ESAIM: COCV 21 (2015) 487-512 ESAIM: Control, Optimisation and Calculus of Variations
DOI: 10.1051/cocv/2014035 WWW.esallm-cocv.org

DEGENERATE PARABOLIC OPERATORS OF KOLMOGOROV TYPE
WITH A GEOMETRIC CONTROL CONDITION *

KARINE BEAUCHARD!, BERNARD HELFFER?, RAPHAEL HENRY? AND LUC ROBBIANO?

Abstract. We consider Kolmogorov-type equations on a rectangle domain (z,v) € 2 =T x (—1,1),
that combine diffusion in variable v and transport in variable = at speed v”, v € N*, with Dirichlet
boundary conditions in v. We study the null controllability of this equation with a distributed control
as source term, localized on a subset w of £2. When the control acts on a horizontal strip w = T X (a,b)
with 0 < a < b < 1, then the system is null controllable in any time 7" > 0 when v = 1, and only
in large time T° > Tyin > 0 when 7 = 2 (see [K. Beauchard, Math. Control Signals Syst. 26 (2014)
145-176]). In this article, we prove that, when v > 3, the system is not null controllable (whatever T is)
in this configuration. This is due to the diffusion weakening produced by the first order term. When the
control acts on a vertical strip w = w1 X (—1,1) with i C T, we investigate the null controllability on a
toy model, where (95,x € T) is replaced by (i(—A)l/z, x € £21), and 21 is an open subset of RY. As the
original system, this toy model satisfies the controllability properties listed above. We prove that, for
~v = 1,2 and for appropriate domains ({21, w1), then null controllability does not hold (whatever 7" > 0
is), when the control acts on a vertical strip w = w1 x (—1, 1) with @1 C 2;. Thus, a geometric control
condition is required for the null controllability of this toy model. This indicates that a geometric
control condition may be necessary for the original model too.
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1. INTRODUCTION

1.1. Origin of the problem

The goal of this article is to study the null controllability of Kolmogorov-type equations
O f(t,x,v) — 010, f(t,m,v) — O2f(t, 2,v) = ult,z,v)1,(x,v), (t,2,v) € (0,T) x §2,
flt,x,+£1) =0, (t,z) € (0,T) x T, (1.1)
f(0,2,0) = folz,v), (z,v) € £2,
where 2 =T x (—1,1), T is the 1D-torus, v € N*, T' > 0, and the control is a source term u(t, x,v) localized

on a nonempty open subset w of 2. This equation is close to linearizations of Prandtl or Crocco-type equations
for fluids [13,14,39]; this motivates the study of the controllability of (1.1).

Definition 1.1 (null controllability). Let 7' > 0 and v € N*. System (1.1) is null controllable in time T if, for
any fo € L*(2), there exists u € L2((0,T) x £2) such that the solution of (1.1) satisfies f(7\,-,-) = 0.

By duality, null controllability is equivalent to observability for the adjoint system
Org(t,z,v) +070,9(t, z,v) — O2g(t,z,v) =0, (t,x,v) € (0,+00) x £,
g(t,x, £1) = 0, (t,xz) € (0,T) x T, (1.2)
9(0,z,v) = go(z,v), (x,v) € £2.
Definition 1.2 (observability). Let T > 0, v € N* and w be a non empty open subset of (2. System (1.2)

is observable in w in time T if there exists C > 0 such that, for any gy € L?(2), the solution of the Cauchy
problem (1.2) satisfies

T
/ |g(T,ac,v)|2dxdv<C/ /|g(t,x,v)|2dxdvdt.
2 0 w

Equation (1.2) combines diffusion in variable v and transport in variable x (at speed v7). Thanks to the
interplay between these two phenomena, the equation diffuses both in variables v and x (see Prop. 6.2),
contrarily to equation (9; — 82)g(t,x,v) = 0. But, the global diffusion is weaker than for the 2D heat equation
(0y — 02 — 0%)g(t,z,v) = 0. Thus, natural questions are the following ones.

Question 1: Is the diffusion in variable v strong enough for observability to hold when the control acts on a
horizontal strip w = T x (a,b) with 0 < a < b < 1, whatever v € N* is? (i.e. as for equation (9;—02)g(t, z,v) = 0,
(t,z,v) € (0,T)x T x (—1,1))

Question 2: Is the diffusion in variable x sufficient for null controllability to hold when the control acts on a
vertical strip w = wy x (—1,1) where wy CC T? (i.e. as for the 2D heat equation (9; — 92 — 92)g(t,z,v) = 0,
(t,z,v) € (0,T) x T x (—1,1)).

The goal of this article is to answer the first question and to study the second one for a toy-model.
Question 1 is studied in [9], where the following result is proved.

Theorem 1.3.

1. Ify=1and w =T x (a,b) with —1 < a < b < 1, then system (1.2) is observable in w in any time T > 0.
2. Ify=2and w =T x (a,b) with0 < a <b < 1 then there exists T* > a®/2 such that

o system (1.2) is observable in w in any time T > T* ;

o system (1.2) is not observable in w in time T < T*.
3. Ify=2and w =T x (a,b) with —1 <a <0 <b<1 then system (1.2) is observable in any time T > 0.

Statements 2 and 3 above show that, when v = 2, the information needs time to reach the degeneracy line
{v =0} from the observation location w when @ N {v = 0} = 0.
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1.2. Main results

The first goal of this article is to prove that observability does not hold, when v > 3 and the control acts on
a horizontal strip: the presence of the first order term v?9, f in the equation reduces diffusion in the variable v
so strongly that observability becomes false. Thus, Theorems 1.3 and 1.4 below answer Question 1.

Theorem 1.4. If v > 3 and w = T x (a,b) with 0 < a < b < 1, then system (1.2) is not observable in w
(whatever T > 0 is).

The second goal of this article is to investigate null controllability of equation (1.2) for v € {1,2} when the
control acts on a vertical strip w = wy x (—1,1) where w; CC T. Unfortunately, we are not able to work directly
on equation (1.2). Thus, we consider the following toy model.

0ig(t,x,v) + v (= A7) g(t x,v) = Og(t, x,v) = 0, (t,2,v) € (0,T) x £,
g(t,x, £1) =0, (t,x) € (0,T) x §21, (1.3)
9(0,z,v) = go(z,v), (z,v) € 21 x (—1,1),

where

e 2:= () x (—1,1), 21 is a bounded open subset of RV and N; € N*;
e AD is the Dirichlet-Laplace operator on {2,

D(AY) = H>NHy(2),  Afg= Ag;

e yeN*, e (0,1).

The case = 1/2 is of particular interest for system (1.2). The presence of in the term “ivY(—AP)Pg” aims
at ensuring the skew symmetry of this operator, as in the original model. We use the same definition for the
observability of systems (1.2) and (1.3).

We are able to deny observability with explicit counterexamples, under an appropriate assumption P(s) on
the open sets (£21,w1). In order to express this assumption, we introduce the non decreasing sequence (A, )pen-
of the eigenvalues of (—AL) on 21 and a corresponding orthonormal sequence of associated eigenfunctions,

@z
1

—App () = Mpn(x), z € (2,
en(z) =0, z € 0, (1.4)
lonllz2) = 1.

Definition 1.5 (property P(s)). Let s € (0,1/2) and w; be an open subset of 1. The pair (£21,w;) satisfies

the property P(s) if
Er e _1 2 _
[ ([ o) =

This assumption is related to the classical problem of high-frequency localization of the eigenfunctions of the
Laplacian. Note that 1/2 is the optimal upperbound for possible values of s (see [35], Thm. 5.4 and Prop. 5.5).
Particular examples of pairs (§21,w) satisfying property P(s) for any s € (0,1/2) are discussed in Section 4.
For instance, if 2, is a conical open subset of R? (d > 2) generated by an open subset U of S~ 1,

O ={z=ra";0<r<1,2 €U},

and w1 is an open subset of 21 that does not intersect its boundary 942, then the pair (£21,w;) satisfies property
P(s) for every s € (0,1/2). One can indeed construct a subsequence of eigenfunctions @y localized near the
boundary 921, called “whispering gallery eigenmodes”.

Our first nonobservability result concerns system (1.3) for v = 1.
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Theorem 1.6. We assume v = 1.

1. If >0 and w = 21 x (a,b) where 0 < a <b <1 then system (1.3) is observable in w in any time T > 0.
2. If p € (0,3/4) and (§21,w1) satisfies property P (%), then system (1.3) is not observable in w = wy x (—1,1)
(whatever T > 0 is).

In particular, when 8 = 1/2, the diffusion in the variable v is strong enough for system (1.3) to be observable
in a horizontal strip w = {21 x (a,b) in any positive time 7. On the contrary, the diffusion in the variable x
is too weak for system (1.3) to be observable in a vertical strip w = w; x (—1,1) in finite time T, at least for
appropriate pairs (21,w) that satisfy property P(1/3) (which happens, for instance, when (2; is a bounded
conical open subset of R? and @7 C §2;). Thus a geometric control condition (GCC) on (§2,w) is required for
system (1.3) to be observable in w. As a consequence, we conjecture that system (1.2), with v = 1, requires a
GCC to be observable.
Our second noncontrollability result concerns system (1.3) for v = 2.

Theorem 1.7. We assume v = 2.

1. If >0 and w = 1 x (a,b) where 0 < a < b < 1 then there exists T* > a®/2 such that
o system (1.3) is observable in w in any time T > T*;
o system (1.3) is not observable in w in time T < T*.

2. If p € (0,1) and (£21,w1) satisfies property P (g), then system (1.3) is not observable in w = w1 X (—1,1)
(whatever T > 0 is).

In particular, when 3 = 1/2, the diffusion in the variable v is strong enough for system (1.3) to be observable
in a horizontal strip w = 21 X (a,b), but information needs time to propagate from the observation location w
to the degeneracy set {v = 0}. On the contrary, the diffusion in the variable x is too weak for (1.3) to be
observable in a vertical strip w = w; x (—1,1) in finite time T, at least for appropriate pairs (£21,w;). Thus a
GCC on (£2,w) is required for (1.3) to be observable in w. As a consequence, we conjecture that system (1.2),
with v = 2, requires a GCC to be observable.

1.3. Bibliographical comments

1.8.1. Null controllability of the heat equation

The null and approximate controllabilities of the heat equation are essentially well understood subjects. In
particular, the heat equation on a smooth bounded domain 2 of R? (d € N*), with a source term located on
an open subset w of {2, is null controllable in arbitrarily small time 7" and with an arbitrarily small control
support w. This result is related to the infinite speed of propagation. It is proved, for the case d = 1 by Fattorini
and Russell ([24], Thm. 3.3), and, for d > 2 by O. Imanuvilov [31,32] (see also the book [26] by Fursikov and
Imanuvilov) and Lebeau and Robbiano [34]. It is then natural to wonder whether the same result holds for
degenerate parabolic equations.

1.8.2. Boundary-degenerate parabolic equations

The null controllability of 1D-parabolic equations degenerating on the boundary of the space domain is well
understood: it still holds for weak degeneracies and fails for strong ones, see [2,15-20,25, 36]. Fewer results are
available for multidimensional problems, see [21].

1.8.3. Parabolic equations degenerating inside the domain
In [37], Martinez et al. study linearized Crocco type equations
O f(t,z,v) + O f(t,x,v) — Opu f(t,x,v) = u(t,x,v)1,(z,v), (t,2,v) € (0,T) x T x (0,1),
f(t,2,0) = f(t,x,1) =0, (t,z) € (0,7) x T.
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For a given strict open subset w of T x (0, 1), they prove that null controllability does not hold: the optimal
result is regional null controllability. Note that, for Kolmogorov-type equations (1.2), the coupling between
diffusion in v and transport in z (at speed v?) generates diffusion both in variables x and v (see Prop. 6.2). As
a consequence, the controllability properties are different.

In [10], Beauchard et al. study Grushin-type equations

{ Ouf(t,,y) — 01f (t,x,y) — 2|V O f(t, 2, y) = u(t, z, y)Lu(z,y), (£, 2,y) € (0,T) x L2, (15)

f(t,x,y) =0, (t,z,y) € (0,T) x 042,

where 2 := (-1,1) x (0,1), w C (0,1) x (0,1), and v > 0. Here, the parabolic operator degenerates along the
line {0} x (0,1). They prove that null controllability

e holds in any time 7' > 0 and any control support w when v € (0,1);
e does not hold (whatever 7' and w) when v > 1;
e holds only in large time when v =1 and w = (a,b) x (0,1) with0 <a <b < 1.

Note that, contrary to Grushin-type equations (1.5), in Kolmogorov-type equations (1.2), the parabolic
operator degenerates everywhere on the domain.

1.8.4. Unique continuation for Kolmogorov-type equations

In this section, we focus on unique continuation for Kolmogorov-type equations (1.2), i.e. whether the property
g(t,z,v) =0 on (0,T) X w does imply g =0 on (0,7") x 2, for a given open subset w of (2.

When w = T x (a,b) is an horizontal strip, then the unique continuation of equation (1.2) holds for every v €
N*, as a consequence of Holmgren’s theorem (the coefficients of the operator are analytic and the hypersurface
T x {a,b} is noncharacteristic). In particular, Theorem 1.4 emphasizes that, when v > 3, then observability
does not hold even if unique continuation holds.

To our best knowledge, when w is a general open subset of {2, then unique continuation for Kolmogorov-type
equations (1.2) is an open problem.

Bony proved in [11] that Hérmander’s operators of the form P = Zj XJ2 (i.e. such that the Lie algebra
generated by the X; has maximal rank at any point) with analytic coefficients, satisfy the unique continuation,
in the following sense: if, for some f with non zero gradient, f~!(a) is a strongly noncharacteristic surface and
u is a distribution such that Pu =0 and u =0 on f~1[(~00,a)], then u = 0 on a neighborhood of f~1(a). The
validity of the same result for Hérmander’s operators of the form P = X+ > y X j2 (generalizing our Kolmogorov
operator K = d; +v79, — d?) is an open problem.

When coefficients are not analytic, but only C'°°, unique continuation may not hold. For instance, Alinhac
and Zuily built in [3] a zero order C*°-perturbation of the Kolmogorov operator K = §; + v7d,, — 02 for which
unique continuation does not hold. There exist C*°-functions u (¢, z,v) and a(¢, z,v) on a neighborhood V of 0
in R? such that Ku+ au = 0, u(t,z,v) = a(t,z,v) = 0 when v < 0, and 0 € Supp(u). And the same result holds
with any surface {v = const.}.

The result of Alinhac and Zuily leaves open the question of the unique continuation for system (1.2). Indeed,
their counterexample does not satisfy the boundary conditions of (1.2) and it cannot be built with a = 0.
However, it suggests that unique continuation for system (1.2) is a subtle issue.

1.4. Structure of the paper
The article is organized as follows.

Section 2 is devoted to the proof of Theorem 1.4.

In Section 3, we prove the negative statements of Theorems 1.6 and 1.7. These results rely on a fine semi
classical analysis of the complex Airy and Davies operators.

In Section 4, we propose examples of pairs (£21,w) satisfying property P(s) for any s € (0,1/2).
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The proof of the positive results of Theorems 1.6 and 1.7 relies on the decomposition of the solution of (1.3)
on a Hilbert basis of L?(f21), called ‘Fourier decomposition’ with a slight abuse of vocabulary. Thus, the validity
of this decomposition and associated well-posedness results are treated in Section 5.

In Section 6, we prove the positive results of Theorems 1.6 and 1.7. The strategy is the same as in [9], but
intermediate results have been improved. Hence we rewrite the proof completely. First, we state a Carleman
estimate for the 1D-heat equation satisfied by the Fourier components. Then, we quantify the dissipation of
Fourier modes; this result is stronger than in [9]. Then, we combine these two tools to prove the first statements
of Theorems 1.6 and 1.7.

2. NONOBSERVABILITY WHEN v > 3

The goal of this section is the proof of Theorem 1.4. The strategy is the same as in Section 5.3 of [9], but
intermediate results are different. Let v € N*, a,b,T € R be fixed, in the whole section, such that

v23,T>0and0<a<b<l1.

Step 1: Approximate solution.

Let € > 0 be such that b < 1 — ¢ and 6+ € C*°(R) be such that Supp(f_) C (=1 —€,—1 +¢€), Supp(f+) C
(1—¢,14¢€)and 04 (1) = 1. Let u € C be some eigenvalue, with smallest real part, of the operator (—85 +iy?),
with domain

D, :={u € H*[R) s. t. y u € L*(R)}.

Note that this operator has compact resolvent (see [28]); moreover, 4 is a simple eigenvalue and a real number
if v = 3. Let £ be an associated eigenfunction

{ —&"(y) + iy E(y) = né(y), y € R,
€l 2wy = 1.

We recall that (see [42], Chap. 10, Sects. 59 and 60)

2+
E@) < Cee T | vy eR (2.1)

for some constants C, ¢ > 0.
For n € N*, we define

gn(t,v) == 2o 3 (nﬁo - Z f(anﬁ) 0 (v) eﬂm%t.

oe{—,+}
We have
Ougn(t,v) + in v gy (t,v) — 02gn(t,v) = En(t,v), (t,v) € (0,T) x (—1,1),
gn(t,£1) =0, te(0,7T),
where
E,(t,v) = NI Z ((u n7 — inv”)0,(v) + 9;;@)) 13 (0 nﬁ> e_“"%t. (2.2)
oe{—,+}

Let g, be the solution of
Oign(t,v) +invV g, (t,v) — O2gn(t,v) =0, (t,v) € (0,T) x (—1,1),
gn(t,£1) =0, te(0,7),
gn(0,v) = §,(0,v), ve(—1,1).
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We have
1d, . 2 ~ 2 b
5 g0 = 9n)Olz2 (1,1 = —1100(gn — gn) (O [L2(-1,1) + Re ) En(t,v)(Gn — gn)(t,v)dv | .

By Poincaré and Cauchy—Schwarz Inequalities, we deduce that, for every ¢t € [0, T,
d, . 5 2 5 4 9
EH(gn - gn)(t)HL?(—l,l) < _IH(gn - gn)(t)HL?(—l,l) + FHETL(t)HLZ’(—Ll)'

From this inequality and (2.2), we deduce that, for every t € [0, 7]

2 —r
1(Gn = gn)ON22_1.1) < 22 Jy 1Ea(D)122(_yqpe” T dr

conet s fe(onm)f grel

UE{ 1,1}

<On2 7 Lz 11}‘5( )‘2

where the constant C' may change from line to line.
By (2.1), we deduce that

_2
—2Re (p) n2+7 +§> T
dr

1(Gn — gn)(®)lz2(-1.1) < CnEETe YRt € [0,T]. (2.3)

Step 2: Conclusion.

Working by contradiction, we assume that system (1.2) is observable in w in time T'. The observability inequality
applied to the solution g(t,x,v) := g, (t,v)e™® of (1.2) gives

1 T b
[ la@orase [ [ gneoP . wmen
—1 0 a

We deduce from the triangular inequality, the previous relation and (2.3) that

T b 1/2
19n (D)l 22(-1.0) < (C/O / Ién(t,v)zdvdt> +11(Gn — 90 ) (D)l 22(-1,1)
1/2
( / /\ — gn)(t, )] dvdt)
T b 1/2 s
< (C/ / |gn(t7'U)|2d’Udt> +(1+\/TC>CnWe—cﬁ_
0 a

However, there exists C' > 0 such that

_2
Gn(T)|| L2 > Ce Re @ n? 7T
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T b 1/2 T b )
</ / |§n(t7’u)|2 dvdt) = (/ / ==
0 a 0 o

1 1/2

bn2+y - N 1/2
N / . lEw)Pdy / e~ 2Re (u)nF7t g4
an?ty 0

1/2

-1 b7 247
< Cn? / e 2l qy by (2.1)
a

-1
n2+y

and
, . 1/2
3 (nﬁvﬂ e 2Re (Wn =TTt qy,qt because b < 1 — ¢

1 2‘*2"‘{\/7
5L~y A CaQ n
< On2Ge .

This gives a contradiction, when n — 400, because % < % when v > 2. O

3. NONOBSERVABILITY ON A VERTICAL STRIP
The goal of this section is the proof of the nonobservability results of Theorems 1.6 and 1.7.

3.1. Accurate spectral analysis

In this section, we are interested in the spectrum of the operators
d? d?
A = ——— 414y and H = ——
(—R.R) agz Y (—R.R) g2

defined on the segment (—R, R), R > 0, with Dirichlet boundary conditions at y = +R, with domains
D(A(~r.r) = D(H(_n.r)) = H* N Hy((—R, R),C).

More precisely, we study the asymptotic behavior, as R — +o0, of the bottom of the spectrum of A_g g)
and H(_g, r) and we prove the following two theorems, in Sections 3.3 and 3.4, respectively.

Theorem 3.1. Let 1 < 0 be the first zero of the Airy function. Then,

+ iy2

L |1
1 f = — 1
Jim_(inf Re o(Ap ) = 2, (3.)
where o(A(_g,r)) denotes the spectrum of A(_g ry. Moreover, for every e > 0, there exists R. > 0 and M. > 0

such that, for every R > R,

‘ (Acrm — (v +iv) " H < M. (3.2)

o L(L*(—R,R))

v < pal/2— e,
v ER

Now, let us consider the case of the Davies operator.
Theorem 3.2. We have

2
Jim (infReo(H(nm)) = g (3.3)
Moreover, for every e > 0, there exists R. > 0 and M. > 0 such that, for every R > R,
-1
su H_ —(y+iv H < ML 34
D (G CRR ) I . (3.4)
v €ER

Analogous questions have been considered in [4-8] in relation with problems occuring in superconductivity.
We study these two operators using the techniques developed in these references. The study of more general
cases (dimension 2) complementary to those studied in [4,5] will be done in [30].
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3.2. Proof of the negative statements of Theorems 1.6 and 1.7

The goal of this subsection is the proof of the second statements of Theorems 1.6 and 1.7, by application of
the results of the previous subsection. Thus, in the whole subsection, ~, 8, {21 and w; are fixed such that

e cither vy =1, 5 € (0,3/4) and ({21, w) satisfies property P(2(3/3);
e or y=2,03¢€(0,1) and ({21, w;) satisfies property P(5/2).

For n € N*, we introduce the operator A,, , defined by

2
D(An”Y) = H2 N H(%((_]-a 1),(C), ,’y'l/J = _d— -+ Z)\'@’U’Y’IZJ,

B
By rescaling (y = A;77v) and using Theorems 3.1 and 3.2, there exist C1,Co > 0 and n, € N* such that, for
every n = n., A, has an eigenvalue p,, satisfying

283 28

Cl/\fﬁ—_’y < Re (Mn) S Cz)\ﬁ_M. (35)
We introduce a normalized eigenfunction ,, of A,, 4 associated with the eigenvalue fiy,,

_w;{(v) + Z'/\Q’U’YQ/JTL(U) = Mn¢n(v)v (S (_17 1)a
Y (£1) =0,
l¥nllrz(-1,1) = 1.

Then the function
Gn(t,z,v) = ‘pn(xﬁbn(v)eiﬂnt

is a solution of (1.3). The second statement of Theorems 1.6 and 1.7 is a consequence of the following proposition.

Proposition 3.3. For every T' > 0, we have

lim (fo f |gn (t, z, U)Qdmdvdt> _

[0 190(T, z,0)[2 dadv

n—-—+00

Proof of Proposition 3.3.
We have
[ lon(Tn )Py —e2mewr,
I}

because 1, and ¢,, are normalized in L2,
By Fubini’s Theorem, we get

/OT/w|gn(t,x,v)2dasdvdt: (/OTe—me(Nn)tdt) (/_11 wn(v)|2dv) ( } <pn(as)|2d1:)

1—e2 Re (pun) T

= n (L 2d1’.
s [ et

Thus,
fO f |gn t x, U)Pdl’d?}dt 2Re(/¢n)T _ 1/ ( )2d
f() 190 (T, z,v)|? dedv ~ 2Re(un) ” Pnlx)” dT.
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Let C be a positive constant such that
C>2CT,
where Cp is as in (3.5).
Let s := % By property P(s), there exists a subsequence (ny)ren such that

In ( wnk(w)l2dx) >C, VkeN,

or, equivalently
/ o, (2)2dz < e “Pm, VE €N
Then, -
fOT I l9n. (t,z,v)|? dedodt e(2CT=C) Any .
Jo 19, (T, 2z, v)? dzdv =0 A5, k—too
by (3.6), which gives the conclusion.

0,

3.3. Semi classical analysis of the complex Airy operator (y = 1)

The goal of this subsection is the proof of Theorem 3.1.

We introduce two model-operators, that have well known spectral and pseudospectral behavior. Let A(_g 1)

and A(_. r) be the Dirichlet realizations of the operator —dd—22 + iy on the intervals (—R,+o00) and (—oo, R)
respectively. We are going to approximate the resolvent of A(_ g gy by the one of A(_g ;o) or A(_ r) depending

on where we are, respectively close to —R or close to +R.
Let us remark that, if

Tr:u(zx) —u(x+R) and Ugr:u(x)— u(R—1)
then

thus
inf Reo (A(_R,c0)) = infReo (A(_oo,r)) = ]

because inf Re o (A, 4o0)) = |p11]/2, see [4].

Step 1. We prove

\Y

lim (infReo (A_pr)) = lia]
R—+o0 2

and (3.2).
Let ¢ > 0. We search R. > 0 such that

VR>R., o (A(—R,R)) N (] —oo,|u|/2 — €] +iR) = 0.
We recall that, by [27], there exists C; > 0 such that

sup
v < pal/2 — e,
v EeER

‘ (A@to0) — (v +iv)) H

< Ce,
L(L2(0,+00))

sup
v < p1l/2 — e,
v eER

‘ (A?O,Jroo) —(r+ iy))il HL(L"’(

< Ce.
0,400))

(3.7)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Let A =7 +iv €] — o0, |1]/2 — €] + iR and hy, h_ € C*(R;[0,1]) be such that

Supp (h—) C (—o0,1/2), h_=1on (—oo0,—1/2],
Supp (h4) C (—1/2, +00), hy =1on [1/2,+00),
h% +h% =1 on (—oo,+00).

For R > 0, we define

X
ng(x) = hy (§> 1_gpr(z) (3.15)
and B B
Rr(N) =g (A Rto0) =) g+ (Acoo,r) = A) 15 (3.16)

Rr(A) will be used as an approximation of the resolvent of A(_p r). We have

-1 _

(A-rm) = A) Re() =T+ [ACrr)mr] (Acrto) —A) g
+ [Acrm k] (Ao =N i (3.17)
as an equality between operators on L?(—R, R).

We estimate the second term on the right hand side. In what follows, the estimates are uniform with respect to
v =Im . We have

_ -1 _ A\ v d -1 _
[Acrry e (Acrao) =A) " ng == (1r)" —2(1g) dy (A-rtoe) =A) g (3.18)

Using [|(nz)/ Lz (i = O(R™) and [[(n3)" ||~ rmy = O(R~2), we get, by (3.8) and (3.13),

1 1
n =05 3.19
nRHL(Lz(—R,R)) (Rz) (3.19)

|0 (A-poe = 2)

Moreover, for every v € L?(—R, +c0),
a4
dy

_ 1/2
(Acriroe) = A) v

—1
+\/7H (AR to0) =) H) 1] L2~ R, 4o) -
(3.20)

(4 =07

L2(—R,+00)
Indeed, let w := (A(_ g to0) — Nl e,

{ —w(y) + iyw(y) — Aw(y) = v(y), y € (R, +00),
w(—R) = w(+00) =0.
We have

+oo

12 1) = —Re / w(p)w” (4)dy

—R
+oo

=Re / wliyw + Aw + v]
R
+oo

+oo
:7/\w\2+Re /Ev
-R

—R

<l g sy + 10l 2= Rtoo) 10l L2(— Rt oc) -
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By taking the square root of this inequality, we get

1/2 1/2
|| L2~ Ro) < VAW L2(< Rtroo) + 10IEET g oo 191125 oy

which proves (3.20). By applying (3.20) to v = nzu, u € L*(R), we get

H(n,;)/% (AR to0) — A)*l ”EHE(LQ(%,R» -0 (%) , (3.21)

which gives, with (3.18) and (3.19),

-1 1
] (A Y —H —o(=)- 3.22
H[A( rm) M) (A-ovoo) = A) g (R> (3.22)
In the same way, we verify that
_ 1
;s =) —o(=) 2
A Ry i) (A ey =N ™ cornmy = C <R> (3.23)

Equality (3.17) can be written
(A—r,r) = NRr(A) = I+ Er(N),

with |Er(N)| £(L2(—r,r)) = O(R™!), uniformly with respect to A €] —oo, [p1|/2—e]+iR. We deduce the existence
of R. > 0 such that, for every R > R., (A(_g,g) — A) is invertible, with inverse

(Acrm — A =Ra(\) (I +Er() .

We have proved (3.12). Moreover, according to the definition (3.16) of Rr()\), (3.8), (3.9), (3.13) and (3.14)
yield the estimate (3.2).

Step 2. We prove that

= |4
RLITOO (mf Reo (A(,R’R))) < Tl (3.24)

First, we reduce the study to the complex Airy operator A ) on the interval (0, R). Indeed, applying the
translation Tx : u(z) — u(z + R), we get
Ty (A rr) — NTr = Apa2r) — (A +iR),
thus Reo(A_g,r)) = Red(A(,2r)). Therefore, in order to prove (3.24), we are going to prove that

RE_TOO (inf Reo (Ago,r))) < “‘2—” (3.25)

Let 61, 02 € C*(R; [0, 1]) be such that
Supp (A1) C (—00,2/3), 61 =1on (—o0,1/2),

Supp (02) C (1/2,+0), 63 =1 on (2/3,+00),
9% —1—9% =1onR.

For j = 1,2 and R > 0, we define
) 1. (). (3.26)
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We want to prove that
-1 -1
Lor (Aom+1) Lom =7 (Aot +1) in L(L7(R)). (3.27)
Let us remark that

o (Lo.m (Ao + 1) Lom) =0 (Aom+1)7")

with non vanishing eigenvalues that have the same multiplicity for both operators.
Step 2a. We prove that

Lo.r (Ao +1) 7 L. = Xh (Ao 1) xh =2 0 in £ (L7 (R)).

For this, we use the following approximations of the resolvent of (A r) + 1),

~ -1 -1
Ri =Xk (A 1o0) 1) Xk + Xk (Aom + 1) Xk
Then, we have

- 1
(Ao, + DRr =1+ [Awo,r) + 1, Xg] (A0+00) + 1) X&

+ [Awo,r) + 1, x%] (Aw2r) +1) ' Xhs

thus, by composing on the left by 1 g) (-A(O,R) + 1)_1 1(0,r), wWe get

Lo,r) (Aw,r) + 1)71 L0,r) — Xk (A@400) T 1)71 Xk = Xz (Awo,r) + 1)71 X%
~1o.m) (Aom +1) " Lo [Agr +1,xk]
X (Agro0) +1) 7 Xk — Lo.m) (A +1) 7
X Lo [Ao.r + LxE] (Ao +1) " x%  (3.28)

Now, we control the different terms on the right hand side. The terms involving commutators can be estimated
as in Step 1, thanks to (3.2), and we get

-1 1

H]-(O,R) (Ao, + 1) Lo.r) [Aw.r) + L xR] (A0 + 1) XRHZ:(L2 ®E) o (E) ; (3.29)
_1 _ 1

Hl(o,R) (Ao.r)+1) Lo.r) [Awo.r +1,x%] (Aor +1) X?%H‘E(L"’(Rﬂ) =0 <E> : (3.30)

Moreover, for u € L%((0, R), C), we have
Im <(A(0,R) + 1)u, u> = (yu, u) (3.31)
where (.,.) denotes the L?((0, R), C)-hermitian product.
This relation, applied to u = x% (-A(O,R) + 1)_1 X%[, [ € L*(0,+00), which is supported in (R/2, R), gives
R o
Im <(A(0 r) + Du, u> —HuH

Moreover,
1

(Aw,r) + Du = (XE)*f + [A o,r) t+1 X (Ao,r) +1) X&/[-
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Thus, estimating the commutator as in Step 1, we get

1
i (A + V)| <€ (14 3 ) 111l

Therefore,
R, 1
Flul < (14 ) 11l
We have proved that
2 -1 9 1
1 H —0(=)- 3.32
[ o + 07 =€ () (3.32)
By (3.28), (3.29), (3.30) and (3.32), we have
-1 1 -1 1 H B 1
1 1 1 — 1 =0|= 3.33
H 0.8 (Aor +1) Lor =Xk (Aot00) +1) XR (L2000 <R> (3.33)
which ends Step 2a.
Step 2b. We verify that
—1 -1 .
Xi (A 100) T1) Xk P (A0, 400) T 1) in L(L*(0,+00)), (3.34)
which ends the proof of (3.27).
To simplify notation, let us introduce
Ap = A@o,400) + 1.
First, we write
_ 2 _
XA XRAL = (Xk)” — XaAL [A+,X&]
then, composing on the right by A7 and using that (x%)? =1— (x%)?,
_ _ 2 _ _
A+1 — X}QAJrlx}g = (x%g) A+1 + X}%Aﬁ [A+,X}%j| A+1. (3.35)
The term involving a commutator can be estimated as in Step 1,
1
1 g-1 1] 4-1
=0|=)- 3.36
HXRA+ A+ Xr] At HL(L?(R+)) (R) (8:36)

For f € L?(0,+00), we have
g\l(x?a)%‘lff\lz <y 2(R)? AL P ((because Supp (x%) C (R/2, R))
= Im (A4 (xR)* AT, (R)PALF)
< M (R AT I OGR) A £l
< (IO A OGRPIAT I 1 0ck)* A 7L

where (.,.) denotes the L?((0, +00), C)-hermitian product and ||.|| is the associated norm. Estimating the term
with a commutator as in Step 1, we get

_ 1
RIOG) A7 109 < € (14 3 ) 100120
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Thus

1
212 -1
A7 ~0 (—) : 3.37
H(XR) T llz(z20,400)) R (3.37)
Finally, (3.35), (3.36) and (3.37) imply (3.34).

Step 2c. Conclusion:

Step 2a and Step 2b prove (3.27). The eigenvalues of .A;l are isolated, thus we can apply ([33], Sect. IV,
Paragr. 3.5). For any subsequence R; — +oc and any eigenvalue A € o(A; ")\ {0}, there exists a sequence ();)
such that, for every j large enough

A €0 (Lo (Aory +1) 7 Loumy ) \ 0} =0 (Aw.ry +1)7) \ {0}

and A; — A when j — +oo0. }

In particular, with A = 1/(A41), where A = "™/3|u;| € 0(A(0,400)) is the eigenvalue of A(g 1) with smallest
real part (see [4]), we get a sequence S\j =1/\j =1 € o(A(,r,)) such that Re S\j — Re) = |pe1]/2, from which
we deduce (3.24).

3.4. Semi classical analysis of the Davies operator (v = 2)

The goal of this section is the proof of Theorem 3.2, which is similar to the one of Theorem 3.1.

Step 1. Let € > 0. We search R, > 0 such that

YR > Re, o(H_nm)N ((—oo, V2/2 — ) + iR) =0 (3.38)
and we prove (3.4).

Let o € (0,1/3) and (k, (3, ¢ € C(R; [0, 1]) be such that
Supp ¢k C (—o00, —R+ R%), =1lon (—oo,—R+ R%/2),
Supp (% € (-R+ R*/2,R — R“/2), gR =lon (—R+R* R—R%),
Supp (% C (R—R* +o0), (g =1on (R—R"/2,+00),
2 2
(CR)+(R)°+ () =10nR,

1R | o=y = 20 (R, 1(6R)" Nl o) = 20 (B, (3.39)

Close to y = —R, we have
y* = —2R(y+ R) + R* + o(|ly + R|).

Thus, we are going to approximate H_g gy, close to y = —R, by the complex Airy type operator on (—R, +00)
2
dy?
In the same way, we will approximate H_g g) close to y = 4R by the complex Airy type operator on (—oo, +R)

Ap = —— —2iR(y + R) +iR*.

d? )
AE = —F — 27,R(R — y) + 7/R2.
Then, we remark that, if Tr and Ug are defined by (3.7), then we have
Ap = TpRA TR +iR* and A}, = UrA3pUgp' +iR?,

where Ap is the Dirichlet realization of the complex Airy operator —;—;2 + iRy on (0, +00).
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Following [27], we deduce that
infReo (A};) =infReo (Ag) = (2R)2/3@7 (3.40)

and, for every e > 0, there exists C. > 0 such that

ap i Grin) < (3.41)

v €0, R?/3|uy|/2 — <],
v EeER

We call Hy the complex harmonic oscillator —% + 4y on R, that will serve to approximate H(—Rr,r) on the
support of (4. We recall that inf Reo(Ho) = cos7/4 = v/2/2 (see [22]) and

sup ‘ (Ho— (v +iv) " H < CL (3.42)

v < VZ/2 - €,
veER

for some C. > 0, see for instance [41].
Now, we take A = v +iv € (0,1/2/2 — ¢) + iR and we set

Qr(\) = Ch(Ag — A Ch+ G (Ho— NG+ (AF—A) G (3.43)
Then, we have
(H-rmy = A) Qr(N) = T+ [H(_pry.Ch] (Ap =)' ¢h
+ [H—rr), CE] (Ho — NG+ [H—r.r) %] (AL — )\)_1 ¢
+Ch (Herm) — AR) (Ar =N Ch+ G (Morm — Af) (Ah -2 G,

as equality between operators on L?(—R, R). The terms involving commutators can be estimated as in Step 1
of the previous section, by using (3.39), (3.41), (3.42) and we get

| Herm Ch (AR =27 ]y TP R0 =7 G

2(—R,R)) L(L*(—R,R))
| P rm RN AE =N L = OB
Moreover, we have, by definition of A,
(H(—r,r) — Ap)uy) = i(y + R)*u(y),
and on the support of (}, we have y + R < R®. Therefore, by (3.41)
HC}%(H(’R’R) AR (A5 =) C11{”5@2(—13,3)) <7 (Ap =) HL(L2(—R,+OO))

< CLR21/3),
In the same way, we verify

3 (1, AT (A — ) 5H < C.RY71/9),
HCR(H( rr) —Ap) (Ar =) Cr L(L2(~R,R)) = R
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Thus, we have proved that ~
(H(=r,r) — NQRr(A) = I + Er(N),

with ||Er(N)|| — 0 as R — 400, uniformly with respect to A in the interval (0,v/2/2 — ¢) + iR. Thus, there
exists R, > 0 such that, for every R > R., (H(_g,g) — A) is invertible, with

1

(Hiormy ~ 2" = Qe (1+E(N) (3.44)

This proves the existence of R, > 0 such that (3.38) holds. The resolvent estimate (3.4) follows from (3.41),
(3.42) and (3.43).

Step 2. We prove

_ V3
li inf R _ < — 3.45
Rir}:oom ea(H( R,R)) 5 ( )
Let ok, % € C™(R, [0, 1]) be such that
Supp (pr) C (=00, =R/2)U(R/2,+00), @p=1on (—o0,~2R/3)U(2R/3,+00),
Supp (%) € (—2R/3,2R/3), ¢hr=1o0 (—R/2, R/2),
2
(Ph)"+ (ph) =10
. !
1 (#%) e =0 (B, | (soR) lew = O (R7?).
We recall that Hy denotes the operator —% + iz? defined on R, and we set
. _ —1
Or =9k Mo+ 1) ok + vk (Hrm +1) ok
Thus, we have .
(H—r,r) +1) Qr =1+ Pr,
where )
-1 —
Pr=[Hrr) ¢k (Ho+ 1) ¢k + [H—rr)> ¢rl (H-rr) + 1) ¢k
and
|Prllzcz2(-r,r) = OR™). (3.46)
By composing on the left with (H_g r) + 1)~1 we get
—1 _ -1 —1
(Hermy +1) =R (Ho+ 1) 0k =9k (Hcrm +1) ¢r— (Hrr +1) Pa (3.47)
By going back over the proof of (3.32) and replacing (3.31) by
Im <H(,R’R)u,u> = (z%u,u), (3.48)
we get
1
(H 1)” H —o(=)-
H%OR (-R,R) T <PR _R.R) (R)
By (3.47), the previous relation, together with (3.46) and (3.4) imply
1 1
. - 1)” H —o(=) 3.49
|ty + 107 = ko 7 =0 (F) (3.49)

Then, we prove that the operator ¢%(Ho + 1) 1% converges to (HO +1)71in £(L3(R)), when R — +o0,
with the same arguments as in Step 2b of the previous section. Thus, (3.45) is proved, with the same arguments
as in Step 2c¢ of the previous section, and this ends the proof of Theorem 3.2.
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4. EXAMPLES OF (€;,w;) SATISFYING PROPERTY P(s)

The goal of this section is to give examples of pairs ({21,w1) that satisfy property P(s) for any s € (0,1/2).
Precisely, we prove that it is the case if £2; is a conical bounded subset of R? and w; is any open subset of 2,
that does not intersect the boundary 0f2;. Note that the result covers the situation where (2; is a disk or a
circular sector in 2D, a ball in any space dimension.

Proposition 4.1. Let d € N, d > 2 and U be an open subset of S¥=1. Let £21 be the conical open subset of RY
defined by

O ={z=r2a;0<r<1,2 €U}

Let wy be an open subset compactly embedded in 21. There exist constants C; K > 0, a sequence (Xk)keN*
of eigenvalues of the operator (—Af ) (with domain H? N Hg(£21)) and associated normalized eigenvectors
(Pr)ken+ such that

B (2)Pde < Ke~ OV vk e N*.

w1

In particular (£21,w1) satisfies property P(s) for any s € (0,1/2).

We refer to [38] for other similar results. Our Proof of Proposition 4.1 relies on properties of Bessel functions,
recalled in the next statement.

Proposition 4.2. The Bessel functions of the first kind J,, satisfy

0 < J,(vz) <e9® Vv e (0,400),z € (0,1), (4.1)
1 2\1/4 ,vg(x)

7 ()| < LEE T (0, 400),z € (0,1), (4.2)

TV 2TV

a
Ju(v) vtoo DI/ (4.3)
where
21/3
g(x) :hl(x)"‘ ].—.’EQ—II’I |:1+ \/1—1'2:| and GZZW>O.

Inequalities (4.1) and (4.2) are proved in [43]; inequality (4.3) is in ([1], formula 9.3.31, p. 368). Note that g
is negative and increasing on (0, 1) and that g(1) = 0.

Proof of Proposition 4.1. We recall that, in coordinates (r,z’), the Dirichlet-Laplacian writes

%p d—10p 1
(Fa8)e=-gz -5 T (A0)e

Let (A} )ken+ be the increasing sequence of eigenvalues of (—AX) and (X )ren- be associated eigenfunctions
(—Af) Xp(@') = N Xp(2'), o' €T,
Xi(z") =0, x' € o,
[ Xkl 2wy = 1.

For k € N*, we define
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and ji the first positive zero of the Bessel function of first kind J,, . Note that

vi < jx < v+ 0, Yk e N, (4.4)
for some constant ¢ > 0 (see [1], Formula 9.5.14, p. 371). Let
1/2

1 " 2
Cy = (/ ‘r_5+1jyk(jkr)‘ Td_ldr) , VkeN-.
0

Then, for every k € N*, the function

- 1 .
orlra’) == C—kr_%'HJVk (jer) Xk (z'),Vr € (0,1),2" € U,

is a normalized eigenfunction of (—Af ) associated to the eigenvalue

e = j2. (4.5)
Step 1. We prove the existence of C; > 0 such that, for k large enough
Cy

3—/4' (4.6)
Vi

Ch

WV

Let € € (0,5/6). Performing changes of variables, we get, for k large enough

a=(/ i G Prar )
= Jik (/Ojk | T (p)l2pdp>

1 e 1/2
> ([M1aPen) by ()
0

g

1/2

1/2

v 1 1/2
P ( / |J,,k(1/kr)|2rdr>
Jk 0
1/2
1
>C / | T, (vr)|?dr by (4.4). (4.7)

9]

—e

—
For r € (1 —v=¢7¢,1) and v large enough, we have

7, ()| = |2, ()| = v(1 = r)sup{|T (vo)l; 0 € (r,1)}

> gﬁ/a - yl—e—s% by (4.2) and (4.3)
1 a C
69
a

(4.8)



506 K. BEAUCHARD ET AL.
We deduce from (4.7) and (4.8) that (4.6) holds for some constant C; > 0.

Step 2. Conclusion:
Let wi be an open subset of R? such that @y C £2;. There exists a € (0,1) such that

wi C{z=ra’;0<r<a2 €U}

Thus, for every k € N*|

2

1
—T_%-HJW Grr)| ritdr

| Ewras [z

k
2

< ;T]%SUP{JW(J'M);O <r<a}.

Let b € (a,1). By (4.4), we have % < b < 1 for k large enough. Then, by (4.1) for every r € (0,a),
0< Jyk(jkT) = Juk (VkM) < ewg(%) .
Vi
Explicit computations show that ¢'(z) > 0, for every x € (0,1), thus

g (J'“—T> <g() <0, Vre(0,a).

Vg
Therefore,
2
D, 2 a —|g(b)|v,
” |ok(x)|*dz < @e lg(b) v
By (4.6), (4.4) and (4.5), we get the conclusion. .

Finally, let us quote, without proof, other examples of pairs ({21, w;) satisfying property P(s) for appropriate
values of s.

If 27 is a filled ellipse and wy is an open subset of 24 that does not intersect 921, then the pair (£21,w;)
satisfies property P(s) for any s € (0,1/2). This can be proved by working in separate variables as in [38] and
constructing “whispery galleries” solutions. The same result holds if w; intersects 9§21 but does not intersect
the small axis of §2; (see [38], Thm. 3.1, p. 786). This time this corresponds to “focusing solutions”.

All these results can be proved with semi-classical analysis (see, for instance [44] and [23]).

5. WELL POSEDNESS AND FOURIER DECOMPOSITION

In this section v € N* and 8 € (0,1) are fixed. For f € C°(£2,C), we define

1/2
|flv = </Q 3vf(x,v)2dxdv>

Observe that H}(2) C V C L*(£2), thus V is dense in L?(§2). We define the operator A, 5 by

and

D(A, ) :={f€V; —85f + iv’y(_Aa:)ﬁf € L2(Q)}7
A = —02f + i) (— A0,
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Then D(A, p) is dense in L*(£2), (A, 5, D(A, )) is a closed operator and both A, 53 and A% ; are dissipative,
thus (A, 3, D(A, 3)) generates a strongly continuous semigroup of contractions of L?(£2) (see the Lumer-Phillips
Theorem [40], Cor. 4.4, Chap. 1, p. 15; or the Hille Yosida’s Theorem [12], Thm. VIL.4, p. 105).

We consider a solution g € C°([0, T], L?(£2)) of (1.3). Then, the function z — g(¢,x,v) belongs to L?(£21) for
almost every (t,v) € [0,4+00) x (—1,1), thus, it can be developed on the Hilbert basis (¢n)nen+ (see (1.4)) as
follows

g(t,z,v) Z gn(t, v)pn(x where g, (t,v) ::/ g(t,z,v)pn(x)dx, Vn e N~ (5.1)
nEN* 2

In what follows, with a slight abuse of vocabulary, this decomposition is called ‘Fourier decomposition’ and the
functions g, (t,v) are called ‘Fourier components’.

Proposition 5.1. For every n € N*, g, is the unique solution of
Orgn(t,v) + N30V g, (t,v) — 02gn(t,v) =0, (t,v) € (0,+00) x (—1,1),
gn(t,£1) =0, t € (0,+00), (5.2)
gn(0,v) = go.n(v), ve(=1,1),

where g, € L?(—1,1) is given by

g0n(0) = [ golz,0)en(o)dn, v (~11),
2
This result can be proved by following the same steps as in ([10], Sect. 2.2).

6. OBSERVABILITY ON A HORIZONTAL STRIP

The goal of this section is the proof of the statements 1 of Theorems 1.6 and 1.7. Note that the negative part
of the first statement of Theorem 1.7 (i.e. no null controllability, when v = 2 and T' < T™*) can be done exactly
as in [9].

6.1. Global Carleman estimate

The goal of this subsection is the statement of a global Carleman estimate, proved in ([9], Appendix) and
useful for the proof of the statements 1 of Theorems 1.6 and 1.7. For A € R and v € {1,2}, we introduce the
operator

Prny g = 0ig +irv"g — d3g.

RL),

Proposition 6.1. Let a,b be such that —1 < a < b < 1. There exist a weight function B € C*([~1,1
1,1) N

positive constants C1,Ca such that, for every A\ € R, v € {1,2}, T > 0 and g € C°([0,T], L*(—
L2(0,T; Hi(—1,1)) the following inequality holds

M 2 M? 2\ _MB@)
Cl/ / ( —t| t,0)] +@(Tﬁlg<tw>!>e =0 dudt

/ / [Pyt o)f2e” 0 d“d”/ / aT—gple P T dodt, (6.1

where M := Comax{T + T?; \/|\T?}.

In this proposition, the weight B is the usual one for Carleman estimates for 1D heat equations; since its
explicit expression will not be used in this article, we do not specify its properties. Note that we have sharp
dependency of M on A and T. In particular, if we treat the term iAv7g as a lower-order term, to apply the
Carleman estimate for the operator (9; — 92), then, we can obtain a less sharp dependency M = O(A\?/3), which
is not sufficient in this article.
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6.2. Dissipation of Fourier components

The Dirichlet realization of the operator —92 4+ iA3v" on (—1,1) is not a normal operator. Thus it is not
obvious that the exponential decay of the solutions of (5.2) is given by the smallest real part of the eigenvalues
of this operator. This question is answered in the following statement.

Proposition 6.2. Let v € {1,2} and
= 28
C 244y

There exist K, > 0 such that, for every n € N* and go., € L*(—1,1), the solution of (5.2) satisfies

_ d
gn (8]l L2(<1,1) < Ke 2!

l90.nll2(<1,1), ¥t >0. (6.2)

Moreover, for every e > 0, there exists n, > 0 such that, for every n > n,, (6.2) holds with K = K. and

V22— ify =2 '

where pq is the first zero (from the right) of the Airy function.
Finally, the exponent d of A, in (6.2) is optimal, and the critical value of 6 in (6.3) is also optimal.

This result is stronger than ([9], Props. 10 and 17) because in (6.2), we have L?-norms on both sides, whereas
in [9] there was an H'-norm on the right hand side. We study this problem in semi-classical formulation (take

he A" and t — hyt).
Let hg > 0. For h € (0,ho) and v, € L?(—1,1), we consider the equation
hatwh(tvv) - h2812]’(/Jh(t,U) + Z.’U’Y’(/Jh(t,v) =0, (ta U) € (Oa —|—OO) X (_17 1)a
Pp(t, 1) =0, t € (0,400), (6.4)
¥r(0,0) = o,n(v), ve(—1,1).

Proposition 6.3. Let e = 2v/(y+2). There exist K,0 > 0 such that, for every h € (0, ho) and ¢o 5 € L?*(—1,1),
the unique solution of (6.4) satisfies

e—1
n ()l L2—11) < Ke " Hgonllr2(-1,1y, ¥t > 0. (6.5)

Moreover, for every € > 0, there exists h* € (0, hg) such that, for every h € (0,h*), (6.5) holds with K = K.
and (6.3) where pq is the first zero (from the right) of the Airy function.
Finally, the exponent d of h in (6.5) is optimal, and the critical value of 6 in (6.3) is also optimal.

Proof of Proposition 6.3.
Let Ay be the operator defined by

2

d
Ap = —hQ@ +iv?, D(Ap) = H*(—1,1) N Hi(—1,1).

By rescaling (R = R(h) = h=¢/7 and y = Rv) and using Theorems 3.1 and 3.2, we have

lpal/2 ity =1,
lim h~° inf Re o/(Ap) = 1/ (6.6)
h—0 V2/2 ify=2.
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Thus, we can consider

0*:= min h~°infRec(Ap) > 0.
he(0,ho)

Let 6 € (0,6%). By Theorems 3.1 and 3.2, there exists C5 such that

sup H (Ap — 6h¢ —iv) ! H < Gs,
veR he
Thus,
Ah e—1 . - l1—e
sup ||| =— — 0h*™ " —iv < Csh ™. (6.7)
veR h

Moreover, the operator h~'A4;, is maximally accretive, thus it generates a semigroup of contractions:

IVl z2(=1,1) < Yo,nll2(=1,1), VE>0. (6.8)

We can apply ([29], Thm. 1.5), with w = —6h¢~! <0, r(w)~! < Csh'~¢, m(t) =1 and a = a = t/2. Note that
) 1— ewt/2
L1 Z2 (0, /250000 = ———

Thus, we obtain
5Cs e
[on(t, ) L2—1,1) < T on112¢ " o,

|L2(—1,1)a vt > 0. (69)
Let ¢ > 0 and tj, = 2coh!~¢/d. Then, by (6.9),

Cspe—1
[on(t, Mz, < Kie " onllreiny, VE>th

with
0Cs

K=
Moreover, by (6.8),
lon ()l 21,1y < Koo~ Hlonll a1y, VE<tn
with Ky = e2°. Thus,
()l 21,0y < Ke " Hlyonllzaiy, ¥E>0 (6.10)

with K = max(Ky, K>).
Finally, if € > 0 is fixed, by (6.6) there exists h* € (0, ho) such that all the previous estimates hold for h € (0, h*)
and ¢ as in (6.3). Indeed, we have

§ <6 := min h ¢infRec(A).
he(0,h*)

To prove the optimality of exponent (e — 1) of h in (6.5), we just consider
o,n € ker(Ap — Ao ph®),
where Ao j, satisfies h®X\g , € 0(Ap) and h°Re Ao 5, = inf Reo(A}). Then, we have
Yp(t,v) = e_’\o’“hhltwoﬁ(v).
Thus, by (6.6), for every t > 0 and € > 0, there exists h* > 0 such that, for every h € (0, h*),
lon(t Mz = e gonl a1,
> ef(”“)he_lt\|1/10,h||L2(—1,1),

with v = |u1]/2 if y =1 and v = v/2/2 if v = 2. O
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6.3. Proof of the positive statements of Theorems 1.6 and 1.7

The positive statements in Theorems 1.6 and 1.7 are consequences of the following proposition and of the
Bessel-Parseval equality.

Proposition 6.4. Let 3 € (0,1) and 0 < a <b < 1.

o Ify =1, then, for every T > 0, there exists C > 0 such that for every n € N* and go., € L*(—1,1), the
solution of (5.2) satisfies

1 T b
/ |gn (T, 0)|* dv < C/ / |gn(t, v)|? dudt. (6.11)
-1 0 a

o [f~y =2, then, there exists Ty > 0 such that, for every T > Ty, there exists C > 0 such that for every n € N*
and go.n € L?(—1,1), the solution of (5.2) satisfies (6.11).

Proof of Proposition 6.4.
We deduce from Proposition 6.1 that

2T/3

1 T b
CaN33/20—c N » / gt 0) Pt < Cs /O / lgn (£, v)2dvdt (6.12)

for n large enough, where C3 := C2 max{4Cy; (4C1)3}, ¢* := 5Co max{f3(v);v € [-1,1]}, C4 := max{zde P~z >
0} and B, := min{B(v);v € (a,b)}.

Moreover, thanks to Proposition 6.2, we have
1 2 2T/3 1
3K ,
/ 1gn (T, 0)[? dv < T e 20207/3 / / |gn (t,0)[2 dodt
1 T T/3 J-1

Cs . , T b
< 72 o€ A§/2,25A:’LT/3/ / |gn (t, )| dvdt (6.13)
n 0 a

where Cs := K2C4/Cs.

Case 1: v = 1. Then d = % > g , thus the observability constant above converges to zero as n — +oo. This
proves the existence of a uniform observability constant for high frequencies: there exists Cy > 0 and ng € N*
such that

1 T b
/ \gn(T,v)\ZdUSCH/ / |gn(t,v) > dvdt, Vg0 € L*(—1,1),n > no.
1 0 a

Moreover, for every n € {1,...,ng}, there exists a constant C,, > 0 such that

1 T b
/ |gn (T, 0)|* dv < Cn/ / |gn (t,v) > dvdt, Vg2 € L*(—1,1)
1 0 a

(usual observability inequality for 1D heat equations). Thus, the uniform observability constant
C :=max{Cy,Cp;1 <n < np} gives the conclusion.

Case 2: v =2. Then d = g , thus, when T' > T} := 32%* , the observability constant in (6.13) converges to zero
as n — +oo and the proof can be ended as in the previous case. O
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