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DATA ASSIMILATION OF TIME UNDER-SAMPLED MEASUREMENTS USING
OBSERVERS, THE WAVE-LIKE EQUATION EXAMPLE

Nicolae Ĉındea1, Alexandre Imperiale2 and Philippe Moireau2

Abstract. We propose a sequential data assimilation scheme using Luenberger type observers when
only some space restricted time under-sampled measurements are available. More precisely, we consider
a wave-like equation for which we assume known the restriction of the solution to an open non-empty
subset of the spatial domain and for some time samples (typically the sampling step in time is much
larger than the time discretization step). To assimilate the available data, two strategies are proposed
and analyzed. The first strategy consists in assimilating data only if they are available and the second
one in assimilating interpolation of the available data at all the discretization times. In order to tackle
the spurious high frequencies which appear when we discretize the wave equation, for both strategies,
we introduce a numerical viscous term. In this case, we prove some error estimates between the exact
solution and our observers. Numerical simulations illustrate the theoretical results in the case of the
one dimensional wave equation.
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1. Introduction

The discipline of data assimilation historically appeared in the context of meteorology and oceanography –
see for example the surveys [5, 28] – but has also reached new fields of research for instance in life sciences [9].
The two main ingredients in a data assimilation formulation are the model and the data. On the one hand,
the model regroups physical information on the system under consideration encapsulated in a mathematical
dynamical system – mostly based on (nonlinear) evolution partial differential equations in the data assimilation
community – and allows after discretization to simulate various configurations of interest. However, the model
contains a various range of potential errors, for example: on the operator driving the dynamical system, on the
boundary conditions or on the initial conditions. On the other hand, the data bring complementary and valuable
information on the studied system but they are often partial – in space and time – and are likely to be corrupted
by the noise inherent to any measurement process. Data assimilation aims at providing a reconstruction of the
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(observed) real trajectory by coupling the information contained in the model and in the data, hence filtering
their respective uncertainties.

To reach this goal several strategies have been considered which could be classified into two main families.
The two approaches can be considered in a stochastic or deterministic formalism but we will focus here on the
deterministic one. On the one hand, the variational approach popularized by the 4D-Var method [22], consists,
in essence, in minimizing a – usually least square based – cost function integrating during a period of time a
compromise between (1) some a priori on the model and initial conditions and (2) the observation discrepancy
between the actual measurements and the synthetic data produced by the model. This cost function is minimized
under the constraint of the model dynamics with, in most cases, the help of a descent algorithm involving
successive iterations of the model and the dynamics of the so-called adjoint variable. On the other hand, there is
the family of filtering methods, where the discrepancy between the simulated system and the data at hand acts
in time as a controlled correction of the dynamics of the simulated system to adjust its trajectory to the pursued
trajectory. The resulting system is often called an observer of the exact trajectory in the deterministic context –
more often referred to as an estimator in the stochastic context. The evolution satisfied by this observer is
written in a general form of a dynamical system with a feedback law based on the discrepancy between the
model and the data. The most popular observer is the Kalman filter formulated by equivalence with an optimal
criterion minimization for finite dimensional systems or infinite dimensional systems [4, 20], hence applicable
to any system. However it ultimately leads to operators which are after discretization numerically intractable.
As an alternative for this “curse of dimensionality”, numerous strategies have been proposed for example the
Ensemble Kalman Filter [12] or Reduced Order Kalman-like filters [34]. In the specific context of the conservative
wave-like equation, however, several works [7, 23, 27, 31] have rather proposed simplified but effective feedback
laws directly based on the physical properties of the system at hand which stabilize at a certain rate – potentially
sub-optimal – any errors. This idea follows the path proposed by Luenberger’s work [25] for finite dimensional
systems and is popularized for PDEs with the nudging appellation as initiated in [1,19] – a complete historical
perspective can be found in [21].

In general, these observers are defined in an abstract continuous-time framework assuming that the model
and the data are available at any time. This clearly represents the asymptotic of any real configuration where in
general the data are time-sampled. Eventually the model should be considered with its time-discretization which
has no reason to be dependent of the time-sampling of the data. Therefore, we must analyze the impact of the
data discretization in the observer definition. In particular, we are concerned by coarse data in time with respect
to the model discretization and we will specifically focus in this work on the specific but fundamental case where
the data have a constant time-sampling which is much larger than the model time-step. As an illustration, we
can cite the case of image sequences assimilation for cardiovascular systems – described e.g. in [6] – where the
time-sampling of the data is of one or two orders of magnitude larger than the model time-step discretization.
Facing this situation, we can think of two alternatives. The first one – considered for example in [27] – consists in
interpolating the data in time in order to regenerate a time-continuous sequence which can then be compatible
with any time discretization of the model. This approach is very attractive from an abstract standpoint, and,
therefore, can be directly analyzed in the light of the literature about the time-discretization of time-continuous
observer – typically in our case following the works [2, 14–16, 30]. However it is at the price of an additional
time-interpolation error perturbing the observer dynamics as any other measurement noise. This perturbation
has the consistency of the data sampling period. Moreover, the resulting observer is non-causal and, therefore,
can not integrate the data in real-time. A second approach – often used in practice without even mentioning
it – is to compute the discrepancy only when the data are available. This intermittent correction is potentially
error free but may induce correction shocks which limit the stabilization of the error between the observer
trajectory and the pursued trajectory. We mention that the stability of some dissipative partial differential
evolution equations with intermittent damping was recently studied in [17].

In this paper, we address the issue of analyzing a data assimilation procedure where an intermittent feed-
back law is defined and compared to a procedure where a time interpolation of the data is considered. The
comparison is carried out both theoretically – since convergence estimates are provided in both cases – and
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numerically – using a simple one-dimensional wave equation model. Indeed, we restrict our analysis to the
specific case of a wave-like system and the Luenberger associated observer proposed in [27]. However, this work
is intended to illustrate how the data time-sampling influences the definition of any data assimilation sequential
strategy.

The outline of the paper is as follows. In Section 2 we introduce the observer methodology in the case of
wave-like systems and we propose two types of time discretization presented in a general form. In Section 3 we
provide convergence estimates of both observers. Sections 4 and 4.2 are then devoted to numerical illustrations
where (1) we analyze the spectra of the stabilized operators appearing in the dynamical systems satisfied by
the estimation error in order to provide an optimal gain for both observers and (2) we provide time simulations
which illustrate the robustness of the two strategies in mainly two different contexts: a first one with low data
noise but high sampling period, and a second one with reasonable sampling period but noisy data.

2. Discrete-time observer design

2.1. Nudging for wave-like systems

We consider in this work a general class of second order hyperbolic systems in bounded domain characteristic
of wave equations or elasticity systems. These models typically correspond to simplified situations of those
encountered in the cardiac modeling context, where a heart mechanical model is registered on coarse data
obtained from a sequence of few medical images [6]. Formally, we introduce a Hilbert space H endowed with
the inner product (·, ·) and we denote by ‖ · ‖ the associated norm. Then, we define a self adjoint operator
A0 : D(A0) → H, positive-definite with compact resolvent and we consider the general class of systems⎧⎪⎨⎪⎩

ẅ(t) + A0w(t) = 0,

w(0) = w0 + ζ0, ẇ(0) = w1 + ζ1,

(2.1)

where ẋ denotes the time derivative of any variable x, (ζ0, ζ1) represent some potential errors on the initial
conditions and (w0, w1) are some known a priori. We point out that (2.1) represents a conservative system and,
therefore, any errors on the initial conditions are conserved in time. Denoting by

x(t) =
(

w(t)
ẇ(t)

)
∈ X = D

(
A

1
2
0

)
×H,

we can rewrite (2.1) as a first-order system⎧⎨⎩ ẋ(t) = Ax(t), t > 0

x(0) = x0 + ζ,
(2.2)

where x0 =
(
w0 w1

)ᵀ, ζ =
(
ζ0 ζ1

)ᵀ and A : D(A) → X is defined by

D(A) = D(A0) ×D
(
A

1
2
0

)
, A =

(
0 �

−A0 0

)
.

On this system we consider a particular target system x• associated with a specific unknown ζ•. Moreover,
we assume that some measurements z – also called observations – are available and defined by

z(t) = Hx•(t), t > 0, (2.3)

where H ∈ L(X ,Z) is the so-called observation operator and Z is the Hilbert space associated with the observa-
tions endowed with its norm ‖ · ‖Z . For the sake of simplicity, we restrict ourselves to bounded observation
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operators but a more general class of admissible observation operators can also be considered [35]. The
observation operator can be applied to any solution of (2.2) and we assume that the pair (A, H) is exactly
observable in a time Tobs > 0, i.e. there exists a constant Cobs > 0 such that every solution of (2.2) satisfies∫ Tobs

0

‖Hx(t)‖2
Z dt ≥ Cobs‖x(0)‖2

X , x(0) ∈ X . (2.4)

In order to benefit from the available data z(t) and considering only the available a priori x0 that we have
on the initial condition, we consider the Luenberger observer x̂(t) [7] – see also similar formulations in [14, 31]
– estimating x•(t) from the dynamics⎧⎨⎩

˙̂x(t) = Ax̂(t) + γH∗ (z(t) − Hx̂(t)) , t > 0

x̂(0) = x0,
(2.5)

where H∗ ∈ L(Z,X ) is the adjoint of the observation operator and γ > 0 is a gain parameter. We justify the
use of this observer by noticing that the estimation error x̃(t) = x•(t)− x̂(t) satisfies the – damped – dynamics⎧⎨⎩

˙̃x(t) =
(
A − γH∗H

)
x̃(t), t > 0

x̃(0) = ζ•.
(2.6)

Provided that H satisfies (2.4) it is well known – see e.g. [24] – that the error is exponentially stable, namely
there exist two constants M > 0 and μ > 0 such that

‖x̃(t)‖X ≤ M exp(−μt)‖x̃(0)‖X , t > 0. (2.7)

Remark 2.1. In the filtering strategy described by (2.5) we see that the initial dynamics (2.2) is modified by
a feedback law where the so-called gain operator is, here, simply given by G = γH∗. In comparison, in the
context of Kalman filtering [4,32], the gain is given by G = P (t)H∗, where P (t) ∈ L(X ,X ) satisfies the Riccati
equation

Ṗ = AP + PA∗ − PH∗HP, P (0) = P0,

in the mild sense.

Remark 2.2. We may distinguish in the wave-like equation context two classes of observation operators. The
one corresponding to velocity observations, namely H =

(
0 H0

)
, and the one corresponding to the direct

observation of the field, i.e. H =
(
H0 0

)
. It should be noted that in the context of poor time resolution of the

data the two cases are indeed two independent situations since the data cannot be differentiated with respect to
time without dramatically amplifying the measurement noise. We point out that the exponential convergence
of these two classes of observers have been demonstrated. The first one is standard see [10, 18, 26]. The second
one is less classical since the adjoint H∗ induces a modification of the identity between the time-derivation of
the field and the velocity. This observer can therefore only be considered as a virtual system and has been
demonstrated to converge in [7, 8]. Ultimately the exponential convergence of both observer systems requires
the geometric control conditions to be satisfied – see [3] for the wave equation and [11] for the elasticity system.

2.2. Discrete-time observer

In the first section, we have introduced an abstract observer which assumes that the data at hand are available
at any time. However in practice, they are time-sampled and we want to study the influence of their discretiza-
tion in the definition of the observer. In this respect, we decide to directly introduce the time-discretization
avoiding the technicalities induced by potential Dirac distributions associated with the data time-sampling.
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However, we should consider an observer time-discretization which conserves at the time-discrete level – and
uniformly with respect to the time-discretization – the stability properties of the estimation error. Unfortu-
nately, when discretizing in time systems such as (2.6) spurious high-frequency modes may arise provoking the
loss of the uniform decay rate of the error – see e.g. [14,36,37]. These modes cannot be captured by the localized
observation operator, thus leading to a loss of uniform observability. In other words, a direct discretization of
the observer (2.5) for example using conservative mid-point rule

x̂n+1 − x̂n

Δt
= A

(
x̂n+1 + x̂n

2

)
+ γH∗

(
zn+1 + zn

2
− H

(
x̂n+1 + x̂n

2

))
(2.8)

may not satisfy at the discrete-level a time-discrete counterpart of the observation inequality (2.4) of the form

Nobs∑
n=0

‖Hx(nΔt)‖2
Z ≥ Cobs

(
‖w0‖2

D(A
1
2
0 )

+ ‖w1‖2

)
. (2.9)

Note that in (2.8) we still avoid to consider the time sampling of the data and denote by

zn = Hx•(nΔt), (2.10)

a discrete (in time) observation potentially available at any model time-step.
To circumvent the loss of observability at a time-discrete level, authors in [14] propose two main options. The

first possibility is to impose a (restrictive) CFL condition that discards these undesired high frequency modes.
The second option consists in adding an artificial viscous term consistent with the order of the numerical scheme
and responsible for the dissipation of the spurious modes – see also [30,33] for a similar proposition. Note that it
is also possible to define specific compatible spaces and discretizations – with, for example a mixed formulation
for the space discretization – that offer uniform stabilization properties, see, for example [2] or [13] and reference
therein. However, these discretizations are less usual and thus more intricate to use in practical applications.
Among the various possibilities detailed in [14], we retain for instance the discretization⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂n+1
− − x̂n

+

Δt
= A

(
x̂n+1
− + x̂n

+

2

)
, n > 0

x̂n+1
+ − x̂n+1

−
Δt

= γn+1H
∗ (zn+1 − Hx̂n+1

+

)
+ νΔtA

2x̂n+1
+ , n > 0

x̂0
+ =

(
w0

w1

)
,

(2.11)

where some numerical viscosity is introduced with the specific viscous operator (suggested by [14])

A2 =
(−A0 0

0 −A0

)
, (2.12)

and νΔt controls the amount of this numerical viscosity. In order to respect the order of consistency of this time
scheme – and as advised in [14] – we ought to set νΔt = O(Δt2). This time discretization can be understood as
a prediction-correction scheme where the dynamics of the model leading to x̂n− is then corrected by computing
a model-data interaction to produce x̂n

+.
Once the time discretization of the observer is chosen, we can go back to our considerations on the data time-

sampling. Here, we should first point out that the observation inequality (2.9) can be expected to be obtained
from its continuous counterpart (2.4) only with a time discretization step small enough so that there are several
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time steps included in the characteristic time associated with the smallest frequency of the system. Otherwise,
we could imagine a degenerate situation where the measurements are considered at the exact same frequency
than a system mode making it unobservable, see also [17] about the observability of intermittent stabilized
systems. This condition on the data sampling will be assumed to be satisfied in the rest of the article. We define
(jr)r∈N ⊂ N as a strictly increasing sequence of natural numbers so that the available measurements are

zr = z(jrΔt), r ∈ N. (2.13)

We then consider two strategies to introduce these time-sampled data in (2.11). The first one is to consider
the data only when they are available, hence in essence γn = 0 when the data zn is not available. The second one
consists in interpolating the data to generate an approximated zn for all n. We summarize these two strategies by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂n+1
− − x̂n

+

Δt
= A

(
x̂n+1
− + x̂n

+

2

)
, n > 0

x̂n+1
+ − x̂n+1

−
Δt

= δn+1γH∗ (dn+1 − Hx̂n+1
+

)
+ νΔtA

2x̂n+1
+ , n > 0

x̂0
+ =

(
w0

w1

)
= x̂0,

(2.14)

where (δn)n∈N and (dn)n∈N will be referred to as the switching coefficients and the interpolated data respectively.
For the first idea – named on/off switch and where the correction term only appears when measurements are
available – we have

δn =
{

1
0 dn =

{
zr

0
if ∃r ∈ N : n = jr

otherwise. (2.15)

The second choice where we interpolate in time the data reads, in the particular case of linear interpolation,

δn = 1 ∀n, dn =
n − jr

jr+1 − jr
zr+1 +

(
1 − n − jr

jr+1 − jr

)
zr jr ≤ n ≤ jr+1. (2.16)

Then in the next sections, we propose to study the convergence of the time-discrete observer given
by (2.14)−(2.15) – see Theorem 3.2 – and given by (2.14)−(2.16) – see Theorem 3.6.

Remark 2.3. There is also an exact counterpart at the time-discrete level of the popular Kalman observer
mentioned in Remark 2.1. The resulting time-discrete observer for the system (2.2)−(2.3) – called Kalman−Bucy
estimator [20] – is also based on a prediction-correction paradigm reading

(Prediction)

⎧⎨⎩x̂n+1
− = An+1|nx̂n

+,

Pn+1
− = An+1|nPn

+A∗
n+1|n,

(2.17)

(Correction)

⎧⎨⎩x̂n+1
+ = x̂n+1

− + ΔtPn+1
+ H∗ (zn+1 − Hx̂n+1

−
)
,

Pn+1
+ =

(
(Pn+1

− )−1 + H∗H
)−1

,
(2.18)

where we denoted by An+1|n the state transition operator corresponding to a stable and consistent discretization
of the dynamical system (2.2) for instance in the case of a mid-point discretization

An+1|n =
(
�− Δt

2
A

)−1(
�+

Δt

2
A

)
·
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One can prove – see e.g. [29] – that the time-discrete observer derives from seeking the minimum value of
the functional

J(x̃0) =
1
2
‖x̃0‖2

P−1
0

+
1
2

n∑
k=1

∥∥zk − Hxk
∥∥2

Z Δt, (2.19)

with xk subject to xk = Ak|k−1x
k−1 and x0 = x0 + x̃0. Hence, an on/off version of the Kalman−Bucy observer

corresponds to the minimum of the adequately adjusted functional

J(x̃0) =
1
2
‖x̃0‖2

P−1
0

+
1
2

cn∑
r=1

∥∥zr − Hxjr
∥∥2

Z (jr+1 − jr)Δt, (2.20)

with
cn = card{j, 1 ≤ j ≤ n, δj = 1}. (2.21)

We expect that the proof that we will present for the nudging observer can be directly adapted to the
Kalman approach, hence justifying in the general context of sequential data assimilation methods the choice of
interpolating or intermittently filtering the under-sampled data or continuously filtering a reconstructed data
by interpolation.

3. Convergence estimate for the estimation error

3.1. Convergence estimate for the on/off switch

Let us define the corrected estimation error by

x̃n
+ = x•(nΔt) − x̂n

+, (3.1)

and the corresponding predicted estimation error by

x̃n
− = x•(nΔt) − x̂n

−, (3.2)

where x• is the exact solution of (2.2) and x̂n
+ and x̂n− satisfy (2.14)−(2.15). We start by giving the dynamical

system satisfied by this estimation error in the following proposition.

Proposition 3.1. Assuming that x0 ∈ D(A2
0)×D(A

3
2
0 ), the estimation errors defined by (3.1) and (3.2) satisfy

the following discrete dynamical system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̃n+1
− − x̃n

+

Δt
= A

(
x̃n+1
− + x̃n

+

2

)
+ εn+1,

x̃n+1
+ − x̃n+1

−
Δt

= −δn+1γH∗Hx̃n+1
+ + νΔtA

2x̃n+1
+ + εn+1

ν ,

x̃0
+ = x0 − x̂0,

(3.3)

where the consistency terms are∣∣∣∣∣∣∣∣∣
εn+1 =

Δt2

2
A3

(
1
3
x•(tn) − 1

2
x•(rn)

)
, with tn, rn ∈ [nΔt; (n + 1)Δt],

εn+1
ν = −νΔtA

2x•((n + 1)Δt).

(3.4)
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Proof. Starting from the definition of the predicted estimation error and from the correction phase of the
observer (2.14) we obtain

x̃n+1
− = x•((n + 1)Δt) − x̂n+1

+ + δn+1ΔtγH∗ (dn+1 − Hx̂n+1
+

)
+ νΔtΔtA2x̂n+1

+

= (�+ δn+1ΔtγH∗H)x̃n+1
+ + νΔtΔtA2x̂n+1

+

=
(
�+ δn+1ΔtγH∗H − νΔtΔtA2

)
x̃n+1

+ − Δtεn+1
ν ,

which is exactly the second equation in (3.3). Secondly, to obtain the remaining equation it suffices to notice
that

x̃n+1
− − x̃n

+

Δt
=

x•((n + 1)Δt) − x•(nΔt)
Δt

− x̂n+1
− − x̂n

+

Δt
·

Hence, using a first-order finite difference approximation of ẋ•((n+1)Δt), from the above equality – assuming
enough regularity on the initial condition – we can assure that there exist a time tn and a time rn ∈ [nΔt; (n +
1)Δt] such that

x̃n+1
− − x̃n

+

Δt
=

ẋ•((n + 1)Δt) + ẋ•(nΔt)
2

− x̂n+1
− − x̂n

+

Δt
+

Δt2

2

(
1
3
...
x •(tn) − 1

2
...
x (rn)

)
.

Therefore, from (2.2) and the first equation of (2.14) we conclude the proof. �

From this first result we can now give the convergence estimate for the on/off observer in the specific but
fundamental case where the data have a constant time-sampling which is much larger than the model time-step.

Theorem 3.2. Let A be a skew-adjoint operator with compact resolvent and H ∈ L(X ,Z) be a bounded linear
observation operator such that the observability inequality (2.4) holds. Assume that there exists a strictly positive
integer N such that

jr = rNΔt, n ∈ N, (3.5)

where (jr)r∈N is the sequence appearing in (2.13). Then, for every x0 ∈ D(A2
0) × D(A

3
2
0 ) there exist positive

constants M0, μ0(N), C1 and C2, independent of Δt ∈ (0, 1) and n, such that x̃n
+ solution of (3.3) satisfies

‖x̃n
+‖X ≤ M0 exp(−μ0cnΔt)‖x̃0‖X +

Δt

1 − exp(−μ0ρΔt)
(
Δt2C1 + νΔtC2

)
, (3.6)

where cn is given by (2.21), and, using (3.5) is equal to
⌊ n

N

⌋
, and ρ =

cn

n
.

Proof. From the system (3.3) we can explicitly compute x̃n+1
+ function of x̃n

+, εn+1 and εn+1
ν by the following

relation
x̃n+1

+ = Pn+1Q x̃n
+ + Δt

(Pn+1ε
n+1 + Rn+1ε

n+1
ν

)
, (3.7)

where Pn, Q, Rn ∈ L(X ) are given by∣∣∣∣∣∣∣∣∣∣∣
Pn =

(
�+ δnγΔtH∗H − ΔtνΔtA

2
)−1

(
�− Δt

2
A

)−1

,

Q = �+
Δt

2
A,

Rn =
(
�+ δnγΔtH∗H − ΔtνΔtA

2
)−1

.
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Note that since both semigroups generated by operators (νΔtA
2 − γH∗H) and A respectively are semigroups

of contraction we have that Pn and Rn are well defined and ‖Pn‖L(X ) ≤ 1 and ‖Rn‖L(X ) ≤ 1. Hence, using
this notation we can write (3.3) as follows

x̃n
+ =

⎛⎝ n∏
j=1

PjQ
⎞⎠ x̃0

+ + Δt

n−1∑
i=0

⎛⎝ i∏
j=1

PjQ
⎞⎠(Pn−iε

n−i + Rn−iε
n−i
ν

)
. (3.8)

Remark that if δn = 0 then PnQ is the operator driving the system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̃n+1
− − x̃n

+

Δt
= A

(
x̃n+1
− + x̃n

+

2

)
,

x̃n+1
+ − x̃n+1

−
Δt

= νΔtA
2x̃n+1

+ ,

x̃0
+ = x0 − x̂0.

(3.9)

The product of non-commutative operators, involving or not the feedback, interferes with a direct use of
the exponential results obtained in [14]. However, the proof made in [14], where observations are available at
each time step can be directly adapted – using also [15] – with a similar decomposition between low and high
frequencies. The low frequencies can still be controlled by our intermittent feedback as soon as the frequency
cut-off is chosen with respect to the maximum data sampling time-step. Then, the resulting high frequencies
are handled by the numerical viscosity which acts at every time-step Δt. We refer to Appendix A for a complete
proof of the existence of the two positive constants M0 and μ0, with μ0 depending on N , such that∥∥∥∥∥∥

n∏
j=1

(PjQ)

∥∥∥∥∥∥
L(X )

≤ M0 exp(−μ0cnΔt), n ∈ N. (3.10)

Combining (3.8), (3.10) and the fact that ‖Pn‖L(X ) ≤ 1 and ‖Rn‖L(X ) ≤ 1, we obtain the following estimate

‖x̃n
+‖X ≤ M0 exp(−μ0cnΔt)‖x̃0

+‖X + Δt

n−1∑
i=0

exp(−μ0ciΔt)
(‖εn−i‖X + ‖εn−i

ν ‖X
)

≤ M0 exp(−μ0cnΔt)‖x̃0
+‖X +

Δt

1 − exp(−μ0ρΔt)
max

1≤i≤n

(‖εi‖X + ‖εi
ν‖X

)
.

Finally, from (3.4) combined with the conservation of the energy associated with (2.2), we obtain the final
estimate (3.6) of Theorem 3.2 with

C1 =
5
12

‖A3x0‖X and C2 = ‖A2x0‖X . (3.11)

�

The estimate (3.6) gives the convergence (in the energy norm) of the time semi-discrete observer (2.14) to the
solution of the continuous system (2.2) when n → ∞ and Δt → 0. Moreover, this estimate provides an explicit
dependence between the error and the ratio ρ associated with the sampling frequency. Considering (3.5) to be
satisfied, the data time-sampling is a constant equal to ΔT = NΔt, and

ρ ∼ Δt

ΔT
·
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Therefore if ΔT is large with respect to Δt, then ρ is close to zero, the first term of the estimate (3.6) right-
hand side cn tends to 0, and the second term is O(ΔT (Δt2 + νΔT )). Therefore the overall asymptotic estimate
reads

‖x̃n
+‖X = O

(
M0 + ΔT

(
Δt +

νΔT

Δt

))
·

From this asymptotic estimate, we see in the estimate (3.6) that the numerical viscosity coefficient appears
as a consistency term, which is consistent with the fact that this artificial term is in fact a perturbation of
the standard and consistent discretization of (2.2). For this reason we clearly understand why the viscosity
coefficient should be kept νΔT = O(Δt2). Furthermore, the term M0 indicates that the initial condition error
can not be stabilized. Moreover even if M0 = 0 we see that the data time-sampling ΔT control the error
estimate. If ΔT is typically of the same order of magnitude as the global simulation time T , we retrieve the
standard numerical error estimate which deteriorates with the simulation time. We point out that when ρ = 1
we retrieve the estimate in [8] which first exhibit the gain offered by data assimilation strategies in numerical
analysis estimates. More precisely, in this particular case, authors in [8] have shown that the numerical error
between the exact solution and the numerical solution is bounded and independent of the total simulation time.
The input of data in the observer dynamics balances the accumulation of numerical errors. When ρ �= 1, this
remark is still valid but the time-sampling of the data also governed the estimation. We provide in Section 4.2
a numerical illustration of this phenomenon.

The result obtained in Theorem 3.2 can be extended to take into account potential data noise. For instance,
let us consider the case of additive noise so that (2.10) becomes

zn = Hx•(nΔt) + χ(nΔt), (3.12)

where χ is a time dependent function belonging to Z. In the case of the intermittent observer, the second
equation of system (3.3) reads

x̃n+1
+ − x̃n+1

−
Δt

= −δn+1γH∗Hx̃n+1
+ + νΔtA

2x̃n+1
+ + εn+1

ν + δn+1γH∗χ((n + 1)Δt). (3.13)

The data noise directly enters as a source term in the estimation error dynamical system, hence the demon-
stration proposed in Theorem 3.2 directly applies, entailing the following estimate

‖x̃n
+‖X ≤ M0 exp(−μ0cnΔt)‖x̃0‖X +

Δt

1 − exp(−μ0ρΔt)

(
Δt2C1 + νΔtC2 + γC3 max

1≤i≤n|δi=1
‖χ(iΔt)‖Z

)
, (3.14)

where C1 and C2 are as in Theorem 3.2 and C3 is given by

C3 = ‖H∗‖L(Z,X ). (3.15)

Remark 3.3. Theorem 3.2 can be extended to obtain error estimates for a fully discrete observer, combin-
ing (2.14) with Galerkin method. The idea is to adapt the proof of Theorem 3.2 using the method described
in [8].

Remark 3.4. We believe that Theorem 3.2 could be extended in order to tackle non-constant time-sampling
rates, in particular as soon as the ratio between two measurements and the time discretization step is bounded
with respect to time. In any case we should carefully investigate what it is the “good” distribution of the samples
such that all the system frequencies are stabilized.

3.2. Convergence estimate using interpolated observations

Similarly to what we have proposed for the on/off strategy we analyze the time-discrete observer that assim-
ilates interpolated data – i.e. system (2.14)−(2.16). For the sake of clarity we will use the same notation for the
estimation error, namely

x̃n
+ = x•(nΔt) − x̂n

+ (3.16)
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for the corrected estimation error and
x̃n
− = x•(nΔt) − x̂n

− (3.17)

for the predicted estimation error.

Proposition 3.5. Assuming that x0 ∈ D(A2
0) ×D(A

3
2
0 ) then the estimation error defined by (3.16) and (3.17)

satisfies the following discrete dynamical system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̃n+1
− − x̃n

+

Δt
= A

(
x̃n+1
− + x̃n

+

2

)
+ εn+1,

x̃n+1
+ − x̃n+1

−
Δt

= −γH∗Hx̃n+1
+ + νΔtA

2x̃n+1
+ + εn+1

ν + γH∗εn+1
d ,

x̃0
+ = x0 − x̂0,

(3.18)

where εn+1 and εn+1
ν are given by (3.4) and εd is the interpolation error, namely

εn+1
d = Hx•((n + 1)Δt) − dn+1. (3.19)

Proof. From the definition of the predicted estimation error and from the correction phase of the observer (2.14)
we obtain

x̃n+1
− = x•((n + 1)Δt) − x̂n+1

+ + ΔtγH∗(dn+1 − Hx̂n+1
+ ) + νΔtΔtA2x̂n+1

+

= (�+ ΔtγH∗H)x̃n+1
+ + νΔtΔtA2x̂n+1

+ + ΔtγH∗(dn+1 − Hx•((n + 1)Δt))
= (�+ ΔtγH∗H − νΔtΔtA2)x̃n+1

+ − Δtεn+1
ν − ΔtγH∗εn+1

d .

What remains of the proof follows the demonstration of Proposition 3.1. �

We can now give the convergence estimate in the case of interpolated data and, as a first step, we do not
make assumptions on the type of interpolation scheme.

Theorem 3.6. Making the same assumptions on A, H and x0 than Theorem 3.2 and denoting by

|εd| = max
1≤i≤n

‖εi
d‖Z ,

we can state that there exist positive constants M0, μ0, C1, C2 and C3, independent of Δt ∈ (0, 1) and n, such
that,

‖x̃n
+‖X ≤ M0 exp(−μ0nΔt)‖x̃0‖X +

Δt

1 − exp(−μ0Δt)
(
Δt2C1 + νΔtC2 + γC3|εd|

)
. (3.20)

Proof. From the discrete dynamical system (3.18) satisfied by the estimation error we can extract the explicit
relation

x̃n+1
+ = UVWx̃n

+ + Δt
(UVεn+1 + Uεn+1

ν + γH∗εn+1
d

)
, (3.21)

where U , V , W ∈ L(X ) are given by ∣∣∣∣∣∣∣∣∣∣∣

U =
(
�− Δt νΔtA

2 + γΔtH∗H
)−1

,

V =
(
�− Δt

2
A

)−1

,

W = �+
Δt

2
A.
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Following the same arguments as for Theorem 3.2

‖x̃n
+‖X ≤ M0 exp(−μ0nΔt)‖x̃0

+‖X
+

Δt

1 − exp(−μ0Δt)

(
max

1≤i≤n
‖εi‖X + max

1≤i≤n
‖εi

ν‖X + γC3 max
1≤i≤n

‖εi
d‖Z

)
. (3.22)

Hence we obtain the desired results with C1 and C2 expressed in (3.11) and C3 given by (3.15). �

Note that estimate (3.20) directly follows intuition since, as we could imagine, when only few data are available
the interpolation error naturally increases hence the right-hand side of (3.20) grows larger. Moreover, the gain γ
appears as a coefficient on this part of the upper-bound which clearly implies that the interpolation error enters
in the observer dynamical system as some additive noise on the data. To finally illustrate this phenomenon we
propose to give an a priori bound of the interpolation error in the case of linearly interpolated data.

Proposition 3.7. If we associate the sampling time (tr)r∈N ⊂ N to the sampling time steps (jr)r∈N ⊂ N, by
tr = jrΔt and if we denote by

ΔTmax = max
r≥0

{tr+1 − tr} ,

then there exists a constant C4 depending only on the observation operator H and the initial condition x0 such
that

|εd| ≤ C4 ΔT 2
max. (3.23)

Proof. To simplify the presentation we first focus our attention on the interval [t0, t1]. To start with we remark
that di in (2.16) can be written as

di = H

(
iΔt − t0
t1 − t0

x•(t1) +
t1 − iΔt

t1 − t0
x•(t0)

)
. (3.24)

Furthermore, there exists r0 ∈ [t0, iΔt] and r1 ∈ [iΔt, t1] such that∣∣∣∣∣∣∣∣
x•(t0) = x•(iΔt + t0 − iΔt) = x•(iΔt) + (t0 − iΔt)ẋ•(iΔt) +

(t0 − iΔt)2

2
ẍ•(r0),

x•(t1) = x•(iΔt + t1 − iΔt) = x•(iΔt) + (t1 − iΔt)ẋ•(iΔt) +
(t1 − iΔt)2

2
ẍ•(r1).

Therefore, replacing x•(t0) and x•(t1) in (3.24) we obtain

di = H

(
x•(iΔt) +

(t1 − iΔt)(t0 − iΔt) + (iΔt − t0)(t1 − iΔt)
t1 − t0

ẋ•(iΔt)

× (t1 − iΔt)(t0 − iΔt)2

2(t1 − t0)
ẍ•(r0) +

(iΔt − t0)(t1 − iΔt)2

2(t1 − t0)
ẍ•(r1)

)
hence

di − Hx•(iΔt) = H

(
(t1 − iΔt)(t0 − iΔt)2

2(t1 − t0)
ẍ•(r0) +

(iΔt − t0)(t1 − iΔt)2

2(t1 − t0)
ẍ•(r1)

)
.

Using now the conservation of the energy associated with (2.2) this leads to

‖εi
d‖Z ≤ ‖H‖L(X ,Z)

(iΔt − t0)2(t1 − iΔt) + (iΔt − t0)(t1 − iΔt)2

2(t1 − t0)
‖A2x0‖X

and therefore

‖εi
d‖Z ≤ ‖H‖L(X ,Z)

(t1 − t0)2

8
‖A2x0‖X . (3.25)

We conclude the demonstration by giving the expression of the constant, namely

C4 =
1
8
‖H‖L(X ,Z)‖A2x0‖X . �
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As previously presented for the intermittent observer, the convergence estimate in Theorem 3.6 can be
extended to take into account data noise of the form of (3.12). In this case, the second equation of the dynamical
system (3.18) verified by the estimation error of the observer using interpolated data becomes

x̃n+1
+ − x̃n+1

−
Δt

= −γH∗Hx̃n+1
+ + νΔtA

2x̃n+1
+ + εn+1

ν + γH∗εn+1
d,χ , (3.26)

where
εn+1

d,χ = (�− I)Hx•((n + 1)Δt) − Iχ((n + 1)Δt) = εn+1
d − Iχ((n + 1)Δt). (3.27)

In the previous equation we denoted by I the interpolation operator which, in the case of linear interpolation,
is given by (2.16) and by εn+1

d the interpolation error of the observations without noise, as presented in Theo-
rem 3.6. In a general case, assuming that I ∈ L(Z,Z) is a bounded linear operator, the proof of Theorem 3.6
remains valid, so that the estimate (3.20) reads

‖x̃n
+‖X ≤ M0 exp(−μ0nΔt)‖x̃0‖X

+
Δt

1 − exp(−μ0Δt)

(
Δt2C1 + νΔtC2 + γC3|εd| + γC3‖I‖L(Z,Z) max

1≤i≤n
‖χ(iΔt)‖Z

)
. (3.28)

In the light of Theorem 3.2 and Theorem 3.6 we understand that choosing a strategy – interpolated or on/off –
relies on a compromise between stability and consistency. On the one hand, the observer with intermittent
correction phases bear an exact consistency with respect to the data, however corrections shocks may occur
thus leading to potential instabilities. On the other hand, the observer fed with interpolated data admits a
correction phase at each model time-step – hence its greater stability – but artificially induces noise in the
observer dynamical system due to data interpolation error.

4. Numerical illustrations

We proceed in this section with the illustration of our theoretical results on a simple 1D wave model. Our
objective is to show how the two strategies can offer two different alternatives depending on the data sampling.
Namely, the on/off time discretization is a consistent formulation with respect to the data sampling whereas
the interpolated strategy ensures a stability at every time-step. We will proceed with two classes of numerical
results. First we will present a spectrum analysis to numerically demonstrate the stability properties of the
proposed feedback laws. This will in particular help us to fix the optimal gains of each method with respect
to the other. Secondly, we will present time evolution of the estimation errors for various sources of initial
uncertainties in order to show the impact of the data time-sampling in practical data assimilation procedures.

The example of the one-dimensional wave equation reads⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẅ(x, t) − wxx(x, t) = 0, (x, t) ∈ (0, 1) × (0,∞)
wx(0, t) = wx(1, t) = 0, t ∈ (0,∞)
w(x, 0) = w0(x) + ζ0(x), x ∈ (0, 1)
ẇ(x, 0) = w1(x) + ζ1(x), x ∈ (0, 1).

(4.1)

In this setting we have ∣∣∣∣∣∣∣∣
H = L2(0, 1),

D(A0) =
{
w ∈ H1(0, 1)

∣∣ wxx ∈ L2(0, 1)
}

,

A0w = −wxx, w ∈ D(A0).

It is easy to see that this particular case fits exactly in the abstract framework described in Section 2.
Concerning the observations, we follow the example presented in [8] and we assume that

z(t) = w(·, t)|ω0 , t ∈ (0,∞), (4.2)
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with ω0 =]0.3, 0.7[⊂ (0, 1) an open and non-empty interval. Hence, the observation space reads

Z = H1(ω0). (4.3)

Following [7] we endow Z with the inner-product

∀ϕ1, ϕ2 ∈ H1(ω0) (ϕ1, ϕ2)Z = (Extω0(ϕ1), Extω0(ϕ2))H1(0,1) , (4.4)

where the extension operator u = Extω0(ϕ) ∈ H1(0, 1) is defined for all ϕ ∈ H1(ω0) as the solution of⎧⎨⎩
−uxx = 0, x ∈ (0, 1)\ω0

u = ϕ, x ∈ ω0

ux(0) = ux(1) = 0.

For the inner-products (·, ·)Z and (·, ·)H1(0,1), one can prove [7] that the adjoint of the observation operator is

H∗
0 :

∣∣∣∣∣Z → H1(0, 1)
ϕ �→ Extω0(ϕ),

and therefore the observer, decomposed into x̂ =
(
ŵ v̂
)ᵀ, reads⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

˙̂w = v̂ + γExtω0(z − ŵ|ω0),
˙̂v = ŵxx,

ŵx|x=0 = ŵx|x=1 = 0,

ŵ|t=0 = w0,

v̂|t=0 = w1.

4.1. Spectral analysis

As the Luenberger filter aims at stabilizing the estimation error system it is natural to assess the quality of
the gain filter by evaluating its damping impact on the otherwise conservative system. Following [25], this can
be done after full discretization by observing the evolution of the poles of the stabilized operator in both cases,
namely using time interpolation or the on/off switch.

To start with, the most natural spectrum to analyze is certainly the spectrum associated with the time-
continuous observer formulation, namely with only its spatial discretization. Then, the numerical results can
be compared to the existing literature in particular with [8, 27]. This case is the asymptotic limit of the time
discretization and should be considered as our ultimate goal when we expect to produce the most accurate
simulations. We will then see the impact of the time discretization in a second set of results. Note that we must
proceed with caution here since the on/off time discretization is in essence a time-discrete strategy where we
have to compose different operators over the sampling period.

4.1.1. Spectral analysis of the continuous-time observer

Firstly, we comment the loss of uniform stability after discretization and our choice of an added numerical
viscosity to circumvent this limitation. In fact, after spatial discretization, the estimation error dynamical
system (2.6) reads

˙̃xh(t) = (Ah − γH∗
hHh) x̃h(t), (4.5)

where Ah and Hh are consistent discretization – w.r.t a space step h – of the model and the observation operator.
In practice, for our numerical experiments we have chosen a reasonable space discretization of h = 1

200 . Even
though the observability inequality (2.4) is satisfied at a continuous level, this discretization procedure already
produces – similarly to what we have mentioned in the case of time discretization – some spurious modes
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Figure 1. Evolution with respect to the viscous coefficient νh of the spectrum of the operator
driving the continuous-time dynamical system for a fixed value of the gain γ = 5 and a space
step of h = 1

200 . In (black �) the operator without numerical viscosity, and in (gray ♦) with
numerical viscosity.

inducing the loss of the exponential stability of (4.5) – see [14]. To circumvent this difficulty we have introduced
some artificial viscosity for the time discretization which should also take into account the spatial discretization.
When Δt → 0 we obtain the time-continuous error dynamics studied in [14], namely

˙̃xh(t) =
(
Ah − γH∗

hHh + νhA2
h

)
x̃h(t). (4.6)

Therefore, we start our numerical investigations with Figure 1 where we plot the evolution of the spectrum of
the operator driving the dynamical system (4.6) w.r.t. various values of the artificial viscosity coefficient. These
spectra are compared with the spectrum of the operator without numerical viscosity. By these examples we
illustrate – in the particular case of the spatial discretization of 1D wave equation using first order finite element
method – the creation of spurious high-frequencies that cannot be stabilized by the feedback operator H∗

hHh.
Hence, stabilizing the complete frequency range is then performed by decomposing the tasks. The feedback
operator manages the low frequencies whereas the high frequencies are controlled by the numerical viscosity.
It should be noted, however, that since this artificial viscosity corresponds to a perturbation of the standard
discretization of the problem it should be kept as low as possible. In practice the choice of the coefficient νh

can be done with an a priori knowledge (or estimation) of the frequencies appearing in the specific problem of
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Figure 2. Evolution with respect to the gain γ of the spectrum of the operator driving the
continuous-time dynamical system with h = 1

200 and νh = h2. In (black �) the operator
without numerical viscosity, with numerical viscosity in (gray ♦).

interest. However, in the rest of our following investigation we will keep a numerical viscosity strong enough to
produce unclouded figures.

Secondly, we discuss the well known overdamping effect which constraints the optimal choice of the gain. We
plot in Figure 2 the spectra for various values of the gain parameter γ – in (black �) the operator without
numerical viscosity and in (gray ♦) the operator with numerical viscosity. We fix in these examples νh = h2.
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As the gain increases, the frequencies, after being shifted towards the left half plane, start to go back to the
imaginary axis. This is particularly critical for the low frequencies. This effect is crucial when choosing an
adequate value of the gain with an order of magnitude of

γ ∼ √
2ω0

with ω0 the lower frequency of the system, see [27]. This indicates that, first, even in the unrealistic case of an
outstanding data-to-noise ratio, the gain cannot be chosen “as large as possible”. In other words, after some
particular value of the gain the ability of the observer to stabilize these low frequency modes looses its efficiency.
Hence, the choice of the gain is a compromise between the different range of frequencies we aim at stabilizing.
In our work we opt for a sort of “mean” strategy by choosing γ such that a maximum of frequencies are shifted
significantly to the left half plane without compromising too much the low frequencies which are more present
in the potential errors in practice. As an example in Figure 2 we choose γ = 9.

4.1.2. Spectral analysis of the discrete-time observers

Once we have understood the behaviour of the time-continuous observer and chosen a target optimal gain
we can now proceed to the numerical study of our different choices of time-discretization. Firstly, we evaluate
the relation between the optimal gain found in the time-continuous framework and the sampling period. In this
purpose, we need to define the two transition operators driving the homogeneous equivalent of system (3.18)
either with numerical viscosity or not, namely∣∣∣∣∣∣∣∣∣

Aγ
n+1|n = (�+ γΔtHh

∗Hh)−1

(
�− 1

2
ΔtAh

)−1(
�+

1
2
ΔtAh

)
,

Aγν
n+1|n =

(
�− ΔtνA2

h + γΔtHh
∗Hh

)−1
(
�− 1

2
ΔtAh

)−1(
�+

1
2
ΔtAh

)
,

where, if x̃n
+ is the solution of the system (3.18) with ε = εν = εd = 0, then

x̃n+1
+ = Aγν

n+1|nx̃n
+,

and, if νΔt = 0 in (3.18), then
x̃n+1

+ = Aγ
n+1|nx̃n

+.

Note that in the definition of Aγν
n+1|n, the parameter ν aims at adjusting the amount of numerical viscosity

in order to discard spurious modes arising from the time discretization but also the space discretization –
see Section 4.1.1. Combining the necessary restrictions arising from both time and space discretization, we
understand that we need to choose here the global viscosity coefficient as

ν = O
(
max

{
Δt2, h2

})
.

We now link the eigenvalues α and αν of the discrete-time observer to the one corresponding to the continuous-
time observer. Therefore, let us denote by λ an eigenvalue of the operator Ah − γH∗

hHh to be compared with α.
If we initialize the discrete-time and continuous-time system with the corresponding eigenvectors vλ and uλ

then (from the explicit form of the dynamics) we obtain that, at a given time nΔt∣∣∣∣ vλ(nΔt) = vλ exp(λnΔt)
un

λ+ = uλαn,

hence seeking vλ(nΔt) ∼ un
λ+ induces λ =

ln(α)
Δt

. To numerically validate these arguments we plot in Figure 3
the values

log(α)
Δt

(gray ♦) and
log(αν)

Δt
(black ©).
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Figure 3. Comparison between the spectra of the continuous-time operator, in (black �)
and the time-discrete observer using interpolated data, in (black ©) with time overkill. The
discretization parameters are h = 1

200 , Δt = h2 and ν = h2.
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Figure 4. Comparison between the spectra of the continuous-time operator, in (black �) and
the time-discrete observer using interpolated data, in (black ©) with h = 1

200 , Δt = h and
ν = Δt2.

In order to be able to compare with the time-continous spectrum we set Δt = h2 – this configuration can
be understood as an overkill in time – and we observe a perfect match between the two plots. In Figure 4 we
represent a configuration where Δt = h. Here the spectrum differs from the time-continuous analysis. We see
that additional spurious high frequencies are not controlled by the stabilization operator. This justifies even
more the use of numerical viscosity which allows to keep the gain chosen in the time-continuous setting. But
ultimately, the choice of the gain made with respect to the time-continuous case is very robust to all time-step
discretizations.

We can now move to the analysis of the on/off discrete operator in order to determine the associated optimal
gain. In this perspective it is convenient to seek for the time-continuous limit, therefore we consider a time
overkill situation by setting Δt = h2. Then, to fix the ideas, we consider the case where ΔT = 5Δt, namely

∀r ∈ N (jr+1 − jr) = 5.
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Figure 5. Comparison between the time-discrete on/off observer, in (black ×) and the time-
discrete observer using interpolated data, in (black ©) to illustrate the relation between the
optimal gains in a time overkill context. The complete set of discretization parameters is as
follows: h = 1

200 , Δt = h2, ν = h2 and ΔT = 5Δt.

We introduce the transition operators from time tn to tn+5 as∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Bγ
n+5|n =

((
�− 1

2
ΔtAh

)−1(
�+

1
2
ΔtAh

))4(
(�+ γΔtHh

∗Hh)−1

(
�− 1

2
ΔtAh

)−1(
�+

1
2
ΔtAh

))
,

Bνγ
n+5|n =

((
�− ΔtνA2

h

)−1
(
�− 1

2
ΔtAh

)−1(
�+

1
2
ΔtAh

))4

×
((

�− ΔtνA2
h + γΔtHh

∗Hh

)−1
(
�− 1

2
ΔtAh

)−1(
�+

1
2
ΔtAh

))
,

and we denote by β̃ and β̃ν the corresponding eigenvalues. These operators should be compared to their equiv-
alent transition operators from time tn to tn+5 in the interpolated case, namely the simple composition

Aγ
n+5|n =

(
Aγ

n+1|n
)5

and Aγν
n+5|n =

(
Aγν

n+1|n
)5

,

with corresponding eigenvalues α̃ and α̃ν . Then, in Figure 5 we show

log(β̃)
ΔT

(gray ♦) and
log(β̃ν)

ΔT
(black ×),

compared with α̃ and α̃ν in the time overkill configuration. We set the gain value for the on/off observer
five times larger than in the interpolated case and we observe a perfect match. Consequently these numerical
arguments confirm the intuition that, in order to obtain similar damping rates between the two strategies, the
gain value γswitch for the on/off switch needs to be five times larger than the gain value γint. for the interpolation
strategy. In a general context we can infer the empirical law

γswitch

γint.
=

ΔT

Δt
(4.7)

and we point out that we do not face any overdamping phenomena which could have limited the increase of the
gain in the on/off switch which is an important contribution of our numerical investigations.
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Figure 6. Comparison between the time-discrete on/off observer, in (black ×) and the time-
discrete observer using interpolated data, in (black ©) with h = 1

200 , Δt = h, ν = Δt2 and
ΔT = 5Δt.

Once the optimal gain of each observer is carefully chosen, we can assess their stabilization properties. We
can now analyze a more intricate case where Δt = h. We continue to fix the ratio ΔT = 5Δt and the spectra of
both observers are presented in Figure 6. We observe that additionally to the peculiar form of the spectra more
spurious high frequencies appear, validating once again the use of numerical viscosity. Moreover, concerning
the on/off observer, we remark some high frequencies that are less stabilized. This can be interpreted as an
illustration of the fact that this observer may suffer from a decreased stability on some modes – corresponding
to these high frequencies. At last in Figure 7 we set Δt = h2 and ΔT = 5h. This situation is relevant with
practical cases where the time-step of the numerical algorithm is much lower than the sampling time-step of
the data but more importantly that it is, in essence, meant to reach small values whereas the sampling rate is
fixed. The conclusion stated previously remains valid since we still observe a slight deterioration of the damping
of some high frequency modes for the on/off estimator.

To conclude with this section we can say that the time-continuous spectrum analysis remains a very useful
tool to fix the optimal gain. It is obvious for the time-interpolated configuration but in fact it is also the case
with the on/off switch. The only modification with the on/off switch configuration is that we have to multiply
the gain found during the time-continuous spectrum analysis by the ratio of the data time-step over the model
time-step. The stability property is preserved globally and we do not face any overdamping phenomena by
increasing the value of the gain in this case.

4.2. Assessing robustness from numerical examples

We propose in this section to assess the effectiveness of the two observers using synthetic data. More precisely,
we consider the functions

w0(s) = 16s2(1 − s)2, w1(s) =
{

3s − 4s3 if s ∈ (0, 0.5),
4s3 − 12s2 + 9s if s ∈ (0.5, 1), (4.8)

that we use to initiate a direct model of the form of (4.1). The solution of this direct model can be computed
analytically

w(x, t) =
∑

k

√
2 (ak cos(πkt) + bk sin(πkt)) sin(πkx),

with

ak =
2
√

2(π2 − 12)(cos(πk) − 1)
π5k5

and bk =
48

√
2 sin

(
πk
2

)
π4k4
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Figure 7. Comparison between the time-discrete on/off observer, in (black ×) and the time-
discrete observer using interpolated data, in (black ©) with h = 1

200 , Δt = h2, ν = h2 and
ΔT = 5h.
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Figure 8. Estimation error with h = 1
200 , Δt = h, ν = Δt2, ΔT

Δt = 20 and α = 0.

from which we extract our synthetic observations. Then we simulate the observer where we artificially introduce
some errors by setting

x̂0 =
(

w0 − αδw
w1

)
,

where δw is a given perturbation of the initial condition (in displacement) and α is a scalar value representing
the perturbation amplitude. Hence, the estimation error dynamical system is initialized with

x̃0 = α

(
δw
0

)
.

In our numerical simulation, we set γint. = 9, the optimal value discussed in Section 4 and γswitch is obtained
from the ratio (4.7).

4.2.1. Improving standard numerical convergence using observers

First, we propose to consider the case where α = 0, namely we initiate the numerical algorithm with the
exact – up to some projection errors – initial condition. It is well-known that standard numerical schemes lead
to an accumulation of numerical errors thus entailing a deterioration of the numerical solution as the global
simulation time grows larger. This phenomenon is illustrated in Figure 8 where we plot the evolution in time
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Figure 9. Illustration of the impact of time interpolation.

of the estimation errors. Concerning the observer we set ΔT
Δt = 20 and compare the results of both strategies.

We observe that the corresponding estimation errors clearly stabilize to a plateau – during the complete time
window and even for large total simulation time – which is a particular behavior already obtained in [8]. In
this configuration we observe that, due to the data interpolation error the on/off strategy provides a better
numerical solution than the observer using interpolated data.

4.2.2. Assessing robustness to low data availability

In our second numerical experiment, we set ΔT
Δt = 20, α = 1 and δw(x) = sin(πx) – the first eigenfunction

of the Laplacian operator in the domain. It should be noted that it is not a mode of the stabilized operator
driving the dynamics of the estimation error, hence there are multiple excited modes in this dynamical systems.
The corresponding results are presented in Figure 10 where we can distinguish several slopes – during early
stages of the simulation – in the decay of the estimation error. These slopes correspond to the time constant of
stabilization associated with the various modes initially introduced. In the remaining part of the time window
we observe that both observers reach a plateau – which is identical to the one observed in Figure 8.

In a third numerical experiment, we consider in Figure 11 the configuration where less data are available
on the system by setting ΔT

Δt = 200. It is striking to remark that the on/off observer clearly fulfills its task by
assimilating data only where they are available thus leading to a great efficiency in the case of highly coarse
time distribution of the observations. On the opposite, the other observer oscillates around a plateau due to
large interpolation errors. To underline the impact of interpolation error, we have eventually change the type
of interpolation by using a cubic interpolation of the data. The resulting sampling is presented in Figure 9. We
understand that when the cubic reconstruction is better than the linear – here at the end of the time window –
then the final estimation error is lower. However at the beginning of the time window, we see that the cubic
interpolation error is larger than with a simple linear interpolation which is of dramatic consequence on the
estimation error. This also proves that without any idea on the model generating the data, a simple interpolation
scheme is sufficient.
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Figure 10. Numerical results with h = 1
200 , Δt = h, ν = Δt2,ΔT

Δt = 20, α = 1 and δϕ(s) = sin(πs).
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Moreover, we are interested in the case where the ratio ΔT
Δt is also set to 200 by decreasing the simulation

time-step and using the same sampling period as in Figure 12. This case is representative of the final goal in
a numerical procedure, namely for a given configuration we hope to increase the precision by diminishing the
model discretization steps. In that case, the results are almost exactly similar to the one presented in Figure 10,
namely the observer fed with interpolated data is less efficient due to large interpolation error – which is identical
to the one introduced in Figure 10 since it only depends on the sampling period as emphasized in Proposition 3.7.

4.2.3. Assessing robustness to data noise and large initial condition errors

In the following experiments we propose to illustrate the robustness of the proposed time-scheme when the
magnitude of initial error increases. In Figure 12, we propose to increase the L2-magnitude of the perturbation
by setting δw(s) = sin(πs) with α = 102 and a sampling ratio ΔT

Δt = 20. This results in an increase of the potential
high frequencies that are initially introduced in the estimation error dynamics. When looking at the snapshots,
we see that the on/off observer suffers from high frequency oscillations that do not appear in the observer with
the time interpolation scheme. We see here the main advantage of using time interpolation. Namely, since the
dissipation brought by the observation operator is present at every time steps, it benefits from a remarkable
robustness to initial errors. This feature of both observers can be pointed out more clearly when increasing the
H1-magnitude of the perturbation by setting δw(s) = sin(10πs) with α = 1. The obtained results are presented
in Figure 13 where we observe that the intermittent observer fails to fully stabilize the initially introduced high
frequencies in comparison with the observer using interpolated data.

Finally, our last numerical assessment is dedicated to illustrate the impact of additive noise in the data. Taking
into account the space regularity restriction that we have imposed on our measurements, for the analysis we
assume the data take the following form

z(x, t) = w(x, t)|ω0 +
M∑
i=1

Fi sin(Kiπx)|ω0 , t ∈ (0,∞), (4.9)

where M is a given integer, {Fi}M
i=1 are random variables following a normal distribution with zero mean and

standard variations of {σF
i }M

i=1, whereas {Ki}M
i=1 are random variables following a normal distribution of mean

and standard variations of {(μK
i , σK

i )}M
i=1. In other words, we randomly add to the data some controlled space

high frequencies. The higher the maximum space high frequency M is, the closer we are from a space and time
white noise which limit, when the discretization steps goes to 0, remains very specific to study [4]. One typical
realization of this random experiment is presented in Figure 14. We can observe that both observers loose in
efficiency. The on/off observer has the particularity to present correction shocks, which can be explained by
the fact that its larger gain directly amplifies the weight of the noise in the estimation error dynamical system,
as presented at the end of Section 3.1. As the gain decreases, we observe that these shocks vanish, however
the stabilization properties of the estimation error naturally diminish. This phenomenon is also presented in
Figure 14.

4.2.4. Conclusions from numerical assessment

From the various numerical experiments that we have carried out, we can derive general comments on the
estimation procedure and also on the particular observers that we have proposed. First of all, in each presented
case it is always preferable to use the available data. Secondly, we can not expect a precision improvement
better that the time-discretization step of the data, since any procedure designed to fill the gap between two
data steps would only create some noise in the estimation procedure. Concerning the differences between the
intermittent observer and the observer using interpolated data, these numerical experiments, oriented thanks to
the previously presented a priori estimates, enabled to characterize the regimes where both strategies should be
used. As a matter of fact, the on/off switch has shown an incredible robustness to large data time steps compared
to the second observer which efficiency, in that case, is deteriorated by a significant amount of interpolation
error. However, in the case of high initial errors or high data noise, it appears to be more efficient to interpolate
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Figure 12. Numerical results with h = 1
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Figure 15. Illustration of the different regimes where both observers are more likely to be efficient.

the data, since the subsequently obtained dynamical system will benefit from a stabilizing operator at each time
step. This trade-off is summarized in Figure 15.

5. Conclusion

In this work we have addressed the issue of designing an observer for wave-like systems that is robust when the
data have a coarse distribution in time. To circumvent the data-sampling difficulty we have proposed an on/off
strategy that filters the observation only at the times when they are available. This strategy was theoretically
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and numerically analyzed and compared to the case when the data are reconstructed using an interpolation
scheme.

The conclusions are twofold. First we have seen that the interpolation remains valid in the case of reasonable
repartition (in time) of the data and with potentially high levels of noise. This efficiency directly comes from
the presence, at each time step, of the stabilized operator. Secondly, in the case of poor data availability the
on/off switch appears to be quite robust since no interpolation error – otherwise entering as a source term in
the estimation error dynamical system – is introduced.

Appendix A. Exponential stability result for the on/off switch.

We recall that we consider that there exists a constant ratio between the available data and the time discretiza-
tion step ΔT = NΔt. For the sake of clarity, we then denote by x̃n,k = x̃nN+k for n ≥ 0 and 0 ≤ k ≤ N − 1.
We thus consider the following dynamical system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̃n,k+1
− − x̃n,k

+

Δt
= A

(
x̃n,k+1
− + x̃n,k

+

2

)
, n ≥ 0, 0 ≤ k ≤ N − 1

x̃n,k+1
+ − x̃n,k+1

−
Δt

= νΔtA
2x̃n,k+1

+ − δk,N−1γH∗Hx̃n,k+1
+ , n ≥ 0, 0 ≤ k ≤ N − 1

x̃n+1,0
+ = x̃n,N

+ , x̃n+1,0
− = x̃n,N

− ,

(A.1)

where

δk,j =
{

1, if k = j
0, otherwise.

We denote Ẽn,k =
1
2
‖x̃n,k

+ ‖2 the energy associated to the state of system (A.1). First of all, we prove the
following energy identity.

Proposition A.1. Let n1 ≤ n2 be two positive integers and let 0 ≤ k1, k2 ≤ N − 1 be two other integers. If
Δt is small enough, then the quantity Ẽn,k satisfies the following energy inequality

Ẽn2,k2 + γΔt

n2∑
j=n1+δk1,0

∥∥∥Hx̃j,0
+

∥∥∥2

+ ΔtνΔt

[k2,n2]∑∑
[i,j]=[k1,n1]

∥∥∥Ax̃j,i
+

∥∥∥2

+
Δt

4

[k2,n2]∑∑
[i,j]=[k1,n1]

Δtν2
Δt

∥∥∥A2x̃j,i
+

∥∥∥2

≤ Ẽn1,k1 . (A.2)

Proof. Taking the inner product in X of the first line in (A.1) with
x̃n,k+1
− + x̃n,k

+

2
and the inner product of the

second line in (A.1) with
x̃n,k+1

+ + x̃n,k+1
−

2
, we obtain

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẽn,k+1
− − Ẽn,k

+

Δt
= 0, n > 0, 0 ≤ k ≤ N − 1

Ẽn,k+1
+ − Ẽn,k+1

−
Δt

=
νΔt

2

(
x̃n,k+1

+ + x̃n,k+1
− , A2x̃n,k+1

+

)
− δk,N−1γ

2

(
x̃n,k+1

+ + x̃n,k+1
− , H∗Hx̃n,k+1

+

)
,

n > 0, 0 ≤ k ≤ N − 1

Ẽn+1,0
+ = Ẽn,N

+ , Ẽn+1,0
− = Ẽn,N

− .
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If k �= N − 1, the second relation in the above system reads as

Ẽn,k+1
+ − Ẽn,k+1

−
Δt

= −νΔt

2

∥∥∥Ax̃n,k+1
+

∥∥∥2

+
νΔt

2

(
x̃n,k+1
− , A2x̃n,k+1

+

)
.

Or, in this case, x̃n,k+1
− = x̃n,k+1

+ − ΔtνΔtA
2x̃n,k+1

+ , hence, we obtain

Ẽn,k+1
+ − Ẽn,k+1

−
Δt

= −νΔt

∥∥∥Ax̃n,k+1
+

∥∥∥2

− Δtν2
Δt

2

∥∥∥A2x̃n,k+1
+

∥∥∥2

. (A.3)

If k = N − 1, then the same relation becomes

Ẽn+1,0
+ − Ẽn+1,0

−
Δt

= −νΔt

2

∥∥∥Ax̃n+1,0
+

∥∥∥2

− γ

2

∥∥∥Hx̃n+1,0
+

∥∥∥2

+
1
2

(
x̃n+1,0
− ,

(
νΔtA

2 − γH∗H
)
x̃n+1,0

+

)
.

Or, in this case, x̃n+1,0
− = x̃n+1,0

+ − Δt(νΔtA
2 − γH∗H)x̃n+1,0

+ , hence, we obtain

Ẽn+1,0
+ − Ẽn+1,0

−
Δt

= −νΔt

∥∥∥Ax̃n+1,0
+

∥∥∥2

− γ
∥∥∥Hx̃n+1,0

+

∥∥∥2

− Δt

2

∥∥∥(νΔtA
2 − γH∗H)x̃n+1,0

+

∥∥∥2

.

≤ −νΔt

∥∥∥Ax̃n+1,0
+

∥∥∥2

− γ
∥∥∥Hx̃n+1,0

+

∥∥∥2

− Δt

2
ν2
Δt

∥∥∥A2x̃n+1,0
+

∥∥∥− Δt

2
γ2
∥∥∥H∗Hx̃n+1,0

+

∥∥∥2

+
Δt

2
2νΔtγ

∥∥A2x̃n+10
+

∥∥∥∥∥H∗Hx̃n+1,0
+

∥∥∥
≤ −νΔt

∥∥∥Ax̃n+1,0
+

∥∥∥2

− γ‖Hx̃n+1,0
+ ‖2 − Δt

2
ν2
Δt‖A2x̃n+1,0

+ ‖ − Δt

2
γ2‖H∗Hx̃n+1,0

+ ‖2

+
Δt

2
γ

1
ε
ν2
Δt‖Ax̃n+1,0

+ ‖2 +
Δt

2
γε‖H∗Hx̃n+1,0

+ ‖2.

Choosing now ε = 2γ and using the boundedness of the operator H the above inequality becomes

Ẽn+1,0
+ − Ẽn+1,0

−
Δt

≤ −νΔt

∥∥∥Ax̃n+1,0
+

∥∥∥2

− γ
∥∥∥Hx̃n+1,0

+

∥∥∥2

− Δtν2
Δt

4

∥∥∥A2x̃n,k+1
+

∥∥∥2

− γ

(
1 − Δt

2
γK2

H∗

)
‖Hx̃n+1,0

+ ‖2

(A.4)

Combining (A.3) and (A.4) from [k1, n1] to [k2, n2] and taking Δt ≤ 2
γK2

H∗
, we obtain (A.2), with KH∗ =

‖H∗‖L(Z,X ). �

In what follows we prove the following result.

Theorem A.2. If γ = νΔt = 0, then for every δ > 0 there exists Tδ > 0 and kT,δ > 0 such that, for every
T > Tδ, the solution x̃+ of system (A.1) satisfies

kT,δ

∥∥∥x̃0,0
+

∥∥∥2

≤ Δt
∑

nΔT∈[0,T ]

∥∥∥Hx̃n,0
+

∥∥∥2

, x̃0,0
+ ∈ Cδ/ΔT ,

where Cδ/ΔT = span{Φj such that |λj | ≤ δ
ΔT } and (Φj) is an orthonormal basis formed by the eigenfunctions

of the operator A corresponding to the eigenvalues (λj).

Proof. Here we want to verify that the conditions of Theorem 3.1 in [15] are fulfilled. We introduce

An,k+1|k =
(
�− 1

2
ΔtA

)−1(
�+

1
2
ΔtA

)
,
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the transition operator such that
x̃n,k+1

+ = An,k+1|kx̃n,k
+ .

This transition operator is associated with a conservative system and there exists h : (−R, R) �→ [−π, π] a
smooth strictly increasing function, with R ∈ (0,∞], i.e.

|h(η)| < π, and for every δ < R, inf{|h′|(η), |η| ≤ δ} > 0.

Moreover, h(η)
η → 1 and if, (μj , Φj) are the eigenvalues and the corresponding eigenvectors of A, i.e. (AΦj =

iμjΦj), we have

An,k+1|kΦj = exp(iλj,ΔtΔt)Φj with λj,Δt =
1

Δt
h(μjΔt).

In fact, we have the following lemma.

Lemma A.3. The function h is defined by h(η) = 2 arctan(η
2 ).

Proof of Lemma. We seek for λj,Δt such that

1 + iΔt
2 μj

1 − iΔt
2 μj

= exp(iλj,ΔtΔt).

Hence by introducing the complex α = 1 − iΔt
2 μj , we look for

α

α
= exp(−iλj,ΔtΔt) ⇒ λj,Δt =

2
Δt

arg(α) =
2

Δt
atan

(
μjΔt

2

)
. �

We now introduce the conservative transition operator

An+1|n,0 =

((
�− 1

2
ΔtA

)−1(
�+

1
2
ΔtA

))N

,

such that
x̃n+1,0

+ = An+1|n,0x̃
n,0
+ ,

which is the transition operator from one time-step where observations are available to the other. By introducing
this time hN : η �→ Nh( η

N ), we have

An+1|n,0Φj = exp(iλj,ΔT ΔT )Φj with λj,ΔT = λj,Δt
1

ΔT
hN (μjΔT ).

Therefore, hN is also a smooth strictly increasing function satisfying hN (η)
η → 1. Hence, the hypotheses of

Theorem 3.1 in [15] are satisfied for the transition operator An+1|n,0, which implies that for every δ > 0 there
exist Tδ > 0 and k′

T,δ > 0 such that, for every T > Tδ, the solution x̃ of system (A.1) satisfies

k′
T,δ

∥∥∥x̃0,0
+

∥∥∥2

≤ ΔT
∑

nΔT∈[0,T ]

∥∥∥∥∥H x̃n+1,0
+ + x̃n,0

+

2

∥∥∥∥∥
2

, x̃0,0
+ ∈ Cδ/ΔT .

Recalling that ΔT = NΔt, there exists kT,δ > 0 such that

kT,δ

∥∥∥x̃0,0
+

∥∥∥2

≤ Δt
∑

nΔT∈[0,T ]

∥∥∥Hx̃n,0
+

∥∥∥2

, x̃0,0
+ ∈ Cδ/ΔT . �

The main result of this appendix is the following theorem.



666 N. CÎNDEA ET AL.

Theorem A.4. There exist two positive constants μ0 and ν0 such that the energy associated to system (A.1)
satisfies

Ẽn,k ≤ μ0Ẽ
n,0 exp(−ν0kΔt), n ≥ 0, 0 ≤ k < N.

Before we start the proof of Theorem A.4, we state the following lemma.

Lemma A.5. If γ = 0 and νΔt = Δt2, then there exist a time T > 0 and a positive constant cT such that the
solution x̃ of (A.1) satisfies

cT ‖x̃0,0
+ ‖2 ≤ 2Δt

n1∑
n=0

‖Hx̃n,0
+ ‖2 + 2ΔtνΔt

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥Ax̃n,k
+

∥∥∥2

+
Δt

2

[n1,k1]∑∑
[n,k]=[0,0]

Δtν2
Δt

∥∥∥A2x̃n,k
+

∥∥∥2

, (A.5)

where n1 = �T/ΔT � and k1 = �T/Δt� − n1N .

Since our problem differs to the one considered in [14] only in the low frequency part and this part is handled
by Theorem A.2, the proof of the Lemma A.5 is identical to the one of Lemma 2.4 in [14] and it is omitted here.

Proof of Theorem A.4. We follow the ideas in [14]. Therefore, we write the solution x̃n,k of (A.1) as the sum of
the solution zn,k of system (A.1) with γ = 0 and wn,k, the solution of the following system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wn,k+1
− − wn,k

+

Δt
= A

(
wn,k+1

− + wn,k
+

2

)
, n ≥ 0, 0 ≤ k ≤ N − 1

wn,k+1
+ − wn,k+1

−
Δt

= νΔtA
2wn,k+1

+ − δk,N−1γH∗Hx̃n,k+1
+ , n ≥ 0, 0 ≤ k ≤ N − 1

wn+1,0
+ = wn,N

+ , wn+1,0
− = wn,N

− , n ≥ 0

w0,0 = 0.

(A.6)

Applying Lemma A.5 to zn,k = x̃n,k
+ − wn,k

+ with z0,0 = x̃0,0
+ , we obtain

cT

∥∥∥x̃0,0
+

∥∥∥2

≤ 2

⎛⎝2Δt

n1∑
n=0

‖Hx̃n,0
+ ‖2 + 2ΔtνΔt

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥Ax̃n,k
+

∥∥∥2

+
Δt

2

[n1,k1]∑∑
[n,k]=[0,0]

Δtν2
Δt

∥∥∥A2x̃n,k
+

∥∥∥2

⎞⎠
2

⎛⎝2Δt

n1∑
n=0

‖Hwn,0
+ ‖2 + 2ΔtνΔt

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥Awn,k
+

∥∥∥2

+
Δt

2

[n1,k1]∑∑
[n,k]=[0,0]

Δtν2
Δt

∥∥∥A2wn,k
+

∥∥∥2

⎞⎠ . (A.7)

We want now to bound the terms in w in the above inequality by some terms in x̃. In order to do this, we
multiply the first relation in (A.6) by 1

2 (wn,k+1
− + wn,k

+ ) and by wn,k+1
+ + wn,k+1

− the second. We obtain⎧⎪⎪⎨⎪⎪⎩
∥∥∥wn,k+1

−
∥∥∥ =

∥∥∥wn,k
+

∥∥∥ ,

∥∥∥wn,k+1
+

∥∥∥2

=
∥∥∥wn,k+1

−
∥∥∥2

+ ΔtνΔt

(
wn,k+1

+ + wn,k+1
− , A2wn,k+1

+

)
− Δtδk,N−1γ

(
wn,k+1

+ + wn,k+1
− , H∗Hx̃n,k+1

+

)
.

If k �= N − 1, the second relation in the above system reads as in Proposition 3.7∥∥∥wn,k+1
+

∥∥∥2

=
∥∥∥wn,k+1

−
∥∥∥2

− νΔtΔt
∥∥∥Awn,k+1

+

∥∥∥2

− Δt2ν2
Δt

2

∥∥∥A2wn,k+1
+

∥∥∥2

. (A.8)
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If k = N − 1, we get∥∥∥wn+1,0
+

∥∥∥2

=
∥∥∥wn+1,0

−
∥∥∥2

− νΔtΔt
∥∥∥Awn+1,0

+

∥∥∥2

− γΔt
(
Hwn+1,0

+ , Hx̃n+1,0
+

)
+ Δt

(
wn+1,0

− , νΔtA
2wn+1,0

+ − γH∗Hx̃n+1,0
+

)
with here

wn+1,0
− + Δt

(
νΔtA

2wn+1,0
+ + γH∗Hx̃n+1,0

+

)
= wn+1,0

+ .

Therefore, we obtain∥∥∥wn+1,0
+

∥∥∥2

=
∥∥∥wn+1,0

−
∥∥∥2

−2νΔtΔt
∥∥∥Awn+1,0

+

∥∥∥2

−2γΔt
(
Hwn+1,0

+ , Hx̃n+1,0
+

)
− Δt2

∥∥∥νΔtA
2wn+1,0

+ − γH∗Hx̃n+1,0
+

∥∥∥2

≤
∥∥∥wn+1,0

−
∥∥∥2

− 2νΔtΔt
∥∥∥Awn+1,0

+

∥∥∥2

− 2γΔt
(
Hwn+1,0

+ , Hx̃n+1,0
+

)
− Δt2ν2

Δt

∥∥∥A2wn+1,0
+

∥∥∥2

− Δt2γ2
∥∥∥H∗Hx̃n+1,0

+

∥∥∥2

+ 2Δt2νΔtγ
∥∥∥A2wn+1,k

+

∥∥∥∥∥∥H∗Hx̃n+1,0
+

∥∥∥
≤
∥∥∥wn+1,0

−
∥∥∥2

− 2νΔtΔt
∥∥∥Awn+1,0

+

∥∥∥2

− 2γΔt
(
Hwn+1,0

+ , Hx̃n+1,0
+

)
− Δt2ν2

Δt

∥∥∥A2wn+1,0
+

∥∥∥2

− Δt2γ2
∥∥∥H∗Hx̃n+1,0

+

∥∥∥2

+ Δt2γ
1
ε
ν2
Δt

∥∥∥A2wn+1,0
+

∥∥∥2

+ Δt2γε
∥∥∥H∗Hx̃n+1,0

+

∥∥∥2

.

Choosing ε = 2γ in the above Young inequality, we finally obtain∥∥∥wn+1,0
+

∥∥∥2

+ 2νΔtΔt
∥∥∥Awn+1,0

+

∥∥∥2

+ 2γΔt
(
Hwn+1,0

+ , Hx̃n+1,0
+

)
+

Δt2ν2
Δt

2

∥∥∥A2wn,k+1
+

∥∥∥2

≤ ‖wn+1,0
− ‖2 + Δt2γ2

∥∥H∗Hx̃n+1,0
∥∥2

, (A.9)

leading – since H is bounded – to∥∥∥wn+1,0
+

∥∥∥2

+ 2νΔtΔt
∥∥∥Awn+1,0

+

∥∥∥2

+
Δt2ν2

Δt

2

∥∥∥A2wn,k+1
+

∥∥∥2

≤ ‖wn,N
+ ‖2

+ γΔt
∥∥∥Hwn+1,0

+

∥∥∥2

+ Δtγ(1 + ΔtγK2
H∗)

∥∥∥Hx̃n+1,0
+

∥∥∥2

,

where KH∗ is the norm of the operator H∗. Combining the above inequality and (A.8) for [n, k] from [0, 0] to
[n1, k1], for Δt small enough, there exists a constant c such that

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥wn,k
+

∥∥∥2

+ 2γΔt

n1∑
n=0

∥∥∥Hwn,0
+

∥∥∥2

+ 2ΔtνΔt

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥Awn,k
+

∥∥∥2

+
Δt

2

[n1,k1]∑∑
[n,k]=[0,0]

Δtν2
Δt

∥∥∥A2wn,k
+

∥∥∥2

≤ cγΔt

n1∑
n=0

(∥∥∥wn,0
+ ‖2+

∥∥∥Hx̃n,0
+ ‖2

)
.

Following the same steps as in [14] – with Gronwall’s inequality – we get that there exists a constant c′ such
that

[n1,k1]∑
[n,k]=[0,0]

‖wn,k‖2 + 2γΔt

n1∑
n=0

‖Hwn,0
+ ‖2 + 2ΔtνΔt

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥Awn,k
+

∥∥∥2

+
Δt

2

[n1,k1]∑∑
[n,k]=[0,0]

Δtν2
Δt

∥∥∥A2wn,k
+

∥∥∥2

≤ c′
n1∑

n=0

∥∥∥Hx̃n,0
+

∥∥∥2

,
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which, applying (A.7), gives the existence of a positive constant c′′ such that

c′′
∥∥∥x̃0,0

+

∥∥∥2

≤ γΔt

n1∑
n=0

∥∥∥Hx̃n,0
+

∥∥∥2

+ ΔtνΔt

[n1,k1]∑∑
[n,k]=[0,0]

∥∥∥Ax̃n,k
+

∥∥∥2

+
Δt

4

[n1,k1]∑∑
[n,k]=[0,0]

Δtν2
Δt

∥∥∥A2x̃n,k
+

∥∥∥2

,

where we recall that νΔt = Δt2. The last inequality, combined with the energy inequality (A.2), gives finally the
existence of a constant c′′′ ∈ (0, 1) such that∥∥∥x̃n1,k1

+

∥∥∥2

≤ c′′′
∥∥∥x̃0,0

+

∥∥∥2

which allows us to conclude the proof as in [14]. �
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