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A CERTIFIED REDUCED BASIS METHOD FOR PARAMETRIZED ELLIPTIC
OPTIMAL CONTROL PROBLEMS *

MARK KARCHER' AND MARTIN A. GREPL?

Abstract. In this paper, we employ the reduced basis method as a surrogate model for the solution of
linear-quadratic optimal control problems governed by parametrized elliptic partial differential equa-
tions. We present a posteriori error estimation and dual procedures that provide rigorous bounds for the
error in several quantities of interest: the optimal control, the cost functional, and general linear output
functionals of the control, state, and adjoint variables. We show that, based on the assumption of affine
parameter dependence, the reduced order optimal control problem and the proposed bounds can be
efficiently evaluated in an offline-online computational procedure. Numerical results are presented to
confirm the validity of our approach.
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1. INTRODUCTION

Many problems in science and engineering can be modeled in terms of optimal control problems governed
by parametrized partial differential equations (PDEs). While the PDE describes the underlying system or com-
ponent behavior, the parameters often serve to identify a particular configuration of the component — such
as boundary and initial conditions, material properties, and geometry. Parameter-dependent PDE-constrained
optimal control problems appear in a wide range of applications, e.g., ranging from pollution control prob-
lems [6, 21, 27], to Stokes flow [21], to (Helmholtz) acoustics [30], and to the optimal design of bypass grafts [26].
The solution of these problems using classical discretization techniques such as finite elements or finite volumes
is computationally expensive and time-consuming. One way to decrease the computational burden is the surro-
gate model approach, where the original high-dimensional model is replaced by its reduced order approximation.
These ideas have received a lot of attention in the past and various model order reduction techniques have been
used in this context. We refer, e.g., to [1,17,18,30,31] for proper orthogonal decomposition (POD), to [12] for
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reduction based on inertial manifolds, and to [4,6,13-15,21,26,27,30] for reduced basis methods. However, the
solution of the reduced order optimal control problem is generally suboptimal and reliable error estimation is
thus crucial.

A posteriori error bounds have been proposed previously for POD approximations in [31] to estimate the
distance between the computed suboptimal control and the unknown optimal control; also see [30,35] for an
application of this approach to other model order reduction techniques. In [4, 6], reduced basis approximations
and associated a posteriori error estimation procedures have been derived to estimate the error in the optimal
value of the cost functional. However, the bounds in [31], although rigorous, require solution of the underlying
high-dimensional problem and are thus online-inefficient; whereas the estimates in [4,6], although efficient to
evaluate, are not rigorous upper bounds for the error.

In this paper we employ the reduced basis method as a surrogate model for the solution of the optimal
control problem. The reduced basis method is a model order reduction technique which provides efficient yet
reliable approximations to solutions of parametrized partial differential equations in the many-query or real-
time context [20,25]; also see [29] for a review of contributions to the methodology and further references. The
methodology is thus ideally suited for the solution of parametrized PDE-constrained optimal control problems.
In a recent note [8] we considered elliptic optimal control problems involving a scalar control and proposed
rigorous and efficiently evaluable a posteriori error bounds for the optimal control and the associated cost
functional. Our approach thus allows not only the efficient real-time solution of the reduced optimal control
problem, but also the efficient real-time evaluation of the quality of the suboptimal solution. We also refer to [16]
for an extension of these ideas to problems involving distributed controls. Recently, a reduced basis approach
to optimal control problems based on a saddle-point formulation has been considered in [21].

Here, we extend the work in [8] in the following directions: First, we introduce new a posteriori error bounds
based on a dual approach. To this end, we note that each component of the optimal control is in fact a linear
output of the optimality system. We thus build on the ideas in [24] to obtain superconvergent a posteriori
error bounds for the optimal control and, more generally, for linear output functionals of the state, adjoint, and
control. We show that the duality-based error bounds can be efficiently evaluated using the standard offline-
online computational procedure. Recall that dual techniques have been used successfully in [5, 10, 25, 32] to
improve the convergence of reduced basis output approximations and the associated output bounds. We also
generalize the optimal control problem discussed in [8] by (i) considering problems involving multiple control
inputs; and (ii) introducing a more general parametrization of the cost functional. Concerning the latter, we
show that our approach directly applies to cost functionals involving an (affinely) parametrized desired state
(or control) and that we can also allow the regularization parameter to vary.

This paper is organized as follows. In Section 2 we briefly review the reduced basis recipe for linear second-
order elliptic partial differential equations (PDEs). The optimal control problem is discussed in Section 3: we
start with the general problem statement, state the first order optimality conditions, and illustrate how the
reduced basis method can be applied as a surrogate model. In Section 4 we introduce rigorous and efficiently
evaluable a posteriori error bounds for several quantities of interest: the optimal control, the associated cost
functional, and general linear output functionals of the state, adjoint and control variables. Finally, in Section 5,
we present numerical results for a stationary heat conduction model problem that show the validity of our
approach.

2. THE REDUCED BASIS METHOD

We start with the general problem formulation and a brief review of the reduced basis approximation and
associated a posteriori error estimation procedures for linear second-order elliptic partial differential equations.
The derivation of our a posteriori error bounds for the optimal control problem in Section 4 relies heavily on
these — by now — standard results.
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2.1. Problem formulation

Let Y, with H}(£2) C Y. € H!(£2) be a Hilbert space over the bounded Lipschitz domain 2 C R%,d = 1,2, 3,
with boundary I".* The inner product and induced norm associated with Y are given by (-,-)y. and ||-||y. =
(-,)y., respectively; we assume that the norm ||-||y, is equivalent to the H!({2)-norm [28]. In anticipation
of the optimal control problem considered in Section 3 we also introduce the finite-dimensional control space

U =R™ m € N, together with its standard euclidean inner product (-, )y and induced norm |||z = +/ (-, *)us-
We denote the associated dual spaces of Y, and U by Y/ and U’, respectively. Furthermore, we let D C R” be
a prescribed P-dimensional compact parameter set in which our P-tuple (input) parameter p = (p1,...,up)
resides.

We next introduce the parameter-dependent bilinear form a(-,;u) : Yo x Yo — R. We shall assume that
a(-,+; ) is continuous,

0 <ve(p)= sup sup M <q9 < o0, VYuewD, (2.1)
weYa\ {0} veva\{o} vy, [[v]ly.
coercive,
. alv,vp)
Qe = in ——=>ap >0, VuenD, 2.2
)= 2oy "ol g 22
and satisfies the affine parameter dependence
QCL
a(w,v;p) = Z@g(,u) al(w,v), Yw,veY, VYueD, (2.3)
q=1

for some (preferably) small integer Q,. Here, the coefficient functions ©4(-) : D — R are continuous and depend
on u, but the continuous bilinear forms a?(-,-) : Yo X Yo — R do not depend on u. We recall that the affine
parameter dependence is crucial for the efficiency of the reduced basis method (see [9] for an extension to
nonaffine problems). Finally, we introduce the continuous and linear operator B : Y — Y/, given by

m

Bu="> bi(-)u;, (2.4)

i=1

where b;(+) : Yo — R, 1 <i < m, are given bounded linear functionals and u = (u,...,u,)? € U is the control
with control components u; € R, 1 < i < m. For simplicity, we assume that the functionals by, ...,b,, do not
depend on the parameter; however, (affine) parameter dependence of the b; and thus of the operator B itself is
readily admitted [29].

We may now introduce the exact (or analytic) problem statement: For any parameter p € D and fixed control
u € U, find ye = yo(pn) € Yo! such that

a(ye, v; ) = (Bu,v)yry,, Yo €Y, (2.5)

where (-, )y y, denotes the dual pairing between Y; and Y. This equation will act as the PDE constraint for
the optimal control problem considered in Section 3.
2.1.1. Truth approximation

We next introduce a “truth” finite element approximation space Y C Y, of very large dimension N. Note
that Y shall inherit the inner product and norm from Ye: (-,-)y = (-,-)y, and |||y = [|‘|ly,. Clearly, the

3The subscript e denotes “exact”.
4Here and in the following we often drop the dependence on p to simplify notation.
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continuity and coercivity properties of the bilinear form a are inherited by the “truth” approximation, i.e.,

a(w, v;
v(pw) = sup  sup alw,vip) < Ye(p) <70 <00, YueD, (2.6)
weY\{0} veY'\{0} lwlly [lvlly
and
o(p)= inf 2B 5 04> a0>0, VueD. 2.7)

1.
vev\{o} |v]|%

Our truth approximation to the exact problem (2.5) is then: Given u € D and u € U, find y = y(u) € Y such
that

a(y,v;p) = (Bu,v)y y, YweY. (2.8)

We shall assume that the truth space Y is sufficiently rich such that y(p) and y.(pu) are indistinguishable. We
further recall that the reduced basis approximation shall be built upon — and the reduced basis error thus
evaluated with respect to — the truth solution y(u) € Y.

2.2. Reduced basis approximation

We assume that we are given the nested parameter samples Dy = {u! € D,...,uN € D}, 1 < N < Nyax,
and associated Lagrangian reduced basis spaces, Yy = span{y(u"™), 1 <n < N}, 1 < N < Npax, consisting
of so-called snapshots, i.e., solutions y of (2.8) for all © € Dy. In actual practice, we construct Dy using a
Greedy sampling procedure [33]. For stability considerations the snapshots are orthogonalized to obtain a set
of mutually (-, )y-orthogonal basis functions ¢,, 1 <n < N, such that Yy = span{(,, 1 <n < N}.

The reduced basis approximation is then obtained by a standard Galerkin projection onto the reduced basis
space: Given p € D and u € U, find yy = yn (1) € Yy such that

alyn,v;p) = (Bu,v)yry, Vv e Y. (2.9)

2.3. A posteriori error estimation

A posteriori error estimation procedures play a decisive role in the reduced basis method. The error bounds
help to (i) efficiently and rigorously assess the error introduced by the reduced basis approximation; and (ii)
drive the Greedy procedure for generating the reduced basis space Yy .

To begin, we specify the inner product (v, w)y = % (a(v, w; 1) + a(w, v; ,uref)), where p*f € D is a reference
parameter value (for a(-,-;u) symmetric we then have (v,w)y = a(v,w;u*")). We next assume that we are
given a positive lower bound arp(-) : D — R4 for the coercivity constant «(u) such that

alp) > a(p) > ap >0, Vu € D (2.10)

various recipes exist to construct this lower bound [11,25,34]. We can now state the standard Y-norm error
bound in Theorem 2.1. We repeat the short proof here since the derivation of our new error bounds in the
optimal control setting is, in fact, an extension of this standard result.

Theorem 2.1. Let y € Y be the solution to the truth problem (2.8) and yn € Yn be the corresponding reduced
basis approximation satisfying (2.9). The error then satisfies

(5 )y
— <A =—-"—"— VueD, 2.11
ly —ynlly < An(n) o o (2.11)

where the residual v(-;p) : Y — R is given by r(v; ) = (Bu,v)y y —alyn,v;p), Yo €Y, and its dual norm by
(5 )y = sup,ey oy (05 ) /0]y -
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Proof. 1t follows from (2.8) and the definition of the residual r(v; ) that the reduced basis error, y —yy, satisfies

a(y —yn,v;p) = (Bu,v)yry —alyn,vip) =r(v;p), Vo €Y. (2.12)
Choosing v = y — yn in (2.12), invoking (2.7), (2.10), and the dual norm of the residual, we obtain

ars(W)lly — ynlly < aly —yn,y —ynip) < e wlvely — unlly, (2.13)
from which the result directly follows. a

2.4. Computational procedure

The affine parameter dependence of the bilinear form a allows an efficient offline-online computational pro-
cedure to evaluate the reduced basis approximation yy and associated a posteriori error bound Ay (u). We
briefly recall the essential steps of the former and then summarize the online computational cost to evaluate yx
and Ay (u); we refer to [29] for more details.

We express yn(p) = Zfil yni(p)¢; and choose as test functions v = ¢;, 1 <4 < N, in (2.9). It then follows
that y (1) = [yn1(p), - - ;ynn(1)]F € RY satisfies

An(R)y (1) = By, (2.14)

where An(p) € RV*N and By(u) € RVX™ are matrices with entries (An(u))ij = a(¢j, Gip), 1 <i,j < N,
and (By)ij = b;(¢i), 1 <i <N, 1 <j <m,respectively. Invoking the affine parameter dependence (2.3) yields
the expansion Ay (p) = Z?:"'l ©4(u) A%, where the parameter-independent matrices A%, € RV*Y are given by
(A%)i; = a%(CC), 1< ind <N, 1< q< Qa

The offline computational cost clearly depends on N: we need to solve for the basis functions ¢;, 1 <i < N,
and precompute the parameter-independent matrices A%, 1 < ¢ < Q,, and By; the offline cost associated to
Apn (1) also depends on A [29]. In the online stage, for each new parameter value y, we assemble the parameter-
dependent matrix Ay (p) at cost O(Q,N?) and then solve (2.14) at cost O(N?). We subsequently evaluate
An () online at cost O((QuN + m)?). The computational cost in the online stage is thus independent of the
truth finite element dimension N

3. PARAMETRIZED OPTIMAL CONTROL PROBLEM

In this section we introduce the parametrized linear-quadratic optimal control problem with elliptic PDE
constraint. We recall the first-order necessary (and in our case sufficient) optimality conditions and employ the
reduced basis method for the efficient solution of the resulting optimality system.

3.1. General problem statement

We consider the problem setting as stated in Section 2. We next introduce the quadratic cost functional
J(+, 1) 1 Yo x U — R given by

1 A
Ty, u ) = 5lly = ya()lE2 o) + 51w = uallZ, (3.1)

where D C 2 or D C I is a measurable set; yq(u) € L2(D),Vu € D, and uqg € U = R™ are the desired state
and control, respectively; and A > 0 is the regularization parameter. We shall assume that yq(u) satisfies an
affine parametric dependence, i.e., we can express

Qua
ya(p) =>_ 0%, (n)yi(z), VpeD, (3.2)
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for some (preferably) small integer @yq. We note that, similar to the affine decomposition (2.3), the coefficient
functions @Zd(') : D — R are continuous and depend on g, but the functions y% € L?(D) do not depend on p.
For simplicity, we assume that the desired control ug is parameter-independent; however, (affine) parameter
dependence is readily admitted. Furthermore, for our model problem in Section 5 we will also consider the
regularization parameter \ itself as a varying input parameter.

We can now state the parametrized optimal control problem as

min J (Yo, te; 1) 8.t (Yo, Ue) € Yo XU solves  a(yo,v; ) = (Bue, v)yry,, Yv e Ye. (Peo)

It follows from our assumptions that there exists a unique optimal solution (yZ,u’) to (Pe) [19]. Employing a
Lagrangian approach we obtain the first-order optimality system consisting of the state equation, the adjoint
equation, and the optimality condition: Given u € D, the optimal solution (y¥, pf,u’) € Yo x Yo x U satisfies®

a(ye, &5 1) = (Bug, d)vy ., Vo € Ye, (3.3a)
alp,pe; ) = (Ya(w) — Yo, P)L2(D), Vo €Y, (3.3b)
(A(ug = uq) = B*pe, )u = 0, Ve € U. (3.3¢)

Here, p, is the adjoint variable and the superscript * denotes optimality. Furthermore, the linear and bounded
dual operator of B in (3.3c) is given by B* : Yo — U, where we identify (Y.) with Y, and &’ with ¢/. From the
relationship

(Bu, ¢)ysy. = > bi(d)ui = (B ¢, u)u, (3.4)
i=1
it follows that, for given ¢ € Y, the dual operator B*¢ can be expressed as
B¢ = (b1(9). -, b(9))" - (3.5)

We note that for the linear-quadratic optimal control problem (P,) the first-order conditions (3.3) are necessary
and sufficient for the optimality of (yZ,up).

3.2. Truth approximation

In general, we of course cannot expect to find an analytic solution to (3.3). We thus replace the infinite-
dimensional Ansatz-space Y, for the PDE constraint by our truth approximation space Y C Y, introduced in
Section 2.1.1. We also note that we do not discretize the control space U, i.e., we have Y = R™, since we assume
the number of control inputs m to be moderate. The corresponding truth optimal control problem is then
given by

min J(y,u;p) st (y,u) €Y xU solves a(y,v;pu) = (Bu,v)y y, YveY. (P)
The associated first-order optimality system reads: Given p € D, the optimal solution (y*,p*,u*) € Y x Y xU
satisfies

a(y®, ¢;p) = (Bu*, ¢)y v, Vo €Y, (3.6a)
a(e,p"s ) = (ya(w) — ¥, ©)L2(p), Vo €Y, (3.6b)
(A" = ug) = Bp",¥)u =0, Vi € U. (3.6¢)

We note that the Ansatz and test spaces are identical for the state and adjoint equations. This corresponds to a
“first-discretize-then-optimize” approach and ensures that the solution of the optimality system (3.6) is indeed
also an optimal solution of the truth optimal control problem (P).

The optimality system (3.6) constitutes a coupled set of equations of dimension 2N +m and is thus expensive
to solve, especially if one is interested in various values of p € D. Our goal is therefore to significantly speed up
the solution of (3.6) by employing the reduced basis approximation as a surrogate model for the PDE constraint
in (P).

5We again note that we drop the dependence on i to simplify notation, i.e., we write ye = e (1), Pe = pe(pt), and ue = e (4.
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3.3. Reduced basis approximation

We first assume that we are given the “integrated” reduced basis spaces
Yy =span{¢,, 1 <n < N} =span{y”(pn"),p"(n"), 1 <n < N/2}, 1< N/2< Nuax/2, (3.7)

where the (,, 1 <n < N, are mutually (-,-)y-orthogonal basis functions and N, Ny,.x are even. Note that we
integrate both state and adjoint snapshots in Yy ; thus the term “integrated.” We discuss the reason for doing
so below. We comment on the Greedy sampling procedure to construct the spaces Yy in Section 4.5.

We next replace the truth approximation of the PDE constraint in (P) by its reduced basis approximation.
The reduced basis optimal control problem is thus given by

min J(yn, un; ) st (yn,un) € Y xU solves a(yn,v;p) = (Bun,v)yry, Yvée Yn. (Pn)

We can also directly state the associated first-order optimality system: Given p € D, find (yi.pk,uy) €
YNy X YNy x U such that

a(y}k\hgba ) <BuNa >Y’,Ya v¢ S YNa (388‘)
(Qoap?\fa ) ( ( ) y}k\h QO)LQ (D) v‘P € YN? (38b)
(AMuy — uq) = B*py,¥)u =0, Vi) € U. (3.8¢)

The reduced basis optimality system is only of dimension 2N + m and can be evaluated efficiently using an
offline-online computational decomposition. Before presenting the details in the next section we make several
remarks.

We note that we use a single reduced basis Ansatz and test space for the state and adjoint equations. The
reason is twofold: first, the reduced basis optimality system (3.8) reflects the reduced basis optimal control
problem (Py) only if the spaces of the state and adjoint equations are identical; and second, using different
spaces may result in an unstable system (3.8). This issue is closely related to the stability of reduced basis
formulations for saddle point problems, see [7] for details. If we use the same space Yy for the state and the
adjoint equation, on the other hand, the system (3.8) is provably stable. Finally, since the state and adjoint
solutions need to be well-approximated using the single space Yy, we choose “integrated” spaces, i.e., we
integrate both snapshots of the state and adjoint equations into the space Yy defined in (3.7).

3.4. Computational procedure

We now turn to the computational details of the reduced basis approximation of the optimality sys-
tem. To this end, we express the reduced basis state and adjoint solutions as yy(u) = Zfil yni(p)¢; and
pn(p) = Zijilpm(u)(i and denote the coefficient vectors by y (1) = [yni(n), .., ynn(p)]T € RY and
QN(M) = [pn1(i), .-, pnvn(p)]T € RY, respectively. If we choose as test functions ¢ = (;, 1 < i < N,
p=¢, 1 <i< N,and ¥ = ¢;, 1 <i < m, in (3.8), where e; denotes the i-th unit vector in R™, the
reduced basis optimality system can be expressed in terms of the (2N +m) x (2N + m) linear system

AN(M) 0 —Bn Iy 0
Dy Anx(u)™ 0 Py | = | Yan(p) | . (3.9)
0 —BJI\; )\Im UN )\ud

Here, Ax(u) € RY*N and By € RV*™ are the matrices defined in Section 2.4; Dy € RY*N is a matrix
with the entries (Dn)i; = ({5, G)r2py, 1 < 4,5 < N; Yan(u) € RY is a vector with entries (Yyn); =
(ya(p),Ci)r2(py, 1 <@ < Nj and I, € R™*™ denotes the identity matrix. Invoking the affine parameter
dependence (2.3) yields the expansion Ay (p) = ZqQ:"l O1(u)A%, as discussed in Section 2.4. Similarly, due to
the affine parameter dependence (3.2) of the desired state, we obtain Yy n (1) = ZQ” O 4(1)Y] , where the
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parameter-independent vectors qu € RY are given by (Yd Ni = W ¢y, 1 <i <N, 1 <q< Qua
Finally, to allow an efficient evaluation of the cost functional in the online stage, we also assemble and store the
matrix Yy € RQui*Qua given by (Yy)p, = W 2oy, 1 <p,q < Qya.

The offline-online decomposition is now clear. In the offline stage — performed only once — we first construct
the reduced basis space Y. We then assemble the parameter-independent quantities A%, 1 < ¢ < Q,, Dy, B,
qu, N 1 < g < Qyg, and Y,. The computational cost clearly depends on the truth finite element dimension N. In
the online stage — for each new parameter value p — we first assemble the parameter-dependent quantities Ay (1)
and Yy n () in O(Q,N?) and O(Q,qN) operations, respectively. We then solve the reduced basis optimality
system (3.9) at cost O((2N + m)?). Given the reduced basis optimal solution, the cost functional can then be
evaluated efficiently from

Qya de Qya
1 ~ A
J(yn,un) = 2yNDNyN > O (V) + 3 Z > O (1O (1 )(Yd)pq+§(uN—ud)T(uN—ud) (3.10)

g=1 p=1¢=1

in O(N?+QyaN + Qi 4+m) operations. Hence, the computational cost for the online stage is independent of AV,
the dimension of the underlying “truth” finite element approximation space. Since N < N, we expect significant
computational savings in the online stage relative to the solution of (3.6). However, we need to rigorously and
efficiently assess the error introduced.

4. A POSTERIORI ERROR ESTIMATION

We will now develop a posteriori error bounds for several quantities of interest: the error in the optimal
control, the error in the associated cost functional, and the error in a given linear output functional of the
optimal solution.

We start with the control and cost functional bounds in Sections 4.1 and 4.2, respectively. In Section 4.3 we
then propose a dual approach which considerably improves the convergence rate of our control error bound.
The error bounds introduced are rigorous upper bounds for the true errors and are efficient to compute; we
summarize the computational procedure in Section 4.4. Finally, we present the Greedy procedure to generate Yy
in Section 4.5.

4.1. Error bound for the optimal control

We first consider the error in the optimal control. Our derivation is an extension of the results for scalar
controls in [8] and is based on the following result from [31] (see Thm. 4.11 in [31] for the proof).

Theorem 4.1. Let u* and uy be the optimal solutions to the truth and reduced basis optimal control prob-
lems (P) and (Pn), respectively. The error in the optimal control then satisfies

* * 1 * * *
lu” = uylle < 1Al = ua) = B"p (y(uy))lu, Vi D. (4.1)

We note that y(u},) is the solution of the (truth) state equation (3.6a) with control u}, instead of u*, and
p (y(uy)) is the solution of the (truth) adjoint equation (3.6b) with y(u}) instead of y*(u*) on the right-hand
side. Evaluation of the bound (4.1) thus requires a solution of both truth approximations and is computationally
expensive. In contrast, our new bound is online-efficient, i.e., its evaluation is independent of A/. The underlying
idea is to replace the truth approximation p(y(u})) in (4.1) with the reduced basis approximation py (v (uk))
and to bound the error term p(y(ul)) — pi (Y (ui))-

Before we continue, let us make some notational remarks. Following the notation and terminology in [4], we
refer to ¥ = y(uly) —yi (ul) as the state predictability error and to P = p(y(ul,)) —pi (yx (uy)) as the adjoint
predictability error. They reflect the ability of the corresponding reduced basis solutions to approximate the
truth state and adjoint solutions for a prescribed control. In contrast, we define the state, adjoint, and control
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*

optimality errors as e¥* = y*(u*) —yy (ul), eP* = p* (y*(u*)) —py (yn (Uy)), and e** = u* —u},, respectively.

We start with the following definition.

Definition 4.2. The residuals of the state equation, the adjoint equation, and the optimality condition are
defined by

ry(d: ) = (Buy, d)yy — alyn, &; 1), VoeY, VYpenD, (4.2)
(@i ) = (Wa(i) — yas @)z (py — ale, s 1), VoeY, VYueD, (4.3)
ru (s ) = (Muy —ua) — B*py, ¥)u, VipelU, VYpeD. (4.4)

Note that since we do not reduce the already low-dimensional control space U, the residual of the optimality
condition vanishes, i.e., we in fact have r(¢; u) =0, Vb € U.
Before stating the main result we require the following two intermediate results.

Lemma 4.3. The state predictability error, é¥ = y(uy) — yn(ul), is bounded by
&y < AY (u) = M Ve D, 45
[e¥lly < Ax (k) p— 1 (4.5)

where 1, (¢; ) is the state residual defined in (4.2), yx (ui) is the solution of (3.8a), and y(uy) is the solution
of the truth state equation (3.6a) with control u},.

This is the standard a posteriori error bound for coercive elliptic PDEs, c¢f. Theorem 2.1 for the proof.

Lemma 4.4. The adjoint predictability error, é® = p (y(uy)) — N (YN (X)), is bounded by

- ~ 1 5
€%l < A% (1) = —— (Irp(s )iy +C A% (). VneD, (46)
arp (1)
where 1, (3 p) is the adjoint residual defined in (4.3), Cp = sup,ey o} HU\‘Ilest(/D) , Py (W (uy)) is the solution

of (3.8b), and p (y(uy)) is the solution of the truth adjoint equation (3.6b) with y(uy) on the right-hand side.

Proof. We note from the definition of the adjoint residual, r,(¢; 1), and (3.6b) that the error, éP, satisfies

a(p, e ) = rp(ps 1) + (yn (un) — y(un), )L2(p), Vo €Y. (4.7)

We now choose ¢ = éP, invoke (2.7), (2.10), the definition of the dual norm of the residual, and the
Cauchy—Schwarz inequality to obtain

aLs(WIEP < llrp(s iy 1P lly + lly(uly) — yi (ui) 2oy €7z (o). (4.8)
The desired result directly follows from the definition of C'p and Lemma 4.3. O

We note that this proof is in fact a simple extension of the proof of Theorem 2.1. The main difference is the
additional error term due to the change in the right-hand sides of equations (3.6b) and (3.8b). This error in the
right-hand side propagates and results in the additional term in the error bound (4.6).

We are now ready to state the optimal control error bound in

Proposition 4.5. Let u* and u} be the optimal solutions to the truth and reduced basis optimal control prob-
lems, respectively. Given AR, (u) defined in (4.6), the error in the optimal control satisfies

| —

m 1/2
ke < A () = 3 (aniﬁﬂ) AP (1), VpeD. (4.9)
=1
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Proof. We append £B*p% (y& (uy)) to the bound in (4.1) and invoke (3.8¢) to obtain

* * 1 * * * *
= wivlle < $1B* (py(un) = i (v (i) lus - ¥ € D. (4.10)
Furthermore, from the definition of the dual operator B* and the dual norm of by, ..., b, we have
) 1/2 L 1/2
$18* (p(y(ui) =i (yn (wi) e = 5 (Zb (€") ) <3 (lebi@) 1€”]ly- (4.11)
i=1
The desired result directly follows from Lemma 4.4. O

4.2. Error bound for the cost functional

Given the error bound A%*(p) for the optimal control we may readily derive a bound for the error in the
cost functional. We require the following two preparatory lemmata stating the a posteriori error bounds for
the state and adjoint optimality errors. We note that the proofs of these lemmata are similar to the proof of
Lemma 4.4, i.e., the error in the optimal control — or, more precisely, the error bound of the optimal control —
propagates and appears as an additional term in the state and adjoint optimality error bound.

Lemma 4.6. The state optimality error, e¥"* = y*(u*) — y& (uy), is bounded by

1

* 1 U,k
[y < AF () = ) 7y G5 )1y + (Zlb ”Y/) Ay (w) ), VueD. (4.12)

e¥*
I p—

Proof. We note from (4.2) and (3.6a) that the error, e¥*, satisfies

m

a(e"*, ¢ip) =1y (¢ ) + Y bi(d)(uf —uky;), Vo eEY. (4.13)

i=1

We now choose ¢ = e¥*, invoke (2.7), (2.10), the definition of the dual norm of the residual and the linear
functionals by, ..., b,, to obtain

m
ars (Wl |15 < Iry G mlly e by + e lly Y lbillys|uf — wiv- (4.14)
i=1
We use the Cauchy—Schwarz inequality and invoke Proposition 4.5 to obtain the desired result. O

Lemma 4.7. The adjoint optimality error, eP* = p* (y*(u*)) — pi (Yn(uy)), is bounded by
1

epa*
” oLs ()

(Irp (5 )y + C3 A%* (), Vp € D. (4.15)

ly < AR (0) =

Proof. We note from (4.3) and (3.6b) that the error, eP*, satisfies

a(p, e” ;) = rp(ps ) + (Yn (uy) — y* (u*), @)Lz (py, Vo €Y. (4.16)

We now choose ¢ = eP*, invoke (2.7), (2.10), the definition of the dual norm of the residual, and the
Cauchy—Schwarz inequality to obtain

av ()" 3 < llrp(5 )l [l

The desired result directly follows from the definition of Cp and Lemma 4.6. O

v + [ly™ (") — yn (ui)llL2 o) ll€” " |2 (o) - (4.17)
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We can now state

Proposition 4.8. Let J* = J(y*,u*;n) and Jy = J(yk,ul;p) be the optimal values of the cost functionals of
the truth and reduced basis optimal control problems, respectively. The error then satisfies

* * yk — 1 yk 3k
[J* = TN < AV () = 5 (Iry Gy AR () + Nl )iy AR (), Y€ D. (4.18)

Proof. We use the standard result from [2] to estimate the error in the cost functional by

* * 1 * *
77 = Inl = 5 (lry Gl ey + e G mlly le"lly) - Vi e D. (4.19)

The result follows from Lemma 4.6 and 4.7. O

We briefly remark at this point that our a posteriori bounds defined in (4.9) and (4.18) are rigorous upper
bounds for the true errors and that the standard reduced basis offline-online computational procedure directly
applies — online evaluation of A%*(u) and A% (1) is independent of N; see Section 4.4.

4.3. Duality based error bound

In this section we propose superconvergent a posteriori error bounds for linear output functionals of the
state, adjoint, and control by employing dual techniques. Since each control component uq, ..., u,, is a linear
output of the optimal solution z* = (y*, p*,u*), this approach allows us to considerably improve the control
error bound (4.9) — and subsequently also the cost functional error bound (4.18). Dual techniques are widely
used in PDE approximations to obtain superlinear convergence of linear output functionals [24]; also see for
example [3,23] in the finite element context. These ideas have also been used successfully to improve the
convergence of reduced basis output approximations and the associated a posteriori error bounds in [10,25,32].

We note from (4.18) that the error bound for the cost functional A}(}*(u) is in fact superconvergent, i.e.,
A}{}*(u) is proportional to the product of error terms involving the state and adjoint solutions of the optimality
system. The control error bound A" (x) defined in (4.9), on the other hand, is only proportional to the error in
the adjoint solution. If the actual error in the control converges superlinearly, the effectivities, i.e., the ratio of
the error bound and the actual error, will thus grow with the dimension N of the reduced basis approximation.
We will observe and comment on this behavior in Section 5; also see the results in [8].

Our goal is to avoid this growth of the effectivity with N by employing dual techniques. We first derive the
theory for a general linear output functional of the optimal solution z* = (y*, p*, u*) and then state the results
for the improved control and cost functional error bounds.

4.8.1. Linear output functional

We start by writing the truth optimality system (3.6a)—(3.6¢) in a more condensed form. To this end, we
introduce the product space X =Y xY xU and define, for any u € D, the bilinear form A(-, ;u) : X x X — R as

h(z, z; ) = h((y, p,u), (¢, @, ); )
= a(yv ¢; M) - <BU, ¢>Y/,Y + a(‘Palm M) + (ya QO)LQ(D) + ()\U - B*pv ¢)u (420)

The optimality system (3.6a)—(3.6¢c) can then be written compactly as: Given p € D, the optimal solution

*

x* = (y*,p*,u*) € X satisfies

h(z*, z;p) = f(2), VzeX, (4.21)
where z = (¢, p, 1) and the bounded linear functional f € X’ is defined as
f(z) = (a(w), ©)rz(p) + Mua, V)u- (4.22)

We are interested in the evaluation of a linear output ¢(z*) of the optimal solution z* = (y*,p*,u*). Here,
¢ € X' is a bounded linear output functional which is composed of its components ¢,, ¢, € Y’ and ¢, € U’ and
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is given by £(z) = £,(¢) + {y(¢) + Lu(). Note that we obtain the control component u; as output by simply
choosing ¢,(¢) = {,(¢) = 0 and ¢, (¢) = 1;; similarly, we can set £,(¢) = £,(¢)) = 0 and ¢, (¢) # 0 if we are
interested in a linear output of the state y.

We can also directly state the reduced basis optimality system (3.8) in this form: Given p € D, find =%, =
(yn PN uN) € Xn =Yy x Yy x U such that

h(zy, zp) = f(z), Vz€ Xn; (4.23)

we then obtain the reduced basis output approximation from (a7 ).
We next introduce the associated truth dual problem [24]: Given p € D, the dual variable #* = (§*,p*, 4*) € X
satisfies

h(z, 2% p) =L0(z), VzeX. (4.24)
The left-hand side of the dual problem (4.24) has the form
Wz, 2% 1) = ald, 975 1) — (BY, §")yry + a5 1) + (6,07 )2(p) + (A = B o, 4"y, (4.25)

and — by sorting with respect to the test functions — the dual problem (4.24) can thus be written in extended
form as

a(e, 95 1) + (9,9 )2 (py = Ly(d), Vo €Y, (4.26a)
a(p”, ;) — (BU, o)y y = Ly(p), Ve €Y, (4.26D)
(A =B )y = Lu(¥), VY eU. (4.26¢)

We note that the variables ¢ and p in the dual optimality system have switched the roles compared to y and p
in the primal optimality system. We thus will refer to (4.26b) as the dual state equation and to (4.26a) as the
dual adjoint equation.

At this point we should in fact remark on a conflict in notation. Although the expressions “dual” and
“adjoint” are often used interchangeably, we need to distinguish between the two, i.e., we refer to (3.6) as the
primal optimality system containing the primal state equation, primal adjoint equation, and primal optimality
condition, and to (4.26) as the dual optimality system containing the dual state equation, dual adjoint equation,
and dual optimality condition.

It remains to introduce the reduced basis approximation of the dual problem (4.24). In analogy to the primal
problem we introduce the “integrated” dual reduced basis spaces

Yar = span{(, 1< m < M} = span{§(ug,), 5" (ugy), 1<m < M/2}, 1< M/2< Muax/2,  (4.27)

where the (3%, 1 < m < M, are mutually (-, -)y-orthogonal basis functions and M, My,.x are even. We comment
on the Greedy sampling procedure to construct the spaces Yj; in Section 4.5. The dual reduced basis optimality
system is then: Given p € D, find &3, = (93, D3> Uhs) € X = Yar X Yoy X U such that

a(, Gir 1) + (6,5 )L2p) = Ly(8), Vo € Y, (4.28)
a(prr, @i 1) — (Biisy, @)vry = Lp(9), Vo € Y, (4.28b)
Ay = B9 Vu = Lu(¥), VY €U. (4.28c¢)

We can now prove the following bound for the error in the output functional.

Theorem 4.9. Let z* € X and xy € Xn be the optimal solutions to the primal truth and reduced basis
optimality systems (3.6) and (3.8), respectively. Furthermore, let £* € X and &3, € X be the optimal solutions
to the dual truth and reduced basis optimality systems (4.26) and (4.28), respectively. The error in the output
functional £ then satisfies

[0(2") = @) < NryCimlly 19" = dnlly + llrp (s )y 19" = Parlly
+ ry(hs 0) + rp(Bars )|, Vi€ D. (4.29)
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Proof. From the linearity of the output functional ¢ and the definition of the dual problem (4.24) we obtain
L") — l(zy) = L(z™ — xy) = h(z" — N, 2% 1), VueD. (4.30)

Furthermore, for every z = (¢, ¢,9)T € X the error residual relationship

Wa™ — iy, zp) = f(2) = Maly, 25 ) (4.31)
=1y(®) +1p(9) + ru(¥) = 1y(d) + 1p(¢0) (4.32)

holds by Definition 4.2. We now choose z = z* and obtain

h(z* —x}y, 3% p) = h(z" — 2y, 3" — T p) + h(2" — 2}y, 235 1) (4.33)
=1y (" = Gars 1) +rp(B" = Dhsi i) + ry(Ghs: 1) + rp(Dhsi )- (4.34)
The result now follows directly from the definition of the dual norms of the residuals. O

Note that r, and 7, are the residuals associated to the primal optimality system and that their dual norms
llry (5 )|y and ||rp(-; )|y as well as the residual correction terms ry (93,5 1) and (P} 1) can be evaluated
efficiently using an offline-online decomposition; see Section 4.4. However, we still need to develop efficiently
evaluable a posteriori error bounds for the dual optimality errors §* —¢;, and p* —p3,. Fortunately, the derivation
of these bounds follows directly from the analysis in Sections 4.1 and 4.2: we first derive bounds for the dual
predictability errors and the dual optimal “control” @* — @},; we then employ the dual control error bound to
obtain the dual optimality error bounds. We summarize the necessary results in Appendix 5. Given the dual
optimality error bounds, we can state the main result of this section.

Proposition 4.10. Let x* and x3 be the optimal solutions to the primal truth and reduced basis optimality
systems, respectively. Furthermore, let * and 3, be the optimal solutions to the dual truth and reduced basis
optimality systems, respectively. The error in the output functional ¢ then satisfies

[(z*) — i) < AY'w (1), Vn €D, (4.35)

where

AR () = llry G )y AR7 (1) + I G )y A57 (1) + Iy (Grs 1) + o (Bags )], Vi € D (4.36)

Proof. The result follows directly from Theorem 4.9 and the definitions of the dual state and adjoint optimality
error bounds AL (p) and A% (1) in Lemmas A.5 and A.6, respectively. O

The primal-dual error bound Af\’,’f (1) obviously depends on the dimensions of the primal and dual reduced
basis approximations through the primal residuals and the dual optimal solutions and associated bounds. We

present the computational procedure to evaluate Af\’,TM(u) in Section 4.4.

4.8.2. Optimal control

We may employ the dual approach to obtain superlinear convergent a posteriori error bounds for the optimal
control. To this end, we consider the linear output functional ¢“i(z) = 4; for z = (¢, ¢, 1) € X associated to
the i-th control component u;. The error in the i-th control component then coincides with the error for the
functional £** and is thus bounded by

lur — | = |04 (@) — 0% ()] < Afvuj],\;(/‘)' (4.37)

Consequently, for the error in the optimal control we directly obtain
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Corollary 4.11. Let z* and x}; be the optimal solutions to the primal truth and reduced basis optimal control
problems, respectively. The error in the optimal control then satisfies

" = unller < ANy (1) = (Z (Af\?f&(u))Q) : (4.38)

i=1

We note that the evaluation of the primal-dual error bound (4.38) requires m dual problems in addition to the
primal optimal control problem and is thus feasible only for problems involving a modest number of controls.

4.8.8. Cost functional

We mentioned in the beginning of Section 4.3 that the (primal-only) error bound for the cost functional
A}{}*(u) defined in (4.18) is already superconvergent. However, the cost error bound can still benefit indirectly
from the dual approach. As pointed out in Section 4.2, the control error bound propagates and enters as an
additional error term in the state and adjoint optimality error bounds. A sharper (primal-dual) control error
bound will hence lead to sharper optimality error bounds and finally to a sharper error bound for the cost
functional.

The approach is as follows: we replace the control error bound A" (x) in (4.12) with its primal-dual coun-
terpart A}(}fM(u) to obtain the primal-dual state optimality error bound

) 1 o P
AGy () = 7y (5 ) Iy + (ZII@-I%) AN r(w) (4.39)
=1

— as(p)

and subsequently the primal-dual adjoint optimality error bound

AN () = @ (s )y + Ch A% (1) (4.40)

These bounds in turn allow to develop a new primal-dual cost functional error bound given by

* 1 * *
A = 5 (I G wllyr A () + Iira G )l AR (1)) (4.41)

Here, the primal-only state and adjoint optimality error bounds A%* (1) and AR (1) in (4.18) have been replaced
by AL () and AR/ (1), respectively.

4.4. Computational procedure

4.4.1. Control and cost functional error bound

For the evaluation of the control and cost functional error bounds described in Section 4.1 and 4.2 the following
quantities need to be computed: the dual norms of the state and adjoint equation residuals |y (; 1)||y+ and
llmp (s ) ||y, respectively; the constant Cp; the dual norms of the linear functionals [|b;]|y+, 1 < i < m; and the
coercivity lower bound app (). Since all of these quantities can be evaluated using the standard offline-online
decomposition [29], we only summarize the computational cost in the online stage. Given a new parameter
1 € D and associated optimal solution %, evaluation of A%*(u) and A%*(p) requires (to leading order)
O((QuN +m)? 4+ (QuN + N + Qyq)?) operations, and is thus independent of N.

4.4.2. Dual problem

The computational procedure for the reduced basis approximation of the dual optimality system is anal-
ogous to the one for the primal problem. We express the reduced basis dual state and adjoint solu-
tion as gu(p) = Zf\il Oari ()¢ and pas(p) = Z?il Pari()¢™ and denote the coefficient vectors by
9y, (1) =[G (p), - - O ()]T € RM and Dy, (1) = [Para(p), - P (p)]T € RM | respectively. If we choose
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as test functions ¢ = (", 1 <i < M, o =(¢M 1 <i< Mand ¢ =¢;, 1 <i<min (4.28), where ¢;
denotes the i-th unit vector in R™, the dual reduced basis optimality system can be expressed in terms of the
(2M +m) x (2M + m) linear system

0 Awl) —Bu| | o | = | Th | (1.42)
BT, 0 AMp | |an Ji

Here, Ap(p) € RM*M Dy € RM*M | and By € RM*™ are matrices with the entries (Ans(p))i; =
a(M, ¢ ), 1<i,5 <M, (Da)ig = (¢ ¢M")2py, 1 <45 <M, and (Bu)ij = bj(¢™), 1<i< M, 1<
j < m, respectively. The vectors LY, € RM and L, € RM are given by (L%,); = £,(¢), 1 < i < M,
and (LY,); = (P(¢M), 1 < i < M, respectively. We denote by I,, € R™*™ the identity matrix and
L* € R™ is the Riesz representation of ¢,. Invoking the affine parameter dependence (2.3) yields the ex-

€ RM*M are given by

pansion Ay (u) = ZQ“ ©%(n)A%,, where the parameter-independent matrices A%,
(A3p)ij = (¢ M), 1<4,j < M, 1<¢ < Qa.

The offline-online decomposition is now clear. In the offline stage — performed only once — we first construct
the reduced basis space Y and assemble the parameter-independent matrices A%, 1 < q < Qa, Dy, B,
and the parameter-independent vectors LY,, L%; the computational cost clearly dependents on N. In the
online stage — for each new parameter value p — we first assemble the parameter-dependent matrix Aps(p) in

O(Q.M?) operations. We then solve the reduced basis optimality system (4.42) at cost O((2M +m)?). Hence,

the computational cost for the online stage is independent of A

4.4.8. Duality based error bound

For the evaluation of the primal-dual error bound A% ~oar(p) in (4.36) we additionally need the following
ingredients: the dual norms of the dual residuals ||75(+; )Hy/ and ||75(-; 1) ||y~ and the residual correction terms
Ty (Gar; 1) and 7, (Par; ). Again, the offline-online decomposition for the dual norms of the residuals is standard,;
we thus focus on the residual correction terms.

In the offline stage, given Yxn and Yar, we assemble the parameter-independent matrices A‘}V’ M
Ay € RM>*N “and Dy € RY*M with entries (AN )i = aq(Ci,CJd“), 1<i<N,1<j<M 1<q<Qq,
(A% N)ig = a%(¢1,¢), 1<i <M, 1<j <N, 1<q<Qqand (Dyn)ij = (Giy (M)L2py, 1<i <N, 1< <
M, respectively; and the parameter-independent vector qu,M € RM with entries (qu,M)i = (v, Czdu)L"’(D)a 1<
1 <M, 1<q<Qya-

In the online stage, given a new parameter 1 € D and associated optimal solutions 3, and #3,, we evaluate
the residual correction terms from

NxM
€ RNVXM,

ry(Iars ) = (Bun, gar)yry — a(yn, Jars 1) (4.43)
QCL
= (Buun)"g,, = > 0Ly LAY v, (4.44)
=1
and
Tp(Pars ) = (Ya(p), Pa)rz(py — (YN, Pm)L2(p) — a(Pam, PN 1) (4.45)
de Qa
- Z 8 d w) pM yNDN MDyy Z@q MA(JJM,N}_)N' (4.46)
qg=1

The computational cost to evaluate A% N, * (1) online — in addition to the cost for evaluating the primal state and

adjoint residuals — is O((Q, N +m)*+ (QaN—l—N—i—de)2 H(QaM+m+1)?+(QuM+M+1)>+QuNM+QyqM)
and thus independent of N.
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4.5. Greedy algorithm

We generate the primal and dual reduced basis spaces using the Greedy sampling procedure summarized
in Algorithm 1 (exemplarily shown only for one dual problem). Here, Zf., C D and Zdu. C D are finite
but suitably large parameter train samples for the primal and dual problem, respectively; ,u%)r e =, and
uéu € Eg‘;in are the initial parameter values; and €;o1,min > 0 is a prescribed desired error tolerance. Note that
we expand the primal and dual reduced basis spaces in steps 8 and 9 with a snapshot of the corresponding state
and the adjoint equation, i.e., we use “integrated” spaces as discussed previously.

We make two remarks: First, if one is interested in the “primal-only” approach described in Sections 4.1
and 4.2, all steps in Algorithm 1 associated to the generation of the dual space can be ignored. In this case
we propose to use the (relative) cost functional error bound, Aﬁ* (1)/J% (1), for the sampling procedure due
to its superconvergence property. Second, if the primal-dual approach is used, we propose to use the (relative)
primal-dual cost functional bound, Ay a (@) = AJ{}TM(M) /J% (1), for sampling the primal problem and Aps(p) =
max(A%’f (1), A?’;(u)), i.e., the dual ingredients of the cost functional bound, for sampling the dual problem.
The spaces are generated simultaneously since Ay ar(p) depends on the primal and dual problem. This choice
is also used in Section 5 for the numerical results.

Algorithm 1 Greedy Sampling Procedure.

1: Choose =0, C D, 5 C D, ul, € 5P, (arbitrary), pj, € Z0%, (arbitrary), and €olmin > 0
2: Set N « 0, YN‘_{}
3: Set M «— 0, Yay — {}
4: Set pihy < fipe, fiy < Mgy and A ar(y,) < 0o
5: while Ay ar(f15,) > €tol,min do
6: N «— N+2
7: M — M+2
8 Yy Yo @span{y(uy,), (i) }
9: Yy < Y2 ©span{ §(pg,), p(1d,)
10: g, < argmax Ay ar(fipr)
HP"EEErrain
11: pih, < argmax Aps(pdu)
Haw€Z0%;,
12: end while
13: Nmax — N
14: Mmax — M

5. NUMERICAL RESULTS

We consider a linear-quadratic optimal control problem governed by steady heat conduction in a two-
dimensional domain [22]. The spatial domain, a typical point of which is x = (z1,22), is given by 2 =
(0,7)x(0, 3) and is subdivided into the four subdomains £2; = ((1,2)x(0,1))U((5,6)x(0,1)), 25 = (3,4)x (0, 1),
25 =(1,6) x (2.5,3), and £24 = 2\ {1 U2 U23}. A sketch of the domain is shown in Figure 1. The tempera-
ture satisfies Laplace’s equation in {2 with continuity of temperature and heat flux across subdomain interfaces,
i.e., on the interface of 21 U {2 and {24 we have y|o,u0, = y|n, and %y\glu% =l %y\m. We impose zero
Dirichlet conditions on the left and right boundaries and zero Neumann conditions on the bottom and top
boundaries. The amount of heat supply in the heater domains {2, and (2, is regulated by the first and second
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FIGURE 1. Domain {2 for the model problem.

component of the control u = (uy,us) € U = R?, respectively. The (reference) conductivity in the subdomain
21 U £ is set to unity. We consider the normalized conductivity x in the subdomain (23 U {24 as our parameter
w1 € [0.5,5].

The temperature y(u) € Y thus satisfies (2.8), where Y C Y° = {v € HY(2) : v|r, = 0} is a linear finite
element truth approximation subspace of dimension A/ = 8479 over a triangulation of 2. The bilinear and
linear forms are given by a(w,v;p) = p1 [, o, VwVodz + [, o Vo Vudr and bi(v) = [, vdw fori = 1,2,
respectively. The bilinear form a(-, ;1) admits the affine representation (2.3) with O (u) = p1,02 () = 1 and
Qo = 2. We also define the inner product (w,v)y = pi¢f fﬂgu(h Vw Vudz + fQIUQQ Vw Vo da for p5¢f = 1/2.5;
we may hence choose app (i) = min(py /g3, 1) in (2.10).

We consider the quadratic cost-functional J(y,u; ) = 1y — yd(ﬂ)||iz(D) + 3w — ual|, with ug = (1,1)T
and D = {23. Here, the parameter-dependent desired state yq(+; 1) : D — R is given by

ya(w; p) = pa(z1 —3.5) + 1, (5.1)

where the parameter s varies from —0.1 to 0.1. The desired state yq(p) clearly satisfies the affine parameter
dependence (3.2) with Quq¢ = 2: Q;d(,u) = U2, de =1, yi(z) = (1 — 3.5)%, and y3(z) = 1. Finally, we
also assume that the regularization parameter A is allowed to vary in the range from 0.01 to 1. The full
parametrization of our problem is thus given by u = (u1, p2, s = A) € D = [0.5,5] x [—0.1,0.1] x [0.01, 1]; we
have P = 3 parameters.

We first present results for the solution of the truth optimal control problem (P) for different parameter
combinations. In Figure 2 we plot the optimal temperature distribution and state the optimal control and
associated cost functional value. We note that all parameters have a strong influence on the solution of the
optimal control problem: the temperature and optimal control vary significantly and the variation in the cost
functional is almost three orders of magnitude. The range in the cost functional is largely due to the second
parameter value, o, which influences the desired temperature profile in {23: positive values of us correspond to
a parabola facing up and negative values to a parabola facing down. The optimal control problem can achieve
a good fit — and thus small tracking error — only for negative values of s because of the Dirichlet boundary
condition.

We construct the reduced basis space Y according to the Greedy sampling procedure described in Section 4.5.
To this end, we employ the train samples = . C D consisting of nP . = 845 parameter points over D for the

train train

primal and Z3% < D of size nd%; = 169 for the dual problem. Here D = [0.5,5] x [0.01, 1] is the parameter
domain for the dual problem®. We sample the primal problem on the relative primal-dual cost functional error

bound A}{}TM(M) /Jx (@) and the dual problem on the maximum of the dual state and adjoint optimality error

6Note that the second parameter, p2, does not enter the dual problem (4.24) and is thus also not included in the Greedy sampling
procedure.
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(.Lle K2, )‘) = (057 0.1, Ol)a (“17 H2, )‘) = (507 0.1, 01)7
u* = (1.07,0.71), J* = 0.2192 w' = (2.63,2.36), J* = 1.1394

(yu1, 2, A) = (0.5,0.1,0.01), (11, p2, ) = (0.5, —0.1,0.01),
u* = (2.32,—0.88), J* = 0.1907 u* = (0.53,0.79), J* = 0.0020

(/“le 2, A) = (085 0.1, 001)7 (/“Lh 2, /\) = (08> 0.1, 1)7
w = (2.42,0.09), J* = 0.2112 w = (1.21,1.14), J* = 0.2925

FIGURE 2. Optimal state y* (1), optimal control u*(u), and optimal cost functional value J* (1)
for different representative parameter values.

bounds maX(A?JJ\/’[* (1), A?\/’[*(u)). The desired error tolerance is €1, min = 1E-10 and the initial parameter values
are pl. = (0.5,—0.1,0.01) and pj, = (0.5,0.01). We also introduce a parameter test sample Sies of size
Ntest = 100 with a log-random distribution in p; and A and a uniform-random distribution in ps.

In Table 1 we present, as a function of N, the maximum relative predictability errors GJyV,max,rel and GZJ)V,max,rel’

the maximum relative error bounds A%~ and AR~ and the average effectivities 7% and 7y, for the

state and adjoint equation, respectively. Here, €%, .. . is the maximum over Ziesy of [|€¥(u)|ly /[y (i (1)) [lv
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TABLE 1. State and adjoint predictability errors, error bounds, and effectivities as a function of N.

State Adjoint
N 6Jy\f,max rel AJyV,max rel ﬁ?\f 6?\/' max,rel A?V,max rel ﬁﬁf
2 16.74-01 9.16e-01 1.20e+00|1.018+4+00 4.38+01 1.57E+01
4
8

5.39E-01 6.94e-01 1.25E+00|3.16e-01 1.52E+01 1.28E+01
4.72E-02 5.228-02 1.43E+00|{1.01E-01 1.33E+00 9.48E+00
1214.69e-03 9.77e-03 1.41+00|1.75e-02 1.22e-01 5.50E+00
16|1.61-04 1.66e-04 1.43E+00|7.56E-03 7.93e-03 3.12E+00
20(4.21E-06 7.69E-06 1.45E+00|2.08e-04 3.38E-04 2.00E+00
2411.92e-07 2.72e-07 1.50E+00|6.09-05 6.41-05 1.60E+00

TABLE 2. Control: error convergence, error bounds, and effectivities as a function of N.

N=M 67\;,*max rel A?\;,*max rel N AX}*M max,rel N\

2 6.64-02|3.23E+02 8.68E+02| 5.53E+03 2.98E+04
4 6.63E-02|3.42E+02 3.08e+03| 1.84+02 6.26E+03
8 3.12E-03|1.08£+01 3.72E+03| 6.95E4+00 1.16E+03
12 6.27E-05|6.24-01 2.44E+04| 2.85E-02 2.58E+03
16 2.15E-07|7.74E-02 4.45E+05| 4.95-05 3.37E+02
20 1.70E-09| 8.98E-04 5.56E+06| 3.32E-08 2.12E+02
24 1.80E-11|1.57E-04 4.14+07| 4.13e-10 1.04E+02

A%, e ver 8 the maximum over Syes of A% (12)/[[y(ui (1))l and 7% is the average over Sieu of A% (1) /e ().
The quantities for the adjoint variable are defined analogously (normalized by ||p(y(uy (1)))|ly). We observe
that the state and adjoint predictability errors and bounds are decreasing very rapidly with increasing dimension
of the reduced basis space and that the error bounds are very sharp for all values of N. The slightly larger
effectivity of the adjoint error bound for small values of N is due to the fact that the state error bound, i.e.,
the second term in (4.6), dominates at this point. However, for higher values of N the dual norm of the adjoint
residual becomes the main contributor to Afv(/i), which leads to a very sharp error bound.

Given the predictability error bounds we can evaluate the error bound for the optimal control. In Table 2
we thus present, as a function of N(= M), the maximum relative control error eﬁ,’fmax’rel and the primal-
only and primal-dual control error bounds A%fm ax.rel and A}ﬁ,’fM’maX’r .1 and associated average effectivities 775"
111;/1,*max,rel is the maximum over Ziest of Hu*(/’(‘) - U?V(M)HU/HU*(M)Huv A?\;,*max,rel
and ARG are the maxima over Siesy of ARG (u)/llu*(p)llu and ARy, (1) /[|w* (1)l respectively; and

U, %

Ny and 7y, are the averages over Siese of AR"(u)/llu* (1) — uiy ()llu and ARy (1)/llw* (1) — ui (1) lu-
We observe that the control error exhibits a superlinear convergence with respect to the state and adjoint

predictability errors. The primal-only control error bound is not able to capture the error decay in the control
and the mean effectivity thus deteriorates considerably as N increases. In contrast, the primal-dual error bound
is able to match the convergence behavior of the actual error and the effectivities even decrease slightly with
increasing V. We recall that evaluation of the primal-dual control error bound requires the solution of two dual
optimality systems in addition to the primal optimality system. Here, and for the rest of this section, we assume
that the reduced basis dimensions of the two dual problems are equivalent.

We next turn to the optimality errors. In Table 3 we present, as a function of N, the maximum relative

. . . y,* p7* . . . y,* p,*
optimality errors € N max.rel and € N max,rel’ the maximum relative error bounds A N max.rel and A N max.rel’ and

and 75", respectively. Here, €
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TABLE 3. State and adjoint optimality errors, error bounds, and effectivities as a function of V.

State Adjoint
Y,* Y,* SY,* py* py* =Py *
€N max,rel AN max,rel v €N max,rel AN max,rel "IN

6.70-01 5.28E+02 7.93E+01|8.068-01 1.30E+04 2.55E+03
5.36E-01 5.60E+02 8.44E+01|3.17E-01 1.15E+04 3.18E+03
4.68-02 1.70e+01 1.28e+02|1.01-01 3.09E+02 2.06E+03
1214.69E-03 1.02E+00 1.85E+02|1.75E-02 1.86E+01 6.16E+02
16/1.61-04 1.27e-01 7.22E+02|7.56E-03 2.31E+00 3.25E+02
20|4.21-06 1.31-03 2.10E+03|2.08e-04 6.90E-02 1.46E+02
2411.92e-07 2.07e-04 1.70E+04|6.09-05 7.00E-03 9.83E+01

OO%I\DZ

TABLE 4. State and adjoint optimality errors, dual error bounds, and effectivities as a function

of N.
State Adjoint

N=M 6Jy\?,*rnam.]rel AJy\?,*M,max.rel ﬁzy\f*M G%Tmax.rel A?\}TM,max.rel ﬁ%TM

2 6.70E-01 9.0bE+03 2.59E+03|8.066-01 6.69E+05 9.21E+04
4 5.36E-01 2.76E+02 1.89E+02|3.178-01 9.04E+03 4.52E+03
8 4.68-02 8.01E+00 3.75e+01|1.015-01 1.748+02 6.01E+02
12 4.69e-03 5.79e-02 1.36+01|1.75E-02 1.64e+00 2.74E+01
16 1.61E-04 2.22E-04 2.02E+00|7.56E-03 8.00E-03 3.44E+00
20 4.21-06 7.69-06 1.548+00(2.088-04 3.38e-04 2.00E+00
24 1.92e-07 2.72e-07 1.56E+00/6.09-05 6.41E-05 1.60E+00

the average effectivities 7% and 75" for the state and adjoint variable, respectively. Here, e?\}fma&rel is the

maximum over Stest of || (1) v/ ly*(Wlly, AR

naxrol 15 the maximum over Sfest of A% (w)/ly* (1)|ly, and
7%" is the average over Syest of A% (1)/e¥*(1). The quantities for the adjoint variable are defined analogously.
Again, we observe a rapid decay of both the state and adjoint optimality errors with increasing N. However,
the effectivities of the state optimality error bounds increase with increasing N. This is caused by the control
error bound, A" (i) (see Tab. 2), which enters A% (1) and limits the convergence. In contrast, the effectivities
of the adjoint optimality error bounds decrease with increasing N. Although Ay (u) also enters the adjoint
optimality bound A% (u) indirectly through A% (), the bound AR™ () is dominated by the dual norm of the
adjoint residual for larger N and thus the overestimation of the control has a reduced effect on AR ().

I

As pointed out in Section 4.3.3 we can employ the primal-dual control error bound to obtain improved
optimality error bounds for the state and adjoint variable. We summarize the results in Table 4. The quantities
are defined analogously to Table 3, we simply replace the error bounds A% (1) and AR () by their respective
counterparts A%, (1) and AR, (1). Except for small values of N we now obtain very sharp bounds resulting
in O(1 — 10) effectivities for the state and adjoint optimality errors.

We next consider the cost functional. In Table 5 we report, as a function of N(= M), the maximum relative

. J,x . . J,® J,®
cost functional errors €N max,rel’ the maximum relative error bounds AN,max,rel and AN,M,max,rel’ and the asso-

ciated average effectivities 73" and 775", Here, e . is the maximum over Syes; of |J* (1) — Ji ()] /J* (1),
AL
N,

max.rel and AI‘{}TM’maX,rel are the maxima over Siqg of Aﬁ* (1)/J*(u) and AﬁTM(M)/J* (1), respectively; and

75" and 77y, are the averages over Syest of A% (1) /|7* (1) = T ()] and ALy (1) /7% (1) = T3 (1), respectively.
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TABLE 5. Cost functional: error convergence, error bounds, and effectivities as a function of N.
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N=M GJJ;}Tmax rel J{}Tmax rel 771{?* AI{}*M max,rel ﬁj{f*M

2 2.03e-01|6.38+04 3.995+04| 3.29+06 1.39E+06
4 1.74E-02]2.19+04 1.80E+05| 1.61E4+04 2.59E+05
8 1.67-03|3.40E+01 1.67E+04| 2.35E+01 3.86E+03
12 5.53E-06|6.11-02 9.92E+03| 8.188-03 1.40E+03
16 6.57E-08|9.38E-04 2.82E+04| 1.63E-06 1.99E+02
20 2.32E-10|5.35E-07 2.33E+04| 1.24E-09 6.91E+02
24 4.95E-121943E-09 2.67E+04| 1.12e-11 6.20E+01

TABLE 6. Output functional: error

convergence, error bounds, and effectivities as a function of N.

N=M ef\ﬁmax rel f\?jmax rel ﬁf\}* A?\}*M max,rel ﬁf\}*M

2 1.288-01|1.12E+03 6.52E+04| 1.77E+02 3.33E+04
4 1.90E-02|1.19e+03 2.55E+06| 7.75E+01 3.78E+05
8 4.77E-04|3.61E+01 3.89€e+05| 7.34E-01 4.73e+03
12 1.22E-06(2.17e+00 4.13e+06| 2.18e-03 1.02E+04
16 1.68E-08|2.69e-01 6.10e+07| 1.39-05 9.37E+03
20 4.44E-11]2.78E-03 3.74E+09| 3.13E-08 8.68E+03
24 1.168-12|3.74E-04 6.44E+09| 5.52E-10 1.88E+03

We note that — as opposed to the control — the error in the cost functional and the primal-only bound converge
superlinearly with respect to the predictability and/or optimality errors and the effectivities thus do not deteri-
orate with increasing N. Unfortunately, the effectivities are fairly large for all values of N, i.e., we consistently
overestimate the error in the cost functional. We therefore consider the improved primal-dual error bound (4.41):
we observe that the primal-dual bound is indeed sharper for N, M > 4 and results in much smaller effectivities
especially for larger values of N, M. We would also like to point out that, if the dual approach is used for the
control error bound, the improvement in the cost functional bound is basically “for free,” i.e., we do not need
to solve an additional dual problem to obtain the sharper primal-dual error bound for the cost functional.

In Section 4.3.1 we derived the primal-dual bounds for a general linear output functional of the optimal
solution. As a specific example, we consider the mean value of the temperature over the subdomain {23 cor-

responding to the linear output functional ¢(z) = £,(¢) = st ¢dx for ¢ = y*. We summarize the results in

0, 0% AK,*
N,max,rel’ NN > N,M,max,rel’

the cost functional, where the standard primal-only output error bound is given by Af\’,*(/i) = ||4y ]Iy A% ().
The error decay is very rapid and comparable to the control and cost functional error. The primal-only bound
does not converge superlinearly and the effectivities thus deteriorate significantly as N increases. The primal-
dual error bound, on the other hand, is able to capture the superlinear convergence of the output error: the
corresponding effectivities decrease slightly with increasing N. The behavior is similar to the one we observed
with the optimal control.

Next, we study the effect on the primal-dual error bounds if we choose different values for N and M. In
Figure 3 we plot the maximum relative control error ey’ .. and primal-only error bound AY" . - as a
function of N as well as the maximum relative primal-dual control error bound A%,*M,max,rel as function of N
for various values of M. The corresponding plots for the primal-dual cost functional and output bound are
shown in Figures 4 and 5, respectively. We observe that the error bounds decrease for fixed M as N increases

Table 6. Here, ef\’,fmax’rel, A and ﬁf\’,’fM are defined analogously to the quantities for
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TABLE 7. Control and cost functional: error convergence, error bounds, and effectivities as a
function of N and M.

N M Gy\f:kmax.rel AEL\;,*M,max.rel vy | M El{}*max,rel AJJ;}TM,max.rel 771{/ko

2 120 6.64E-02 7.62-02 1.03e+00{16 2.03E-01 2.22g+02 4.12E+02
4 120 6.63e-02 6.65E-02 1.06E+00|16 1.74E-02 3.42E+01 1.06E+03
8 120 3.12e-03 3.35e-03 1.12+00{16 1.67E-03 1.65-01 9.33E+01
12120 6.278-05 8.20E-05 1.90E+00|16 5.53E-06 6.96E-04 3.56E+02
16|24 2.158-07 2.34-07 2.59E+00|16 6.57E-08 1.63E-06 1.998E+02
20124 1.70e-09 2.43e-09 1.85E+01(16 2.32E-10 1.61E-09 7.15E+02
24124 1.80e-11 4.13-10 1.04E+02{20 4.95-12 1.14E-11 6.32E+01

and wvice versa. A specific desired accuracy of the bound can thus be achieved for different combinations of N
and M. Furthermore, we note from Figures 3-5 that the dual approach clearly improves the convergence rates
of the control and output error bounds, whereas the convergence rate of the cost functional error bound is fairly
insensitive to M. Considering the cost functional, a larger M simply allows to “shift” the convergence curve of
the error bound closer to the actual error resulting in a sharper bound.

We may thus select values of N and M so as to (say) minimize the computational cost involved to achieve
a desired accuracy, or minimize the effectivity of the error bound. If the main interest is in sharp bounds and
hence small effectivities, for example, we need to choose M larger than N for the problem at hand. We present
results for different combinations of N and M in Table 7 for the control and cost and in Table 8 for the output.
Here, we choose N vs. M based on Figures 3-5: for a given IV we select the smallest possible M so as to minimize
the error bound and thus the effectivity.

Finally, in Figure 6 we report the maximum relative primal-only error bound A%*

N,max,re
error bound AV, maxrel With N = M as a function of the estimated online computational cost, i.e., the

theoretical operation count. The online cost for the primal-only approach includes the assembly and solution of

, and primal-dual
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N and M.

N|M 6?\}*max,re1 A?\}*M max,rel ﬁf\}*M

2 120 1.28e-01 1.29-01 1.19e+00
4 120 1.90e-02 1.91E-02 7.63E+00
8 |20 4.77E-04 4.81E-04 1.81E+00
12|22 1.228-06 1.93-06 5.30E+00
1624 1.68e-08 7.22e-08 2.02E+01
20124 4.44E-11 1.41E-09 6.05E+02
24124 1.16e-12 5.52E-10 1.88E+03

the primal reduced basis optimality system, the evaluation of the cost functional, and the computation of the

4
x10°

primal-only control error bound A% (u) as reported in Section 3.4 and 4.4.1. The online cost for the primal-

dual approach includes — in addition to the cost for the primal-only approach — the assembly and solution of
the dual reduced basis optimality system (see Sect. 4.4.2) as well as the evaluation of the primal-dual control

error bound A%/ (1) (see Sect. 4.4.3). We observe that both approaches perform similarly in the beginning,

1.e., for less accurate reduced basis approximations. The primal-dual approach, however, clearly outperforms
the primal-only approach and thus results in considerable computational savings if one is interested in more

accurate reduced basis approximations.

APPENDIX A. A POSTERIORI ERROR BOUNDS FOR DUAL OPTIMALITY SYSTEM

We summarize the a posteriori error bounds for the dual optimality system. The results follow directly from

the analysis of the primal optimality system in Sections 4.1 and 4.2. We start with the following
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Definition A.1. The residuals of the dual state equation, dual adjoint equation, and the dual optimality
condition are defined as

Fp(ps ) = p(p) + (B, 0)yry — alPhy, 95 1), VoeY, VYueD, (A.1)
7'y (¢a ) (¢) - (¢aﬁM)L2(D) - a’(¢a :197\/[7#’)7 V¢ € Yv V;U’ € D’ (A2)
Fa(Y; p) = Cu(¥) = (Miry — B O ¥)us Vi €U, YueD. (A.3)

Again, since we do not employ a reduced basis for the low-dimensional control space U the residual of the
optimality condition vanishes, i.e., we have 74 (¢; ) = 0, Voo € U. We next consider the dual predictability
errors and the dual optimal control error.

Lemma A.2. The dual state predictability error, €@ = p(a%,) — pi,(0%,), is bounded by
&Py < A%, () = 1720 ’””Y’, Ve D, (A.4)
os(1)

where the dual adjoint residual 75(; 1) is defined in (A.1), p3,(0h,) is the solution of (4.28b), and p(iy,) is
the solution of the truth equation (4.26b) with control u},.

This is the standard a posteriori error bound for coercive elliptic PDEs, see Theorem 2.1.

Lemma A.3. The dual adjoint predictability error, €9 = g (p(a%,)) — 95y (Ph(04,)), is bounded by

i, i, 1 ) _
1l < A () = (WgCs lly: + € A%, (), Ve D, (A.5)
arp(p)
where the dual state residual 75(¢; 1) is defined in (A.2), Cp = sup,cy Hvll“;ﬁ;m , Unr (P (k) ds the solution

of (4.28a), and § (p(a},)) is the solution of the truth equation (4.26a) with p(a},) instead of p*(4*).

Proof. The desired result directly follows from the proof of Lemma 4.4 by replacing éP with é7 as well as r,(p; 11)
with 74(¢; 1) and invoking Lemma A.2. O

Proposition A.4. Let u* and u}; be the optimal solutions of the dual truth and reduced basis optimality
systems, respectwvely. Given A%, (1) defined in (A.5), the error in the optimal control satisfies

1/2
b ik a0 = 3 (S ) B0, e a9
Proof. Following the proof of Theorem 4.11 in [31], one can show that

A~ % ~ % 1 ~ NN ] 7
1a” =@y llu < S l1Aad, = B G(p(ads)) — Cullus, (A7)

where p(a},) is the solution to the dual state equation (4.26b) with control 4}, instead of 4* and y(p(ua},)) is
the solution to the dual adjoint equation (4.26a) with p(@%,) instead of p*(a*). Furthermore /,, € U is the Riesz
representation of £, € U’. The result then follows analogously to the proof of Proposition 4.5. O

We finally turn to the dual optimality errors.

Lemma A.5. The dual state optimality error, eP* = p*(0*) — pi, (%), is bounded by

1

. o 1 N
D* < Ap’* = — ’ b , Au’* D. A.
e Ny < Ay () s () 7505 )y + <Z| 2 ) M) |, Vee (A.8)
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Proof. The desired result directly follows from the proof of Lemma 4.6 by replacing e¥* with eP* as well as
ry (¢; ) with 75(¢; 1) and invoking Proposition A.4. O

Ak

Lemma A.6. The dual adjoint optimality error, e¥* = §* (p* (4*)) — 94y (P (Whs)), is bounded by

0. % g, * 1 ~ D, %
ey < A% () = —— (sl +C A% (), YneD. (A9)
oL (1)
Proof. The desired result directly follows from the proof of Lemma 4.7 by replacing e”* with e?* as well as
rp(¢; 1) with 75(¢; 1) and invoking Lemma A.5. O
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