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MINIMISING CONVEX COMBINATIONS OF LOW EIGENVALUES *

METTE IVERSEN! AND DARIO MAZZOLENI??

Abstract. We consider the variational problem
inf{aX1(2) + Br2(2) + (1 — a — B)A3(£2) | 2 open in R", |2] < 1},

for a, 8 € [0,1], « + B8 < 1, where A\x(£2) is the kth eigenvalue of the Dirichlet Laplacian acting in
L?(£2) and |£2| is the Lebesgue measure of £2. We investigate for which values of «, 8 every minimiser
is connected.
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1. INTRODUCTION

Let £2 C R™ be an open set with finite Lebesgue measure |£2| and {(Ax(§2), ux(£2))}x>1 denote respectively
the eigenvalues and the eigenfunctions of the Dirichlet Laplacian acting in L?(2) counted with their multiplicity,
satisfying

—Auk = )\k((Z)uk in 2
ur =0 on 012.
The following min-max formula holds for eigenvalues ([12], Sect. 1.3),
Du|?
Ae(02) = min ”!ﬂ keN, (1.1)
By CHE () u€By ||u||L2(Q)

k—dimensional subspace

with the above ratio called the Rayleigh quotient. For general references about eigenvalues of Dirichlet Laplacian
see for example [11,12].
In this paper we are interested in the following variational problem:

inf{F(2) == ari(2) + BA2(2) + (1 —a— B)A3(£2) | 2 open in R", |2 <1}, (1.2)
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for a, B € [0, 1] such that a+ 3 < 1. We recall that the following scaling properties hold for an open set {2 C R™:

(2| =112, Vt>0 and  \g(t0) =t 2\ (2) for allk € N, (1.3)

hence it is clear that the unit measure in the constraint |{2| < 1 is for convenience only; everything works in the
same way for any other positive constant. Moreover, thanks to (1.3), an optimal set must satisfy the equality in
the measure constraint. The existence of a quasi-open minimiser for (1.2) follows from Theorem A of the recent
paper [13].

The aim of this paper is to show that any minimiser for (1.2) is connected for a range of values of «, 3, and
to discuss the remaining cases.

When = 1 and § = 0, problem (1.2) reduces to the minimisation of the first eigenvalue, which is a
very interesting topic studied first by Lord Rayleigh in the 19th century. Faber and Krahn proved (see [12],
Thm. 3.2.1) that:

‘B‘ 2/n

A1(02) > M (B) (—) , (1.4)
|£2]

where B is the ball of unit measure in R”, and with equality if and only if 2 is any ball (up to sets of capacity

zero). Hence in this case there is an unique minimiser — the ball — which is connected in every dimension. On

the other hand, if we consider the case of & = 0 and 8 = 1, which means that we are minimising the second

eigenvalue, the Krahn—Szegt inequality (see [12], Thm. 4.1.1) asserts that

B
(@) =2 (5] (15)
with equality if and only if {2 is any disjoint union of two balls of equal measure. Thus in this case the minimiser
-two disjoint equal balls- is disconnected in each dimension. We will denote the union of two disjoint balls each
of half measure by 6.

Very little is known about the other cases: Wolf and Keller in [16] proved that in dimension n = 2,3 any
minimiser for Ag({2) (which corresponds to a = 3 = 0 in (1.2)) is connected, by showing that the ball has lower
third eigenvalue than any disconnected set of the same measure. Moreover they conjectured the ball to be the
minimiser for \3(£2) in R?. Connectedness of minimisers for individual eigenvalues is studied in [5].

Before stating the main results, we define some constants which will be useful in the following.

Throughout this paper let «,, satisfy

~ X(B) —22"\(B)
T TL(B) — M (B)

for n = 2, 3,4, and be the infimum of the numbers that satisfies

n/(n+2) 2/n n/(n+2) 2/n
1—a «a X2(B)
1 -1 1-— 1 —
a (( - ) +> +(1-a) ((1_a) +> (B >0,

forn > 5. Let B =2 — %(BB)), B3 be the supremum of the numbers in the range (%, 1_%_22/23>3 , satisfying
2/3 3/5 2/3
1-8)"* 8 Xo(B)
22/5 (—) +1]  +2231—p) 272 [ = +1] - >0,
7 l 5 (=5 =5 x (B)

and let 3, = 0 for n > 4. Finally let 75 = 3 = 0 and let ,, for n > 4 be the infimum of the numbers satisfying

(- GRYT) e -3 o
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The appoximate values for n = 2, 3,4 are:

n ay, Bn Tn
2 0.350 0.730 0
3 0.439 0.476 0
4 0.479 0 0.311

We are now in position to state the main theorems, the first one in general dimension, with the second giving
additional information about the two dimensional case.

Theorem 1.1. Any minimiser of (1.2) is connected for each of the cases

(i) a+p=1a>0;
(i) a,<a<l;

(ifi) 0< B < Bu(l—a);
(iv) B=0,1m <a<l.

Remark 1.2. For n = 2, Theorem 1.1 states that every minimiser for (1.2) is connected in each of the cases:

(i) a+p8=1a>0;
(ii) 0.350 ~ ay < a < 1;
(iil) 0 < B < B2(1 —a) = 0.730(1 — a),

Theorem 1.3. Let n = 2.

(a) Any disconnected minimiser of (1.2) satisfies A\1(§2) = A2(£2) and has exactly two components.
(b) If any minimiser of (1.2) is connected for oo = 0 and each 3 € [0,1), then any minimiser is connected unless

6=1.
From Remark 1.2 and Theorem 1.3 it is quite natural to make the following conjecture.
Conjecture 1.4. Let n = 2; a minimiser for the problem (1.2) can not be disconnected unless § = 1.

In arecent paper by Osting and Kao [14], there are numerical results that support Conjecture 1.4: the numerically
computed optimal domain for problem (1.2) has one connected component unless & = 0 and 5 = 1. Moreover
the numerical computations also suggest that in the region {(«, 5) : a + 8 < 1} the optimal solution is a ball,
while for all the other (a, §)-values (except of course («a, ) = (0,1)) the first four eigenvalues of the optimal
domain are each simple. It is interesting to note that this last numerical result, together with Theorem 1.3 (a)
supports Conjecture 1.4, too.

This paper is organised as follows. In Section 2 we recall the values for the eigenvalues of the ball and prove
that a disjoint union of two balls can not be optimal for (1.2) unless § = 1. Section 3 contains the proof
of Theorem 1.1, while in Section 4 we focus on the two dimensional case: after showing that a disconnected
minimiser has at most two connected components and must have multiple eigenvalues, we prove Theorem 1.3.

2. PRELIMINARIES

First of all we recall the value of the eigenvalues for the unit ball B, which we will use many times for
calculations: A\;(B) = w?/"j?lm_l, and \o(B) = ... = \41(B) = wi/njfl 5, Where w,, denotes the volume of
the ball of unit radius in R", and j, is the first positive zero of the Bessel tunction J,,. The approximate values
of the zeros of Bessel functions can be found in [1]; we will always consider only three decimal digits. In R?
we have A\;(B) &~ 18.168 and A\2(B) = A3(B) ~ 46.125. Throughout the paper we will for convenience define
the value mg = ;;Eg;, while the values of m1, mo will denote, respectively, the lower and the upper bound for
the measure of a connected component. We will use in Section 4 a couple of fundamental results obtained by
Ashbaugh and Benguria in [2,3]; we restate them here.
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Theorem 2.1. The ball mazimises the ratio Ao/, that is:
A2($2) _ Aa(B)

A(£2) T M(B)

Moreover two equal disjoint balls mazimise the ratio \3/A2, hence
A3(2) _ A3(0) _ A2(B)

A2(82) 7 A2(0)  Ai(B)

In Sections 3 and 4 {2 it is used to denote an optimal disconnected candidate for a minimiser. Note that for

disconnected sets the eigenvalues are obtained by collecting and reordering the eigenvalues of the components
(see [12], Rem. 1.2.4). In view of that we give the following definition.

for all open sets 2 C R"™. (2.1)

for all open sets £2 C R™. (2.2)

Definition 2.2. We say that the kth eigenfunction uy, is supported on a component G of 2 when A\, (£2) = \i(G),
for some i < k. Moreover we write that G supports | eigenvalues if it has [ eigenvalues less than or equal to the
largest eigenvalue of {2 that we are minimising.

Note that a minimiser for (1.2) must have at least one of the first three eigenfunctions supported on each
component.

An important component in the proof of Theorem 1.1 is the following lemma.

Lemma 2.3. Let n > 2. The disjoint union of two balls can be optimal for (1.2) only if 5= 1.

Proof. The idea of the proof is that letting the two disjoint equal balls slightly overlap we obtain a better
candidate for a minimiser of (1.2), because the increase in the second eigenvalue is less than the decrease in the
first and the third. We divide the proof in two steps, treating first the case of two balls with equal measure,
then the case of balls with different size.

Step I. Let B(e) = B(0,1)N{z | x1 < 1—¢} and 2(¢) = B(0,1) U B(2(1 —¢)es, 1), where z = (21,22, ..., %n)
and e is the unit vector in the z; direction. Moreover 2(g) = [£2(¢)| = §2(¢) is the set rescaled to unit measure.
It follows from Theorem 1 in [4] that

M(BE)B()™ = M(B)|B'™ + o (e("+1)/2) . (2.3

Since eigenvalues of Dirichlet Laplacian are monotone with respect to set inclusion, we have A\ (£2(g)) < A\ (B
and A\3(£2(¢)) < Ao(B). Thus taking scaling into account gives Ay (£2(€)) < A1 (6) — c1e™t1/2 and \3(2(¢))
A3(0) — coe™t1/2 ] for some positive constants ¢y, ca, reminding that \o(B) = A\3(B), M\i(0) = 22"\ (
and \3(0) = 2%/")\y(B). By the min-max principle (1.1) we can obtain an upper bound for \z(£2(¢)) b

choosing the subspace Eo C HE(§2) spanned by the first eigenfunction of B(e) and the first eigenfunction of
Q) N{x | z1 >1—¢e}. Hence A2(£2(¢)) < A (B(e)), so we can apply (2.3) and use the scaling (1.3) to obtain
A2 (£2(2)) < Xa2(O) 4 o(e+1)/2),

For B < 1 and for sufficiently small £ > 0, this gives

aXi(2(2)) + BA2(2(e)) + (1 — a — B)As(2(e))
< ()4)\1(@) + ﬁ/\Q(@) + (1 - — ﬁ))\g(@)
Step II. Let r; > 79 and {2 be the disjoint union of two balls with radii 71, 72 such that the first two eigenfunc-

tions are supported on different components. We write 0= |£2 |*% {2 for the set rescaled to unit measure. Then
we define

EA

1 1
B, :B(O,Tl), BTQZB(<’I"1 —|—’r2—i(——|——)>€1,7“2), Q(g)ZBTlLJBTw

2 T1 D)

9 9
Bl(e):Br1m{$$1<Tl—%}7 B2(€):Br2ﬂ{l‘|$1>7“2—%}'

Figure 1 represents a possible configuration of the sets above.
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x1

FIGURE 1. The sets B,,, B,,, Bi(¢) and Bs(e).

By monotonicity of Dirichlet eigenvalues with respect to set inclusion, we have A\ (£2(g)) < A (B,
A3(£2()) < Xao(B,,), and again taking account of the scaling we have A\;(£2(g)) < A (£2) — ¢t/
A3(2(€)) < A3(£2) — ce™t1/2 for some positive constants ¢, co.

By the min-max principle (1.1), we can obtain an upper bound for \2(£2(¢)) by choosing Fy C H}(£2)
spanned by the first eigenfunction of B,, and the first eigenfunction of 2(¢) \ B,,, and for e small enough
we have A\ (B,,) < A\ (£2(e) \ By,). Hence \p(£2(€)) < \i(B,,), and taking account of the scaling Ao (£2(¢)) <
)\2((}) — c5e™t1/2 for some positive 3. In conclusion, for § < 1 and e small enough, £2(¢) is a better candidate

than £2 for problem (1.2). O

) and
2 and

This last remark will be useful in Sections 3 and 4.

Remark 2.4. Let n = 2,3. A disconnected set {2 can never be optimal for (1.2) if A\3(£2) > A\2(B). Here the
ball is better, since A (B) < A1 (£2) by the Faber—Krahn inequality and A\3(B) < A3(£2) by ([12], Cor. 5.2.2).

3. THE GENERAL CASE

This section is completely devoted to the proof of Theorem 1.1. Before starting the proof we note that if a
connected component of the optimal disconnected set supports only one of the first three eigenfunctions, then
by the Faber—Krahn inequality it must be a ball of the same measure. We remind that we call (u;);=1,2,3 the
eigenfunctions related to the eigenvalues (\;)i=1,2,3-

Proof of Theorem 1.1 (i). We deal with the case o + § = 1, that is, we consider the functional aX;(-) + (1 —
a)Az2(+). Note that this result for R? is also discussed in ([15], Chap. 2), but the details of a proof are not given.
A disconnected minimiser {2 must by the Faber—Krahn inequality be the union of two disjoint balls, since we
are considering only the first two eigenvalues. Hence an immediate application of Lemma 2.3 rules out this
configuration in any dimension when « > 0, so we conclude. g

Proof of Theorem 1.1 (ii). We need a different argument from the one above, but start again from the case
a+ 8 = 1. The case a« = 1 was already solved by the Faber—Krahn inequality (1.4). Again a disconnected
minimiser {2 must be the union of two disjoint balls. Without loss of generality, we suppose that the ball
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supporting w1 has measure m < 1, while the other one (supporting us) has measure 1 —m. Having in mind the
scaling of eigenvalues, it is clear that m > 1/2 and we have

o 11—«
A1 (2) + (1 = a)Aa(R2) = \i(B) <mz/n Taz m>2/n) '

First of all we consider the case when « € (%, 1). By minimising in m in the previous expression to obtain a
lower bound and comparing with the value for the unit ball rules out this configuration if

1 o\ @+ 2/n o \"/(n+2) 2/n
Oé/\l(B) ( o ) +1 —|—(1—()4))\1(B) (1—&) +1 (31)
> al(B)+ (1 — a) e (B),
that is, when the function f,,: (0,1) — R,
1—a)\ e B @ ne " A2(B)
(@) = 1| —1p+(01-— 1l - 2
RS/ S N S SV

is positive. The following property of f,,(«) is important for our analysis.
Claim A. For every n € N, there exists o, € (0,1) such that

fala) <0 ifae (0,an) and fala) >0  if a € (ap,1).

Proof of Claim A. We introduce the increasing function ¢: [0,1) — [0, c0):

and ¢, : (0,00) = R

2 M(B)
A(B) }’

so that fp(a) = (1 — a)pn(Y(a)), for o € (0,1). Hence the sign of f,, in the interval (0,1) is the same as that
of ¢, in the interval (0,00). We note that ¢,, is the sum of two functions, where the second one,

n 2 )\2(3)
t— (tn+2 +1)" — ,
( ) A1(B)
is strictly increasing. The first one,
n 2
1 ) n .
t—t n +1 15 =¢,(t),

is also strictly increasing, since we have:

d g = "
Lonw = [(t) 1
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n 1_
" 1 n+2
1+ 2 == (2) 11
n+2 t

The above inequality holds, since ¢ — t'=2/™ is concave and thus

_g n
1 nL+’2+11 T2 (TR (1T
t n  \'t n+2 \'t ’

where we used also the inequality (n — 2)/n < n/(n + 2). So ¢, is the sum of two strictly increasing functions
and thus it has the same property. Hence ¢,, can change sign only once in (0, 00). We note that

that is positive when

. B A2(B)
Jim o (t) = 1= 375

<0 and tlim On(t) = +o0,
so there exists an unique ¢, € (0,00) such that
On(t) <0 ifte(0,t,) and ¢n(t) >0 ifte (t,,00).

In conclusion the thesis follows setting o, = ¥ ~1(t,). O

Keep in mind that, for all n > 2, f,,(a) > 0 if and only if (3.1) holds for . We can compute

f2 (1) - 1((1+1)—1) 41 [(1+1)— AQ(B)} ~ 0.230 > 0,

2 2 2 A1 (B)
1 1 1 A2(B)
== (a+DB 1)+ a2 ~ 0.
f3<2) S(a+1) )+2{(+> 5| 0065 >0,
1y 1 12 1 12 A(B)]
fa <2> = (@2 —1) 4+ 3 {(1+1) )| < 006> 0,
where we used that
() 2.539 ifn =2,
2 .
~< 2044 ifn=
N (B) 0 iftn =3,
1.796 if n = 4.

Then, by Claim A, for n < 4 we have that «, < 1/2, since f,(1/2) > 0. Hence f,(a) > 0 for all a € (1/2,1)
and thus (3.1) holds in that range.

When n > 5, we define a,, = inf {a € (1/2,1) | (3.1) holds} and Claim A assures that (3.1) is true for all
a € (O, 1).

Now we deal with the case when o € (0, %} The constraint m > 1/2 implies that the optimal disconnected
configuration consists in two disjoint balls of equal measure, since in this case we have

2/n o 1-a
M (B)2Y" = aXi(0) + (1 - a)ra(0) < Ai(B) <mz/n Tac m>2/n) '

This is ruled out by comparison with the unit ball when

AM(B)22™ > aXi (B) + (1 — a)X\2(B), (3.3)

2
and we call, for n < 4, a,, = %, so that if & € (@, 1/2], then (3.3) holds. On the other hand, if

n > 5, (3.3) is never true.
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In conclusion, putting together the discussion for o € (0,1/2] and for a € (1/2,1), we have that

(a) For n < 4 the ball is a better candidate for problem (1.2) than any disconnected minimiser if « € (&, 1/2]U

(1/2,1).

(b) For n > 5 the ball is a better candidate for problem (1.2) than any disconnected minimiser if o € (iy,, 1).

Thus we define a,, = @, if n > 5 and «a,, = @, if n < 4; hence we have that the ball is better than any
disconnected set for 1 > o > «,.
Finally to extend beyond the situation o + 8 = 1, just note that for 1 > a > «,,

aA1(2) + B2 (2) + (1 —a = B)A3(£2) > ari(£2) + (1 — a) A2 (2)
> aAi(B) + (1 — a)A2(B) = aXi(B) + BA2(B) + (1 — a — B)A3(B),

using the fact that A\3(£2) < A3(£2) while A2(B) = A3(B), so we conclude. O

Proof of Theorem 1.1 (iil). The case « = 0. We first consider the case o = 0, that is, we deal with the functional
BA2(+) + (1 — B)As(-). First of all we find out the best disconnected configuration.

Claim B. Let @ = 0. A disconnected minimiser is made by a ball supporting u, and another set supporting u;
and us.

Proof of Claim B. At first, we consider the configuration made by a set supporting u, us and a ball support-
ing ug. Since A1 does not appear in the functional, it is better to have three balls by applying Krahn—Szeg6 in-
equality (1.5) to the set supporting u; and us. Note that the new set, made by three disjoint balls, is as in the
statement of the claim.

On the other hand an optimal configuration made by a ball supporting u; and by another set supporting us,
ug should satisfy A\ (£2) = A\2(2), since A; is not involved in the minimisation. Up to switch A\; and Ay, we are
in a configuration made by a ball supporting us and another set supporting w1, ug so the claim is proved. O

Thanks to Claim B, it remains only to rule out a disconnected minimiser made by a ball supporting us, which
we suppose to have measure m (hence A\o(£2) = %) and a set supporting u; and ug (which must have
measure 1 — m). Unfortunately, we are able to find out informations only when n = 2, 3. First of all we note
that m < 1/2, otherwise, by the Faber—Krahn inequality, A1 (£2) > A2(£2). Moreover, using Remark 2.4, it must

happen that A\2(B) > A2(2), which implies

Ai(B) . \i(B)\"?
B h 3 4
Y < A2(B), that is, m > (B , (3.4)
that assures m > 1/3 for n = 2,3. For 8 € [0, 1), the Krahn—Szeg6 inequality gives the lower bound
g 22m(1-p)
Ao (82 1—-3)XA3(02) > M\ (B . .
52a(2) + (- B)a(@) 2 n(B) (o + 20 (35)

We are interested in minimising the left hand side of (3.5) with respect to m, in order to improve the lower

bound. We define
1— ﬁ n/(n+2) -
m(3) = [22/(v+2) (T) +1

and note that the right hand side of (3.5) is decreasing in (0, m(3)) and increasing in (m(f), co). Moreover, we

have that ,
2%
lfﬁ € —271 )
1427

m(f) <

DO | =

if g€ {0, %] and m(p) >

Wl
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so that (from the constraints on m) in this two ranges the right hand side of (3.5) is minimal for m = 1/3 and
2
m = 1/2 respectively. On the other hand, when 5 € (%, li;g), the right hand side of (3.5) is minimal for
m=m(B).
We are now in position to compare the lower bound for S (£2) + (1 — 5)A3(£2) with BA2(B)+ (1 —5)A\3(B) =
A2(B).
For (8 € [0,1/3] we have

Xa(B) <37 M(B) < fa(2) + (1 - B)a(9),
hence in this range, for n = 2,3, the ball is a better candidate than any disconnected set for problem (1.2).

1 92/n
37 1422/n

comparing with GAa(B) + (1 — B)A3(B) = A2(B) gives connectedness for the whole range when n = 2, since

2(1-8) ~ B 12y,
5( 3 +1>+2(1 ﬁ)( 2(1—ﬁ)+1> \7ﬁe<3,3>

On the other hand, for n = 3, we have connectedness when

Now we deal with the case when (3 € ) Substituting the optimal values for m in (3.5) and

)\2(3) <M (B)

1-8\%° 2/3 g\ 2/3
Xo(B) < M (B){ B [22/5 <T> +1|  +2?31-p) [2—2/5 (W) +1 (3.6)
In order to study this situation, we start by considering the function g: (0,1) — R
2/3 3/5 2/3
1-8\"° i A2(B)
=3 |2%/° <—) +1| +2¥31-p)|272/° (— +1 - :

and note that (3.6) holds for a g € (%, lfz—/;/g

domain (0, 1), since it is possible to compute

) if and only if g(8) > 0. The function g is concave in its whole

I3 — /3
"oy 2% 11s —o/5) |o2/5 (1=5 8/ )
50 = - (G- aye) 2o (120)
) B 3/5 —1/3
- % (572200 = 8) 7% 4 g=8/5(1 - §)~2/7) | 22 (—1 ﬂﬁ) +1
—4/3
213/15 —4/5 —11/5 | 9-2/5 B o/ !
— =) 2 (T) +1
34/15 3/5 -1/3
- 2 . (572/5(1 _ﬁ)fs/s) +577/5(1 _ﬁ)fg/s)) [22/5 (1 fﬁ) +1 <0.

Moreover we have that
22/3

) ~ —0.094 < 0,

hence we define 83 = sup {ﬁ € (%, 13_22—/;/3) | g(B) > O} and notice that the set
1 22/3
{5 € <§, m) | (3.6) hOldS} = (1/3, Bs)

is a nonempty interval.
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22/n
12277
minimum in the right hand side of (3.5) for m = 1/2. Comparing again with the functional for the ball, in the
two dimensional case, we have connectedness when 2/3 < § < 2, since we have

At last, we consider also the case when § € { 1). As we pointed out above, here we obtain the

Ao(B) < 2(2 — B)Mi(B).

On the other hand, unfortunately, we do not obtain additional informations when n = 3.
Putting all the above information together, we conclude connectedness for:

n=2: Bel0pb)~[0,0.730),
n=3: p[e€l0,03)~][0,0.476).

The case 0 < 8 < B,(1 — ). Recall from the above (case o = 0) that
Ma2(2) + (1 = n)As(2) > nra(B) + (1 —n)As(B),
for n € [0, 8,,). This implies, with the choice n = £

11—’
p

11—«

(1-a-p)

11—«

B
11—«

(1—a-p)

)\Q(Q) + )\3(0) > )\Q(B) + )\3(3),

for £ € [0, 5,,), and so

I—a
BA2(2) + (1 —a = B)A3(2) > fAz2(B) + (1 — a = H)A3(B),
for 5 € [0, Bn(1 — «)). Together with A1 (£2) > Ay (B) this concludes the proof of Theorem 1.1 (iii). O

Proof of Theorem 1.1 (iv): the case 5 = 0. We finally consider the case § = 0, that is, we deal with the func-
tional a1 (+) + (1 — a)As(+). To prove connectedness we first look for the best disconnected set.

Claim C. Let 8 = 0. A disconnected minimiser is made by a ball supporting us and another set supporting
U, U2.

Proof of Claim C. First of all we note that a configuration with a ball supporting the first eigenfunction and a
set supporting the others would be three balls using the Krahn—Szego inequality (1.5) on this last set. A set
made by three balls is as required in the claim.

On the other hand an optimal configuration with a ball supporting the second eigenvalue would have A3 ({2) =
A3(£2), as scaling down the ball to obtain this does not effect A1 (£2), A3(£2). Up to switch Ay and A3 we are in a
configuration with a ball supporting us and another set supporting uy, us. So the claim is proved. O

We can now focus on a disconnected set made by a ball with measure m supporting us and a set (with
measure 1 — m) supporting w1, us; we aim to rule it out. This is done by obtaining lower bounds for the first
21B) while the

m2/n

and third eigenvalues and using comparison with a ball. By the scaling (1.3), we have A3(£2) =
Faber—Krahn and the Krahn—Szego inequalities respectively give

Ai(B) A(B)
(]_ _m)2/n and m2/n

A1 (B)

M (92) > A= myzn

= A3(£2) > Ap(92) > 22/7

(3.7)

which implies % > 3,and som < % By [12], Corollary 5.2.2 we have that, since {2 is disconnected, for n = 2,3
A3(B) = A2(B) < A3(92).

By the Faber—Krahn inequality, the ball strictly lowers the first eigenvalue, so we rule out this configuration
for all « € [0,1] when n = 2,3.
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M(B) ~ _Aa(B)
m2/n = (1_m)2/n7
we assume 3 = 0, the set supporting the first two eigenvalues should be a ball By. This would contradict the

then as

For n > 4 we must be more precise and obtain only partial estimates. If A3(§2) =

optimality of {2, as we would have A3(B1) = A2(B1) < A3(f2) and |B;| < 1. So we conclude j‘qiz(ﬁ) < (1i2n(11)32)/n,
n/2
hence m > f’m, which gives the bound
Mg
2
1_m>1+mg/. (3.8)
Taking into account (3.7), (3.8) and the estimate m > 1/3, we obtain
2/n
A (2) + (1 — a)As(2) > ari (B) (1 + mg/2> +(1— a)\(B)3¥™. (3.9)

By comparing the lower bound (3.9) with a\;(B) 4+ (1 — a)A3(B) we deduce that a minimiser is connected
when 7, < @ <1 and the Proof of Theorem 1.1 (iv) is concluded. We have connectedness, for example, in the
following ranges:

n=2: ac]|0,1];

n=3: «acl0,1];

n=4: «a¢&(y,1]~(0.311,1];

n=>5: «ac¢€ (v5,1]~ (0.467,1];

n==6: «ac¢€ (v,1]~ (0.547,1] O

4. THE TWO DIMENSIONAL CASE

We start this section with a lemma which rules out a minimiser for problem (1.2) with three connected
components when n = 2. We remind that we call F(-) = aAi(-) + GA2() + (1 —a — F)A3(-), while G is the same
functional for o = 0, in order to avoid confusion.

Lemma 4.1. Let n = 2. Any disconnected minimiser of (1.2) has at most two connected components.

Proof. For the case o + § = 1, which corresponds to the functional aii(-) + (1 — a@)A2(-), it is clear that a
minimiser has at most two components since only the first two eigenvalues are into play. For o + 8 < 1 the
Faber—Krahn inequality implies that a disconnected minimiser with three components would be the union
of three disjoint balls. If @ > 0, it is possible to apply Lemma 2.3 to the union of the balls supporting the
second and the third eigenfunctions, thus ruling out this configuration. For « = 0 (that is, for the functional
BA2() + (1 — B)As()) this argument does not work, since we can lower only Ay which is not into play, while
neither A\ nor A3 are lowered. Hence we rule out the configuration with three connected components only for
n = 2, by comparing it with B and O.

Let G(-) = BA2(+) + (1 — B)As(+), and write (2, i = 1,2, 3, for the three components of 2. Assuming \;({2) =
A1(82;) for i = 1,2,3 gives |21] > |£22] > [£23]. We write m = |£21] and note that |[{22| = m, as for [£21| > |{2]
we could enlarge {25 and shrink (21, lowering the functional. Thus |{23] = 1 — 2m, and the following constraints
on m hold:

1) Remark 2.4 implies A2 (B) > Aa(£2) = A1 ((22) = )‘17;3), so m > i;gg; =my ~ 0.394.
2) We must have % =Xa(21) > M(023) = 1\17(273’ as otherwise we can reduce to only two components. This
inequality implies

A2(B)

B~ 0418
TENB) 2B
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Coming back to the study of G, we can use the scaling properties of eigenvalues and the bounds above to obtain

g, (-5 p (1-5)
) =P (0 1-BA3(2) =9 —+ ——= 2 M(B) > —+——7 A\ (B). 4.1
() = () + (1= (@) = { £ + = = { 24 S5 ).
Now we look for those § for which the unit ball B gives a lower value of G than this lower bound. In particular
we are looking for those (8 that satisfy

B, 1-p

mo (1 — 2m1)

G(B) — G(2) < M(B) - { }/\1(3) <0,

i.€.
1 1

(1—2m1) - ma
h< 1 1
(1—2m1) mo

For this range of 3 three balls can not be optimal when minimising G.
The remaining § are ruled out by comparing {2 with ©. Using (4.1), three connected components can not be
optimal when

~ 0.936.

B, 1-p

mo (1 — 2m1)

G(O) — G(2) <28 M (B)+2(1 - B)\2(B) — { })\1(3) <0,

i.e. when

A (B
2o (B) -1 1£m)1 ~ 0.479

2a(B) ~ (24 = — &) M(B)

Since the two ranges we obtained on (3 cover all cases, a minimiser for (1.2) can never have three components
T2
in R-. 0

8>

We prove now an important lemma, which asserts that a disconnected minimiser must have multiple eigenval-
ues. The idea of the proof is that if every eigenvalue is simple, then small variations of the connected components
(in the sense of shrinking one and enlarging the other) contradict the optimality of such a disconnected set. For

simplicity we will often write \; = X\;(£2), v =1 — a — 3, and as before define my = i;ggg ~ 0.394.

Lemma 4.2. A disconnected minimiser 2 for (1.2) in R? can not have both A1 (£2) # Xo(§2) and A2 (£2) # A3(02).

Proof. Note that we only need to consider the cases for problem (1.2) that are not covered by Remark 1.2.
Additionally, the case of three components is ruled out by Lemma 4.1. The analysis of the remaining cases is
divided into three steps.

Step I. We consider the case of a set 2 = 21 U (25, with (2 supporting uy, while {25 supports us and us. From
the hypotheses of the Step, A1 = A1(£21), A2 = A1(£22) and A3 = A2(£22), and by Faber—Krahn (2; is a ball. We
define m = |£21|, so 1 — m = |{2]. The following constraints on m hold:

M(B) my ~ 0.394, since M =M (21) < A (£22) = A2 < A2(B) (see Rem. 2.4).

2) 22B) _ y\,(01) > Ao(122) > az(?n)) = 208 som < g Bl = ma ~ 0.559.

Now we can shrink §2; and enlarge {2, in order to obtain two new sets of the same shape (21, Qg, such that
|21| = m — e, while |2,] =1 —m 4 . Writing ); for the eigenvalues of £2; U {2, we obtain the following ratios
(for e < 1)

& m £ &_&_(1—m)~1_ €
AN m—¢ m N N3 l—m+e 1—m
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The optimality of £2 implies F(£2) < F(£2, U (2,), that means

(a_/\1 Bt

m 1—m

>e+0(6)20.

Taking either € > 0 or e < 0 (this is possible since we are supposing that the eigenvalues are simple) gives that
the expression in the brackets must be zero, hence %‘1 = %

In order to conclude this first step it suffices to consider ¢ > 0. Since Xg, < A3, we have a contradiction if
F(21U ) < F(£2), i.e. when

a}\vl + /BXQ < aly + Bs. (4.2)
Equation (4.2) holds if and only if

)\2 }v\ )\1 1—m

2
Using i—; < Alr(nB) ;2*(3) = 1;_mm and the above constraints on m gives I*Tm < 1= m1 . Soif B > % (1;:1“) ~
1.18a, the set 2 = (2 U {25 can not be optimal. The case § < 1.18«a was treated in Remark 1.2, and so this

concludes Step 1.

Step II. We now consider the case of a set 2 = (21 U {2, with (2, supporting u; and wugz, while {25 supports
ug. Clearly A1 = A1(£21), A2 = A1(£22) and A3 = A2(£21), and again it is better to take {25 to be a ball. Write
m = |£21] and 1 —m = [{25]. The following constraints on m hold:

1) 28 <\ (1) < () = 5 <m)) som>1/2=m;.

2) % = X2(£2) < A2(B) by Remark 2.4, so m < % =1—mp =my =~ 0.606.

As in the previous case we shrink {27 to ()1 and we enlarge 25 to (22, so that |()1\ = m—e, while |(22\ =1-m+e.
With the same arguments of the previous Step, if (2 is optimal then }'(()1 U ()2) > F(£2) and so

(Oé/\l + ’}//\3 B B2

m 1—-m

>€+0(5)>0.

Taking again either ¢ > 0 or € < 0 gives % = % Now, since {25 is a ball and thanks to the bounds

on m, we can rewrite the complete functional in a more interesting way

Pra _ BM(B) BB
1-m (1-=m)2 = (1—-my)?

F(82) = ari + fAa + A3 = %@\2 +BA = > 48\ (B).

Comparing this lower bound with the case of the ball gives a contradiction for § such that

F(B) — F(2) < an(B) + (1 — a)Xa(B) — 48\ (B) < 0,

i.e. for
1 a1
>——————1)~0.635—-0.385a. 4.3
ﬁ 4m0 4 <m0 ) @ ( )
In order to consider the cases that are not covered by Remark 1.2, we look at the equations @ = g, 8 =
477110 -7 (m%) — 1) , and 8 = f2(1 — «). The remaining cases can be viewed as inside a small triangle in the a-(

plane, with vertices approximately given by A = (0.275;0.529), B = (0.350;0.500) and C = (0.350;0.474) (See
Fig. 2).
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8

>1
b

FIGURE 2. The small triangle in the a-( plane.

For these remaining points, it is possible to show that a ball is better than {2, i.e. that F(B) — F(£2) < 0. In
fact, the following relations hold between the eigenvalues of the ball and those of 2 (using m € (my, ms), the
Faber—Krahn and the Krahn—Szeg6 inequalities):

M(B) =\ < (1 - %) M(B) < (1 - i) M(B),

mo
Mo(B) e = xe(B) - 12 < xo(B) - 20(B)
A3(B) — A3 < X2(B) — 2)\17(3) < \(B) — %(23) (4.4)
From (4.4) we get
F(B) = F(2) < an(B) (1= ) + 8 0a(8) 20 (B)) + (1= a = ) (da(B) - 2L ).
Hence the ball is better than 2 if
e B —maha(B) | (M) maa(B) = M) e ose

22 (B) — 2man (B) 921 (B) — 2ma (B)

This inequality together with (4.3) concludes Step II.

Step III. We now consider the case of a set 2 = (21 U {25, with {21 supporting u; and us, while 25 supports
ugz. Clearly A1 = A1(£21), Ao = A2(§21) and A3 = A1 (§22), and it is better to take {25 to be a ball. Let m = |£24]
and 1 —m = |§25]. Note that if A3(£2) = A\1(£22) > mA3(£21), then 2 can not be optimal. In fact in this case it
is better to take the connected set obtained by enlarging (2; till unit measure, since this lowers both \; and A,
(by monotonicity), while also the third eigenvalue is lower, by hypothesis. The following constraints on m hold:

1) Aa(B) > Xa2(£2) = X2 ($21) > 2’\17(/3) (see Rem. 2.4), so m > 2mgy = my ~ 0.788.
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2) In order to have {2 optimal, an upper bound on m follows from inequality mAs(£21) > A1({22) explained
above and from the fact that A2(2) < A2(B) (see Rem. 2.4). Using also (2.2) from Theorem 2.1 gives

A1 (B) A2(B) \2(B)?
=\ (2 ) < N .
(1_m) )\1( 2)<m/\3( 1)_m)\1(B))\2( 1)<m>\1(B)
This means m? — m + m3 < 0, which gives the upper bound
B A2(B)2 — 4)1(B)?
m < )+ VAa(B) 1BY 1, ~ 0.808.

2X2(B)

As in the previous steps we can enlarge {21 to f)l and we can shrink (2> to ﬁg, in order that \(}1\ = m+¢, while
[£22] =1 — m — e. The following ratios between the eigenvalues of {2, U 25 and those of 2 hold (for ¢ < 1):

&_Xg_ m € Xg 1—m €

A1 Ao m+ e m A3 1-m-—¢ +1—m

In order to be optimal, {2 must satisfy
ai + Bhe + (L —a—B)As > ad + BAo + (1 —a — f)As.

An analogous argument to that in Step I and Step II gives a contradiction for 8 2 0.914 — 0.948«. Actually we
can obtain a better result observing that (2 is worse than §2; enlarged to unit measure (which we will call {2 in
the following) if 3 is suitably large. We denote by {);} the eigenvalues of 2 and we again write y = 1 — a — 3
for the sake of simplicity. The following relations between the eigenvalues hold: \; = mA;, Ay = mAy and
Az = mAz(§2) < 7:?0 A2, using (2.2) from Theorem 2.1 by Ashbaugh and Benguria. This gives

F(2) = adi + Bra +7x3 < F(2) + afm — DA + B(m — 1)Aa + 7 (ﬂ — 1) M.
mi
Clearly 2 can not be optimal when F(£2) — F(£2) < 0, which holds if

alm — DA + {ﬁ(m— 1)+~ (mﬁo - 1)] A2 < 0.

The first part (2.1) of Theorem 2.1 gives that the result follows if

[a(m— Dmo + B(m —1) +v (ﬁ — lﬂ A2 < 0.

mo

Since m € (my,m2) and the function in brackets is clearly increasing in m, 2 can not be optimal when

@—1+a<( 2—1)m0+1——>+ﬁ(m2—%><0,
0

mo

i.e. for
(m—1>+a((m2—1)m0+1——

mo mo

B> - ) ~ 0.845 — 0.9060. (4.5)

mo M2

In conclusion we have an estimate that tells us that when g is suitably big, then 2 = (2; U {2 can not be
optimal. Writing v =1 — a — 3, we now finally show that {2 can not be optimal also when ~ is not very small.
We use a technique very similar to the case § big. For this suppose (2 is optimal for the problem (1.2) and let



MINIMISING CONVEX COMBINATIONS OF LOW EIGENVALUES 457

le] < 1. Then if we enlarge 21 to (~21 with measure m+¢ and we shrink (25 to (~22 with measure 1 —m —¢, calling
A; the eigenvalues of 2 = 2, U {2, while \; are the eigenvalues of 2 = (2, U {25, we must have F(£2) — F(£2) < 0.
On the other hand, with analogous computations to those in Step II,

F(@) - F() = ( R “M;mz) e+ ofe), (46)

1—m

and hence the expression in brackets must be zero, as otherwise taking ¢ > 0 or ¢ < 0 (this is possible since
we are treating only the case of simple eigenvalues) contradicts the optimality of {2. So if {2 is optimal then
a1 + B = 7/\3%. Since m — m is increasing we have the lower bound

m 1

F(82,0,8) = vA3 +7A3 > 7>\1(3)m'

1—m

We can show that, for + suitably big, comparing the functional for @ with the lower bound above gives an
absurd. In fact, the functional for the two balls is given by

Hence F (O, a, 3) < F(£2,,3) for v > 7 ~ 0.104, in which case two balls are better than our set 2. Combining
the cases in which either v > 7 or (4.5) holds concludes Step III and hence the proof of the lemma. g

4.1. Proof of Theorem 1.3 (a)

Proof of Theorem 1.3 (a). It is proved in Lemma 4.2 that any disconnected minimiser 2 has multiple eigenval-
ues. By Remark 1.2 every minimiser for inf{aX;(£2) + (1 — a)X3(£2) | £2 open in R?, |£2| < 1} is connected for
all a € [0, 1], and we call {2 such a connected minimiser. The case A3(£2) = A3({2) is then ruled out, as it would
give
aAL(2) + BA2(2) + (1 — a — B)As(2) = aAi(2) + (1 — a)A3(£2) > aAi(2) + (1 — a)As(£2),
> ar(2) + Bra(2) + (1 — a — B)A3(£2).
Therefore any disconnected minimiser must satisfy A1(£2) = A2(§2) and can be viewed as the union of a disk

supporting the first eigenvalue with a connected set supporting the second and third, since a minimiser with
three connected components was ruled out by Lemma 4.1. O

4.2. Proof of Theorem 1.3 (b)

Proof of Theorem 1.3 (b). Let ar+ (3 < 1, and let £2 be a connected minimiser for inf{(a 4 £)Ao(£2) + (1 — a —
B)A3(£2) | 2 open in R?) 2| < 1}, while there are no disconnected minimisers by hypotesis. Theorem 1.3 (a)
then gives A\ (£2) = Ao(f2) for a disconnected minimiser (2 for problem (1.2), whereby

a1 (2) + BA(2)+(1 — a — B)As(2) = (a + B)A2(2) + (1 — a — B)A3(£2)
> (a4 B)A2(2) + (1 — o — B)As(£2),
> a (2) + Bra(2) + (1 — a— B)As(2),

which contradicts the minimality of {2 and thus the proof is concluded. O
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A

FIGURE 3. The set £.

5. APPENDIX

This appendix is devoted to a different proof of the connectedness of the minimisers for the problem
inf {aA; (£2) + (1 — a)X2(£2) | 2 C R?, open, with |2 < 1}, (5.1)

for & > 0. This corresponds to Remark 1.2 (i). It was proved in Section 3 that for problem (5.1) the unit ball
is better than every disconnected set if o € (g, 1], while when a € (0,1/2) the best disconnected set is the
disjoint union of two equal balls, say ©. We aim to give a proof of the fact that © can not be optimal for (5.1)
unless a = 0, that does not rely on Lemma 2.3. We focus on the case « € (0,1/2).

We need to introduce the set

E={(M(£2),22(£2)) | £2 C R* open, with || =1}. (5.2)

For a description of many properties of this set and a numerical approximation of it we refer to [8] or to ([12],
Chap. 6.4). The property which interests us deals with the lower part of the boundary of £, the curve C that
joins the point A = (A1(0), A\2(0)) and B = (A\1(B), A2(B)) (see Fig. 3).

Wolf and Keller [16] proved that the curve C must be vertical at the point B by a perturbation argument
with nearly circular domains. They also suggested that C should be horizontal at A, and this was proved
recently by Brasco, Nitsch and Pratelli [6]. This is the crucial point of our proof, as a minimiser for the convex
combination a1 (§2) + (1 — a)A2(£2) is given by the set corresponding to the first point in which the straight
line ax + (1 — a)y = a touches &, by increasing a. In particular, for @ = 0 this line is y = \3(O) = 2A1(B) by
the Krahn—Szegd inequality. On the other hand, for all « € (0,1/2), it is possible to find a set (2 that is linked
to a line of the form az + (1 — @)y = aq, With a, < A2(0) = 21 (B), since the curve C has horizontal tangent.
Hence © can not be the minimiser for (5.1) unless o = 0.
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