formulation can be understood in different ways. Besides the duality approach quoted
in Section 4 in the present section we aim to make a link in terms of least gradient functions, which will allow
us to determine other sufficient conditions for the existence of solutions to P; ¢ and Py .

We start by focusing on the case p > 1 and ¢ = 0, and we recall the definition of p—harmonic functions
following [23], Definition 2.2, namely local weak solutions of (1.11), when ug € C(0w). First we give this
definition on any generic open set O C R™. Then we formulate the least gradient problems, cf. (5.1) and (5.2).
We recall the results available in literature in which there have been provided sufficient conditions for the
existence and uniqueness of solutions to the least gradient (cf. [29]). Moreover we recall the approximation
result due to Juutinen, where p—harmonic functions approach locally uniformly functions of least gradient.
Essentially these latter results represent another asymptotic analysis as p — 1 for problems {P,o}. Then, for
what concerns the asymptotics as p — 1 of problems {P, .} we prove explicitly in Lemma 5.6 a uniqueness result
for p~harmonic functions u, . in cylindrical domains of the type w x (—%, %) with mixed boundary conditions:
Neumann conditions on the basis and Dirichlet ones on the lateral boundary. Finally in Theorem 5.7 we prove
that these latter functions wu, . are not dependent on z3, thus p-harmonic in w. We deduce also the trivial

limiting behavior of u, . as € — 0 to a function of least gradient in w, i.e. still independent on x3.

Definition 5.1. Let 1 < p < 00, a continuous function u € VVlif(O) is p—harmonic in O if
/ |VulP~2Vu - Vipdz = 0
o

for every ¢ € C§°(O).
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The continuity in Definition 5.1 is redundant as shown in [23].
It is useful also to recall (see [23]) that a continuous function u € VVlif (O) is p—harmonic in O if and only if

/ [VulPde < / |Vu|[Pdz whenever Oy open set cC O and u —v € Wy (Oy).
Oo OD

Now we recall some results deeply connected with —A;, problem (1.16) and its approximating ones (1.5) (as
p — 1 and € — 0). The analysis we present will be mainly concerned with differential problems defined in the
cross section w, when the boundary datum wg is regular. To this end we will recall the notion of functions of
least gradient in a generic open set O C R™.

Let O C R™ be an open set, following [29], we say that a function u € BV(O), with prescribed boundary
value ug € C(00) is of least gradient if it is a solution of

inf Du|(0O),u = 00}. 5.1
it {1Dul(0).u=uy on 90} (5.1)
It has been established in [30] that the existence of such a function is deeply related with the regularity of O,
the regularity of the trace ug and the sense in which this trace must be understood, indeed this latter fact plays
a crucial role.
In fact one may also consider
inf  {|Du|(O),u = up on 00}. (5.2)
uweBV(0)NC(0)

Clearly in this latter problem the trace is intended in the classical sense (restriction), and the equality u = ug
is understood pointwise in JO. On the contrary in (5.1) the equality u = ug on O has to be taken in the sense
of traces for BV —functions (see Sect. 2.4).

The following result has been proven in [29].

Theorem 5.2. Let O C R™ be a bounded Lipschitz open domain such that 9O has non-negative mean curvature
(in a weak sense) and is not locally area-minimizing. If ug € C(00), then there exists a unique function of least

gradient w € BV (O) N C(O) such that u = ug on 00, namely u is the unique solution of (5.2).

The assumptions in Theorem 5.2 read as

e For every x € JO there exists g9 > 0 such that for every set of finite perimeter A CC B(z, &)
P(O;R") < P(OU A;R™) (5.3)
e For every x € 00, and every 7 > 0 there exists a set of finite perimeter A CC B(x,7) such that
P(O, B(z,n)) > P(O\ A, B(z,1)), (5.4)

where P(-;R™) denotes the perimeter in R”. Examples showing that neither (5.3) nor (5.4) can be dropped are
given in [29].

On the other hand in [30], (to which we refer for the precise assumptions) it has been established the following
result.

Theorem 5.3. Let O C R™ be a bounded Lipschitz open domain satisfying, the same assumptions of
Theorem 5.2, namely (5.3) and (5.4). Assume also that a uniform interior ball condition of radius R holds.
Then there is at most one solution to the least gradient problem (5.1).

Combining both the assumptions in Theorems 5.2 and 5.3, and observing that any solution of (5.2) (which, in
this setting, exists and is unique) solves also (5.1) (which, in turn, with these hypotheses admits one solution),
we conclude that the solutions of problems (5.1) and (5.2) are unique and coincide.

In order to deal with the asymptotics as p — 1 of the —A,- equations, Juutinen in [23], Theorem 3.1 has
proven the following theorem (cf. also Rem. 3.4 therein).
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Theorem 5.4. Let O C R™ be a bounded smooth open domain whose boundary has positive mean curvature

and ug € C(00), and let u € BV(O) N C(O) be the unique function of least gradient such that uw = ug on 9O.

Then if u, € Wl’p(O) NC(O) is the unique p—harmonic function satisfying u, = ug on 00, it results

loc
up — u locally uniformly in O, asp — 1.
Remark 5.5. We recall that the existence and uniqueness of the solution u, mentioned in Theorem 5.4 do

not rely on ‘classical’ Calculus of Variations arguments, since the boundary datum wg may not be the trace
of a Sobolev function. Namely for a generic open set O when ug € C(90), one cannot conclude that ug €

Wlf%’ﬁ(ﬁo) for some p > p > 1 and thus the existence of a p~harmonic function cannot be deduced by
minimizing an integral functional of the type (1.4). The exploited techniques in [23] to have a unique p—harmonic
function u, with boundary datum wg are those suitably employed in the context of Nonlinear PDEs, cf. [22].
On the other hand we underline the fact that if p — 1, namely it is 1 < p < 2, and O is as in Theorem 5.4 the
unique p-harmonic function u, € W'?(0O) with boundary datum ug (for instance in C*!(90)), solves {P}, o
and converges to the solution of the least gradient problem.

In the next lemma, by means of duality products in terms of Lions—Magenes spaces and trace spaces, exploiting
the monotonicity of the p-laplacian operator (see Eq. (3.8) in [22]) and arguing as in [22], Theorem 3.17 and
Lemma 3.18 we will deduce the following uniqueness result.

First we recall that for p > 1 if u € W1P(O), then A,u € [WHP(0)]* (the dual space of WP(0)) and
|Vu|[P~2Vu has a normal trace, denoted by |Vu[P=2Vu - v, (where v denotes the normal to JO), such that

VulP"2Vu-v e W7 ¥ (90) == W7 (90)]",

where 1—17 + 1% = 1. Moreover if I C GO is open in the relative topology, then the restriction of |Vu|P~2Vu - v

to I, denoted by |Vu|P~2Vu - Vul|p, satisfies

1
1 7P

VulP2Vu vl € WP (1) = Wy )],

1
where W 7P(F 1) is the Lions-Magenes space of all functions v € LP(I) whose extension by 0 on 90 \ I}
1
belongs to W»*(90).

Lemma 5.6. Let O be a smooth open domain with 00 = I't U Iy and I't N Iy = (). Let u,v € WHP(O) satisfy
—Apu > —Apv
in O, in the sense of [WHP(O)]*,
|VulP~2Vu - v > |Vu|P 2V - v
on I', in the sense of Wﬁi’pl(ﬂ) and

u>v
on HN=1 a.e. on Iy, in the sense of traces. Then u > v in O.
Proof. In order to prove that v > v in O it is enough to show that
(u—v)" =0,

where for any couple of functions f and g, (f — ¢g)~ := min(f — g,0).
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To this purpose, given € > 0, we observe that (u+ ¢ — v)~ belongs to W1P(0O) and its trace on I is 0 HN !

Lp

almost everywhere. Thus (u+& 4 v) |, € Wy,” " (I1) and thus we can take it as a non positive test function

in the inequality
—(Apu — Apw) >0, in [WHP(O)]*

namely we deduce that

<= (Apu —Apv), (u+e =) > wrr0)wir0)< 0.

Then by the definition of the normal trace we obtain
/ (IVulP~2Vu — |[VolP2V0) V (u+ € —v)~ dz—
o

< (|VulP?Vu-v — [Vo|P?Vo-v), (u+e—v)" >

o 7P
W (60),W """ (80)

Recall that

/ (IVulP~>Vu — |[Vo[P?Vo) V (u4 e —v)” dz

o

= / (|VulP~*Vu — |[Vo[P~2Vo) - (Vu — Vo) d
ONn{u+e<v}

= / |Vu|P~2Vu - (Vu — Vo) dz — / |Vo[P=2Vo - (Vu — Vo) da.
ONn{u+e<v} On{ute<v}

We use the following inequality (c¢f. [27], Lem. 4.2)

|z2 — 21 |P

|22[P — J&1 [P > plas [P2a - (22 — 1) + e(p) 5
(lz1] + |22])

and we get
_ 1 |Vu — Vol?
VulP=2Vu - (Vu — Vo) > = ||[Vulf — |Vou|P + c(p) —
Vul? 2V ! [ P T )
a.e. in O,
- 1 |Vu — Vol?
—| VP2V - (Vu — Vo) > = || Vu]P — |[Vul? + ¢(p) —
| ( p | ( (|Vul + Vo) *7
a.e. in O.
Hence
|Vu — VolP

(|VulP2Vu — |Vo[P~2V0) - (Vu — V) > =c(p)

2
PVl + V)T

a.e. in O, when Vu # Vv, i.e. the monotonicity of the p-laplacian.

<0
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1
This proves the positivity of the first term in (5.5). For the second term, since (u + ¢+ v)~|r, € W ’p(Fl) we

deduce that

< (|VulP2Vu-v— |Vo|P2Vo - v),(u+e—v)" > 1, 1,
w27 (80),W " (80)

<0.

P —

=< (|VuP*Vu-v|p — |V1}\p—2Vv-1/|p1),(u—I—e—v);l > _
(I1)

W (W,
1)>%oo

‘:i\l,d

We know that the function on I is non positive since (v +& —v)~ < 0, while the second term is zero. Then
the left hand side of (5.5) is strictly positive. Again the first term in (5.5) turns out both > 0 and < 0. This
together with the monotonicity of the p-laplacian, ensures that V (u+¢—wv) = 0, so v = u + C in the set
{u+¢e < wv}. Hence v < u+ ¢ for any ¢, and then u > v. O

We can now prove the following result.

Theorem 5.7. Let 2 := w X (—%, %) and assume that w C R? is a bounded smooth open domain whose
boundary has positive mean curvature, and let ug € C(Ow). Then the unique weak solutions of (1.6) u,, in the

sense that they are in C(2) N W2P(02) and

loc
1d.Vu, Vu = 1d-Vu,) - -Vedr =0
i P P
Q

for every o € C§°(£2), for every e > 0, are also p—harmonic functions referred to (1.8) and (1.11), and thus
independent on x3. Moreover they converge locally uniformly as p — 1 to the unique function of least gradient
m w with datum ug.

Proof. For p > 1, the existence and uniqueness of p—harmonic solutions (independent on x3) to (1.8) and (1.11)
can be deduced as already observed in Theorem 5.4. For p = 1, we observe that Theorem 5.2 applied to w ensures
that there exists a unique function u of least gradient with datum wg. Moreover again Theorem 5.4 and [23],
Remark 3.4 provide the locally uniform convergence of the above u,, to this solution u. To conclude the proof it
remains to show that u, are also unique among the functions in W,-?(£2) N C/(2). This latter fact follows from
the lemma 5.6 applied to the unrescaled domain {2, and the well-posedness of the problem (cf. [22,23]). O

Now we can introduce the least gradient problem in the thin domain, taking into account the rescaling in (1.3)

. 1 11
ueJIBI%/f(Q) {’ (Dau gD3u> ’ (£2),u = up on dw x (—5, 5) } , (5.6)

and its version on the class BV (£2) N C(£2),

inf { ‘ (Dau
u€BV (2)NC(N2)

In order to provide sufficient conditions ensuring that both problems (5.6) and (5.7) admit a unique solution,
we prove the following theorem.

%Df\,u)‘ (2),u = up on dw x (—%%)} (5.7)

Theorem 5.8. Let {2 : wx (—%, %) with w C R? a bounded open domain, piecewise C*, and verifying (5.3), (5.4)

and a uniform interior ball condition as in Theorem 5.5. Let ug € C11(dw). Then problems (5.6) and (5.7)
admit a unique coincident solution, independent on x3, obtained as limit for p — 1 in L*(§2)-strong topology

and locally uniformly in 2 of {up .}, where the latter is the unique solution of (1.6).
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We observe that in the statement of this theorem we denoted the unique solution of (1.6) by u, . while
in Theorem 5.7 we denoted it simply by u,. The present choice is due to the fact that we want to stress
the fact that u,. = u, and it solves (1.6) for every ¢ > 0. We emphasize that Theorem 5.8 holds whenever

ug € C(0w) N Wl_%’ﬁ({?w) for p > p > 1, while if ug € C(0w) it is possible to deduce just the locally uniform
convergence.

Proof. We start by observing that the assumptions on w ensure that, as can be deduced from [23], Theorem 3.1
and already emphasized in Remark 5.5, ug € Wl_%’p({?w) for 1 < p < 2. Consequently for every 1 < p < 2 there
exists a unique function u, € WP (w) solution of (1.11). The fact that u, is independent of z3, implies that u,
solves also (1.8) and (1.6) for every € > 0. On the other hand theorem 5.7 says also that w, is the unique solution
of (1.6). Thus we can denote this solution w, also as u, .. Next we can observe, by virtue of the strict convexity
of Iy in (1.4) and I, in (1.9), that for every 1 < p < 2 and for every ¢ > 0, up = u,. is also the unique
minimum point of P, ¢ and P, .. On the other hand Theorem 5.7 guarantees that u, . = u, converges locally
uniformly in {2 to the unique solution u of (5.1) and (5.2). It is easily seen that the function wu is admissible also
for problems (5.6) and (5.7). Moreover the fact that ug is an admissible boundary datum for the I'-convergence
Theorems 3.8 and 3.11, leads us to conclude that the common minimum values w, of P, . and P, converge to
the minimum of P; o and P, .. Consequently exploiting Theorem 2.6 we can say that u (the strong L'(£2) limit
of up . = up as p — 1) is a minimum both for (5.6) and (5.7). This concludes the proof. O
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