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ON THE RELATION OF DELAY EQUATIONS TO FIRST-ORDER
HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS

1ASSON KARAFYLLIS! AND MIROSLAYV KRSTIC?

Abstract. This paper establishes the equivalence between systems described by a single first-order
hyperbolic partial differential equation and systems described by integral delay equations. System-
theoretic results are provided for both classes of systems (among them converse Lyapunov results). The
proposed framework can allow the study of discontinuous solutions for nonlinear systems described by
a single first-order hyperbolic partial differential equation under the effect of measurable inputs acting
on the boundary and/or on the differential equation. Illustrative examples show that the conversion of
a system described by a single first-order hyperbolic partial differential equation to an integral delay
system can simplify considerably the stability analysis and the solution of robust feedback stabilization
problems.
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1. INTRODUCTION

The relation of first-order hyperbolic Partial Differential Equations (PDEs) with delay equations is well
known. In many cases, a system of First-Order Hyperbolic PDEs (FOH-PDEs) can be transformed to a system
described by Retarded Functional Differential Equations (see [4,10,11,25,27,28]), On the other hand, the recent
works [14-16] have shown that systems of first-order hyperbolic PDEs can be utilized for the stabilization of
delay systems.

However, recent works on the control of systems described by FOH-PDEs (see [1-3,5-7,14,21,23,24,30,31])
have led to the study of non-standard systems of FOH-PDEs with the following features: (i) the boundary
conditions are given by functionals of the whole state profile; and (ii) the differential equations involve functionals
of the whole state profile and not only point values of the states. It should be noted that for such systems there
is no available existence-uniqueness theory similar to the theory of standard FOH-PDEs (see [17,26]): the
researchers have utilized transformation arguments which can guarantee important system-theoretic properties.
Moreover, the existence of functionals of the whole state profile in the mathematical description of such systems
do not allow the answer to the following question:
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“What class of delay systems can be used for the description of non-standard systems of FOH-PDEs?”
In this work, we answer the above question for a class of systems described by a single FOH-PDE. First, we
show that the appropriate class of delay systems is a class which has been rarely studied, i.e., systems of the

form:
n(t) = f(n, we)
n(t) e R, w(t) ¢ W CR™

where W C R™ is a non-empty closed set with 0 € W, r > 0, n, € L*® ([-r,0); R"™), w, € L= ([-r,0]; W) are
defined by (n:) (s) = n(t + s) for s € [—=r,0), (we) (s) = w(t + s) for s € [—r,0] and f : L= ([-r,0); R™) x
L ([-7,0]; W) — R™ is a mapping. We call the above class of delay systems a system described by Integral
Delay Equations (IDEs). Systems of the form (1.1) have been studied in [11, 18-20,22]. It should be noted
at this point that systems described by IDEs have been utilized for a long time in the stabilization of finite-
dimensional control systems with input delays (see [13,15,16]): every predictor feedback is a system described
by an IDE, whose input is the state of the finite-dimensional control system. Indeed, a predictor feedback for
the finite-dimensional system

(1.1)

y(t) = g(y(t),n(t —r) + (1))
y(t) € R¥, n(t) € R™, v(t) € R"

where we use  to denote the control input and v € L2, (R4;R™) denotes the control actuator error, results in
a static feedback law of the form:

n(t) = f(ne,y(t) + u(t))

where u € L. (R4 ;R™) denotes the measurement error. Clearly, the above closed-loop system is the feedback
interconnection of an time-invariant system described by ODEs and an integral delay system of the form (1.1).
Therefore, the study of systems described by IDEs is important on its own. Important system-theoretic properties
for the class of systems described by IDEs are provided in Section 2 of the present paper.

Secondly, we show that a class of systems described by a non-standard single FOH-PDE, namely systems of
the form:

%(t, z) + cg—z(t, z) = a(p(t), z)x(t, z) + g(2)p(t), fort>0,z€(0,1) (1.2)
pi(t) = Ki(w(t),x;), fort >0,i=1,...,N and p(t) = (p1(t),...,pn(t)) € RY (1.3)

x(t,0) = G(w(t), z), for t >0 (1.4)

where N > 0 is an integer, z(t,2) € R, w(t) € W C R™, W C R™ is a closed set, ¢ > 0 is a constant,
9(z) = (q1(2),...,gn(2)), G : W x L= ((0,1;R) — R, K; : W x L* ((0,1;R) —- R (i = 1,...,N) are
functionals, a(p, z), gi(z) (i = 1,..., N) are sufficiently regular scalar functions and z; is the state profile (i.e.,
(z¢)(2) = z(t,z) for all ¢ > 0 and z € [0, 1]), are equivalent to systems described by IDEs. The equivalence
allows the development of important system-theoretic results for the class of systems described by (1.2), (1.3)
and (1.4) (Section 3 of the present paper). The obtained results can allow the study of measurable inputs
w(t) € W C R™, which is an important feature because in many cases boundary conditions of the form (1.4)
result from the implementation of stabilizing feedback laws (see [1-3,5,7,14,23,24]). However, the control action
comes together with control actuator errors and measurement errors, which are typically modeled by measurable
inputs.

Finally, the obtained results can allow the development of a methodology for the solution of control problems
for systems described by a non-standard single FOH-PDE, namely systems of the form (1.2), (1.3), (1.4).
The methodology is presented in Section 4 of the present paper by means of three illustrative examples. The
examples show many important features of the proposed methodology and a comparison is made with other
existing methodologies.
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Notation. Throughout this paper, we adopt the following notation:

* R+ = [0, +OO)

* Let I C R be an interval and U C R™ be a set. By L™ (I; U) we denote the space of measurable and essentially
bounded functions u(-) defined on I and taking values in U C R™. By L* (I;U), where pu € [1,+00),
we denote the space of measurable functions u(-) defined on I and taking values in U C R™ for which
J;lu(s)|"ds < 4o0. By L3, (I;U) we denote the space of measurable and locally essentially bounded
functions u(-) defined on I and taking values in U C R™, i.e., for every compact interval J C I it holds
that u € L (J;U). For every x € L* (I;R™), where I C R is an interval, we denote by ||z|| the essential

supremum of z, i.e., ||z|| = sup |z(s)|. For € L*° (I;R"™), where I C R is an interval with [a,b) C I, a < b,
sel
we define [|zf|, ,) = sup |z(s)].
a<s<b

* For a vector x € R™, we denote by x’ its transpose and by |z| its Euclidean norm.

2. SYSTEMS DESCRIBED BY INTEGRAL DELAY EQUATIONS

We consider system (1.1) under the following assumptions:

(H1) There exist non-decreasing functions a : Ry — Ry, M : Ry — Ry, N : Ry — Ry such that for every
R > 0 and for every n,y € L™ ([-r,0); R™), w € L™ ([—r,0]; W) with ||n|| < R, ||ly|| < R, |lw| < R the
following inequalities hold:

[f(n,w) = f(y,w)| < N(R)h sup [n(s) —y(s)|+M(R) sup |n(s) —y(s), forall h € (0,r) (2.1)

—h<s<0 —r<s<—h

|f(n, w)| < a(R) (2.2)

(H2) For every 6 > 0, n € L*® ([-r,0);R"), w € L™ ([-r,0]; W), the function z : [-r,6) — R™ defined by
z(t) = n(t) fort € [—r,0) a.e. and z(t) = f(ne,we) fort € [0,0) a.e. satisfies z € L> ([—r,d); R™).
Systems of the form (1.1) can represent integral delay equations of the form:

N r
n(t) =3 ps (nft — 7). w(t — 7)) + / g (s,m(t - 8),w(t — 5)) ds
i=1 0

where r > 0,0 <7 <715 <...<7n <rare constants, p; : R" x W — R" (i = 1,..., N) are locally Lipschitz
mappings, W C R™ is a non-empty closed set and ¢ : R x R™ x W — R" is a locally Lipschitz mapping. It can
be shown that assumptions (H1), (H2) hold for this class of systems. The fact that assumption (H2) holds for
this class of systems is a direct consequence of Lemma 1 on page 4 in [8].

The following result shows us that system (1.1) can be regarded as a time-invariant system with inputs,
whose state space is L ([—r,0); R™) and whose input set is L ([—r,0]; W). System (1.1) satisfies the classi-
cal semigroup property, the Boundedness-Implies-Continuation (BIC) property and the property of Lipschitz
dependence on the initial conditions (see [12]).

Theorem 2.1. Consider system (1.1) under assumptions (H1), (H2). Then for everyng € L ([—r,0); R™), w €
Lo ([—r, +00); W) there exists tmax = tmax(No, w) € (0, +00] with tymax > =

loc
142rN | 5a| max| [[no]l, sup |w(s)|
_r<s<r

and a unique mapping n € LS, ([=7, tmax): R™) satisfying n(t) = f(ne, we) for t € [0,tmax) a.e. and n(t) = no(t)
for t € [=r,0) a.e.. Moreover, if tmax < “+o00 then limsup||n:|] = +oo. Finally, there exist non-decreasing

t—tmax
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functions P : Ry = Ry, G : Ry — Ry such that for every m € L (=05 R"), yo € L ((=r, 0 R,
w € LS. ([—r,+00); W) it holds that:

17 = yell < G(s(2)) exp(P(s(t)) £) 1m0 — woll, for all t €10,0) (2:3)

where § = min (tmax (Mo, W), tmax (Yo, w)), s(t) := max( sup |-, sup |ly-||, sup ||wT||) and
0<r<t 0<r<t 0<r<t

n € L2 ([=7 tmax(0, w)); R™), y € LS. ([—7, tmax (Yo, w)); R™) are the unique mappings satisfying n(t) =
F(e,we) for t € [0, tmax(10, w)) a.e., y(t) = f(ys, we) for t € [0, tmax(yo, u)) a.e. and n(t) = no(t), y(t) = yo(t)
forte[—r0) a.e

Proof. Let arbitrary ng € L> ([—r,0); R"), w € L{®

loc

([=r, +00); W). Define s := max <||770|| , sup u(t)|> and

—r<t<lr
select arbitrary p € R™ with |p| < s. Define n(t) = no(t) for t € [-7,0) a.e. and n'(t) = p for t € [0, 7). Clearly,
n' € L ([-r,r);R™) with sup |n}| < s.
o<r<r

Without loss of generality we may assume that the non-decreasing function a : Ry — R involved in (2.2)
satisfies a(t) >t for all t > 0. Let ¢ € (0,7) be such that:

N(R)é < 1, for R = 5a(s). (2.4)

Using induction and assumption (H2), we can guarantee that the sequence of functions 1®) : [—r, §) — R™ for
k > 1 defined by: n®)(t) = no(t) for t € [~r,0) a.e. and nF)(t) = f(nt(k_l),wt) for t € [0,9) a.e. for k > 2
satisfies n(F) € L™ ([=r,§); R") for k > 1.

Notice that (2.2) in conjunction with the facts that bup HUTH < s and sup HuTH < s implies that
0<r 0<

sup HUTH < a(s) and sup HnTH < a(s). (2.5)
0= 0<7<é

We next claim that
max sup Hng)H) < 5a(s) for all k > 1. (2.6)

I=1,....k <O<T<5

The proof of the claim is made by induction. We first notice that by virtue of (2.5) the claim is true for k = 1
and k = 2. Next suppose that the claim is true for certain k& > 2. Notice that, by virtue of (2.1) and the fact
that R = 5a(s), the following inequality holds for all [ = 2,...,k and for almost all ¢ € [0, d):

DD (@) =00 = [£00w) = 16w

<N _sw () (5) = (V) @)+ R s (k) (5) = () )

=N _swp [t +5) —n Dt )|+ MR swp [a O+ ) =0V (0 +5)
R)é”n(l)—n(l*”H . (2.7)

Since (2.7) holds for almost all ¢ € [0, ) and since 1) (t) = n) (t) = ny(t) for almost all ¢ € [~r,0) and for
all [ > 1, we get:

Hn(lH) — ¥ H 5 < N(R)S Hn( pt=b H ,foralli=2,... k. (2.8)

77‘,
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Inequality (2.8) implies that:

Hn(2+m) — plttm) H < (N(R)5)™ Hn2 — 771H[_r75) ,forallm=0,...,k—1. (2.9)

[7T76) a
Using the triangle inequality repeatedly and the fact that N(R)d < 1/2 (a consequence of (2.4)), we get for all
l=2,...k:

[ =D 5 < Soko [In D =m0

- _ 1
<[ — 77(1)”[4’5) S (N(R)O)™ = |[n® — 77(1)||[J’5) % (2.10)
< 2||n® —n® H[_m) :

It follows from (2.5) and (2.10) that

sup Hn£k+1)H = Hn(kH)H < 5a(s) (2.11)
0<r<8 [=7,9)

and therefore we have proved (2.6).

The existence of n € L% ([—r,0); R™) satisfying n(t) = f(n,w:) for t € [0,6) a.e. and n(t) = no(t) for
t € [-r,0) a.e. follows closely the proof of Banach’s fixed point theorem on the closed set L ([—r,0); B),
where B C R™ denotes the closed ball of radius 5a(s). Since (2.9) holds for all m > 0, the sequence n*) €
L ([-r,0); B) is a Cauchy sequence. Therefore, there exists a unique limit n € L ([-r,0); B). Assumption
(H1) (inequality (2.1)) implies that the right hand side of the inequality

[0(6) = £y we)] < [0t =@ @) + [ £ s w) = 70 w)

can be made arbitrarily small for sufficiently large & > 1 and for almost all ¢ € [0,0) and consequently, we obtain
n(t) = f(n,we) for ¢t € ]0,9) a.e.
In order to prove uniqueness, we use a contradiction argument. Suppose that there exists y € L ([—r,0); R")
satisfying y(t) = f(ys, wy) for t € [0,0) a.e. and y(t) = no(t) for t € [-r,0) a.e. with sup |y(s) — n(s)| > 0. Let
—r<s<d
p > 0 be the least upper bound of all ¢ € [0,d) with sup |y(s) —n(s)] = 0. A contradiction argument shows
—r<s<t
that p < d. Since p € [0,9) is the least upper bound of all ¢ € [0,d) with sup |y(s) —n(s)| = 0, it follows
—r<s<t
that sup |y(s) —n(s)] > 0 for all ¢ € (p,d). A contradiction argument shows that sup |y(s) —n(s)| = 0.
—r<s<t —r<s<p
Define R = max( sup |y(s)|, sup [n(s)], sup |w(s)|). It follows from (2.1) for almost all ¢ € (p,d) and
—r<s<é —r<s<é —r<s<é
h=t-—p:

In(t) =y = 1f (e, we) = fye, we)| < N(R)(E = p) S, n(s) —y(s)|- (2.12)

Inequality (2.12) implies sup |n(s) —y(s)] < N(R)(t —p) sup |n(s) —y(s)| for all t € (p,d) and since

p<s<t p<s<t
sup |n(s) —y(s)| = sup |n(s) —y(s)|, we obtain sup |n(s) —y(s)| =0 for all ¢ < min (5,p—|— ﬁ), i.e.,
p<s<t p<s<t p<s<t

sup |y(s) —n(s)| =0 for all ¢ < min (5,]) + m), a contradiction.
—r<s<t

Since the unique function n € L ([—r,d); R™) satistying n(t) = f(n, wy) for t € [0,9) a.e. and n(t) = no(t) for
t € [-r,0) a.e. is bounded, it follows (by repeating the arguments above) that there exists 6’ > ¢ and a unique
function n € L ([—r,d"); R™) satisfying n(t) = f(n, we) for t € [0,0") a.e. and n(t) = no(t) for t € [—r,0) a.e..
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More specifically, by virtue of (2.4), §’ > § satisfies

r

1+2rN <5a (max ( sup [n(s)|, sup |w(s)|>)> .
—r<s<d —r<s<d+r

Let tmax = tmax(no,w) € (0,+00] be the least upper bound of all § > 0 for which there exists function
n € L*®([—r06);R") satisfying n(t) = f(n,we) for t € [0,9) ae. and n(t) = no(t) for t € [-r,0) ae.. If
tmax < +00 (i.e., is finite) then for every e > 0 there exists ¢ > tmax — € and a function n € L ([—r,§); R™)
satisfying n(t) = f(ne, we) for ¢t € [0,9) a.e. and n(t) = no(t) for ¢ € [—r,0) a.e.. It follows in any case (tmax < +00
Or tmax = +00) that there exists a function n € LS, ([—7, tmax); R™) satisfying n(t) = f(n,wy) for t € [0, timax)
a.e. and n(t) = no(t) for t € [-r,0) a.e..

For the case tmax < +00 we notice that (2.13) implies the inequality

§+r>8>6+

(2.13)

r

1+2rN (5a (max( sup |n(s)], sup |w(s))>)
—r<s<d —r<s<é+r

tmax Z 5 +

or

N(5a (max( sup |n(s)], sup |w(s)>>) > ——
—r<s<d —r<s<d+r 2re

for all ¢ > 0 and § > tmax — €. The above inequality cannot hold for all e > 0 if  sup |n(s)] < +oo.
—7r<s<tmax
Therefore, if tax < +o0o then limsup ||n:]] = +oc.
t—tmax

Finally, we proceed to the constructive proof of estimate (2.3). Let ny € L ([-r,0);R"), yo €
L% ([=r,0);R"), w € L5, ([=r,+00); W) and let ) € L5, ([=7, tmax(n0,0)); R"), y € L5, ([=7, tmax(yo, w)); R™)

be the unique mappings satisfying n(t) = f(n,we) for ¢ € [0, tmax(no, w)) a.e., y(t) = f(ys,wy) for ¢t €
[0, tmax (Yo, w)) a.e. and n(t) = no(t), y(t) = yo(t) for t € [—r,0) a.e.. Define § = min (tmax (10, W), tmax (Yo, w)).

For all ¢ € (0,9) we define s(t) := max | sup [|n.]|, sup |ly-|, sup ||wT||> and h = &, where N =
0<r<t 0<r<t 0<r<t
1+ [t(lﬁ;ﬁ(‘z)@))} and {t(lfillzlr(‘;)(t)))} denotes the integer part of the real W Inequality (2.1) implies
for almost all v € [0, h):
n(v) = y@)| = | (1, wo) — f (Yo, ws)] < (2.14)

N(s(t))h sup (v +4q) = y(v+q)[ + M(s(t)) [0 = woll

Notice that since N(s(t))h < 1/2 we get from (2.14):

sup [n(q) —y(q)| < (1 +2M(s())) [In0 — woll - (2.15)
—r<qg<h
Using induction and similar arguments we can prove that the following inequality holds for i =1,..., N
sup n(a) = y(a)| < (1 +2M(s(£)))" 1m0 — woll - (2.16)
—rsqg<t

Since N =1+ %} <1+ W <2+42rN(s(t)) + w, we obtain from (2.16) for
i=N:

sup () — y(@)] < (1+2M(5(0)” D exp (2N (1)) +771) In(142M (s(0)) 1) o = woll -+ (2:17)
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Inequality (2.17) implies (2.3) with G(s) := (1 + 2M(s))*T* V) and P(s) := (2N(s) + 1) In(1 + 2M (s)).
The proof is complete. O
Having proved Theorem 2.1, we are justified for arbitrary 79 € L* ([-r,0); R™), w € L ([—r, +o00); W) to

loc
name the unique mapping n € LS. ([—7, tmax); R™) satisfying n(t) = f(ne, we) for t € [0, tmax) a.e., n(t) = no(t)
for t € [-r,0) a.e. for certain tmax = tmax (10, w) € (0, +00] as “the solution n(t) of (1.1) with initial condition
n(t) = no(t) fort € [—r,0) a.e., corresponding to input w € LS, ([—r,+00); W)”, without explicit reference to
the maximal existence time of the solution tmax = tmax(m0, w) € (0, +00].
A number of system-theoretic properties can be proved by using the results of Theorem 2.1. More specifically,

we study system (1.1) under assumptions (H1), (H2) and the following assumption:

(H3) w = (d,u), where d € D C R™ is a compact set, w € U C R™? is a closed set with 0 € Uand m = mi+msa.
Moreover, there exists b € Ko such that for everyn € L ([-r,0); R™), d € L*> ([-r,0]; D), u € L* ([-r,0];U),
the following inequality holds:

0] < b (max (Il _swp_[ut9)]) ) (218)
—Tr<ss

Assumption (H3) means that the system’s right-hand side is uniformly bounded with respect to the distur-
bance d and the right-hand side is zero when the state 17 and input u are zero, irrespective of the disturbance d.
This means, in particular, that the origin is an equilibrium when the input u is zero, irrespective of the value
of the disturbance d, which excludes, for example, systems that have an additive disturbance in the model’s
right-hand side. In Example 2.7 we provide a simple system that captures some of the essence of assumption
(H3) and the system’s dependence on d.

We are ready to give a list of properties for system (1.1) that are derived from the results of Theorem 2.1.

Property 1: Robustness of the equilibrium point.

Assumption (H3) guarantees that 0 € L ([—r,0); R™) is an equilibrium point for system (1.1), when u is zero
and for any d. However, in order to study the robust stability properties of the equilibrium point of (1.1) we
need a stronger assertion, namely that 0 € L ([—r,0); R™) is a robust equilibrium point for the system (1.1)
with input uw € U C R™2 (see [12]).

Theorem 2.2. Consider system (1.1) under assumptions (H1), (H2), (H3). The function 0 € L* ([-r,0); R™)
is a robust equilibrium point for the system (1.1) with inputu € U C R™2 i.e., for alle > 0 and T > 0 there exists
§:=0(e,T) > 0 such that for every no € L™ ([-r,0);R™), d € L™ ([-r,+00); D), u € LS. ([—r,+00); U) with

llnoll + sup ||ut|| < 0 there exists tmax = tmax (M0, d, u) € (T, 400] and a unique mapping n € LS. ([—7, tmax); R™)
>0

loc

satisfying n(t) = f(ne, dy, wy) for t € [0, tmax) a.e., n(t) = no(t) fort € [=r,0) a.e. and ||ln|| < & for all t € [0,T).

Proof. Since D C R™ is compact, we are in the position to define Q) := max |d|. Without loss of generality, we
€

may assume that the function b € K involved in (2.18) satisfies b(s) > s for all s > 0. Let arbitrary € > 0,
T > 0 be given and define:

T T
5(e,T) == r"Ye/2), k= W =go...0 ,l:{—]—i—land = 2.19
(e, 1) (¢/2) 97 =9 g 5 P TN Gh Q@+ ) (2.19)
I times
where g(s) := 5b(s) for all s > 0, {%} is the integer part of % and N : Ry — Ry is the function involved in (2.1).

loc

Let arbitrary ng € L ([-r,0);R™), d € L ([-r,4+o0); D), u € LS. ([-r,+00); U) with ||no]| + sup |Jut]| < &
>0

and consider the unique mapping n € L2 ([—7r, tmax); R™) satisfying n(t) = f(ne, dr, ue) for t € [0, tmax) a.e.,

loc
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n(t) = no(t) for t € [—r,0) a.e. for certain tmax = tmax (10, d, u) € (0, +00]. Using (2.18), the fact that sup ||u]| <
>0

d, the fact that 6 < e (a direct consequence of definition (2.19)), the fact that Q := {irlag|d| and proceeding
€

exactly as in the proof of Theorem 2.1, we can show that:
“For all tg € [0, tmax) with ||ny, || < e it holds that ||n:|| < g (max (||n]l, 0)), for all t € [to,to + p]” (2.20)

We next claim that ||1;,|| < g (8), for all i = 1,...,1 (||| is the norm ||| for ¢ = ip). The claim is a direct
consequence of property (2.20) and definition (2.19). Therefore, we get ||n:]| < & (§) for all ¢ € [0,p]. Since

Ip > T (a direct consequence of the fact that [ = {%} + 1; recall (2.19)) and 6§ = xk1(g/2) (recall (2.19)), we
obtain ||n:]| < e for all ¢ € [0, T]. The proof is complete. O

Property 2: Robust global asymptotic stability and input-to-state stability

Using the results contained in [12], we are in a position to define the notion of (Uniform) Robust Global
Asymptotic Stability and Input-to-State Stability (ISS) for system (1.1) under assumptions (H1), (H2), (H3).
The notion of ISS for systems described by IDEs is completely analogous to the corresponding notion introduced
by E. D. Sontag for finite-dimensional systems in [29].

Definition 2.3. Consider system (1.1) under assumptions (H1), (H2), (H3) and assume that for every 7y €
L*> ([-r,0);R"™), d € L*>® ([-r,4+00); D), u € LS, ([—r,+00); U), there exists n € LS. ([—r, +00); R™) satisfying
n(t) = f(n,de,ug) for t € [0, +00) a.e., n(t) = no(t) for t € [-r,0) a.e.. We say that system (1.1) is Input-
to-State Stable (ISS) from the input w € U C R™2 uniformly in d € D C R™ | if there exists a continuous,
non-decreasing function v : Ry — Ry (called the gain function of the input u € LS, ([—r, +00); U)) such that

loc
the following properties hold:

Robust Lagrange Stability: For every € > 0 it holds that
sup { I = sup 1 (fusl) 5 £ 0, ool < 2. d € L% ([=r 406 D). € L% (=7, +90)0) | <400,
Robust Lyapunov Stability: For every ¢ > 0 there exists 6 := §(e) > 0 such that
sup{ el — Oiglétv(\lusll) 2620, fnoll <6, d € L ([=r, +00); D), u € Lig, ([=r, +00); U) } <e.
Uniform Robust Attractivity: For every e > 0 and R > 0 there exists T := 7(e, R) > 0 such that
sup{ [lmel| — Ob;il;v(llus\l) ct=7, Il < R, de L% ([=r,+00); D), u € Lig, ([=r, +00); U) } <e

IfU = {0} then we say that 0 € L ([—r,0);R™) is (Uniformly) Robustly Globally Asymptotically Stable (RGAS)
for (1.1).

Lemma 2.1, Lemma 4.2 in [12] and Theorem 2.2 in [12] give us the following result.

Theorem 2.4. Consider system (1.1) under assumptions (H1), (H2), (H3). Then the following statements are
equivalent:

(a) System (1.1) is ISS from the input u € U C R™2 wuniformly in d € D C R™.
(b) There exists 0 € KL and a continuous, non-decreasing function v : Ry — Ry such that for every
ny € L* ([-r,0);R"™), d € L>® ([-r,+0); D), u € L3, ([-r,+00); U), there exists n € LS. ([—r, +00); R™)

satisfying n(t) = flp,de,ug) for t € [0,400) a.e., nt) = no(t) for t € [-r,0) a.e. and ||n]] <
a(moll 5 t) +Oiugt7(\|us\|) for all t > 0.
_'3_
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Furthermore, if U = {0} then the following statement is equivalent to statements (a), (b):
(c) System (1.1) is Robustly Forward Complete, i.e., for every T >0 and R > 0 it holds that

sup {[|ne]] = £ € [0, 7], [[moll < R, d € L™ ([=r, +00); D) } < 400

where n(t) denotes the solution of (1.1) with n(t) = no(t) for t € [—-r,0) a.e., corresponding to input d €
L™ ([-7,+00); D), and the property of Uniform Robust Attractivity of Definition 2.3 holds.

Property 3: Lyapunov characterization of RGAS.
Theorem 3.4 in [12] and the results of Theorems 2.1, 2.2 allow us to obtain a complete Lyapunov characterization
for the RGAS property for system (1.1).

Theorem 2.5. Consider system (1.1) under assumptions (H1), (H2), (H3) and assume that U = {0}.
The equilibrium point 0 € L ([—r,0);R"™) is RGAS for (1.1) if and only if there exists a functional
V . L™ ([-r,0);R") — Ry, a non-decreasing function Q : Ry — Ry and functions ai,as € Ko such that
the following inequalities hold:

ar () <V(n) <az(Inll), for all n € L* ([~r,0);R") (2.21)
V(n) = V(y)l <Qmax([nll,lyll) ln—wyll, for all n,y € L* ([=r,0);R"). (2.22)
V(ne) < exp(—t)V(no), forall t >0, ng € L= ([-r,0);R"), d € L*™ ([-r,+00); D) (2.23)

where 1 denotes of (1.1) with initial condition n(t) = no(t) for t € [—r,0) a.e., corresponding to input d €
L™ ([-r,+00); D).

Inequality (2.22) guarantees that the functional V' : L ([—r,0); R™) — R, is Lipschitz on bounded sets of
the state space L™ ([—r,0); R™). However, inequality (2.22) does not guarantee Frechet differentiability of the
functional V' : L*° ([-r,0); R") — R4 nor that the limit lim+ t=1 (V(n) — V(o)) exists for the solution n(t)

t—0

of (1.1) with initial condition n(t) = no(t) for t € [—r,0) a.e., corresponding to input d € L™ ([-r, +00); D).
Notice that inequality (2.23) guarantees that for every 9 € L ([—r,0);R"), d € L*>° ([—r, +00); D), the solution
n(t) of (1.1) with initial condition n(t) = ny(t) for t € [—r,0) a.e., corresponding to input d € L*> ([—r, +00); D)
satisfies limsupt =1 (V (1) — V(no)) < =V (no).

t—0+t
Property 4: Sufficient conditions for stability properties.
Theorem 2.5 is not the most convenient way of proving RGAS or ISS for (1.1). For practical purposes we can
use the following result, which is an extension of the classical Razumikhin theorem for time delay systems
(see [10,12]).

Theorem 2.6. Consider system (1.1) under assumptions (H1), (H2), (H3). Assume that there exists a contin-
uous, positive definite and radially unbounded function W : R™ — R4, a continuous, non-decreasing function
¥ : Ry — Ry and a constant X € (0,1) such that the following inequality holds for all n € L* ([—r,0); R™),
deL> ([_Ta 0]7 D)7 ue€ L™ ([—T, 0]7 U)

W (f(n,du)) <A sup W(n(s)) +7 ([[ul]) - (2.24)

—r<s<0
Then system (1.1) is ISS from the input w € U C R™2 wuniformly in d € D C R™ with gain function
v(s) :==ay* (W’y(s)) for all s > 0, where a1 € Koo satisfies a1 (In]) < W(n), for all n € R™.
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Proof. Define the functional:

V(n):= sup exp(os)W(n(s)), for all n € L*= ([-r,0); R™) (2.25)

—r<s<0

where o € (0,%11&(%)) is a constant. Since W : R" — R, is a continuous, positive definite and radially
unbounded function, there exist functions a1, as € K, such that:

ay () <W(n) < az(|nl), for all n € R" (2.26)
Using (2.25) and (2.26) we conclude that the following inequality holds:
a1 (Inll) < Vi(n) < az(llnll), for all n € L> ([-r,0);R") (2.27)

where a1 (s) :=exp (—or)a; (s), for all s > 0.

Let arbitrary ng € L ([-r,0);R"), d € L ([-r,4+00); D), u € L ([—r,+00); U) and consider the unique
solution n(t) of (1.1) with initial condition n(t) = no(t) for ¢t € [—r,0) a.e., corresponding to inputs d €
L ([-r,+00); D), u € LS, ([—r,+00); U). Let arbitrary ¢ € (0, tmax(n0, d, w)), where tmax(no,d,u) > 0 is the
maximal existence time of the solution and let h € (0, tymax (1o, d, u) — t). Using definition (2.25) we get:

V(netn) = SUp_exp (o) W(n(t+h+s))
—r<s<

= max ( sup exp(os)Wn(t+h+s)), sup exp(os)W(n(t+h+ s)))
—r<s<—h —h<s<0
) (2.28)

= max (exp (—oh) sup exp(os)W(n(t+s)), sup exp(os)W(n(t+h+s))
—r+h<s<0 —h<s<0

< max (exp (=oh)V(n), sup W(n(t+ s))) .

0<s<h

Using (2.24) we get for almost all ¢ € [0, h):

WO+ 0) = W (1ot ) < Amax (_sip W+ 5). swp Wia(e+) ) +7 () (220

where |lu|| = sup ||ut||. Definition (2.25) and inequality (2.29) gives:
>0
sup, WOt + ) < Amax (oxp (o) Vi) sup, W +5)) ) +5 ()
0<g<h 0<s<h

which directly implies:

1
sup W(n(t +q)) < Aexp (or) V() + 37— (lul)) - (2.30)
0<g<h
Since Aexp (or) < exp (—oh) for all h < % In (%) (notlce that o € (0, 21n (§))), we get from (2.28), (2.30)
for all h € (0, tmax(n0, d, u) — t) with h < 1ln(g) -
1
V(nesn) < exp(—oh) V(m) + 7 (llull) - (2.31)

Using the Boundedness-Implies-Continuation property, inequalities (2.27), (2.31) and a standard contradic-
tion argument, we conclude that tmax (10, d, u) = +00. Therefore, we conclude that (2.31) holds for all ¢ > 0 and
h >0 with h < %ln(%) —r.
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Using induction and (2.31) we show that V(1) < exp (—io k) V(o) + 757 (||ul]) Z;;a exp (—jo h), for all
integers ¢ > 1 and h = % In (%) —r. Consequently, the previous inequality in conjunction with (2.31) shows that
V (Nihtq) < exp (—o (g +ih)) V(no) + 757 (lull) %, for all integers i > 0, h = = 1In(5) — 7 and for all
q € [0, % In (%) = r). Since, for every ¢ > 0 there exists integer ¢ > 0 and ¢ € [0, % In (%) = r) with ¢t = ith + g,

we obtain:
12— Xexp(or)

1—X1-— Xexp(or)
Inequality (2.32) in conjunction with (2.27) gives for all € > 0:

Vin) <exp(—ot)V(ny) + A (||ul]), forall ¢ > 0. (2.32)

1+e7 12— Xexp(or)
1—X 1—Xexp(or)

a1 (JIne]]) < max ((1 +e)exp(—at)az(noll), 7 (|u||)> , forall t > 0. (2.33)

Inequality (2.33) with e = 1 and 0 = %ln (HLA) shows that there exists 0 € KL such that for every
no € L*([-r,0);R"), d € L>®([-r,+00); D), u € L ([—r,+00);U), there exists n € LS. ([—r,+00);R™)
satistying 1(t) = £ (>, us) for t € [0,-+50) ave., 1(t) = no(t) for £ € [—,0) aze. and [lgell < o (oll , )+ (Jul]
for all ¢ > 0 with ~v(s) = af%%ﬁ(s)) for all s > 0. A standard causality argument shows that

the estimate ||n:]] < o (||no]| , t) + sup v (|Jus||) holds for all t > 0 and u € LyS. ([—r,+00);U). Therefore,
0<s<t

Theorem 2.4 implies that system (1.1) is ISS from the input v € U C R™? uniformly in d € D C R™* with gain

function ~(s) := afl(m& (s)) for all s > 0. The proof is complete. O

Example 2.7. Consider the linear system described by the single IDE:

0
n(t) = d(t) [, a(s)n(t + s)ds + u(t)

n(t) eR,d(t) € [-1,1], u(t) e R
where ¢ : [-1,0] — R is a continuous function. Using Theorem 2.6 with W(n) = |n|, we can conclude that
system (2.34) is ISS from the input v € R under the assumption that there exists A € (0,1) such that
ffl lg(s)|ds < A. The gain function of the input u € R is estimated by Theorem 2.6 to be the linear func-

(2.34)

tion ~y(s) := %s for all s > 0.

3. SYSTEMS DESCRIBED BY A SINGLE FIRST-ORDER HYPERBOLIC PARTIAL DIFFERENTIAL
EQUATION

Consider the system described by a single FOH-PDE of the form (1.2), (1.3), (1.4) under the following
assumption:

(A1) There exist non-decreasing functions L : Ry — Ry, o : Ry — Ry such that the functionals G : R™ x
L*((0,1;R) = R, K; : R™ x L* ((0,1];R) = R (i =1,...,N) satisfy the following inequalities for all R > 0:

N
|G (w, )= G(w, y)|+z |Ki(w, ) — Ki(w, y)| <L(R)h JSup (lz(2) = y(2)[)+ L(R) hiugl(b?(z) —y(2)]), (3.1)

forall h € (0,1),w € W with |w| <R and x,y € L™ ((0,1];[-R, R])

N
|G (w, x)| + Z |Ki(w,z)] < o(R), for all w e W with |w| < R and x € L* ((0,1];[-R, R]). (3.2)
i=1

We show next how to transform system (1.2), (1.3), (1.4) under assumption (Al) to an equivalent system
described by IDEs.
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Consider a classical solution of (1.2), (1.3), (1.4) with sufficiently regular initial condition x(0, z) = x¢(z) for
z € (0,1] corresponding to a sufficiently regular input w : Ry — W. We assume that the solution exists for all
t € J, where J C R, is an interval with non-empty interior and 0 € J. First, we define for ¢ € J:

v(t) = G(w(t), x¢). (3.3)
If we define for almost all ¢ € (0,¢1]:

o= (- [ " alpls)oela + s za(eq)- [ e (— [ atots).eta+ s))ds) gle(qg + 7)p(r)dr (3.4)

—aq —q —q
then integration on the characteristic line allows us to conclude that the solution of (1.2), (1.3), (1.4) must
satisfy the following equation for all ¢t € J and z € [0, 1]:

x(t,z) = exp (/tt a(p(s),z+c(s — t))ds> v(t —c'2) (3.5)

—c_lz
t t
+ / exp (/ a(p(s),z + c(s — t))ds> g(z + c(r —t)p(r)dr.
t—c—1lz T
Let p; € L™ ([—6_1,0);RN) be the mapping defined by (p;) (s) = p(t + s) for t € J, s € [-c~1,0). Sim-
ilarly, let v; € L ([—c¢™*,0);R) be the mapping defined by (v¢) (s) = v(t + s) for t € J, s € [-c¢1,0).
Clearly, equation (3.5) allows us to define for every p € L [—6_1,0);RN) a bounded linear operator
A(p) « L= ([-c¢71,0);R) — L ((0,1];R) and a mapping B : L* ([—c¢ !,
the following equation holds for all t € J:

o

xy = A(pt)ve + B(pt) (3.6a)
0

() = ([ atpler e+ cq)dq) o(—e2)

0

—c—1z

0
B = [ e ([ o)z +eaia) ot + copls)is, for 2 € 0.1 (3.6b)
—c1z s
It follows from (3.3) and (3.6a) that the following equations hold for all t € J:

pi(t) = Fi(w(t),pt,ve), fori=1,...,N and v(t) = Fny1(w(t), pe, ve) (3.7)

where the mappings F; : W x L™ ([_671’0);RN+1) — R (i =1,...,N + 1) are defined for every (w,p,v) €
W x L ([-c™*,0); RNV*1) by the equations:

Fi(w,p,v) = K;(w, A(p)v + B(p)), fori=1,...,N and Fy11(w,p,v) = G(w, A(p)v + B(p)). (3.8)

In other words, every classical solution z; of (1.2), (1.3), (1.4) corresponds to a solution (p;,v;) €
L= ([=c™*,0); RVT1) of the system described by the integral delay equations (3.7), (3.8).

The procedure described above is rigorous and the system described by the IDEs (3.7), (3.8) is equivalent to
the system described by the single FOH-PDE (1.2), (1.3), (1.4). This is shown by the following theorem. The
key idea in Theorem 3.1 is to bypass the existence problem for the solutions of (1.2), (1.3), (1.4) by studying
the system of IDEs (3.7). However, we first have to generalize the notion of the solution of the (1.2), (1.3), (1.4).

A solution of (1.2), (1.3), (1.4) on the interval [0,T), where T' > 0, can be any mapping t — x; € L ([0, 1]; R)
which satisfies (1.3), (1.4), (3.3) for t € [0,T) a.e. with (p,v) € L3, ([0,7); RN *1), and

loc

x(t,2) = frilax(o,tfc_lz) exp (f: a(p(s), z+c(s — t))ds) g(z+c(r —t))p(r)dr
vt —ctz) for z<ct (3.9)

¢
+exp (flnax(07t_c_1z) a(p(s),z +c(s — t))ds)
xo(z —ct) for z>ct
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for all t € [0,T") and almost all z € [0, 1]. This is a notion of a solution which is close to the notion of the “mild”
solution for first-order systems of hyperbolic PDEs (see [9] and references therein). A solution of system (3.7)
gives us directly (by means of (3.4) and (3.5)) a locally bounded mapping [0, tmax) 2t — z¢ € L™ ([0,1];R)
satisfying (1.3), (1.4), (3.3) for ¢ € [0, tmax) a.e. with (p,v) € L§2, ([0, tmax); RV 1), and (3.9) for all ¢ € [0, tmax)

and almost all z € [0,1]. This is the “mild” solution of the PDE (1.2), (1.3), (1.4). Uniqueness is established by
exploiting the classical semigroup property of the solution mapping for (1.2), (1.3), (1.4).

Theorem 3.1. Assume that a € CO(RY x [0,1];R) is locally Lipschitz and g; € C°([0,1;R) (i = 1,...,N).
Moreover, assume that there exist non-decreasing functions L : Ry — Ry, 0 : Ry — Ry such that the functionals
G:WxL>®(0,1;R) = R, K; : W x L*((0,1;R) = R (i = 1,...,N) satisfy inequalities (3.1), (3.2) for
all R > 0. Finally, let the following assumption hold for the mapping F : W x L ([—c‘l, 0);RN+1) — RN+
where F(w,p,v) := (F1(w,p,v),..., Fxp1(w,p,v)) and F; : W x L= ([-¢71,0; RV ™) - R (i=1,...,N+1)
are defined by (3.8) with the aid of (3.6b).

(A2) For every § >0, (p,v) € L™ ([—c™ 1, 6); RV ), w € L™ ([0,6]; W), every function & : [—c,8) — RN*!
defined by £(t) = (p(t),v(t)) for t € [—c71,0) a.e. and &(t) = F(w(t),ps,vi) for t € [0,8) a.e. satisfies £ €
L% (J—c-1, 8, RN +1),
Then for every xo € L ([0,1];R), w € L2 ([0,400); W) there exists tmax = tmax(To,w) € (0,4+00] and a
unique locally bounded mapping [0, tmax) 2t — x¢ € L™ ([0, 1];R) satisfying (1.3), (1.4), (3.3) for t € [0, tmax)
a.e. with (p,v) € LY, ([O,tmax);RNH), and (3.9) for all t € [0,tmax) and almost all z € [0,1]. The mapping
t — xy € L™ (]0,1];R) is obtained from (3.5) and the solution of the system (3.7) with arbitrary initial condition
(p,v) € L*® ([=c71,0); RNTY) that satisfies (3.4). Moreover, if tmax < +00 then limsup sup |(z¢)(2)| = +oc.
t—tmax 05251

The reader should notice that no regularity result is provided for the mapping ¢ — x; € L ([0, 1];R). It
is clear that the unique mapping t — a; € L ([0, 1]; R) satisfying (1.3), (1.4), (3.3) for t € [0, tmax) a.e. with
(p,v) € LS, ([O,tmatx);]RN"’l)7 (3.9) for all t € [0,tmax) and almost all z € [0,1] is not a classical solution
of the initial value problem (1.2), (1.3), (1.4) with initial condition z(0, z) = z¢(z) for z € [0,1] a.e., where
xo € L= ([0,1]; R).

The time tmax = tmax(Zo,w) € (0,+00] is the maximal existence time of the “mild” solution of the
PDE (1.2), (1.3), (1.4). Indeed, Theorem 3.1 guarantees that a finite value for ¢y,ax implies “blow up” of the
solution (a “finite escape time”) exactly as in the case of systems described by ODEs (see [8]), systems described
by Retarded Functional Differential Equations (see [10]) and systems described by IDEs (see Thm. 2.1 above).
Therefore, the system (1.2), (1.3), (1.4) satisfies the Boundedness-Implies-Continuation property (see [12]).

The “mild” solution of the PDE (1.2), (1.3), (1.4) satisfies additional properties. It depends continuously on
the initial conditions and is a continuous mapping when embedded in the spaces L* ([0, 1];R) for u € [1,400).

This is guaranteed by the following result.

Theorem 3.2. Consider system (1.3), (1.4), (3.3) under all assumptions made in Theorem 3.1. Then for every
xo € L= ([0,1];R), w € L2, ([0, +00); W) the unique locally bounded mapping [0,tmax) 2t — x¢ € L™ ([0, 1]; R)

loc

satisfying (1.3), (1.4), (3.3) fort € [0, tmax) a.¢. with (p,v) € LS, ([0, tmax); RV L), and (3.9) for allt € [0, tmax)
and almost all z € [0,1] is a continuous mapping t — x; € LM ([0,1];R) on [0, tmax) for every u € [1,+00).
Finally, there exist non-decreasing functions P : Ry — Ry, Q : Ry — Ry such that for every xg € L ([0, 1];R),
yo € L= ([0,1];R), w € L2, ([0, 4+00); W) it holds that:

loc

JSup () (2) = (y:)(2)] < Q(s(t)) exp(P(s(t)) t) Sup |(z0)(2) = (o) (2)|, for all t €[0,6)  (3.10)

where § = min (tmax(To, W), tmax (Yo, w)), s(t) = max( sup sup |(z;)(2)|, sup sup |(y-)(z)|, sup w(t))
0<r<t0<z<1 0<r<t0<z<1 0<r<t

and the mappings t — x; € L*®([0,1;R), t — y € L*([0,1];R) are the unique mappings satisfy-
ing (1.3), (1.4), (3.3) for t € [0,tmax) a.e. with (p,v) € L{S, ([O,tmax);RNH), (3.9) for all t € [0,tmax) and
almost all z € [0,1] as well as the analogous equations with y replacing x.
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The proofs of Theorems 3.1 and 3.2 are provided at the Appendix.

Having stated Theorems 3.1 and 3.2, we are justified for arbitrary xo € L ([0, 1];R), w € LS. (0, +00); W)
to name the unique mapping [0,¢max) 2t — ¢ € L™ ([0, 1]; R) satisfying (1.3), (1.4), (3.3) for ¢t € [0, tmax) a.€.
with (p,v) € L2 ([O,tmax);RNH), and (3.9) for all t € [0, tmax) and almost all z € [0,1] as “the solution xt

loc
of (1.2), (1.3), (1.4) with initial condition zo € L ([0,1];R), corresponding to input w € LS. ([0, 4+o00); W),
without explicit reference to the maximal existence time of the solution tyax = tmax (o, w) € (0, 400].
A number of system-theoretic properties can be proved by using the results of Theorems 3.1 and 3.2. More

specifically, we study system (1.2), (1.3), (1.4) under assumptions (A1), (A2) and the following assumption:

(A3) w = (d,u), whered € D C R™ s a compact set, w € U C R™2 is a closed set with 0 € Uand m = mi+msa.
Moreover, there exists b € Koo such that for every x € L™ ([0,1];R), d € D, u € U, the following inequality
holds:

N
|G(d, u, )| + Z |Ki(d,u, )] <b (max <u| , sup .Z‘(Z)|)> (3.11)
= 0<2<1

We are ready to give a list of properties for system (1.2), (1.3), (1.4) that are derived from the results of
Theorems 3.1 and 3.2.

Property 1: Robustness of the equilibrium point.

Assumption (A3) guarantees that 0 € L ([0, 1];R) is an equilibrium point for system (1.2), (1.3), (1.4), when
u € U C R™ is zero for any d € D C R™!. However, in order to study the robust stability properties of the
equilibrium point of (1.2), (1.3), (1.4) we need a stronger assertion, namely that 0 € L* ([0, 1];R) is a robust
equilibrium point for the system (1.2), (1.3), (1.4) with input v € U C R™2 (see [12]).

Theorem 3.3. Consider system (1.2), (1.3), (1.4) under assumptions (Al), (A2), (A3). The function 0 €

L> ([0,1];R) is a robust equilibrium point for the system (1.2), (1.3), (1.4) with input v € U C R™2, i.e., for

alle >0 and T > 0 there exists 6 := §(e,T) > 0 such that for every xzo € L* ([0,1];R), d € L* (|0, +o0); D),

u € L ([0,400);U) with sup |xo(z)| + sup|u(t)] < & the unique solution t — z € L ([0,1];R)
0<z<1 >0

loc

of (1.2), (1.3), (1.4) with initial condition zo € L* ([0,1];R), corresponding to inputs d € L™ ([0, +00); D),
u € L2 ([0, +00); U) satisfies sup |(x4)(2)] < e for allt € [0,T].

0<2<1
Proof. The proof is a direct consequence of Theorem 2.2: under assumption (A3) system (3.7) satisfies assump-
tion (H3). Details are left to the reader. O

Property 2: Robust global asymptotic stability and Input-to-State stability.
Using the results contained in [12], we are in a position to define the notion of Robust Global Asymptotic
Stability and Input-to-State Stability for system (1.2), (1.3), (1.4) under assumptions (A1), (A2), (A3).

Definition 3.4. Consider system (1.2), (1.3), (1.4) under assumptions (A1), (A2), (A3) and assume that for
every o € L™ ([0,1;R), d € L*>®([0,+00); D), u € LS. ([0,400);U), the solution ¢ — z, € L*>([0,1];R)
of (1.2), (1.3), (1.4) with initial condition zo € L ([0, 1];R), corresponding to inputs d € L ([0, +o00); D),
u € L2 ([0,400);U) exists for all ¢ > 0. We say that system (1.2), (1.3), (1.4) is Input-to-State Stable (ISS)
from the input v € U C R™2 uniformly in d € D C R | if there exists a continuous non-decreasing function
v : Ry — Ry (called the gain function of the input u € L2 ([0, +00); U)) such that the following properties

loc
hold:
Robust Lagrange Stability: For every € > 0 it holds that
sup{ s |2~ sup 3 (u(s))
0<2<1 0<s<t

t>0, sup |zo(2)] <e,de L>®([0,40); D), ue L ([0, +oo);U)} < +00.
0<z<1
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Robust Lyapunov Stability: For every ¢ > 0 there exists 6 := §(e) > 0 such that

sup{ sup [(ze)(2)| — sup 7 (Ju(s)) :
0<z<1 0<s<t

t>0, sup |zo(2)] <d,de L>®([0,400); D), u € Lﬁfc([o,—l—oo);U)} <e.
0<2<1

Uniform Robust Attractivity: For every e > 0 and R > 0 there exists T := 7(e, R) > 0 such that

sup{ sup [(ze)(2)| — sup 7 (lu(s)) -
0<z<1 0<s<t

t>71, sup |zo(z)] < R,de L>®([0,400); D), u e LS. ([0,400); U) } <e.
0<z<1
If U = {0} then we say that 0 € L*> ([0,1];R) is (Uniformly) Robustly Globally Asymptotically Stable (RGAS)

for (1.2), (1.3), (1.4).
Lemmas 2.1, Lemma 4.2, Theorem 2.2 in [12] and Theorems 3.1, 3.2, 3.3 give us the following result.

Theorem 3.5. Consider system (1.2), (1.3), (1.4) under assumptions (A1), (A2), (A3). Then the following
statements are equivalent:

(a) System (1.2), (1.3), (1.4) is ISS from the input u € U C R™2 wuniformly in d € D C R™.
(b) There exists 0 € KL and a continuous, non-decreasing function v : Ry — Ry such that for every
xzg € L™ ([0,1;R), d € L*([0,400); D), u € Lg%, ([0,400);U), the solution t — x, € L>([0,1];R)

of (1.2), (1.3), (1.4) with initial condition xy € L*> ([0, 1];R), corresponding to inputs d € L* ([0,400); D),
u € L2 ([0,+00); U) satisfies sup [(x¢)(2)] <o ( sup |zo(z)| , t> + sup vy (Ju(s)|) for all t > 0.
0<2<1 0<z<1 0<s<t

(c) System (3.7) is ISS from the input w € U C R™2 uniformly in d € D C R™.
Furthermore, if U = {0} then the following statement is equivalent to statements (a), (b):
(d) System (1.2), (1.3), (1.4) is Robustly Forward Complete, i.e., for every T > 0 and R > 0 it

holds that sup{ sup |(z¢)(2)] : t €[0,T], sup |xo(2)] < R,de L>® ([0,+oo);D)} < 400, where x4 €
0<z<1 <

, S

Sz 0<2<1

L ([0,1];R) denotes the solution of (1.2), (1.3), (1.4) with initial condition xo € L*> ([0,1];R), corre-
sponding to input d € L ([0,400); D), and the property of Uniform Robust Attractivity of Definition 3.3

holds.

Property 3: Lyapunov Characterization of RGAS.
Theorem 3.4 in [12] and the results of Theorems 3.1, 3.2, 3.3, 3.5 allow us to obtain a complete Lyapunov
characterization of the RGAS property for system (1.2), (1.3), (1.4).

Theorem 3.6. Consider system (1.2), (1.3), (1.4) under assumptions (A1), (A2), (A3) and assume that U =
{0}. The equilibrium point 0 € L™ ([0, 1];R) is RGAS for (1.2), (1.3), (1.4) if and only if there exists a functional
V . L* (]0,1];R) — R4, a non-decreasing function @ : Ry — Ry and functions a1,a2 € Ko such that the
following inequalities hold:

a1 (Oiggl 35(2)|> <V(z) <a» (Oiligl x(z)|> , forall z € L™ (]0,1];R) (3.12)

V() - V() < Q (max (p )] o y<z>) ) S [o() ~ () Sor all v,y € L ([0,1) R)
o o o (3.13)
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V(z:) <exp(—t)V(xzg), forallt>0, zg € L™ ([0,1;R), d € L™ ([0,40c0); D) (3.14)

where xy € L ([0,1];R) denotes the solution of (1.2), (1.3), (1.4) with initial condition xy € L* ([0,1];R),
corresponding to input d € L ([0,400); D).

Again, it should be pointed out that inequality (3.13) guarantees that the functional V' : L*° ([0,1]; R) — R
is Lipschitz on bounded sets of the state space L (][0, 1];R). However, inequality (3.13) does not guarantee
Frechet differentiability of the functional V' : L* ([0,1];R) — R nor that the limit t£%1+ t=1 (V(x¢) — V(o))
exists for the solution z; of (1.2), (1.3), (1.4) with initial condition zo € L* ([0, 1];R), corresponding to
input d € L™ ([0,+00); D). Notice that inequality (3.14) guarantees that for every xy € L= ([0,1];R),
d € L™ ([0,400); D), the solution z; of (1.2), (1.3), (1.4) with initial condition zq € L*° ([0, 1];R), correspond-
ing to input d € L™ ([0, +00); D) satisfies limsupt=! (V(z;) — V(x0)) < =V (0).

t—0+t
Property 4: Sufficient conditions for stability properties.
Theorem 3.6 is not the most convenient way of proving RGAS or ISS for (1.2), (1.3), (1.4). For practical purposes
we can use the following result, which is a direct consequence of Theorem 2.6 and the equivalent description of
system (1.2), (1.3), (1.4) by means of system (3.7). Its proof is omitted.

Theorem 3.7. Consider system (1.2), (1.3), (1.4) under assumptions (H1), (H2), (H3). Assume that there
exists a continuous, positive definite and radially unbounded function W : RN*TL — R, a continuous, non-

decreasing function v : Ry — Ry and a constant A € (0,1) such that the following inequality holds for all
(p,v) € L ([-c 1, 0);RN*Y), de D, u e U:

W (F(d,u,p,v)) <X sup  W(p(s),v(s)) + 7 (|ul]) (3.15)

—c—1<s<0

where F(d,u,p,v) = (Fi(d,u,p,v),...,Fny1(d,u,p,v)) and F; : D x U x L™ ([—C*I,O);RN“) - R (i =
., N+1) are defined by (3.8). Then system (1.2), (1.3), (1.4) is ISS from the input u € U C R™> uniformly
inde D CR™,

4. JLLUSTRATIVE EXAMPLES

The first example of this section illustrates the use of Theorem 3.7 for nonlinear uncertain systems described
by a single FOH-PDE. Moreover, the fact that a single FOH-PDE can lead to the study of a system described
by more than one IDEs is illustrated as well.

4), where ¢ = 1, a(p,2) = 0, N = 2, U = {0}, Ky(d,u,z) =

Example 4.1. Consider system (1.2), ( 3), (1.
k1 fOL |z(2)| dz, Ka(d,u,x) = ko folx z, G(d,u,r) = cdfo 2)dz, g1(2) = 1, g2(2) = z, k1, k2, k3 € Ry,
6(2-k1L?)

G
L € [0,1] are constants with k1 L? < 2, ky € (0, = k1L2+2> and D :=[—1,1] C R, namely the system

ox

L 1 1
a(t,z)—&—g—z(t,z) . /0 lo(t, )| d= + ks /0 2(t, 2)dz, 2(t,0) = ksd(t) /0 2(t, 2)dz, A1) < 1. (A1)

For this example, system (3.7) is given by:

p1(t) :klfOL‘vt—z —|—fttZpleT-l-fttZZ—I-T—t)pQTdT‘dZ
pgt—szt Lo(s ds—l—kgftll—I—T—t)pl( )dT+k2ft11+T—t) o (7)dT (4.2)
o(t) = d(t)koks [} v(s)ds + d(t)kaks [, (147 —t) pr(r)dr +d(t) 22k [T (147 —)° pa(r)dr
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and the solution of (4.1) is related to the solution of (4.2) by means of the equations:
t t
x(t,z) =v(t —2z) + / p1(7)dr + / (z+ 7 —t)p2(1)dr,
t—=z t—=z

L 1
n®) = [ a2l ) = [ alt. 0 (4.3)

Clearly, assumptions (H1), (H2), (H3) are satisfied for system (4.2) and assumptions (A1), (A2), (A3) are
satisfied for system (4.1). In this example we show that the equlhbrlum point 0 € L (]0,1];R) is RGAS for

system (4.1) provided that there exists v > 0 with 6 kz > > 32 kLLQ) such that

1

kizki:g < oL : (44)
(37 + 1) max (6 Gy F ks 6= (3~/+L)k1L2> +1
Indeed, we apply Theorem 3.7 with
f ‘v(s —|—f p1(7T dT+f T —38)p ()dT’dS
F(dupv)= | ko %) (v0s) + 1 +8)pi(s) + L5Lpa(s) ) ds | and W(pi,pa,v) = max(lpa v [pal . M Jo]),
dkzks f_l( 9+ (4 9l + 052, () ds
where M > 0 is a constant that satisfies max (6 (5”/i21)k2’ 6y (gjﬁf)k@) <M< 67%. Using the fact
that |d| < 1, we obtain:
W) < ma (L (1ol + 2 ol + S el ) cmas 0, 0880) ks (o + 5 Dol + 5 ) )
Since _sup OW(pl(s),pg(s),v(s)) = max (||p1[|, v [|p2ll , M [|v]]), we get:
—1<s<
(F(dup.0)) < max (L (= + 2+ ) om0k o (o 2+ - W (pa(s). pa(s). v(s))
u,p,v max — + =+ — | ,max — + = su s s),v(s)).
, Uy P,y = 1 M 2 6')/ ) Ys 3 2 M 2 6 _1§£)<0 D1 y D2 )

Consequently, (3.15) holds with A := max(k; L (% +L4 Ig—j) ,max(y, Mks)ka (3 + 3 + %)) <1 (and v =0).

The second example of this section shows how the results of the previous sections can be used for control
purposes. The example deals with a linear FOH-PDE and helps us to illustrate many points arising in control
problems in a pedagogical way.

Example 4.2. Consider systems (1.2), (1.3), (1.4), where c =1, a(p,2) =0, N =1, U =R, K;(u,z) = z(1),
91(z) = g, g € Ris aconstant and d € D is irrelevant. This problem was studied in [14] and a boundary feedback

control of the form:
1
G(u,z) = / k(z)x(z)dz (4.5)
0

was designed, where the kernel k& € C! ([0, 1];R) was explicitly given and guaranteed finite time stability for the
corresponding closed-loop system. Here we will provide an alternative methodology for the design of a robust
stabilizer for system (1.2), (1.3), (1.4) with G(u,z) = u € R, namely, the system

h—0t

aa—at;(t, z) + %(t, z) = g limsup (h_1 /1_h x(t, z)dz) , o x(t,0) = u(t). (4.6)
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Notice that we have replaced the functional K;j(u,z) = (1) by the functional K;(u,z) =

lim sup (hil f117h x(z)dz): the two functionals coincide when x € L ([0, 1]; R) is continuous at z = 1. However,
h—0%+

the functional K (u,z) = limsup (h_l fllfh x(z)dz) is well-defined for all 2 € L> ([0, 1]; R) and both function-

h—0*
als G(u,z) = u € R and Ky(u,x) = limsup< -t fl W dz) satisfy assumption (Al). For this example,
h—0+
system (3.7) is given by:
0 .
ptzg_pt—i—sds—i—hmsup( -1 dz)
v(t) = u(t)
and the solution of (4.6) is related to the solution of (4.7) by means of the equations:
¢ 1
x(t,z) =v(t —z) + g/ p(w)dw, p(t) = lim sup (h_l/ x(t, z)dz) . (4.8)
t—z h—0+ 1-h
However, notice that since vy € L* ([—1,0);R), it holds that
limsup< 1f1 BV dz) = limsup (ff1 :;Hhv(s)ds) = v(t — 1) for t > 0 a.e.. Therefore, for this
h—0t h—0t
example, system (3.7) is given by:
p(t) =g [°, p(t + s)ds +v(t — 1) (4.9)
v(t) = u(t).

Equations (4.9) imply that the following differential equation holds for almost all ¢ > 0 for which the solution
of (4.9) exists:

d
3 P — vt =1)) =g (p(t) —v(t —1)) = gp(t — 1) +gv(t - 1). (4.10)

Consequently, the following equation holds for all ¢t > to > 0 for which the solution of (4.9) exists:

p(t) = vt —1)+exp (g(t — t0)) (p(to) — v(to — 1)) — g / exp (g(t — ) pls—1)ds +g / exp (g(t — 5)) v(s — 1)ds.

to to
(4.11)
Using (4.9) and (4.11) with to = ¢ — 1 we conclude that system (4.9) satisfies the following equations for ¢ > 1
a.e. (provided that the solution exists):

p(t) = v(t ~1) 49,7, (exp(g) — explg(t — s — 1)) p(s)ds + g [,—, exp(g(t — s — 1))v(s)ds. (4.12)

It is clear that the feedback law:
u(t) = ap(t) — g /t_1 (exp(g) — exp(g(t — s))) p(s)ds — g /t_1 exp(g(t — s))v(s)ds (4.13)

with |a| < 1 guarantees that the closed-loop system (4.9) with (4.13) satisfies for ¢ > 1 a.e. (provided that the
solution exists):

p(t) = ap(t — 1)

ot) = ap(t) — g [°, (exp(—gu)u(t + w) + (exp(g) — exp(—gw)) p(t + w)) duw. (4.14)
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Clearly, assumptions (H1), (H2), (H3) are satisfied for the closed-loop system (4.9) with (4.13). Theorem 2.2
guarantees the local existence of a solution of the closed-loop system (4.9) with (4.13) for every initial con-

dition. Using (4.11) with ¢ = 0, we are in a position to show that there exists a constant G > 0 such
that the estimate |p(t)] < G( sup (|p(s)|) + sup (Jv(s)|)) holds for every initial condition and for all
—-1< —1<s<0

t € [0,1) for which the solution exmts EXplOltlng the previous estimate for p(¢) and applying the Gronwall-
Bellman Lemma to equation v(t) = ap(t) — gf_ (exp(—gw)v(t +w) + (exp(g) — exp(—gw)) p(t + w)) dw for
the continuous function v(t) — ap(t) we are in a position to show that there exists a constant N > 0 such
that the estimate |v(t)] < N( sup (|p(s)]) + sup (|v(s)|)) holds for every initial condition and for all

—1<s<0 —1<s<0
€ [0,1) for which the solution exists. Using Theorem 2.2 and a standard contradiction argument we con-
clude that the solution of the closed-loop system (4.9) with (4.13) exists for all ¢ € [0,1) and for every ini-
tial condition (because otherwise the solution should be unbounded). Using (4.9) (and more specifically, the
equation v(t) = p(t +1) - gfolp t 4+ 1+ s)ds) we can conclude from (4.14) that p(t) = alp (t — [t]) and

v(t) = a(ap(t — [t]) — ga f[ii] p(w— [w])dw—g ft[tH] — [w])dw) for t > 1 a.e., where [t] denotes the integer
part of ¢ > 1. At thls point, we should emphasize that we have achieved exponential stabilization of system (4.9)
by means of the feedback law (4.13). Indeed, there exists a constant M > 1 so that the following estimate holds

for the solution of the closed-loop system (4.9) with (4.13):

sup |v(s)|+ sup |p(s)| < Mo,(t) ( sup |u(s)|+ sup |p(s)|> , forallt >0 (4.15)
t—1<s<t t—1<s<t —1<s<0 —1<s<0
where
1 if te€]0,2]
oa(t) = (4.16)
"1 i > 2

More specifically, estimate (4.15) and definition (4.16) show that for a = 0 we have achieved finite-time stabi-
lization of the system (4.9) by means of the feedback law (4.13). However, we have not achieved stabilization of
system (4.6) by means of a state feedback law (in terms of the state of system (4.6)). This remains to be shown.
Indeed, using (4.8) we get from (4.13):

u(t) = ap(t) — g [}, (exp(g) — exp(g(t — ) p(s)ds — g [, exp(g(t — 5))v(s)ds
= ap(t) — g [}, (explg) — exp(g(t — 5))) p(s)ds — g [, exp(g2)v(t — Z)dz
=ap(t) — g [}, (expl(g) — exp(g(t — 8))) p(s)ds + g2 [, exp(g2) [, p(s)dsdz — g [ exp(gz)z(t, z)dz.

Integrating by parts we get:

g fo exp(gz ft _p(s)dsdz = gfo d (exp(g2) ft s)dsdz
_ o d B d t
=g/, p (exp ft D ds) dz gfo exp gz)d (ft_zp(s)ds) dz
t
=gexp(g) [,_, p(s)ds — gfo exp(g2)p(t — 2)dz = g [, (exp(g) — exp(g(t — s))) p(s)ds
and consequently we obtain
1 1
u(t) = alimsup (hl/ x(t,z)dz) - g/ exp(gz)z(t, z)dz (4.17)
h—0+ 1-h 0

which is a boundary feedback law of the form (4.5) with k(z) = —gexp(gz) for a = 0. Notice that the closed-
loop system (4.6) with (4.17) satisfies assumptions (A1), (A2), (A3). An estimate which displays exponential
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convergence can be derived for the solution of the closed-loop system (4.6) with (4.17). Indeed, using (4.8)

we get sup |x(t, z)| < sup |v(s)\ + |g| sup |p(s)|. The previous inequality, estimate (4.15) and the fact
0<z< t—1< —1<s<t
that (4.8) holds allow us (by selectlng p(s ) =0 for s € [—1,0), which by virtue of (4.8) gives v(—¢q) = z(0, q)

for ¢ € (0, 1]) to obtain the estimate:

sup |x(t,2)] < (1+|g]) Moa(t) sup |x(0,z)|, forallt >0 (4.18)
0<2z<1 0<z<1

where o, is defined in (4.16). More specifically, estimate (4.18) allows us to conclude that the feedback law (4.5)
with k(z) = —gexp(gz) achieves finite-time stabilization of system (4.6).
The analysis presented so far allowed us to obtain some different features from the analysis in [14]:

1. The implementation of the feedback law: It follows from (4.8) that the feedback law (4.17) can be imple-
mented by using the following distributed delay feedback law:

u(t) = ax(t,1) — g J;_, (explg) — exp(g(t — ) a(s, 1)ds — g f,, exp(g(t — 5))a(s, 0)ds (4.19)
for all ¢t > 0 for which z; € C° ([ 1] R). The feedback law (4.19) shows that we do not need to measure the
whole state profile when z; € C° ([0,1];R): we only need to measure x(t,z) at two different space points

z=0and z = 1.

2. The issue of the state space: It should be emphasized that the feedback law (4.17) for a = 0, is exactly
the same with that obtained in [14]. However, we have proved that estimate (4.18) holds for initial
conditions z(0, z) = zo(z) for z € [0,1] with ¢ € L*> ([0, 1]; R). Moreover, no compatibility condition (e.g.,
Zlir(r)1+ xo(2) = —g fol exp(gz)xo(z)dz) is required to hold.

3. Control actuator errors: The implementation of the feedback law (4.17) for a = 0, may result to the equation:

u(t) = —g/o exp(gz)z(t, z)dz + w(t), for t >0 (4.20)

where w € L (R4; R) is the control actuator error. Using the framework described in the present work, we
are in a position to study the closed-loop system (4.6) with (4.20). In this case, we get the integral delay

system:
p(t) = (t—l +gf01pt+s)ds (421)
v(t) = -9 f (exp(g) — exp(—gs)) p(t + s)ds — gf Lexp(—gs)u(t + s)ds
with w € L*> (R4;R) as input. Using (4.12), we get for all t > 1:
0
p(t) = wl(t— 1), vt) = w(t) —g/ w(t + 5)ds (4.22)
-1

which implies (by means of a similar analysis to that of the disturbance-free case) the existence of constants
M > 1, ~v > 0 such that the following estimate holds:

sup |v(s)|+ sup |p(s) < Mao(t)( sup |v(s)|[+ sup |p(s) )—l—v sup |w(s)|,for all t > 0 (4.23)
t—1<s<t t—1<s<t ~1<s<0 ~1<5<0 0<s<t

where o¢(t) is defined in (4.16) with ¢ = 0. Estimate (4.23) shows that the ISS property holds for sys-
tem (4.21). Estimate (4.23) shows (using exactly the same arguments as above) that the following estimate
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holds for the solution of (4.6) with (4.20):

sup |x(t,2)| < (1+|g]) Moo(t) sup |x(0,2)]+ (1+|g])y sup |w(s)|, for allt >0 (4.24)
0<2<1 0<2<1 0<s<t

which is exactly the ISS property for the closed-loop system (4.6) with (4.20).

Having presented the analysis of the example, we are in a position to point out certain shortcomings of the
proposed methodology of the conversion of a single FOH-PDE to a system described by IDEs:

i) The major shortcoming of the above analysis is that the researcher studies a different system (an integral
delay system) from the original one (a system described by first-order hyperbolic pdes). This is important,
because a stabilizing feedback law for (4.9) may not be equivalent to a state feedback law for (4.6): it
may involve delay terms. Therefore, a stabilizing feedback law for (4.9), when expressed in the original
“coordinates” may not give us a closed-loop system of the form (4.6) but rather a system described by a
single first-order hyperbolic PDE with delays.

ii) Another shortcoming of the above analysis is the specific form (1.2), (1.3), (1.4) for which the conversion
to a system described by IDEs can be used. Not all systems described by first-order hyperbolic pdes can
be expressed by (1.2), (1.3), (1.4): the requirement that the functionals K; : W x L* ([0,1];R) — R
(¢ =1,...,N) are not allowed to depend on z € [0, 1] is restrictive. There are systems which are studied
in [14] but cannot be studied in the proposed framework. However, one must bear in mind that a preliminary
integral transformation can be applied so that the transformed system is of the form (1.2), (1.3), (1.4).

The following example is a nonlinear extension of the previous example. The example illustrates that the
proposed approach is not limited to linear control systems. Instead, we can study highly nonlinear control
systems described by FOH-PDEs.

Example 4.3. Consider system (1.2), (1.3), (1.4), where ¢ = 1, a(p,z) = 0, N =1, U = R, Ky(u,z) =
® <lim sup (hil fll—h x(z)dz)), where ¢ : R — R is a globally Lipschitz function with ¢(0) =0, G(u,z) =u €

h—0t
R, ¢g1(z) =1 and d € D is irrelevant, namely, the system

%(t, z) + Z—Z(t, 2) = (lim sup (hl /:hx(t, z)dz>> ,2(t,0) = u(t). (4.25)

h—0t
Notice again that we have replaced the functional Kj(u,z) = ¢(z(1)) by the functional Kj(u,z) =
p(lim sup -1 fl nT : the two functionals coincide when = € L*°([0, 1];R) is continuous at z = 1.
h—
However the functional K1 (u,x) = ¢(lim eup -1 fl nT is well-defined for all z € L* ([0, 1];R) and

h—0+

both functionals G(u,z) = v € R and Ki(u,z) = p(limsup(h~! fll_hx(z)dz)) satisfy assumption (Al). For
h—0+t
this example, system (3.7) is given by:

p(t) = (folp(tﬂ)dsﬂi;n%gp( AR dZ)> (4.26)
() = ult) -

and the solution of (4.25) is related to the solution of (4.26) by means of the equations:

w(t,2) = vt — 2) + /t i p(w)dw, p(t) = ¢ <li’fri%1ip <h‘1 /1 ihx(t, z)dz>> . (4.27)
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Since vy € L ([—1,0);R), it holds that li’fn %Ep (hfl fllfh v(t — z)dz) = h}fn %tip (hfl tt:IHh v(s)ds> =o(t—1)
for t > 0 a.e.. Therefore, for this example, system (3.7) is given by:

t

p(t) =@ (J pls)ds +v(t — 1) (428)
v(t) = u(t).

A feedback stabilizer for (4.28) can be designed by using successive approximations for the solution map of (4.28).

Notice that for ¢t > 1 we get from (4.28) ftil p(s)ds = f;l 7 (v(s -1+ [ p(w)dw) ds. A first approximation

of the integral f;l p(s)ds can be the functional f;l ® (v(s - 1)+ f;:ll p(w)dw) ds with approximation error
for t > 1:

S p(s)ds = [y @ (vls = 1)+ [ plw)dw) ds|
fttfl ¥ (v(s -0+ [, p(w)dw) ds — ftt,l ® (U(S -1+ fst:ll p(w)dw) ds‘
< Sl fe (s =1+ 2 pw)aw) = ¢ (o(s = 1) + [ plw)dw) |ds

<Lf', ‘ff_lp(w)dw’ ds< g sup (|p(s)))
t—1<s<t

where L > 0 is the global Lipschitz constant of the function ¢ : R — R. Therefore, the following feedback law

is suggested:
u(t) = — /t tl o <v(s) + / t p(w)dw) ds. (4.29)

Clearly, assumptions (H1), (H2), (H3) are satisfied for the closed-loop system (4.28) with (4.29). We show next
that 0 € L> ([-1,0);R?) is GAS for the closed-loop system (4.28) with (4.29) provided that

L<V2. (4.30)

Using (4.27), this implies that 0 € L* ([0, 1];R) is GAS for the closed-loop system (4.25) with

u(t) :—/0 o (2(t, 2)) dz. (4.31)

Notice that assumptions (A1), (A2), (A3) hold the closed-loop system (4.25) with (4.31). Theorem 2.2 guarantees
local existence of the solution of the closed-loop system (4.28) with (4.29) for every initial condition. Using the
estimate |p(x)] < L|z| for all x € R (which holds by virtue of the fact that ©(0) = 0 and that L > 0
is the global Lipschitz constant of the function ¢ : R — R), we apply the Gronwall-Bellman Lemma to
the measurable functions p(t), v(¢t) and obtain the existence of a constant G > 0 such that the estimate
[p()] + |v(t)] < G( sup (|p(s)])+ sup (Ju(s)|)) holds for every initial condition and for almost all ¢ € [0, 1)

—1<s<0 —1<s<0

for which the solution exists. Using Theorem 2.2 and a standard contradiction argument we conclude that
the solution of the closed-loop system (4.28) with (4.29) exists for all ¢ € [0,1) and for every initial condition
(because otherwise the solution should be unbounded). Next, we apply Theorem 2.6 to the system:

p(t) =¢ (f:,l ¥ (U(S -+ [0 p(w)dw) ds — fttfl ) (v(s —1)+ f::ll p(w)dw) ds)

4.32
v(t) = — f;l © (fst:ll ) (v(w) + fuqfﬂ p(T)d’T) dw — f;l ) (v(w) + fus) p(T)d’T) dw) ds ( )
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which describes the evolution of the solution of the closed-loop system (4.28) with (4.29) for ¢ > 1. Applying
Theorem 2.6 to system (4.32) with W (p,v) := max (|p|, M |v]), where M > 0 satisfies 2L>M < 3 (2 — L?), we
get:

L? L? L?
W () < max (5 o) D5 ol + M o) (433)

e (100 (vls = 1)+ [2 plw)dw) ds = [y ¢ (v(s = 1) + [} plw)dw) ds)

0 -1 1
— e (fs_l 7 (v(w) + f:}+ p(T)dT) dw — f:—l © (v(w) + fus} p(T)dT) dw) ds
Inequality (4.33) is obtained by repeated use of the Lipschirz inequality for ¢ : R — R and the fact that
lp(x)] < Liz| for all x € R. Since  sup W(p(s),v(s)) = max (||p|| , M ||v]]), we get:
—1<5<0

where F(p,v) =

2 2 2
W o) < mox (G4 ) s W, 066)

Consequently, (2.24) holds with A := max (%2, ML; + %2) (and 4 = 0). Since
e 0€ L™ ([~1,0); R?) is GAS for system (4.32);
e the solution of the closed-loop system (4.28) with (4.29) satisfies (4.32) for t > 1;

e there exists a constant G > 0 such that the estimate |p(t)| + |v(t)] < G ( sup (|p(s)]) + sup (|v(s)))
<s<0 —1<s<0

holds for every initial condition and for almost all ¢ € [0, 1).

Tt follows that statement (c¢) of Theorem 2.4 holds. Hence, 0 € L*° ([—1,0);R2) is GAS for the closed-loop
system (4.28) with (4.29). O

5. CONCLUDING REMARKS

This paper establishes the equivalence between systems described by a single first-order hyperbolic partial
differential equation and systems described by integral delay equations. System-theoretic results are provided
for both classes of systems:

1. the Boundedness-Implies-Continuation property and the property of Lipschitz dependence on initial condi-
tions (Thms. 2.1, 3.1 and 3.2);

the robustness of an equilibrium point for systems with external inputs (Thms. 2.2 and 3.3);
characterizations of the Input-to-State Stability and Robust Global Asymptotic Stability (Thms. 2.4 and 3.5);
converse Lyapunov results (Thms. 2.5 and 3.6)

sufficient conditions for Input-to-State Stability and Robust Global Asymptotic Stability (Thms. 2.6 and 3.7).

Gl N

The proposed framework can allow the study of discontinuous solutions for nonlinear systems described by
a single first-order hyperbolic partial differential equation under the effect of measurable inputs acting on
the boundary and/or on the differential equation. This aspect is important from a control-theoretic point of
view because all systems are subject to disturbances (modelling errors, control actuator errors and measurement
errors), which are typically modeled by measurable inputs. Illustrative examples have showed that the conversion
of a system described by a single first-order hyperbolic partial differential equation to an integral delay system
can simplify considerably the solution of the corresponding robust feedback stabilization problem and the
stability analysis.



ON THE RELATION OF DELAY EQUATIONS TO FOH-PDES 917

APPENDIX. PROOFS OF THEOREMS 3.1 AND 3.2
Proof of Theorem 3.1. The proof is divided in three steps.

Step 1. We show that system (3.7) satisfies assumptions (H1), (H2). Therefore, by virtue of Theorem 2.1 for ev-
ery input w € Lf%. ([0, +00); W) and for every initial condition (p,v) € L* ([—c™*,0); RN ") that satisfies (3.4)
for certain xo € L% ([0,1];R), system (3.7) admits a unique solution. The obtained solution of system (3.7)
gives us directly (by means of (3.4) and (3.5)) a locally bounded mapping [0, tmax) 2t — z¢ € L™ ([0,1];R)
satisfying (1.3), (1.4), (3.3) for ¢ € [0, tmax) a.e. with (p,v) € L{S, ([0, tmax); RV 1), and (3.9) for all ¢ € [0, tmax)
and almost all z € [0, 1].

Step 2. We show that for every w € Li°. ([0,400); W), zo € L ([0,1];R) there exists at most one locally
bounded mapping [0, tmax) 2 t — x¢ € L™ ([0,1];R) satisfying (1.3), (1.4), (3.3) for t € [0,tmax) a.e. with
(p,v) € Li2, ([0, tmax); RN T1), and (3.9) for all ¢ € [0, tmax) and almost all z € [0, 1]. Therefore, the mapping
obtained in Step 1 is the unique mapping that satisfies (1.3), (1.4), (3.3) for ¢ € [0,tmax) a.e. with (p,v) €
L2 ([0, tmax); RV 1), and (3.9) for all ¢ € [0, tmax) and almost all z € [0, 1]. This means that for every initial
condition (p,v) € L ([—c*,0); R¥*1) that satisfies (3.4) for the given zy € L* ([0,1];R) the solution of
system (3.7) will be the same.

Step 3. Making use of the results of Theorem 2.1, we show that if tyax < 400 then limsup sup |(2¢)(z)| = +o0.
0<2<1

t—tmax

Step 1: Assumption (A2) guarantees that assumption (H2) holds for system (3.7). Likewise, the validity of
assumption (H1) for system (3.7) is a direct consequence of assumption (Al). To see this, let R > 0, (p,v) €
L ([ 1, 0); RV, (p,0) € L™ ([—c™1,0); RNTY) with [[(p,v)|| < R, [|(5,?)|| < R be given and let z,% €
L*> ((0,1];R) be defined by z = A(p)v+B(p), & = A(p)v+B(p), where A(p) : L= ([—c~*,0); R) — L> ((0,1];R)
and B : L™ ([—-¢71,0); RY) — L ((0,1];R) are the mappings defined by (3.6b), i.e

x(2) = exp (fi)c_lz a(p(s),z + cs)ds) v )+ f 1, exp (fTO a(p(s),z + cs)ds) g(z + cr)p(T)dr, (A1)
for z€[0,1] a.e.

7(2) = exp <fi)c_1z (p(s), 2 + cs)ds) )+ f 1, exp (fTO a(p(s),z + cs)ds) g(z + cr)p(r)dr, (A2)
for z €10,1] a.e.
Define: )
M(R) = ze[oﬁﬁ’;g'“(p’ z)| and C := nax |9(2)] (A.3)

and notice that (A.1) and definitions (A.3) imply:

max (0221 |=(2)] e Iﬂ”c(Z)I) < (L+¢7'C)exp (c‘lM(R)) R. (A.4)

Using (3.2), definitions (3.8) and (A.4), we obtain:
|F(w, p,v)] < U((l—i—c*lC)exp (C*IJ\;I(R) R) ,
for all (w,p,v) € W x L™ ([—c~1,0); RNTY) with |(p,v)|| < R and |w| < R.

Inequality (A.5) shows that inequality (2.2) holds for the non-decreasing function
a(R) = ((1 +c71C) exp( 1M(R)) R) for all R > 0 (notice that definition (A.3) implies that M(R) is

non-decreasing).
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Using (3.1), definitions (3.8) and (A.4), we obtain:

|F'(w,p,v) = F(w,p,0)| < L(K (R))hoiugh(lﬂ?(Z) — 3(2)]) + L(K(R)) sup (|z(2) —(2)]),
for all h € (0,1), w € W with |w| <R

where K (R) := (1+ ¢ 'C)exp (c‘lM(R)) R.

Define L,(R) := sup { 7”(1”2:;'@’2)' :p#p,|p| <R,p| <R, ze0, 1]} and notice that L,(R) < +oo for all
R >0 (since a € CO(RYN x [0,1];R) is assumed to be locally Lipschitz). Using (A.1), (A.2) and definitions (A.3)
we obtain for z € [0, 1] a.e.:

0
|2(2) = &(2)| < Bi(R) [v(—c"'2) = (¢ 2)| + Bz(R)/ Ip(s) — p(s)| ds (A7)

—c—1z

where Bi(R) := exp (]\ZT(R)C*1> , B2(R) := (RL4(R) + C 4+ CRc™'Lq(R)) exp (3]\;[(R)c*1>. Combining (A.6)
and (A.7) we obtain for all h € (0,1), w € W with |w| < R:

|F'(w, p,v) = F(w,p, )\<L( (R))Bi(R)h  sup  ([v(s) —0(s)|)

—c~1h<s<0
+2L(K(R))Ba(R)c™ sup  |p(s) —p(s)|
fc—1h§s<0 o (A.8)
+L(K(R))B1(R) 1<Sl<1p . (lv(s) —o(s)])
+L(K(R))Ba(R)e™t sup  |p(s) —p(s)|.

c1<s<—c~'h

Inequality (A.8) shows that inequality (2.1) holds for appropriate non-decreasing functions M : Ry — Ry,
N : R+ — R+.

Let arbitrary zp € L ([0,1];R) and w € LY ([0, +00); W). Consider now the solution of system (3.7)
corresponding to input w € L§%, ([0, +o0); W) with initial condition (p,v) € L™ ([=¢~*,0); RN 1) with p(s) =0
and (3.4), i.e.,

0
v(t) = exp (—/t a(0,c(s — t))ds) xo(—ct), for almost all t € [—c*,0). (A.9)

Theorem 2.1 guarantees that there exists tmax := tmax(Zo, w) € (0,400] so that system (3.7) admits a unique
solution (p,v) € L ([—¢ 7!, tmax); RYVT!). Using (3.5) and (A.9), we obtain a locally bounded mapping
[0,tmax) 2t — ¢ € L™ ([0,1},]1%), which satisfies (1.3), (1.4), (3.3) for ¢ € [0,tmax) a.e. and (3.9) for all
t € [0, tmax) and almost all z € [0, 1].

Step 2: We show that by contradiction that for every w € L}S,
most one locally bounded mapping [0, tmax) 2t — x € L ([0, 1]; R) satisfying (1.3), (1.4), (3.3
a.e. with (p,v) € Li2, ([0, tmax); RV F1), and (3.9) for all ¢ € [0, tmax) and almost all z € [0, 1].
Suppose that there exist w € LS. ([0, 400); W), 2o € L> ([0,1];R), a constant § > 0 and two locally bounded
mappings [0,0) 2t — z; € L™ ([0, 1];R), [0,0) 2t — & € L™ ([0, 1];R) so that (3.9) holds for all ¢ € [0,J) and
almost all z € [0, 1], equation

([0, 400); W), &y € L ([0, 1];R) there exists at
) for t € [0, tmax)

B(0,2) = [lootoe-rny @D (1 al(5), 2 4 els — ))ds) g(z + clr — )p(r)dr
ot —ctz) for z<ct (A.10)

+ exp (fmax(o t—c—1z) (p(s), z+ C(s - t))ds)
xzo(z —ct) for z>ct
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for all t € [0,0) and almost all z € [0,1], (1.3), (1.4), (3.3) hold for ¢ € [0,0) a.e., equations

pi(t) = Ki(w(t), %), fori=1,...,N and p(t) = (51 (¢), ..., pn(t)) € RY (A.11)

o(t) = G(w(t), It (A.12)

hold for t € [0,6) a.e. and such that

sup sup |(z¢)(2) — (Z:)(2)] > 0. (A.13)
te[0,6) z€[0,1]

Let t; € [0,0) be the greatest lower bound of all times ¢ € [0, ) for which sup |(z:)(z) — (Z+)(2)| > 0. Notice
z€[0,1]
that by virtue of (A.13), t1 € [0,0) is well defined and that sup sup |(x:)(z) — (Z¢)(2)| = O for the case that
te[0,t1) z€[0,1]
t1 > 0.

We show next that there exists h > 0 so that sup  sup |(z¢)(2) — (Z¢)(2)| = 0, which contradicts the
te[0,t1+h) z€[0,1]

fact that t; € [0, ) is the greatest lower bound of all times ¢ € [0,0) for which sup |(z:)(z) — (Z¢)(2)| > 0.
z€[0,1]

An important property that is used at this point is the so-called classical semigroup property (see [11]), i.e.,
the fact that every locally bounded mapping [0,tmax) 2t — z¢ € L ([0, 1];R) satisfying (1.3), (1.4), (3.3) for

€ [0, tmax) a.e. with (p,v) € LS, ([O,tmatx);]RN"’l)7 and (3.9) for all t € [0,tmax) and almost all z € [0,1]
satisfies the following identity for all ¢ € [0, tmax) and for all ¢y € [0, t]:

2(1,2) = Jasto—to—c-12 XD ([ alplto + ), 2 + cls + to = ))ds) gz + e(r + to — )p(to + 7)dr
v(t—clz) for z+ctog<ct
+exp (fli;i0(07t_to_c_1z) a(p(to + s),z + c(s+to — t))ds) . (A14)
(xey)(z+cto —ct) for z+cty>ct
for z € [0, 1] a.e.

Therefore, identity (A.14) holds for all ¢ € [0,6) and for all ¢y € [0,¢]. Similarly, the following identity

L(t, z) = fr‘fl;fc(()o,tftofc_lz) exp (f:*to a(p(to +s),z +c(s + 1o — t))ds) g(z + (T +to — t)p(to + 7)dr
L (t—clz) for z+ctog<ct
oD (it o emrzy 0lBlto +8), 2 + s+ to — £))ds) (A1)

(Tt )(z +ctg —ct) for z-+ctyg>ct
for z € [0, 1] a.e.

holds for all ¢ € [0,d) and for all ¢y € [0,¢]. Using (A.14) and (A.15) with ¢y € (0,¢1) for the case t; > 0 and
to = 0 for the case t; = 0 in conjunction with (1.3), (3.3), (A.3), (A.11), (A.12) (which implies that p(s) = p(s),
v(s) = 0(s), zs = T for all s € [0, tp]), we obtain:

lz(t, z) — &(t, 2)| <

(t — to) exp( 3NI(R)(t — to ) (C+ CRLq(R)(t — to) + 2RL4(R)) sup |p(s) — p(s)|
to<s<t

~ lo(t —c7tz) = 0(t—ct2)| for z+cto <ct (A.16)

+exp (M(R)(t - to))

0 for z+4ctg>ct
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for z € [0,1] a.e. and for all t € [to, tl;‘s], where

R=sup maX(lp(S)l,lﬁ(S)l,lv(S),ITJ(S)» sup (xs)(Z)l,Oiggll(f?s)(Z)»UJ(S)I)

0<s<ite 0<2<1

La(R) = sup { Le220@2) . 25 1p| < RJp < R, 2 € [0,1]}

[p—pl

Using (1.3), (3.1), (3.3), (A.11) and (A.12) we obtain:

t1+06
Ip(s) —p(s)| < 2L(R) sup |z(s,z) — (s, z)|, for almost all s € {to, i} (A.17)
0<2<1
lv(t —c7t2) = 0(t — c7'2)| < L(R) (t — ¢tz — to) sup a(t —ctz,8) — &t — 'z, 9)|
0<s<t—c—1lz—tg
+L(R) sup a(t —ctz,8) — &(t — 'z, 9)| ’
t—c=lz—to<s<1
for almost all t € (to, min (“;‘s,to + cil)) and 0 < z < ¢(t — to). (A.18)

We define for all h € ((), min (%, 0*1)):

A(h) :=  sup ( sup |zt z) — @(t,z)) , E(h):= sup ( sup  |x(t,z) — @(t,z)|> . (A.19)

to<t<to+h \ c(t—tg)<z<1 to<t<to+h \ 0<z<c(t—to)
Using (A.16), (A.17), (A.18) and definitions (A.19) we obtain for all & € (0, min (%,c‘l)):

A(h) < hIy(R) max (A(h), E(h)) (A.20)

E(h) < hI1(R)max (A(h), E(h)) + hI2(R)E(h) + I»(R)A(h) (A.21)

where I (R) := exp (3M( )e 1) (C+ CRLo(R)c™ + 2RL4(R)) 2L(R), I2(R) := exp (M(R)c™!) L(R). Us-
ing (A.21) and assuming that h < m we get E(h) < max (1,2I%(R)) A(h). In this case, inequal-
ity (A.20) implies A(h) < hIt(R)max (1,21%(R)) A(h) which gives:

1 . . 0—1 1
A(h) =E(h) =0, for all h € (O,Emln (c L 5 ’2(F1(R)+F2(R))(1+2F2(R)))]' (A.22)

Implication (A.22), definitions (A.19) and the fact that sup sup |(z¢)(z) — (Z+)(z)| = 0 imply that

te(0,t0] z€[0,1]
sup  sup |(z4)(2) — (2:)(2)| = 0.
te[0,to+h] z€[0,1]
Since to € (0,t1] is arbitrarily close to t1, we get  sup  sup |[(z¢)(2) — (%¢)(2)] = 0.
te[0,t1+h) z€[0,1]
Thus, the locally bounded mapping [0, tmax) 2 t — 2+ € L ([0,1];R), which satisfies (1.3), (1.4), (3.3) for
t € [0, tmax) a.e. and (3.9) for all ¢ € [0, tmax) and almost all z € [0, 1], which was found in Step 1 is unique.

Step 3: In this step we show that if ¢,,x < +oo then limsup sup [(z)(2)] = +o00 and that there exist non-
t—tmax V=F>

decreasing functions P : Ry — Ry, @ : Ry — R4 such that for every zo € L ([0,1];R), yo € L™ ([0,1]; R),
w € L2 ([0, +00); W) estimate (3.10) holds.

loc

Indeed, if tyax < +00 for the unique solution (p,v) € LS, ([—¢ ™!, tmax); RV TY) of (3.7) corresponding to input
w e LS ([0,—1—00); W) with initial condition (p,v) € L> ([—¢™*,0); RNVT!) satisfying p(s) = 0 and (A.9), then

loc
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Theorem 2.1 guarantees that limsup ||(p¢, v¢)|| = +00. By virtue of inequality (3.2) and equations (1.3), (3.3),
t—tmax

lim sup ||(ps, v¢)|| = +00 cannot happen unless limsup sup |(z¢)(z)| = +00. The proof is complete. O
0<z<1

t—tmax t—tmax

Proof of Theorem 3.2. Theorem 2.1 guarantees that there exist non-decreasing functions P : Ry — R4, G :
R4 — R4 such that for every vy € L™ ([—c¢™%,0);R), 99 € L= ([-c™1,0);R), w € L3, ([0, +00); W) it holds
that:

lpe = Bell + llve = Bl < G(s(t)) exp(P(s(t))t) [[vo — Dol , for all ¢ € [0,6) (A.23)

where 6 = min (tmax(vo, W), tmax (To, w)), s(t) = X( up H(pT,vT)H bug ||(]57,17T)||,0iu2 [lw(7)]]) and
t T<t

€ LS, ([—cil tmax (Vo, w)); RNH), (p,0) € L C( L tmax (Do, w )),R7N+1) are theiurilique solutions
w1th 1n1tlal conditions (0,v9) € L™ ([—c¢~1,0); RV ™)

(p,v) Lis.
of (3.7) corresponding to input w € Lo, ([0, 400); W)
and (0,70) € L™ ([—c™*,0); RV T1), respectively.

Let 29 € L ([0,1];R), o € L> ([0,1];R), w € L}, ([0, +00); W) and consider the locally bounded mappings
[0, tmax (20, w)) 2t — @ € L ([0,1]; R), [0, tmax(ZTo, w)) 5t — & € L ([0, 1]; R), which satisfy (1.3), (1.4), (3.3)
for t € [0, tmax) a.c. and (3.9) for all ¢ € [0, tmax) and almost all z € [0, 1] as well as the analogous equations with
Z replacing = and Z replacing xo. The mappings [0, tmax(To, w)) 5t — x € L ([0,1];R), [0, tmax(ZTo, w)) >
t — 1y € L™ ([ 1];R) are found by obtaining the solutions (p,v) € L, ([—¢™!, tmax(vo, w)); RN 1),
(5,0) € LS, ([ tmax (Do, w)); RN L) of (3.7) with input w € Lg% ([0,+00); W) and initial conditions
(0,v0) € L ([—c1,0); RNF1), (0,59) € L™ ([—c™*,0); RNT) | respectively, and by using (3.5), (A.9) and

O(t) = exp (— /tO a(0, c(s — t))ds) Fo(—ct), for almost all t € [—c1,0). (A.24)

Inequality (3.10) for appropriate non-decreasing functions P : Ry — Ry, @ : R. — Ry is a direct consequence
of (A.16) with to = 0, (A.23), (A.9), (A.24), (1.3), (3.3) and (3.2).

In order to show that the mapping ¢t — z; € L* ([0, 1];R) is continuous on [0, tmax) for every p € [1, +00), it
suffices to use the classical semigroup property (identity (A.14)) and to show that for every p € [1,400), € > 0
there exists 6 > 0 such that

1
/ l(t, 2) — z0()|* dz < &#, for all £ € [0, 8], (A.25)
0

Since C? ([0,1];R) is dense in L* ([0, 1];R) for every u € [1,+00) for every € > 0 and zg € L ([0, 1];R) there
exists 79 € CY ([0, 1]; R) with fol |Z0(2) — w0 (2)]" dz < (¢/3)* and S |To(2)] < S |zo(2)]. Moreover, there

exists § € (0,1) such that sup sup [Zo(z —s) — To(2)| < § Usmg the mequahty
0<s<6 s<2<1

(/51 |zo(2 — 8) — 20(2)[" dz)l/H < </€1 |mo(z — 8) — Fo(z — s)|" dz>
+ (/51 |Zo(z — s) — Zo(2)]" dz)l/“ + (/Sl |Zo(2) — zo(2) " dz)

we obtain f; |z (2 — 8) — w0 (2)[" dz < e* for all s € [0, §]. Consequently, for every u € [1,+00), for every & > 0
and zg € L™ ([0, 1];) there exists 6 € (0,1) such that sup fsl lzo(2 — 8) — wo(2)|" dz < et
0

75

1/p

1/p

Using the identity fol |z(t, 2) — xo(2)|" dz = f |z (t z) —zo(2)["dz + fclt |z(t,2) — 2o(2)|" dz for all t €
[0, ¢, we get
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1 1
/ |z(t, 2) — zo(2)|" dz < 2#cRMt —|—/ |l2(t, 2) — xo(2)* dz, for all t € [0, min(c™" /2, tmax/2)] (A.26)
0 c

t

where R =  sup max (|p(s)| SJos)l, sup [(zs)(2)], w(s)|> Moreover, using (3.9) and definitions (A.3)
0<s<tmax/2 0<2<1

we get for all t € [0, min(c™1/2, tmax/2)] and almost all z € (ct, 1]:

\2(t, 2) — 20 ()] < exp (M(R)t) (o + M(R)) Rt + |zo(z — ct) — zo(2))|. (A.27)

Combining (A.26) and (A.27) we obtain for all ¢ € [0, min(c™!/2, tmax/2)]:

/01 |2(t, 2) — zo(2)" dz < 2McRMt + 2" exp (MM(R)t) (c + M(R))“ RAtH 4 om /t1 lzo(2 — ct) — wo(2)|* dz.
(A.28)

Let 6 € (0,1) be such that 2* sup f@l |zo(2 — s) — 2o(2)|" dz < 1et. Tt follows from the previous inequality in
0<s<s

2 exp(—M ¢!
conjunction with (A.28) that (A.25) holds with § = min (; s 4 e 2‘;(( - ;f;()R))) ()" “). The proof

is complete. O
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