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ADAPTIVE STABILIZATION OF COUPLED PDE-ODE SYSTEMS
WITH MULTIPLE UNCERTAINTIES *

JIAN L1'2? AND YUNnGANG Liut

Abstract. The adaptive stabilization is investigated for a class of coupled PDE-ODE systems with
multiple uncertainties. The presence of the multiple uncertainties and the interaction between the sub-
systems makes the systems to be considered more general and representative, and moreover it may result
in the ineffectiveness of the conventional methods on this topic. Motivated by the existing literature,
an infinite-dimensional backsteppping transformation with new kernel functions is first introduced
to change the original system into a target system, from which the control design and performance
analysis of the original system will become quite convenient. Then, by certainty equivalence principle
and Lyapunov method, an adaptive stabilizing controller is successfully constructed, which guarantees
that all the closed-loop system states are bounded while the original system states converging to zero.
A simulation example is provided to validate the proposed method.
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1. INTRODUCTION

The present paper is about the controls of ordinary differential equations (ODEs) with infinite-dimensional
actuator dynamics governed by partial differential equations (PDEs). Such problems have attracted a lot of
attention recently (see e.g., [1-6] and the references therein), and particularly, the stabilization of ODEs with
diffusion-dominated actuator dynamics has been investigated in [4-6]. It is worth pointing out that the systems
investigated in [4—6] are limited by the basic hypothesis that there only exists the action from dynamic actuator
(i.e., PDE sub-system) to plant (i.e., ODE sub-system). However, in some cases, the opposing action from plant
to dynamic actuator is a bit intense and cannot be ignored, which makes the systems strongly coupled and more
complex, and consequently, if no additional treatments are carried out, the system performance would become
unacceptable.
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As a matter of fact, the controls of coupled PDE-ODE systems have received continuous investigation over the
last decades (see e.g., [7-17] and the references therein). Recently, the stabilization of ODE systems coupled by a
parabolic PDE has been investigated in [7,8], but the systems considered are required to be precisely known, i.e.,
no uncertainties/unknowns exist in the systems. However, the accurate model of the controlled systems is usually
difficult to obtain in practice, even impossible. Moreover, the presence of the uncertainties/unknowns will make
the methods and ideas used in the literature inapplicable to stabilize the uncertain systems. Consequently, how
to stabilize the coupled PDE-ODE systems with uncertainties becomes a much practical and challenge problem,
and to the best of our knowledge, no research has been found on this topic.

This paper is devoted to the stabilization of a class of strongly coupled PDE-ODE systems with multiple
uncertainties, where the PDE sub-system is a diffusion equation with unknown diffusion coefficient and the
ODE sub-system is a linear time-invariant system with system matrix and input matrix being parameterized by
an unknown vector. A distinguished feature of the systems under discussion is that in PDE sub-system, there
exists intense action from the ODE sub-system, and the action possesses an unknown spatially varying coeffi-
cient (called influence function). Mainly due to the presence of the strong coupling and multiple uncertainties,
the systems in present paper are more general than those in the related literature [5-7]. Specifically, in [5, 6],
there is only the action from the PDE sub-system to the ODE one and no opposing action, and moreover,
only the diffusion coefficient permits perturbations or uncertainties. In [7], although both the action from the
PDE sub-system to the ODE one and the opposing action are considered, all the system parameters (e.g.,
diffusion coefficient) are precisely known. In order to stabilize the systems under discussion, it is necessary to
effectively reject the unexpected effects caused by the coupling and uncertainties. For this, infinite-dimensional
backstepping method, adaptive technique and certainty equivalence principle are adopted to construct an adap-
tive state-feedback controller which guarantees that the original system states converge to zero while the other
closed-loop system states keeping bounded.

For clarity, the main contributions of the paper are highlighted as follows:

(i) The action from the ODE sub-system to the PDE one is intense and cannot be ignored, which does not
exist in the closely related works [5,6]. The presence of such action makes the system under discussion
strongly coupled and more complicated than those of [5,6], and hence makes the kernel functions of the
infinite-dimensional backstepping transformation more difficult to derive.

(i1) Unlike [5-7], multiple uncertainties are involved in the systems under discussion. This renders the system
under discussion more general and representative. On the other hand, to cope with these uncertainties,
additional dynamic compensations should be made, which will make the design of desired controller more
difficult, specially, the derivation of the desirable target system.

The remainder of the paper is organized as follows. Section 2 formulates the system model and the control
objective. Section 3 presents the adaptive control design. Section 4 provides the rigorous proof for the stability
of the closed-loop system. Section 5 gives a numerical example to illustrate the effectiveness of the proposed
method. Section 6 addresses some concluding remarks. The paper ends with an appendix that collects the proofs
of some important propositions and several useful inequalities.

Notations. Throughout the paper, || - || denotes the Euclidean norm for column vectors or the corresponding
induced norm for matrices. I denotes the identity matrix with appropriate dimension. Apin(P) denotes the
minimal eigenvalue of square matrix P. Let Sk = supycy, || K (8)|| for continuous matrix function K () defined

on the set 2 concerned in present paper. The projector operator in ¢ (t) = Proj [C,f]{T} is defined as

Proj[gz]{T} = <0,
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2. PROBLEM FORMULATION

In this paper, we consider the following coupled system consisting of an ODE and a PDE:

(2.1)

where X (t) € R™ with initial value X (0) = X is the vector state of the ODE sub-system and u(x,¢) with initial

value u(x,0) = up(x) is the scalar state of the PDE sub-system; U (%) is the scale input to the entire system;

2 . o, . . . .
U = %, Uy = % and ug, = %; ¢ is an unknown positive constant, called diffusion coefficient; A(z) is an

unknown continuous function defined on [0, D], called influence function; D is an arbitrary positive constant
which denotes the length of the PDE domain; C' € R™ is a known constant matrix, A(f) and B(6) are linearly

parameterized with unknown constant vector 6 = [61,...,0,]T, i.e.,
P P
A() = Ao+ 0:A;,  B() = Bo+ Y 0B, (2.2)
i=1 =1
where p is a positive integer, 6;’s are unknown constants, 4; € R"*", i =0,...,pand B; € R™" i =0,...,p

are known constant matrices.

The main objective of the paper is to design an adaptive state-feedback controller such that all the states of
closed-loop system are bounded while the states of system (2.1) converging to zero. To make this feasible, the
following assumptions are made on system (2.1):

Assumption 2.1. There exist known constants 6, 6;(i = 1,...,p), g, A and X such that

5

EN

>~ ™

Assumption 2.2. For any 0§ € 2 = [0,,0]

exist continuous matrix function Q(6) = Q(0
P(0) = P(6)" > 0 such that

- X [Qp,gp}, the pair (A(0), B(0)) is controllable, and there
> 0 and continuously differentiable matrix functions K (6),

x

)T
(A(8) + B(O)K(0)) " P(0) + P(0)(A(0) + B(0)K (9)) = —Q(0).

Moreover, Sp(i.e., supgep || P(0)]]), infoc o Amin(Q(0)) and infge o Amin (P()) exist and are known.

We make a remark on system (2.1) to end this section.

Remark 2.3. Although the ODE subsystem in (2.1) is the same as that in [2], the actuator dynamics in (2.1)
are described by a diffusion equation, rather than a first-order hyperbolic PDEs in [2]. Moreover, in the present
paper, the actuator and the controlled system are mutually coupled, whereas in [2], there is only action from
the actuator to the controlled system. These make the control design in our paper more difficult than that of [2].

3. ADAPTIVE CONTROL DESIGN

This section is to design adaptive state-feedback controller for system (2.1). First, an infinite-dimensional
backstepping transformation is introduced to transform the original system (2.1) into a new one (called target
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system). Then, it is proven that the stability of the target system implies the desirable stability of the orig-
inal system under the same controller. Finally, an adaptive controller is successfully constructed by certainty
equivalence principle and related adaptive techniques.

Let éi(t), i=1,...,p, &(t) and 5\(1‘, t) denote the dynamic compensations to the unknown parameters 6;, i =
1,...,p, € and A(x), respectively, and satisfy for any ¢ > 0,

The dynamic updating laws that éi(t), i=1,...,p, £(t) and X(w,t) obey will be determined later. We then
define

Yolz,t) = =5 Jo Jo A& )C dédn,
Yir1(z,t) = %fo Jo i€, 1) A0 ) d¢ dn (3.1)
+aztm Jo Jo V@ =y — (€ 1) B(0) dé(y, )C dy, i = 0,1,2, ...
where 0(t) = [01(t), -+ ,0,()]T, K(0) € R'*" is chosen such that A(0) + B(0)K (§) is Hurwitz for each 0 € £2.

Thus, for system (2 1), we mtroduce the following infinite-dimensional backstepping transformation:

w(z,t) = u(x,t) — /OI k(z,y, t)u(y,t)dy — v(z, t) X (t), (3.2)
where
Yz, t) = 305 i, t),
k(x,y,t) = g5 o U1 O)B0) dé.

From (3.3), one can see that kernel functions k(-) and ~(-) of backstepping transformation (3.2) are different

from those of [5-7]. Specifically, due to the presence of the dynamic compensations to the unknown parameters,

the kernel functions in (3.2) are time-varying and hence essentially different from the time-invariant case of [5,7].

Moreover, multiple uncertainties and strong coupling in system (2.1) make the kernel functions of (3.2) more

complicated than those of [6] where single uncertainty is considered and no coupling exists between sub-systems.
From (3.1) and (3.3), it can be seen that v(-) and k(-) respectively satisfy

(3.3)

E(t)Vaw (@, 1) = =A(w, )C + () A0) + =5 Jo Jo ¥ 1(& )B(0) dEN(y, 1)C dy,
Y2(0,1) =0, (3.4)
7(0,t) = K(0),

and

kmaf: ('Ta Y, t) = kyy (1‘7 Y, t)7
k(z,z,t) =0, (3.5)

ky(:c,(),t) = _ﬁ'V(wvt)B(é)a

which will be used later in deriving of the desirable target system.
It is necessary to point out that, an inverse transformation exists for (3.2), which is described as follows:

w(z,t) = w(x, t) + /Om Wz, y, t)w(y, t)dy + B(x, t) X (t), (3.6)



492 J. LI AND Y. LIU

where

) 0 A@B@IK @) .
Blx,t) = K(O)[I 0]exp (|J' 58) ]x) [I 0]

. : A@)+BOK(O) . 3.7)
—I—/O [O - A(g(,:))c exp (l? Eg) ] (x — §)> (I 0] dg, (
Uzyt) = =5 Jo " BEDBO)dE,

E(t)Bau(@,t) = =Nz, t)C + B(z, t)(A(D) + B(O)K (),

5z(ovt) =0, (38)
B(0,t) = K(6),
and
arx(x Y, ) = ('T’yvt)’
Wz, z,t) = O A (3.9)
1y(2,0,) = — 24 B(a, ) B(D).

For the kernel functions of the backstepping transformation (3.2) and its inverse transformation (3.6) defined
n (3.3) and (3.7), respectively, the following properties will be used in the subsequent adaptive control design
and stability analysis of the closed-loop system.

Proposition 3.1. The kernel functions k(z,y,t), v(x,t) and l(x,y,t), B(z,t) defined in (3.3) and (3.7), re-
spectively, are bounded on their separate domains of definition, and so are their partial derivatives with respect
to x. Moreover, there hold the following equations:

f kxﬁtl( ,y,t)df:l(l',y,t)—k(l',y,t), (3 10)
fo z,y,t ﬁ yvt)dy:ﬁ(xat)_’}/(xat)
Proof. See part A of Appendix in the paper. O
From the above proposition, we know that
SUPp<z<D,t>0 [v(z, )] < MhSUPogygng,tzo |k(x,y,t)| < My,
SUPp<z<D,t>0 1B8(z, )| < MhSUPogygng,tzo (2, y,t)| < My, (3.11)

SUPp<z<D,t>0 [V (z, t)[| < Mlasupogygng,tZO |kz(x,y,t)| < My,
SUPg<z<p, 130 1Bz(x, )| < Mi,supg<y<o<p t>0 la(T,y, )| < My,

where M is a positive constant whose one suitable value is given in the proof of Proposition 3.1.

By transformation (3.2) and its inverse transformation (3.6), a new system (called target system) can be
obtained from original system (2.1), which is shown in the following proposition and will make the control
design and performance analysis of the original system become much convenient.
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Proposition 3.2. System (2.1) can be changed into the following target system under transformation (3.2) and
its inverse transformation (3.6):

X(t) = (A(6) + BOK (é))X(t)JF(A(é)JFB(@) K(0)X(t) + B(0)w(0, ),
wi(z,t) = ewg(x,t) + fo o1 (x,y, t)dy + @ (2, 1) X (t)
+(Aw, 1) = [y ( )k(l‘ y,t)dy) CX (t) + &(t)p3(x, )
—(x,1) (B(é) (0,t) + (A(6) + BO)K ()X (1)) , (3.12)
wy (0,t) = 07
w(D,t) =U(t) — [ kD, y,t) (wly, t) + [Y 1y, & )w(&, 1)dE)dy

(fo (D,y,t)3(y, dy+7Dt)

where O(t) = 0 — 0(t), &(t) = e — &(t), Az, t) = Ma) — Az, t), A0) = A(0) — A(9), B() = B(0) — B(9) and
(pl(xvyv ) = _lt 'T yv +f k; 'T 5 ) t(g )d§7
@2(xat) = _ﬁt .’E t + fo z,y, Zﬂ ( 1 )dy, A (3 13)
p3(z,t) = mv(w t)((A( ) (9) (0)X (t) + B(0)w(0,1)) '
E(t) ([ k(2 y, )My, t)dy — Az, 1)) CX (t).
Proof. See part B of Appendix in the paper. O

In fact, it can be proven that once the target system is stabilized in certain sense by a controller, the original
system (2.1) would be stabilized in the desirable sense by the same one. This is rigorously claimed in the
following lemma.

Lemma 3.3. If there is a controller U(t), which satisfies limy_, oo U(t) = 0 and renders the target system (3.12)
stable in the sense:

D
sup/ wy(z,t)?dz < 400,
>0 Jo

D
lim (/ w(w,t)2d$+|X(t)|2> = 0,
t—+oo 0

then the original system (2.1) with the same controller U(t) in loop is stable in the sense:

Jim (Ju(z, 0]+ 1X@)]) =

(3.14)

Proof. Since X (t) keeps unchanged under the transformation (3.2), we only need to prove lim;_, 4 |u(x,t)| =0
for the original system (2.1) with U(t) in the loop. For this, by Agmon’s inequality (see Lem. D.3 in part D of
Appendix in the paper) and noting u(D,t) = U(t), there would hold

u(z, t)? <U#)? + 2\//0D u(z, t)? dx\//OD Uy (z,t)? do

Then, it suffices to show that

D

D
lim u(z,t)*de = 0, sup/ U (z,t)>dz < +oo, (3.15)
t—+4o00 0 t>0 Jo

which, together with the hypothesis lim;_, o U(t) = 0, would imply that lims—, o |u(z,t)| = 0.
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First, we will prove the former of (3.15). From (3.6), by completing the square and Hélder’s inequality®, we
have

2

ule, 1) < Bz, 0 +3 ( / Uy, Owly. 1) dy) 31X (02118 1)
< Sule 2 +3 [ Uy, 07 dy / "y, 02 dy + 31X (0218, )%

Integrating both sides of the above inequality over [0, D] yields

/ODu(as,t)zde?)/OD (=, )dx+3/ (/ l(x,y,t) dy/ w(y,t)2dy) dz

31X ()2 / 18z, DI d.

By (3.11) and noting that 0 <z < D, it follows from the above inequality that
D D
/ u(z,t)*dz < 3(1+ D*M7) / w(z,t)? de + 3DME|| X ()| (3.16)
0 0

This, together with (3.14), directly concludes limy_, 4 o fOD u(x,t)?dz = 0.
Second, by computing u,(z,t) from (3.6) and in the similar way to the above, we can obtain

D D D
/ Uy (w, )% de < 3/ wy (z,1)? dx+3D2M12/ w(z,t)* de +3DME|| X (1)]|?, (3.17)
0 0 0

which, together with (3.14), immediately yields the latter of (3.15). O

By the above lemma, we conclude that, to stabilize system (2.1) in the desirable sense, it suffices to stabilize
target system (3.12) in the sense of (3.14). Thus, we turn to the design of the state-feedback controller for the
target system (3.12). In fact, suppose that 6, ¢ and A(z) are known. By letting 0 = 0, é = ¢ and A(z) = A(z),
and motivated by [7], controller U(t) is chosen as:

D Y D
U(t) = / k(D y) (w<y,t>+ / z<y,5>w<f,t>d5) dy+</0 k(D,ym(y)dyﬂ(D))X(t). (3.18)

In terms of the proof of Theorem 1 in [7], it can be proven that, the target system (3.12) under controller (3.18)

is exponentially stable in the sense of norm (|| X (¢)[|* + fo w(z,t)? do + fOD wy(z,1)? dx)%.

However, since 6, ¢ and A(z) are unknown in the paper, the above controller is not applicable. Inspired by
the existing works, the following dynamic compensations of the unknown parameters are founded to overcome
the unknowns/uncertainties:

) = Proj i (). (0)ze
M(ed) = Projy 5 {m(@ 0}, A< A@0) <X, ¥z e, D), (3.19)
éz(t = Proj[g“@] {T91(t)}’ Q Sé ( ) Sg a"'vpa

3 For any functlons f(-) and g(-) which are m-times and n-times integrable on [a, b], respectively, there holds ff [f(x)g(x)|dz <

1
(f:\f( |mdz) (f lg(z |"dz)",where1<m,n<+oosatisfy%—l—%:l.
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where
o JPw(a,t)es(z,t)d
= (O LCOm— |
a(w(z,t)= [ wly,t)k(y,e,t) dy) CX (1)
ma(z,t) = B WD) 1 o200y B0+ (A B K ()X (0) (3.20)
20X ()T P(B)(A:+B; K(0)X(t o [P w(@,t)y(x,t) da (Bs w(0,6)+(Ai+B; . B
T0,(t) = O POXAABEONXEW) _ 7)o 4 PR

with o and p being to-be-determined positive constants,
X D
W(t)=1+2Xt)TPO)X(t) + p/ w(z,t)? dr, (3.21)
0

and P(é) = P(é)T > 0 being the solution of the following Lyapunov equation
(A(0) + BOK(0))TP(0) + P(0)(A(0) + BO)K(0)) = —Q(0), (3.22)

for some Q(6) = Q(9)™ > 0.

Then, based on the certainty equivalence principle and the controller designed before (i.e., unknown param-
eters 0, e and A(z) in (3.18) are replaced by their dynamic estimates 0, & and A(z), respectively), the desirable
adaptive state-feedback controller is chosen as:

D Y D
U(t) =/ k(D,y,1) (w(y,t) +/ Uy, & t)w(&, 1) d£> dy + (/ k(D,y,t)B(y,t) dy+7(D,t)> X(t)63.23)
0 0 0
The following two propositions respectively give the properties of the projection operator and the target
system, which will be used in the later stability analysis of the closed-loop system.

Proposition 3.4. (see [18]) For the projection operator defined in (1.1), there hold
(1) |Proj[gvz]{7'}| <|rl;

(ii) For E(O) el (], the solution of é(t) = Proj[c,a{T} remains in [C, ¢

(iii) If ¢ € [¢, ¢] and ¢ € [, ¢], then —C Proj[ga{r} < —(T, where ( =( —C.

Proposition 3.5. For the functions p1(z,y,t), p2(x,t) and p3(z,t) defined in (3.13), there exists a positive
constant M such that

Iy I iy, dyde < 28 () wiest)2da ([ wale, 2 de + | X(0)]2) + HIX @)
I3 oo, t)lPde < 28 (Jy wia0?de ([ wole P de + IX@)F) + X)) . (3.24)
P s, t)2dz < M2 (fOD we (2, £)2dz + ||X(t)||2) .

Proof. See part C of Appendix in the paper. O

4. STABILITY ANALYSIS OF THE CLOSED-LOOP SYSTEM

In this section, we show that the closed-loop system is stable in the desirable sense. For this, the following
Lyapunov function is introduced:

1 b s
V(t) = FlogW(t) + %5@)2 + % /0 Az, £)? dz + %H(t)TH(t),

where o and p are the same as in (3.20) and W (¢) has been defined by (3.21).
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Substituting (3.23) into the fourth equation of (3.12) yields w(D, t) = 0. Then, computing the time derivative
of V(t) and using integration by parts, we have

2 D
V() = WL@)(X@)TP(@)X( )+ X()T +Ze deeff)X(t)+p/o w(e, wy (2, 1) d:c)
L ——/ Mo O, 1) o — Loy ma)
_ L[ po(é)
- W(t)( X®)TQO)X(t) +2X ()T P(0)B(0)w(0,t) +Ze 5. X(t)

. o N . D D
X (1T P@)(AD) + BO)K(0)X (1) — pe / wy (2, )2 dz + p / w(@, s (2, 1) dz X (1)
D x 0 D 0 x
o / w@.t) [ w0y dyde / w(, 1) (Xw) - / Ay, k(. y.t) dy) dCX (1)

D D
+p€(t)/0 w(z, t)ps (x, 1) dw—p/o w(z, t)y(z, t) dx(f}(é)w(o,t)+(A(é)+B(é)K(é))X(t))>

Laméwy -~ L / ’ Mz, )l (2, ) dz — ﬁé(t)Té(t)
ag ag 0 - A
- % - XOTQUX() + 2X (T POBOWO.0 + Y b X (T LX)
b b i=1 b ?
Z 0:()X ()T P(0)(A; + B;K (0))X () — ps/ wy(x, )% do + p/ w(x, t)pa(z,t) deX (1)
i=1 0 0
D g D

+p w(x,t) /OT w(y, t)p1(x,y,t)dy de + p/ w(x,t) (X(az,t) — /ﬂf S\(y,t)k(as,y,t) dy) dzCX (t)

D D
+pé t)/o w(x, t)s(z,t)de — p/o w(z, t)y(x,t) deO (t )(B w(0,t) + (A; + BZK(é))X(t))>

Pewyée) - L / 7 A, ) (2, t) do — £ Zp: 6,(1)6: (). (4.1)
o o Jo o

i=1

~—

Changing the order of integration arrives at

D z D D
/0 w(w,t)/o MMy, O)k(z,y,t) dyda::/O )\(x,t)/z w(y, t)k(y, z, t) dy dz.

Substituting this and (3.20) into (4.1), and using claim (iii) of Proposition 3.4 and noting Assumption 2.1, we
arrive at

V(t) = —— ( —~XOTQOX () + 2x )T P(H) (BO + ieiBi)w(o, t) + 2,,: 0:()X (1)

i=1

+dP(0)
dé; X()

D

_p&j/ODU)I(x t)? dx+p/Dw(x t) /Ozw( o1 (z,y, t)dyd:c+p/ w(z, t)p2(x, 1) dxX(t))

+pa(t +p/ Az 7'>\ (x,1) Af(x t)d —|—p29 M
L ; dP(6)
<W—(t)( X(OTQU)X (1) +2X (1) P(9) (Bo-l-;&Bi)w(O,t)+;9i(t)X(t)T PO

§/ (2, 1)2 dx+p/D (2,1) /Oxw(y,t)wl(x,y,t)dydaz—l—p/oD w(z, £)ps (2, 1) dxX(t)).
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Then by (C.13) and Lemma D 4, it follows that

V(t) < L (Y X @))%+ 1y X @))%+ %w(o )% + zp:é»(t)x t
= W(t) 2Q 2_Q AQ 9 g 7

D D @ D
—pg/o wy (2, 1)? dx+p/0 w(m,t)/o w(y, t)p1(x,y,t) dydac—l—p/o w(x, t)pa(z,t) dxX(t))
1 1 9 2 M2, b 9 L dP(é)
< g~ 320X~ (e = PR [V oo Db xi0 0 e

D x D
40 [ wl@t) [ wt eyt [ w(x,th(w,t)de(t)), (1.2)

where Mp = || Bo|| + 0_, || Bi|l - max{|8;], [0:]}, Ag = inf;c o Anin(Q(P)) (similarly, Ap = infy_ g, Amin(P(0)) is
defined for later use).

Let p > 1. By (C.12), (C.21) and noting that Ap|| X (t)[|? < X (1)TP(0)X (t) < LW (t), we have

> dx ™ e x ) < S el
= i =1 0,<0.<0,

< : . (é 2 2 dg w .T 2 dr 2 4 q2z 2
< W(t);e);gze @, X)) - QM\// w(z,t)2d \// o(x,t)2de + || X (¢)]|2 + IIX()II)
<o ;gééﬁa P ff’) (wqu ( / wal, 1) dw+|X<>|2>+qzz|X<>|2>

g

A
|>/‘

P "
dP(6

Z(2DQ1i + q2;) sup #

i=1 0,<0,<0, || db;

where d; = i > (2Dqii + q2i) SUPy <9, <3,

D
( / wa(a, )% dz + ||X<t>||2>

wg (z,£)* dz + ||X(t)||2> ; (4.3)

22p

D

|
Q
IS
&

S—

dP(9) H

By Holder’s inequality, the first inequality of (3.24) and noting the general relation v/a + b < \/a + /b for
any positive real numbers a and b, we have

D x
p/ w(x,t)/ w(y,t)p1(z,y,t)dy dx
0 0

D T D
< p/o w(wvt)\//o @1(w,y7t)2dydw\//o w(y,t)* dy
D D T
< p w(ar;,t)2 dx\// / o1(z,y,t)? dy de
PUM 2 2
< W(t) w(zx,t) dx\// xtzdw\// wy(z, )2 de + || X (¢)|2 + ()/ w(x, t)* del| X (t)]]°.
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Then, by (C.12) and nothing that pfOD w(z,t)?dz < W(t) and Ap|| X (¢)||> < $W(t), it follows that

p/OD (@20) [ ol 01, dy

D
< QDUM\// wy (2, ¢ 2dx\// wg (2, )2 dz + | X (1)]2 + () / “’r(x’t)zdng_;?

< 2DoM (1 + %) (/0 wy(w,1)” da + | X (¢ )I2>

D
= ods (/0 we (2, )" dz + [| X (1)]] )

where do = 2DM(1 + %) Similarly, by the second inequality of (3.24), we have

D
p [ e e X () da

<p\// xt2dx\// |p2(z, ) X (t)]* dz
< p\/ / w(x,w?dx\/ / ez (. )12 dal| X ()]

pUM

oM

DoM
<UM< wg (2, t) dx+||X()||2>+ N \//O w(x,t)2 dz || X (2)]]

<oM(1+ L) ( / wz<x,t>2dx+nX(t>n2>

= ods (/0 wy (2, t)* dz + IX(t)|2> ;

where d3 = M(l + /\2)

Substituting (4.3), (4.4) and (4.5) into (4.2) concludes that
1

w(z, 1) dw\// w02 do + X1 X O+ Fr / w12 dz [ X (@)

(4.5)

2 2 D
V(t) < 7o ( — (3Ag — o(di + do + ds)) || X (1) — (pg— SLREME — o (dy +dy + dg)) /0 we (x,1)? d:c).

Then, by choosing the design parameters p and o as follows:

2 2
p > max{%, 1},
2 2
0<o< min{%AQ, pE — 8DSp Mp

1
Ao } " ditdatds’

we arrive at

y c P 2 2
OEs (/ wa(,0)? da + | X (1) )

—in J Iy _ 8DSRPME
where ¢ = mln{QAQ o(dy + da +ds), pe pos o(dy +ds + dg)}.

(4.7)
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We are now in a position to address the main results of the paper, which are summarized in the following
theorem.

Theorem 4.1. Consider system (2.1) satisfying Assumptions 2.1 and 2.2, and the initial value u(z,0) = uo(zx)
such that fOD up(z)?dr < +oo and f (d"(;;xz)) dz < 400, if p and o are chosen to satisfy (4.6), then the
adaptive controller consisting of (3.2), (3.19) and (3.23) guarantees that all the resulting closed-loop system
states are bounded, and furthermore, X (t) and u(zx,t) satisfy

lim X(¢)=0, lim wu(z,t)=0.

t——+o0 t——+o0

Proof. By Lemma 3.3, it suffices to show target system (3.12) under controller (3.23) satisfies lim;_, 4o, U(t) = 0,
SUPyso f we (@, )% dz < 400 and limy— oo (f5 w(z, t)> dz + | X (£)]?) = 0

In order to prove the desirable stability of the closed-loop target system, the integrability of || X (¢)||* and
fD wy (7, t)? dz are need to show. For this, by (3.2) and (3.11) and in the similar way to derive (3.16) and (3.17),

0
we have

I?

[P w(a,t)? de < 3 (1+ D2M2) [ u(x,t)? dz + 3DMZ|| X (1) %,
fo wy(z,t)? do < 3f0 Uy (1,1)? dx+3D2M1 fo (z,t)?dz + 3DME|| X ()]

Letting ¢ = 0 in above inequalities and noting that fOD up(x)? dr < +oo and fo ( duow(m ) dz < 400, we obtain

that fOD w(z,0)? dz and fOD wz(x,0)? dx are bounded, and hence V(0) is bounded.
Integrating (4.7) over [0, t] and [0, +00), respectively, we have

V() < V(0), /O+°° 11X ()2 +Vf§(t1)ux e Vio)’

which together with the definition of V (¢) imply that 6,(t), 6;(t), (), £(t), fOD (7,1)? du, fo Zdz, | X ()|
and fOD w(z,t)? dz are bounded on [0, +00), and hence || X (¢)||* and fOD wy(z,t)? dz are mtegrable on [0, +00).
By (3.12), integration by parts and noting that w(D,t) = 0 under control (3.23), we have

D
%% wy(2,1)? dx:/o Wy (2, )Wyt (z, t) da
D D T
= e/D W (2,1)? dx—/o wm(m,t)/o w(y, t)p1(x,y,t)dy da
/ Wag (2, 1) 2 (2, 1) X (t) do — é(t)/ Way (T, 1) ps(x, 1) dz
0 N 0
Wee (@ ( (z,t) — /0 Ay, t)k(z, y,t) dy> CX(t)dx

B(@)K(é))X(t)) . (48)

]

[ wea(, Oy(a, ) da ( (0)w(0,) + (A(f) +

A,
I

To show the boundedness of fOD wy(z,t)* dz on [0, +00), the last five terms on the right-hand side of the above
equations will be further handled.
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First, by Young’s inequality, Holder’s inequality and the first inequality of (3.24), the second term on the
right-hand side of the above equation satisfies:

D T
_/ wmx(wvt)/ w(y,t)wl(w,y,t) dydx
0 0
2

D 5 D T
/ wII(xat)2 dz + _/ </ w(yvt)‘pl(xayvt) dg) dz
0 de Jo 0

D 5 D x D
/ W (2, 1)? dz + — / / o1(z,y,t)* dy de / w(z,t)* de

0 de Jo Jo 50

D 2 2 D D

€ 2 50°M 2 2 2

< 5/0 e, d + (/O w(z, 1) daz) (/0 wy (2, 1) da:+||X(t)||>

<

| ™

IA
il ™

502M2 [P )
—— )% dz| X (¢)||*
+4€p2W(t)2/0 w(z,t)” dz| X ()]
D 2 2 2 2
€ S50 M S50 M
<= t)?d t)?dz + | X (1)[? — X ®)? 4.9
<2 [ vt o+ 2 (/ wola, 1) da + | <>|>+85MP|| O (19)

where Ap [ X(t)[|? < W(t) and pfOD w(z,t)?>dz < W(t) have been used. Similarly, by the second inequality
of (3.24), the third term on the right-hand side of (4.8) satisfies:

D
- /0 Wan (1, £) 02 (2, 1) X (£) d

<

D 5 D
/ o, 8)? do + - / o (e, DX (1) da
0 de J

ot ™

P 2 5 (P 2 2
< Wao(2,8)"dz + = [ [lp2(z, )" dz]| X @]
0 € Jo

ot ™

502M? I
4ep?W (t)?

50.2M2 D ) D , ) ,
+45W(t)2/0 w(z, )" dz (/0 wg(,8)” da + [| X (D) > X @)l

IN
SIS

D
/ wm(x,t)2 dz + X(t)||6
0

502M?

- Tz I XOI

D
—/ Wea (2, 1) do +
5 Jo

502M? [ [P )
o (z, )% d X, 4.10
et (/ wela, 1) o + | X (1) (10)

IA

and the fourth term on the right-hand side of (4.8) satisfies:

D
—é(t)/ Waa(x, t)ps(x,t) do

D
< E/ Wae (2, 1) 2de + —/ ws3(x t) da:supé(t)2
5 Jo t>0
D 2 D
M
< f/ Wan (2, )2 da + 2 / wa(z,8)2 do + | X (1)]|? | sup &()2. (4.11)
5 0 4e 0 t>0
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Then, by (3.11) and Young’s inequality, the fifth term on the right-hand side of (4.8) satisfies:

_/OD

(z,1) (X(w,t) — /0 ’ X(y,t)k(x,y,t) dy) CX(t)dx

g
8

D D . ,
. 0 oD OxN )
<5, vt g (A 0P+ [ 302y [ k02 ay) asloPlxo)?
c 0D ODN 0 R 0
< —/ wzz(x,t)zdx—i—— )\(x,t)zdx 1—|—/ / k(x,y,t)Qdydx ||CH2||X(t)||2
5 Jo 2e Jo o Jo
c (D
= 5/ Wea (2,1)* do + [ X (@)%, (4.12)
0

where p1 = 2 (14 D2MZ) [|C|]% - supyso fy Az, )2 da.
Finally, by Young’s inequality and (C.13), the sixth term on the right-hand side of (4.8) should satisfy

D
/ Waa(, 1)y (@, t) dz (B(é)w(o, £) + (A(0) + B(é)K(é))X(t))
0 D 5 D o
| weste® dx+2/ 9w, ) BO)? dew(0, 1)?
5
2—/ x t
D
|

K(0)X(0) do
P 2 b
Wy (2, 1)? d:r—i— D2M1 (Z || B: ||sup|9 ) / wy (2, 1) do
- 0

5 p
+5 DM} (Z(IAiIIJrIBZ-ISK)nggI@i( )) X @l

i=1

D D
< %/O wm(x,t)Q dx + pe (/0 wx(l',t)2 dr + |X(t)|2) , (4.13)

2 _ 2
where iz = L2 D2M2 (S0, || Bill supyso I0:(1)]) + £ DME (S22, (145l + [ BillSic) supyso 1B:()])
Substituting (4.9)-(4.13) into (4.8) yields

14 [P D
sui | wee e <pa | [P do s X0,
where puz = sfpjgrz (1 + ﬁ) (% + i) + % Sup; > £(t)? + p1 + p2. Integrating the above inequality over

[0, t] concludes that

D D t D
/ Wl £) do < / wal,0)2 do + 213 / ( / wx<x,t>2dx+nx<t>n2> dt
0 0 0 0
D “+oo D
§/ wy(z,0)? d:r—|—2,u3/ (/ wy(z,1)? dx+||X(t)||2> dt
0 0 0

which shows that fOD wy(x,t)? dz is bounded on [0, +00) since fOD wy(2,0)2dz < +oo and [ X(¢)||* and
fOD wy(x,t)? dz are integrable on [0, +00).
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We now turn to proving the convergence of fOD w(z,t)? do. For this, by (3.12) and integration by parts, we
have

D D
%%/0 w(zx,t)? dx :/0 w(z, t)w (x, t) do
D D T D
= — wy(z,t)? dz w(ax, w(y, t)er(x, vy, x w(x, t)ps (x, x
—— [ 0 + [l t)D/O (yt)io( yt)dffi + [ wla @ n X
&) /O w(w, s (2, 1) do + /0 w(z, 1) ()\(as,t)— /O A(y,t)k(a:,y,t)dy) CX(t)de

- /0 7 w(z, )y(e, t) dz (B(é)w(o,t) + (A(6) + B(é)K(é))X(t)) . (4.14)
In the similar way to derive (4.11), (4.12) and (4.13), the last three terms on the right-hand side of (4.14) satisfy
] ) [P w(e, t)ps (1) dx‘ < £y wo,t)? do+ 2L ([P, (2,07 do + | X)) supyso 212,
I (Am ) = Ji My Ok, >dy) 0X<t>dx\ < £ [P (e, t)? do+ X O],
Iy wa.yy(a,t) da (B@w(0,1) + <21<é>+f?<9> )X )|
<& fy w0 o+ puz (J) wale, ) dz + X (0)]2),

by which, (4.4) and (4.5), it follows from (4.14) that

d D
E/ w(z,t)? dzx
0

2

3 [P 5
< % / w(z,t)? dz + (5 + p1 + pe + sup (t)?
5 0 de t>0

o(d2 + ds) 2 b 2
+ I b)) (||X<t>|| + [t dx>,

is bounded on [0, +00) since all the terms on the right-hand side of the

DN | =

which implies that ‘% fOD w(x,t)? dx

above inequality are bounded on [0, +00), and hence fOD w(z,t)? dz is uniformly continuous on [0, +00).
Noting that w(D,t) = 0, by Poincaré’s inequality, we have

+oo  pD 400 pD
/ / w(z,t)*de < 4D2/ / wy (2, 1) dz < 400,
0 0 0 0

which shows that fOD w(z,t)? d is integrable on [0, +00). This, together with the proven uniform continuity of

fOD w(z,t)? dr and the well known Barbilat’s Lemma, directly yields lim; ., o fOD w(z,t)?dr = 0.

For the convergence of X (t), by (3.12), (C.13) and Lemma D.4, there holds

’—IX(t)
dt
:2])( (t)"(A(B) + B(O)K (0))X ()‘+2|X( )T (A(0) + BO)K (0)X ()] + 2|X (1) " B(0)w(0, )]

D
< 2Samr|X (1)) +22 (1Al + [1B: IISK)SUPW O X7 + X @) +4DM123/0 w, (z,1)? da,
i=1

which shows that - X (¢)||* is bounded on [0, 4+00) due to the boundedness of || X (¢)| and fOD wy(z,t)? dx on
[0, +00), and hence || X (¢)|| is uniformly continuous on [0, +00). Then, noting that || X (¢)||* has been proven to
be integrable on [0, +00), by Barbalat’s Lemma, lim;_, ;o X (t) = 0 is directly obtained.
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Finally, we prove lim;_, 4~ U(t) = 0. By (3.11), (3.23) Holder’s inequality and Lemma D.1, we have
D
U@ < 1XO) (17D, )]l +n Jy 1kD.y, )85, 8)l dy)
2
D w07 de (% Sy k(D.y, 1) dy + \/ By () k(D€ D1y, 1 ) dy>

< My(1+nDM)| X (#)[| + VDM (1 + DM/ [ w(z, t)? d,

which, together with the proven fact that lim;—, oo X (¢) = 0 and lim;_, 4 o fOD w(z,t)? dz = 0, directly concludes
This completes the proof. O

5. SIMULATION RESULTS

In this section, numerical results are given to illustrate the effectiveness of the theoretical results for the
following system:

X(t) = 0X(t) 4+ u(0,1),
ut(x,t) = eum(ac t) + AMx)X (),
ug(0,t) =

u(l,t) = ( ),

with scale initial condition X¢ = X (0) = 20 and uo(x) = u(z,0) = 50sin(27z). The unknown system parameters
are supposed to be § = 3, ¢ = 10, A(z) :§WithQ:1,§:4,§ I, A=0and A= 1.

Letting K (f) = —0 — 2 and Q(f) = 462 + 4, we obtain P(f) = 62 + 1 by solving Lyapunov equation (3.22).
Moreover, by (4.6), we find suitable design parameters p = 300 and o = 1.5 x 107°. The initial values of the
parameters updating laws are chosen as 6(0) = 2, £(0) = 4 and \o(z) = 7. It is necessary to point out that we do
not calculate the series in (3.7) since the compact form of the sum of the infinite series is difficult to derive even
for simple nonconstant parameter A(z) and more importantly, appropriate truncation of the series is sufficient

for the practical implementation Therefore we replace ¥(z,t) by F(z,t) = Zfﬁo vi(z,t) as its approximation

in the controller. Hence, k(z,y,t) = t) Iy t)d¢. Then, by (3.2), (3.19) and (3.23), we have
w(z,t) = = Jo Kz y, uly, ) dy — 3(z, ) X (t),
) = fo k(L y, thu(y, t) dy + 7(1,t)X(t),
% oo s S wat) (3.0 (w(0,0)-2X (1) + (Jg kv, A1) ay=A(e,£) X (1)) az
E(t) = Projy 1o {15 x 10 (0 (1+2(1+6(0)2) X (£)21300 [ L w(w )2 az) ,

_rt k
Ml t) = Proj[o,l]{1.5x10_5 (wlat)-, wOyt) )X () }

1+2(1+é(t)2)x(t)2+300 j‘o w(ac )2 ax

o . 5 (14-0(t) Jlw Y(x,t) X (t) az
0(t) = Projp 4 {1 5 x 107 1501+2(1+0(t)2)X(t)23-300 [0 w(at)? az } :

Using the explicit forward Euler method (see, e.g., P. 406 of [19]) with 20-step discretization in space,
five simulation figures are obtained for the closed-loop system signals. Specifically, Figures 1 and 2 show that
closed-loop system states u(z,t) and X (¢) ultimately converge to zero; Figure 3 shows that the parameter
estimate £(t) is always larger than ¢ and ultimately converges to a constant, Figure 4 shows that the parameter
estimate 0(t) alwayb belong to interval [6, 6], and ultimately converges to a constant, Figure 5 shows that

A @) = ( fo dz)? ultimately converges to a constant.
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t/s
FIGURE 1. Trajectory of u(z,t). FIGURE 2. Trajectory of X(t).
4.0000002
2.0000008 - N q
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FIGURE 3. Trajectory of £(t). FIGURE 4. Trajectory of 0(t).

6. CONCLUDING REMARKS

In this paper, adaptive stabilizing controller has been designed for a class of coupled PDE-ODE systems
with multiple uncertainties. The essential difference between this paper and the existing related works is the
the presence of the strong coupling and serious uncertainties. This makes the system under discussion more
general and representative, and certainly more difficult to be stabilized. In the paper, a state-feedback adaptive
stabilizing controller has been successfully constructed by utilizing infinite-dimensional backstepping method,
adaptive techniques and certainty equivalence principle, and has been proven that the desirable control objective
is surely established for the closed-loop system. It is worth pointing out that, the basic assumptions on the
uncertainties are somewhat restrictive from a theoretical perspective, for instance #;’s in Assumption 2.1 are
required to belong to a known interval. Therefore, how to relax these assumptions is quite meaningful and
deserves further investigation.
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FIGURE 5. Trajectory of ||A(z)].

A. PrROOF OF PROPOSITION 3.1

To show the boundedness of the kernel functions and their partial derivatives with respect to x, we first
estimate [|y(z,t)|| by induction, and then estimate others, such as [k(z,y,?)|, |[vz(z,t)|| and |kz (2, y,1)].
For i = 0, noting that 0 < z < D, 8(t) € 2, £ < £(t) and maxo<z<p, >0 |\, )] < Ao = max{|}, A}, we

have
//AftC’dfdnH

< IK@)+ jg J/ A0 [C) e dy

< Sk + gD2>\a||CH = ao.

oz, 1)l < | K(9)] +

For i > 1, suppose that the following inequality holds

g2
it ) < o (A1)

with a; = ”E—z (SA + D;;“ SB||CH>~ Then, by Lemmas D.1 and (3.1), we have

/ /%§ %MH /"/ )m@@(@%ﬂuﬂMﬂ

—;//ngt wmm+22//f\%u >mmwwuwwy

Vi1 (2, )] <

| /\

TL 522

< ?SAQOCH BH] déd 77+ SBHCH)\ agaj
n2 . 2(z+1) n2

= — S apa} + S C|[Agaoa’
e AQQ 12( +1) B” H 0 12( +1)
n2 2/\ 22(i+1)
_<A+}§ B””““W(+n

= apai™! a2t
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which implies the trueness of (A.1). Thus, by (3.3) and noting that 0 < z < D, there holds

21

+oo +oo
(Dy/an)
Iy O < Y Il )] < ZGOW < agexp(Dy/ay).
i=0 i=0 i
By this and the second equation of (3.3), we arrive at

=y .
k(. )] < = / (€, 0)B(8)| A€ < Lag exp(Dy/ar) DS,
g Jo 9

and

—_

k(.. >|—\ e~ 1.0B0)| < Lopexp(DyaD)S

By integrating both sides of the first equation of (3.4) over [0, z] and noting 7, (0,¢) = 0, we have
o, t) = - / A6, )0 dé + ()/ A&, )AD) de
i | v orens@ g nca.

)

Moreover, by the first equation of (3.7) and noting that 0 < < D, £ < &(t) and maxo<,<p. >0 |A(z, )| < A,
we have

Then, there holds

(e, 0] < ™2 (A 11+ ag exp(DyaD) (

18(z, )|l < as, [[Bu(x, )] < as,

with ag = exp (D max{l, S‘“’%}) (SK + M), by which and the second equation of (3.7), it can be
concluded that

1 [rv DCL3SB
(2, 1)) < —/ 86, 0BO)| dg < =222
and
_ 1 N a3Sp

Thus, choose M; = max {max{ag, ap exp(Dy/a7)} - max{1, £5& SB} ag} which can upper bound the kernel

functions on their separate domains of definition.
We next turn to show the trueness of (3.10). Substituting (3.6) into (3.2) yields

w(z,t) = w(z, ) /lmy,) (. ) dy + B, X (t) — () X (2)

0
- [ ke ( wiy+ [ <y,s,t>w<5,t>df+ﬁ<y,t>X<t>) dy. (A.2)
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By changing the order of integration, we have
T Yy T T
| e [t souienacay= [ [ kg i€t deuyn .
0 0 0 Jy

Substituting this into (A.2) and taking some managements yield
(2600~ B0y + [ ke 000) 00
= [ (k0= [ h g one ) wir
which implies (3.10) since the above equality holds for all X (¢) and w(y,t). A

B. PROOF OF PROPOSITION 3.2

We will first show the first, third and fourth equations of (3.12), and then prove the third one.

Letting z = 0 in (3.2) and noting that v(0,¢) = K(f), we have u(0,?) = w(0,t) + K () X (t). Substituting this

into the first equation of (2.1) and noting that A(#) = A(f) + A(6) and B(0) = B(0) + B() yield

X(t) = A(O)X(t) + B(O)w(0,t) + BOK(0)X (1)
- (A(é) + B(é)K(é)) X(t) + (21(9) + B(é)K(é)) X(t) + B()w(0, 1),

which is the desired first equation of (3.12).
By computing w,(z,t) from (3.2) and letting = 0, we have

Wy (0,) = u,(0,8) — k(0,0,8)u(0,t) — v, (0,¢) X (t).
Then, by (3.4), (3.5) and noting that u,(0,¢) = 0, we obtain w,(0,t) = 0, namely, the third equation of (3.12).
Moreover, letting x = D in (3.2) and noting that u(D,t) = U(t), we have

D
w(D,t) = U(t) - /0 kD, y, )uly, £) dy — 4(D, ) X (£).

Substituting (3.6) into the above equation and taking some simple managements conclude the fourth equation
of (3.12).
We next turn to prove the second equation of (3.12). For this, we compute wy(z,t) from (3.2, that is,

wi(x,t) = we(x,t) — /OI k(x,y, t)u(y,t) dy — v(z, t)X(t) — /Om ki(z,y, Ouly,t) dy — vy (z, 6) X (t). (B.3)

All the terms on the right-hand side of (B.3) are not desirable and should be further handled.
Substituting the first equation of (3.12) into the third term on the right-hand side of (B.3), we have

— (@, )X (1) = =y(@, ) BO(0,8) = 1(2.1) (A0) + BOK ) X (1
—y(2,1) (A() + BO)K@)) X (1), (B.4)
which is the desirable form.

In order to obtain the desirable expression of wu:(x,t), we compute uy(x,t) and uz,(z,t) from (3.6). First,
noting that I(x, z,t) = 0, we have

ug(z,t) = wy(z,t) + /OI lo(zyy, )w(y, t) dy + Be(z, ) X (t).
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By the second equation of (3.7) and noting 3(0,t) = K (), we obtain lo(2,y,t)|ly=2 = (L K(0)B(f). Then,
by (3.8) and the above equation, we yield

Upa (2, 1) = War (2, 1) + lo(2, Y, 1) |y=cw(2, t) —|—/O low(z,y, O)w(y, t) dy + Lo (x, ) X (1)
1 .
= wml(x,t) + é(t)K(e )+ ; lmi z,y, thw(y,t) dy
+é(t)ﬁ(x,t)(A(9)+B( 9)K ()X (t) — E0) A, )CX(1).

Substituting this into the second equation of (2.1) and after some managements, we have

up(x,t) = eugy(x,t) + Mz)CX (¢)

— s+ KOBOWED +2 [ ooy o) dy
c R N €
+2os0( OAG) + BOKO)X () ( () - (t) a0 CX(0)
:ewm(ac,t)_|_é€t) OB w(x,t)+¢ | lpu(z y,t)dy
#2500 OAD) + BOKE)X <>+A<w,t>CX<>—§E§;X<x,t>cxu>, (85)

which is the desirable expression of the first term on the right-hand side of (B.3).
Substituting (B.5) into the second term on the right-hand side of (B.3), we have

- [ Kot =< | e )0~ 55 | ke 0K @B @0 b
—s/ ks >/ Ly (46 (€, 1) e dy
; k (9. )5 (y, t) dy(A(0) + B(9) K (0))X (1)
~ gty * N
- / .03 ) CX (O + 53 [ K@M wCX 0. (B6)
By the second equation of (3.3), we have ky(x, y,t)|y=s = —%K(é)B(é) and ky(z,y,t)|y=0 = —?11:)7(1‘, t)B(6),

by which, (3.4), (3.5) and using integration by parts while noting the proven fact w, (0,t) = 0, the first term on
the right-hand side of (B.6) satisfies

e / k(. y, )wyy (v, £) dy
0

= —ck(z, z, t)wy(z,t) + ek(z, 0,t)w, (0,t) + 6/ ky(z,y, t)w, (y,t) dy

0
= 5ky (1'7 Y, t) |y:Iw(wv t) - 5ky(35a Y, t) ‘y:Ow(Oa t) —€ / kyy (1'7 Y, t)w(yv t) dy
0

T

g ~ N £ ~
= 2 KO)BO)w(e. 1) + (@ B0 (0.1) ¢ /0 oy (2, s Dy, £) dy. (B.7)

By computing the second-order partial derivatives of the first equation of (3.10) with respect to y, it can be
concluded that

1 A a
ED K(0)B(0)k(z,y,t),

/ k‘(l‘,f, t)lyy(fayvt) df = lyy(l'vya t) - kyy(33vya t) -
)
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by which, (3.9) and changing the order of integration, the third term on the right-hand side of (B.6) satisfies

— [ k) [ 6 Ol 0 dedy
_5/0 w(yvt)/y k(xvgvt)lﬁﬁ(gvyat) dgdy
. /O

Y
0
T
= (
T

W) [ K€y 69,0y
1 A~ ~
= _5/0 U)(y,t) (lyy(l’,y,t) - k‘yy(l’,y,t) - %K(Q)B(g)k(xayat)) dy (BS)

Moreover, substituting the second equation of (3.10) into the fourth term of the right-hand side of (B.6), we
yield

(0)X(t) = —é(gt) (B(a,t) —(@.t)) (AB) + B(9) K ()X (t)B.9)

€ z A N
-5 / k(, y,6)B(y 1) dy(AB) + B(O)K

Hence, by substituting (B.7)-(B.9) into (B.6) and after some managements, we obtain the desirable form of the
second term on the right-hand side of (B.3), that is,

= g KOBOW ) + 570 BEw0,1) 2 /:z (e, )y, t) dy
~ 5 (9(0.0) = 3(2.0) (AG) + BOKO)X(O) = [ Koy 0300 dyC X 1)
é(t)/ k(x,y,t)A(y,t) dyCX (¢). (B.10)

Computing the partial derivative of (3.10) with respect to ¢ yields

{kt(xa:%t) +fyx kt(xagvt)l(gvyat) df = lt(l' Y, ) fw (1' ga )lt(gvyvt) dga
foz kt(xayat)ﬁ(y,t) dy"’_'yt(xat) 5t(w t) f (1' Y, )ﬁt(y’ )dya

by which and (3.6), we obtain the desirable form of the last two terms on the right-hand side of (B.3)

- [ ket 0y = sl 01X 1)

—— [ kw0 (w0 + yz (4. € (€, ) A€ + By, DX (1)) dy — ()X (1)
_/Oxw( kt (z,y,1) + kt (z, & U, vy, t df) dy — (/0 ke(z,y,t)B8(y at)dy‘f"Yt(xat))X(t)
= [ w0 (1w ) - [ kg e ag)ay - (0 [y 080 ) x0)

~ [[w e dy+ e 0x0. (B.11)

&Q\o
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Substituting (B.4), (B. 5), (B.10) and (B.11) into (B.3) and after some simple managements, we have

wi(z, 1) = ewga(x,t) + | w(y, t)e1(z,y,t)dy + w2(z, 1) X (1) + (S\(w,t) - /I Ay, t)k(z, y,t) dy> CX(t)
0 0

#1000 (55550) Bw)) wl(0,1) - < DAG) + BOKO)X ()
S A0) + BOKO)XO + S0 ([ A0 dy- A t>) cx()
= EWqee (T, 1) —I—/O w(y, t)e1(z,y,t) dy + p2(x, ) X (t) + ()\ x,t) / My, k(z, y, t) dy) CX(t)

() (BOWO.0) + (AB) + BEK )X (D) +E(t)pa(a. )
where @3(+) has been defined in (3.13). Thus we derive the second equation of (3.12). A

C. PROOF OF PROPOSITION 3.5

We will first prove the third inequality of (3.24) and then prove the other two ones.
By controller (3.23), we obtain w(D, t) = 0. Then, by Poincaré’s inequality and Agmon’s inequality, we have

D D
/ w(x,t)? de < 4D2/ wy (z,t)% dz, (C.12)
0 0

D D D
w(0,1)% < 2\// w(x,t)? dx/ Wy (z,t)? de < 4D/ wy(z, )% da, (C.13)
0 0 0

by which and completing the square while noting that £(¢) > g, there holds

2 < 2 (Ileatw OFIXOI + b )BE)w(,0?)

D
2 (nmu,t)|2|X<t>|2+4D|w<x,t>B<é>|2 / wx<x,t>2dx> ,

§2

‘103(1'7 t)

<

where @4(z,t) = y(z,t)(A0) + B(f )+ Jo Kz, y, )A(y, t) dyC — Az, t)C. Integrating both sides of the
above inequality over [0, D], we have

D D D D
/O w3<x,t>2dx<§2(/o (. £)[2 da| X (8) |2 + 4D / Iy, £) B(6) [ e / wz<x,t>2dx>
b 2 2
<m (/O wa(z, ) dz + | X ()| ) (C.14)

where my = 22 max{(M1Sa4px + X[ C||(1 + DM1))?, 4ADM7S%}.
To prove the other two inequalities, the estimations of ||5(z,t)|| and |l;(z,y,t)| are needed. We will realize
this by estimating |£()|, fOD \A(z, )| dz and |0;(t)|. First, by claim (i) of Proposition 3.4, (3.20), (C.14) and
o

Holder’s inequality, it follows from (3.19) that
D \/ D
— wtcpgwtdw<— / xthx/ ps3(x,t)? dx
|| wle e 2o [ st

<U\/_\// xtzdx\// wy(x, )% dz + || X (2)]% (C.15)

()] <
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Similarly, by (3.19) and noting that 0 < z < D, we conclude

b g
/o [At(z,t)|do < W (/0 w(z,t) \dx+/ / k(y,x, t)dydg;> |CX (1)
oV D , ] |
< W) /o w(z,t)? dz (1+\//0 /x k(y,x,t) dydg;) el - 1x @

g

D
R 2
< ey [ wte 2 s x ). (C16)

where my = +/D||C|| (1 + DM;). Moreover, by (3.19) and claim (i) of Proposition 3.4, for i = 1,...,p, éz(t)
satisfies

W(t)
o [XOT PO A + B 0) X 1)

. D
10:(t)] < /0 w(z, t)y(a, t) de(Bw(0,t) + (A; + BiK(0))X (t)

o b o D
= W—(Q/O Iw(x,t)v(x,t)Biw(o,t)\dx+W—(t)/o lw(z, t)y(z, 1) (A; + B;K(0))X (t)| dx
S [XOTPOM: + BE@)X (). (C.17)

By (3.11), (C.13) and Hoélder’s inequality, we yield

D D D
/ w(w,t>v<w,t>3iw<0,t>|dw<¢ / w(x,tvdﬁ | 1t 0B dafulo.)

D D
< 2DM; || B;]| / w(zx, t)? de / wy (z, )% da. (C.18)
0 0

Similarly, there holds

D
/|(xt)( £)(A; + BiK(6)) dx<\// xﬂdx\// (&, t)(A; + BiK(0)X (£)[2 da
0

S\/_Ml(HAzHJrIIBzIISK)\//O w(z,t)? e[ X @) (C.19)

Moreover, it can be verified that
X (0T PO)(As + BiK @)X ()] < Sp(l 4] + 1Bl Sio) | X (1)1 (C.20)

Substituting (C.18)—(C.20) into (C.17) directly yields

I ? 2 v 2 2 0q2i 2
0l < \//O w(a,t) dx\//o il )2 da + X O + LX) ©21)

where g1, = VDM, (2VD||Bil| + | Aill + |BilISk) and q2; = 2Sp (| Aill + | Bil|Sk), i = 1,....p.
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0 AO)+BO)K(9) .
Letting G(z,t) = L ég) ] and E(x,t) = exp(G(€,0)x). Then, it can be verified that

Gz, 1)l < max {1, S } BB < exp (D i {1, S }) _ Bavk. (C.22)

Moreover, by (2.2), there holds

Hence, we have

by which,

A S
1Ge(€,0)]) < 222 |+Zme

where r; = (||A I+ | BillSk + SB SUpy <o, <7,
of E(z,t), ylelds

H dK(Q)

), i=1,...,p. This, together with the above expression

|1Ee(2, )| < Dexp(DIIG(E, OG0

< Dexp (Dmax {1, SA—;BK }) (SA+BK t)| + Z?ﬂ@ >
ms (5(?5) + Zml@(ﬂl) ; (C.23)

where m3 = DEa1 K max{s“:#, 1}.
With the above expression of E(z,t) in mind, we re-express [3(z,t) as

A& DO

"""

Bla,t) = K@O)[I 0 E(x,t)[I 0T +/Ox B@x—&0)[1 0] de

Computing the partial derivative with respect to ¢ yields

ety =S EEOG 1 BT O+ K@ 0wl o)

i=1
+/Ox 0 ()Q(Ef);t) Bz — &)1 o]ng+/Ox O_Még(i’t?c Bz —€0[1 0" de
+/Ox O—A(gétt))c Bz —&n[1 0]"de,
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by which, Lemma D.1 and (C.15), (C.16), (C.21), (C.22) and (C.23), we have

PN AR @) | )
.0l < 3 | S| 1001 1B 0l + 1RO B 0] + Zorall - E0] [ 156 - ol ag
i=1 *
1 L
znll- s B0l [ R nids+ 2ol [ - el de
. D ~ P A
< my (é(t)—l—/ )\t(x,t)|das+23i9i(t)>
0 i=1

oma(y/mi+ma+ Y0, quisi) b \/ b
< WO \//0 w(z,t)? de /0 wy(x, )2 dz + | X (2)]|2

am.
o Zqzzsan( HIP

od
< W \// w(z, t) dx\// wy(x,t)2de + || X (1)]|2 + (Q)HX(t)Hz, (C.24)

dK 0

where s; = supy o 3, H Eaypr + Sxmari + 2Xa||C||Dmari, i = 1,...,p, my = max {1, 2CllEas B,

Sgms + gAaHCHD(EA;BK + ms)}, 01 = ma(\/m1 +me+ >0 quisi) and 2 = my > 5| q2is;.
Moreover, by computing the time derivative of the second equality of (3.7), we have

At 1 e
et =20 [ e ns@ac o [ e os@as g [ e dgzm

Then, by (3.11), (C.15), (C.21) and the second inequality of (C.24), there holds
(2, y,t)] < m7 <|€( )l +/ Ae(z, 1) \dl‘JrZUz\@ >

< "m7(¢_+$§t;2 = \// wtzdw\// wy (2, )% dz + || X ()]

am
L quzllX( HIP

0'(54 2
*W \// w(x,t) dx\// wy(z, )2 de + || X (6)|? + ()||X(t)|| ) (C.25)

with v; = g(SBm4si + M||Bil]), i =1,...,p, m7 = max{gSB(% +my), €53m4, 1}, 03 = mz(y/m1+ ma+

Zle qlivi) and (54 = mr Zle q2;U;.
We are in a position to show the first two inequalities of (3.24). By (3.11) and completing the square, it
follows from the first equality of (3.13) that

T 2
(pl(xayvt)Q S 2lt($vyat)2 + 2 (/ k(xagvt)lt(gvyat) dg)
Yy

S 2lt(l‘7yat)2 + 2D2 sup lt(fayvt)2 : sup k(w,ﬁ,t)Q
0<y<é<az 0<y<é<z

2<1+D2 sup k(x,é,t)2> sup  l(z,y,t)?

0<€E<e,t>0 0<y<z<D
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2(1+D*M7)  sup  L(z,y,t)°
0<y<z<D

By (C.25) and integrating the above inequality over [0, x] with respect to y and then [0, D] with respect to z,
we yield

D x
/ / o1(z,y,t)? dyde < 2D*(1+ D*M7)  sup  li(z,y,t)
o Jo 0<y<z<D

o2mg [P ) D , . o2me )
< W(t)g/o w(z,t)? dz (/O w, (z, 1) dx+||X(t)||> AT )2\|X()\| :

where mg = 4D?(1 + D?M?)63, mg = 4D?(1 + D> M?3)83.
Moreover, by (3.11), the second equality of (3.13) and Lemma D.1, we obtain

a7 < 208D + 2 H [+ 00y

< 2||Be(z, )| + 20D  sup  k(z,y,t)* - sup || Be(y, 1)
0<y<zx<D 0<y<z<D

§2(1+n2D up_ k(1)) sup (1)1
0<y<a<D

<2(1 +n2D2M2) sup |8 (, t) H2

Integrating the above inequality over [0, D] and using (C.24) yield

D
/ oo, 0|2 dz < 2D(1 + n2D?M2) sup ||By(e )2
0 0<zx<D

02m10 D ) D , ) 02m11 )
< W(t)2/0 w(z,t)® do (/O wa(2,1) d:c+|X(t)|> W )2|| @)

where myig = 4D(1 + n?>D?M$)6%, myy = 4D(1 4+ n2D?M?)63.
Finally, choosing M = \/max{m1,mg,m9,m10,m11} directly concludes (3.24). A

D. USEFUL INEQUALITIES

Lemma D.1. For any matriz function A(z) = (a;j(x)) : [0, D] — R™*™ which is continuous and integrable on
[0, D], the following inequality holds:
D
/ A(z)dx
0

Proof. Let ||A(x)||r = /tr (A(x)TA(x)). Then noting that \;(A(z)TA(z)) >0,i=1,...,n, we have
A=) = \/Amax(A(ff)TA(ff)) < VXL Ni(A@@)TA®@) = \/tr (A(e)TA(2)) = [A(@)[[F. (D.26)

Moreover,

D
< Vimn [ 4Gz,

IA@)F = V3 Mi(A@)TA(2)) < \/n Amax(A(z) T A(2)) = V[l A(z)]. (D.27)
Therefore by (D.26), we have

1y A@)dal|” < || fy Ay da; = S0, S0 | Sy ai(e) dal?,
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by which, and noting that | fOD a;j(z)dz| < fOD |a;j (z)| dz, after some direct calculations, we obtain

HfoD dx“ <> Z; 1 (fo |aij(z |d$>
< (S0 S Y @)l dr) = (17 S S lag @) dr)
<mn (7 /i S lag @) de) = mn (2 |A@)rdr)”

Substituting (D.27) into the above inequality yields

|4 Atwyda” < mn? (£ A dz)

which directly implies the desirable inequality. O

Lemma D.2. (see [20]) (Poincaré’s inequality) For any w € C'[0, D], there hold

fODw(x)zdx < 2Dw(0)? +4D2f0 wy (z)?de,
fODw(x)zdx < 2Dw(D)? +4D2f0 wy (7)%d.

Lemma D.3. (see [20]) (Agmon’s inequality) For any w € C*[0, D], there hold

w(z)? < w(0)? —|—2\/f0D x)?dx fo wy(x)2de,

2 +2\/fOD x)2dz fo w,(z)2dx.

£
=
In

Lemma D.4. (see [21]) For any xz,y € R™ and any positive definite matrix P € R"*"™, there holds

(1]
2]
(3]

(10]
(11]
(12]

(13]

22Ty < 2T Px+yTP 1y
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