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ON THE LOWER SEMICONTINUITY OF SUPREMAL FUNCTIONAL
UNDER DIFFERENTIAL CONSTRAINTS

NADIA ANSINI'? AND FRANCESCA PRINARI®

Abstract. We study the weak* lower semicontinuity of functionals of the form

F(V)= eSSES;le f(z,V(z)),

where 2 C RY is a bounded open set, V € L (2; M**™)NKer A and A is a constant-rank partial dif-
ferential operator. The notion of .A-Young quasiconvexity, which is introduced here, provides a sufficient
condition when f(z,-) is only lower semicontinuous. We also establish necessary conditions for weak*
lower semicontinuity. Finally, we discuss the divergence and curl-free cases and, as an application, we
characterise the strength set in the context of electrical resistivity.
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1. INTRODUCTION

In this paper we study the lower semicontinuity of the L> functionals defined as

F(V):= ss sup f(z,V(z)), (1.1)

where 2 C RY is a bounded open set, the function f(z,-) is lower semicontinuous for a.e. z € £ and V €
L (£2; M*N) N Ker A. That is, V is constrained to satisfy a system of first-order linear partial differential
equations:

N
5 OV
V=Y AV_— =q. 1.2
AV =) AVFE=0 (1.2)
i=1
Here A : M?N — Rl are linear transformations whenever i = 1,..., N and the operator A satisfies the

constant-rank condition (see [17]): there exists r € N such that
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rank Aw =r for all w e SN~

where
N

Aw = ZA(i)wi, weRN.
i=1
This type of constraint arises naturally in the setting of continuum mechanics and electromagnetism: for
example,

(a) in the case of solenoidal fields (divergence-free fields), which are relevant to treat extreme resistivity:
AV =0 if and only if DivV =0,

where V : 2 — M4XN;
(b) in the context of effective conductivity (curl-free fields):

AV =0 if and only if curl V = 0;

(¢) in the micromagnetics literature when the constraints are given by Maxwell’s equations;
(d) in the case of higher gradients.

(For further details, see ([15], Ex. 3.10)). The class of functionals represented in the “supremal” form (1.1)
has been introduced to model physical situations where the relevant “quantities” are not negligible on sets of
arbitrarily small measure (see e.g. [1,5,12]). In these cases it may be natural to formulate the problem as a
minimum of a supremal functional as, for example, in [16] where the authors study dielectric breakdown for
composites made of two homogeneous phases. In this case the corresponding variational principle is given by
the minimum problem of a supremal functional of the form

F(v) = {Ep A@)Du@)| if v e WHe(92),

400 otherwise,

where A(x) is a piecewise-constant function (constant values of which represent the two phases) and Du satisfies
the condition [, 0 Dudxr = &, which corresponds to assigning the average electric field. In order to study the
macroscopic behaviour of the two-phase composite material for the first failure dielectric breakdown model, the
authors use an LP-approximation approach and show that the supremal functional ess sup, ., |A(z)Dv(z)| can
be obtained as the I'-limit of power-law functionals F, : L'(£2) — [0, +o0] given by

F,(v) = (/Q |A(z)Do(z)[P d:c)l/p if v € Whr(0),

+00 otherwise

as p — +oo with respect to the L'-topology.

The study of LP-approximation, by way of I'-convergence, has been addressed for more general functionals
by Champion et al. in [13] (see also [19]) and in the framework of a constant-rank operator A by Bocea and
Nesi in [8] and by the authors in [3].

Since the I'-limit is always lower semicontinuous, the approach by LP-approximation of a supremal functional
can be very useful for studying the lower semicontinuity of supremal functionals.

In [3] we introduce the notion of an A-co quasiconvex function (see Def. 2.7) and we prove, among other
results, that if f : 2 x RY — [0, +00) is a Carathéodory function, A-0o quasiconvex in the second variable and
satisfying a linear growth condition, then

PV { esssup f(z,V(x)) if V € L®(02; M¥*N) N Ker A,

e (]. 3)
400 otherwise
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is the I'(w*-L°°)-limit of the family of power-law functionals F}, : L°(£2; M%*") — [0, +00) given by

1/p
Fy(V) = </Q fp(:r,V(x))dw> if Ve L>®(02;M™>N)NKerA, (1.4)

400 otherwise,

as p — +0o (see [3], Thm. 4.2).

Therefore in the continuous setting the notion of A-co quasiconvexity provides a sufficient condition for the
Le°-weak* lower semicontinuity of the supremal functional under a differential constraint as in (1.1). However,
A-0co quasiconvexity is far from a necessary condition. In fact, in ([3], Example 3) we show that the class of curl-
oo quasiconvex functions is contained strictly in the class of strong Morrey quasiconvex functions (introduced
by Barron, Jensen and Wang in [7] to prove the lower semicontinuity of a supremal functional defined on
Whoo(2, M4*N)). In addition, the continuity assumption on f(x,-), which is more natural in the context of
integral functionals, is too restrictive for supremal functionals. In fact, if f(x,-) is lower semicontinuous and
level convex (see (2.20)) then we still find that the functional (1.1) is L>°-weak* lower semicontinuous (see [1],
Rem. 4.4) even if f(z,-) is not A-co quasiconvex (see [3], Example 5.9). On the other hand, the level convexity
cannot to be considered a fulfilling condition for the vectorial case (see Example 6.6). For all these reasons the
study of the lower semicontinuity of supremal functionals of the form (1.1) requires the introduction of a larger
class of functions, containing both A-co quasiconvex and level convex functions.

To this end we define the class of A-Young quasiconvex functions. We say that a function f : MV — R is
A-Young quasiconvex if it satisfies a generalised Jensen’s inequality for Young measures; that is,

f (/ Eduw(2)> < ess sup - esssup f(X) (1.5)
MdXN

TeQ reMdxN

for a.e. z € Q and for every A-co-Young measure p = (iz)zecq (see [4,9,15,22]).

This class of functions is not empty. In fact, thanks to ([7], Thm. 1.2), any lower semicontinuous and level
convex function satisfies inequality (1.5). Moreover, in Proposition 3.4, we show that any continuous and .A-00
quasiconvex function is A-Young quasiconvex. In Example 6.7 we construct a curl-Young quasiconvex function
which is neither curl-oco quasiconvex nor level convex. Therefore the class of the A-Young quasiconvex functions
contains the class of level convex functions and the class of continuous A-co quasiconvex functions, but it is
strictly larger. However, we show that, if d = 1, A = curl or A = div, then a lower semicontinuous and A-Young
quasiconvex function is level convex (see Prop. 6.4).

In Theorem 4.2 we prove that, if f(z,-) is lower semicontinuous and A-Young quasiconvex for a.e. z € (2, then
the supremal functional F' given by (1.1) is weakly* lower semicontinuous on L (£2; M?*N) N Ker A. It is still
an open question whether A-Young quasiconvexity is also necessary. In Theorem 5.1 we provide some necessary
conditions. More precisely, we show that if F' is L>°-weakly* lower semicontinuous and f(-,X) is continuous,
then the supremand function satisfies

flz,tX2 + (1 —6)X2) < max{f(x, X1), f(x,X2)} (1.6)

for every x € 2, ¢ € [0,1] and (X! — X?) € A, where

We also prove that f(z,-) is A-weak quasiconvex (see Def. 2.8).

If A = curl, then A-weak quasiconvexity coincides with weak Morrey quasiconvexity (see [3], Rem. 3.2(2)).
We recall that, in the scalar case, weak Morrey quasiconvex functions are strong Morrey quasiconvex functions
(see [7,21]). In a forthcoming paper [20] we will show that, in the vectorial case, the two classes do not coincide;
this proves the conjecture raised by Barron et al..
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In Section 6 we discuss Theorems 4.2 and 5.1 in the case of A = curl and A = Div. More precisely,
when A = curl, Theorem 4.2 improves both ([7], Thm. 2.6) and ([13], Thm 3.4) since we do not require the
continuity and coercivity of f(-,2). In Proposition 6.1 we show that curl-Young quasiconvex functions are
strong Morrey quasiconvex functions. Conversely, in Proposition 6.3 we prove that polylevelconver functions,
which are introduced in ([7], Def. 3.5) as a subclass of strong Morrey quasiconvex functions, are curl-Young
quasiconvex functions. Finally, since in the curl-free case we have

Ker A(w) :{§®weMdXN: ¢ e RY, weSNfl},

it follows by Theorem 5.1 that, if f(x,-) is lower semicontinuous and curl-Young quasiconvex, then f(z,-) is
rank-1 level convex; that is, f satisfies (1.6) for every X1, Xy € MY with rank (2! — X¥2) < 1. In the cases
of N =1 or d =1 we find that the class of curl-Young quasiconvex functions coincides with the class of level
convex ones (see Prop. 6.5).

In the case of A = Div, if d = 1, then A = R" and we find that the class of div-Young quasiconvex functions
coincides with that of level convex ones. The vectorial case (d > N > 1) can be treated by generalising the scalar
case; hence, if f : MY — [0, +-00) is lower semicontinuous and Div - Young quasiconvex, then f is rank-(N —1)
level convex.

In Section 6.2 we characterise, by way of I'-convergence, the effective strength set K¢ in the context of

electrical resistivity (that is, of how strongly a given material opposes the flow of electric current). This set is
defined by

Ko = {a - /Qa(x) dz: o(z) € K(z) ae 3 € 2, divo = 0},

with K(z) = {€¢ € RY : f(2,€) <1} and f: 2 x RN — R is a Borel function that is lower semicontinuous and
is level convex with respect to £ and satisfies a growth condition. In this model o : £2 — R¥ is the current and
the right differential constraint is the divergence. In ([8], Props. 6.1, 6.2), Bocea and Nesi characterise the set
Keg under the assumption that f(x,-) is convex. In this paper we improve their result by assuming that f(z,-)
is lower semicontinuous and div-Young quasiconvex.

2. NOTATION AND PRELIMINARIES

Let £ be a bounded open subset of RY. We denote by O(§2) the family of open subsets of 2. We write
LN (E) for the Lebesgue measure of £ C RY. Let ¥ € M%¥ where M?*" stands for the space of d x N
real matrices, with a slight abuse of notation, we denote |X| = Zle | 2], where X; is the ith row of X and
|X;| its Euclidean norm. We use &; also to denote the ith component of a vector & If V : 2 — MV we
define DivV : 2 +— R? as (DivV); := divV; whenever i = 1,...,d. Hereafter in this paper, we assume that
A LP(02;MNY — WP (2;RY), 1 < p < 00, is a constant-rank first-order linear partial operator given by

N
) OV
— (i)
AV .—;A P,

where A® : M4*N — R! are linear transformations whenever ¢ = 1, ..., N. We denote the kernel of the operator
A by

Ker A:={V € LP(2;MTN) © AV =0} .

We recall that an A-oco-Young measure is a measure generated by a sequence in L>(£2; M) N Ker A weakly*
converging in L™ (see [15], Sect. 2). We denote the N-dimensional unit cube (0,1)" by Q.



ON THE LOWER SEMICONTINUITY OF SUPREMAL FUNCTIONAL UNDER DIFFERENTIAL CONSTRAINTS 1057

2.1. A-quasiconvexity

In this section we recall some definitions and results we will use in the sequel.

Definition 2.1. Let f: M?®% — R be a function. We say that f is .A-quasiconvex if

f@DSLf@+V@DM

for every V € C’;f(]RN; M4*N) such that AV = 0 and / Vdx =0.
Q

We denote by Cg° (RN M?*N) the set of C>(RY; M?*N) functions which are Q-periodic.

Definition 2.2. Given a Borel function f : M?*¥" — R we define the A-quasiconvexification of f at X as
QAf(X) :=inf {/ fZ+V(z)de : VelCPRY;M>N)nKer A, / V(y)dy = o} . (2.7)
Q Q

Remark 2.3. If f(z,-) is upper semicontinuous for a.e. x € (2 then Qf(z,-) is A-quasiconvex (see [15],
Prop. 3.4). Moreover, if f is upper semicontinuous and locally bounded from above, then, by Fatou’s lemma, we
may replace C°°(RY; M?*N) by L>(RN; M?*N) in Definitions 2.1 and 2.2. If, in addition, |f(X)| < B(1+|X|?)
for some 3 > 0 and for every X € MY then C(RY;M?*N) may be replaced by LP(RY;M**N) (see [15],
Rem. 3.3(ii)).

In [15] Fonseca and Miiller prove that the A-quasiconvexity is a necessary and sufficient condition for the
lower semicontinuity of integral functionals of the form

FO©V) = | fVi)ds (2:3)
Q
under the PDE constraint AV = 0 and f Carathéodory (see [15], Thms. 3.6 and 3.7).

The following proposition turns out to be an important tool to prove Theorem 4.1.

Proposition 2.4 ([15], Prop. 3.9). Let (V,,) C L=(2;M>*N)NKer A be a sequence such that V,, — V weakly*
in L (2; M¥*N) and such that (V,,) generates a Young measure ju. Then there exists a neglibible set N C £2 such
that for every zg € 2\ N and for every subcube Q' CC Q there exists a sequence (W) C L (Q; MP>*N)NKer A
such that

1. W, — V(o) weakly* in L>;
2. [, Waly)dy = V(o);
3. W, generates a Young measure v such that for every f € C.(M*Y)

L@O@fﬂy—mmj><EN@\QUthmmm) (2.9)

where K = sup,, | Va|loo- In addition, if f : M¥*N — R is continuous and A-quasiconvex then

F(V(0)) < (o f) (2.10)

for every xog € 2\ N.
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Remark 2.5. Let p, v, 29 € 2\ N and Q' CC @ be as in Proposition 2.4. If f : MV — [0, +00) is locally
bounded and lower semicontinuous then the inequality

/Q s £)dy < (o £+ £5(@\ Q)| =5 0.55) (2.11)

still holds true.
We first prove (2.11) for every continuous and nonnegative function f. Let ¢ € CL(M?*¥) be a cut-off
function such that

_ it ¥ <,
p(X) = {0 if 2> 2, (2.12)

We define f,,(X) := ¢(X/n)f(X). Then, f, € C.(M?N) and it satisfies
b= [ Bz [ fE)n(o)
MdxN n(o)
for every y € . This implies that

fiminf (v 1) > [ 1)y ()

n—o0

for every y € Q). By Fatou’s Lemma and (2.9) with f,, in place of f, we have that

/C?(zxy,f) dy < liminf/Q (Vy, fn) dy

< hnnl)ioréf <Ma:oa fn> + ‘CN(Q \ Ql)”anLO"(B(O,ISK))
< aos £) + LY@QN\ Q) fll L= (B0,35)) (2.13)

which proves (2.11) when f is continuous and nonnegative.

We now assume that f : MY — [0, +00) is a locally bounded and lower semicontinuous function. Then,
f = supyso fr where f\ is its Yosida transform for every A > 0 (see e.g. [10]). Since fy is continuous and
nonnegative, by (2.13) we find that

/Q Wy, FA) Ay < (piag, ) + LYQ\ Q) fall = (B0,35))> YA > 0. (2.14)

Moreover, 0 < fy < f; hence, we get that

Il fxllze(B0,3K)) < IfllL~(B(0,3K)), YA > 0.
By Beppo-Levi’s Theorem, we can pass to the limit in (2.14), as A — 0T, and the inequality (2.11) holds true.

Remark 2.6. Let = (1. )z be a A-oo-Young measure. Then, reasoning as in Proposition 2.4, we can easily
check that for every continuous functions f the following inequality

oar ([ Sam(®)) < ).

holds true for a.e. x € £2.
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2.2. A-oco and A-weak quasiconvexity

In this section we recall some definitions and results contained in ([3], Sect. 3). We also prove Proposition 2.9
which improves ([19], Cor. 3.10) and ([3], Prop. 3.6(iv)). As a consequence, in Theorem 2.10 we prove an
LP-approximation result by way of I'-convergence.

Definition 2.7. We say that a Borel function f : M + [0, +00) is .A-0o quasiconvex if for every X € M4*N

1/p
f(X) = lim inf { (/Q P+ V(a:))dx) 1 Ve LE(Q;MPN) N Ker A, /Qde = 0} ) (2.15)

p—00

Here and in the sequel we denote by L3 (Q; M*NY) the set of L (RY; M4*N) functions which are Q-periodic

and we define e
1/p
fp(%) := inf { (/ fP(E+ V(as))dx) Ve LT (Q;MPN) N Ker A, / Vdr = 0} . (2.16)
Q Q

For any function f : M?*" — R we define the A-0o quasiconvex envelope of f as
Q7 f(X) :==sup{h(X) : his A-co quasiconvex and h < f}. (2.17)

In ([3], Prop. 3.8) we prove that if f is a continuous function, then f, is an A-quasiconvex function and Q% f
is an A-oo quasiconvex function. The A-co quasiconvex envelope of f can be also obtained as limit of f, as p
tends to +o0; i.e.,

1/p
QX f(¥) = lim inf { (/ P+ V(y))dy) Ve LT (Q;MPN) N Ker A, / Vdy = 0} . (218)
pmee Q Q
for every ¥ € M?¥ _ In ([3], Thm. 4.2) we prove that the I'-limit of a sequence of power-law functionals, as in
(1.4), is given by the supremal functional
- esssup Q% f(z, V(z)) if V € L=(2;M™>N) N Ker A,
F(V):={ zen A (. V(=) ( ) (2.19)
+00 otherwise.

In ([3], Def. 3.1) we also introduce the notion of A-weak quasiconvex functions.

Definition 2.8. We say that a Borel function f : M4V — R is A-weak quasiconvex if for all X € M@*¥

f(2) < eSS Sp f(X+V(z))

for every V € L3 (Q; M**N) N Ker A with JoVdz=0.
In ([3], Prop. 3.6) we prove that
A-quasiconvexity = A-0o quasiconvexity = A-weak quasiconvexity;
while, the counter implications are false (see [3], Sect. 5.2). In ([3], Prop. 3.6) we also prove that
if f is lower semicontinuous and level convex = f is A-weak quasiconvex.
We recall that a function f: MY — R is level convex if
FAZ + (1 —1)5) < f(Z)V f(5), V1,5 e MY vt e o,1]. (2.20)
Finally, in the following proposition we prove that

if f is lower semicontinuous, coercive and level convex = f is A-00 quasiconvex.
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Proposition 2.9. Let f : RY — R be a level convezx, lower semicontinuous function satisfying

f(&) = al¢]
for a fized a > 0 and for every & € RYN. Let (fP)** be the convex envelope of fP for every p > 1. Then
lim ((f7))1/7(€) = £(€), (2.21)

p—oo
for every &€ € RN . In particular, f is an A-oco quasiconvex function.

Proof. We can easily prove that (((f?)**)'/?) is a nondecreasing sequence. Since f is lower semicontinuous we
have that f = supy~ fa where fy is the A-Lipschitz continuous function given by

A€ =if {f(n) Vg —n| : neRY, (2.22)

(see [1], Props. 2.5 and 2.6). Note that fy is also coercive; i.e., fx(§) > al| for every A > 0 and for every
¢ € RV, In addition, since f is level convex, then fy is also level convex for every A > 0. In fact, let &1, & € RV,
For every fixed € > 0 let 7;,7m72 € RY be such that

) = fm) VNS —ml—e, &) > fn2) V N —na| — &
Then, for every t € (0, 1), we find that
&+ (1 =)&) < fltm + (1 —t)n2) VAR —m) + (1 =) (§2 — n2)|
< flm) vV g(nz) VIS —mi| vV Al§e — n2|
< fal) Van(&2) +e.

By the arbitrariness of ¢, it follows that

InO& + (1= 0)&) < fia(&r) V fa(&2);

that is, f) is a level convex function.
By [19], Corollary 3.10, we find that

Zgg((ff)**)l“’(f) = £(6),
for every € € RY . This implies that
£(6) = sup f(€) = sup (sup<<f§>**>1/P<£>) = sup (sup((ff)**)””(f)) < sup((7)™) 7 (€) < F(6).
A>0 A>0 \p>1 p>1 \A>0 p>1

which proves formula (2.21).
We now demonstrate that f is an A-co quasiconvex function. By Jensen’s inequality we have that

(e < [

Q
for every V € LYy (Q; M¥*N) N Ker A such that fQ Vdx = 0. It follows that

()" (5 + V() da < /Q (5 + V(@) da

(fP)y™(%) < inf{/@f”(Z—l—V(as))dx: Ve LE(Q;M™N) N Ker A, /Qde :o} = fP(2); (2.23)

hence, ((fP)**)'/? < f, < f. Passing to the limit as p — oo we get, in particular, that f = lim, .., f, which
concludes the proof. O

We now prove the following I'-convergence result for power-law functionals.
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Theorem 2.10. Let f : 2 x MY s R be a Borel function such that f(z,-) is lower semicontinuous and level
convex for a.e. x € §2 and satisfies the growth condition: there exists o > 0 such that

flz, X) > o X for a.e x € 2, for every X € MYV, (2.24)

Let F,, F: LY(2;MN) — RU {400} be given by

1/p
F, (V) := </Q f”(:c,V(x))dx) if Vo€ LP(2; M**N) N Ker A

400 otherwise,

and
esssup f(x,V(x)) if V € L=®(2;MP>*N) N Ker A
F(V):=q =zen
400 otherwise,
respectively. Then
I(w-LY)- lim F,(V) = F(V)

p—0o0

where I'(w-L') denotes the I'-limit with respect to the L'-weak topology.

Proof. We remark that (|Q\_1/ PF,) is a nondecreasing sequence and it converges pointwise to the functional I,
hence, by ([14], Props 6.7, 5.1), we have that

I(w-LY)- lim F, (V) < F(V).

p—oo
Conversely, since (f?)**(z,-) is a convex function we have that the functional G, : L*(§2;RY) — R U {+oo}
given by
1/p
G, (V) = (/ (fp)**(ac,V(ac))dx) if Ve LP(2, M¥>*N)NKerA
p o Q
“+o0 otherwise

is lower semicontinuous with respect to the L'-weak topology. Moreover, G, < F, for every p > 1. Therefore,
by ([14], Prop. 5.4), we find that

D(w-LY)- lim F,(V) > ['(w-L')- lim G,(V) = sup G,,(V).

p—00 p—00 p>1
By Proposition 2.9 and reasoning as in the proof of ([3], Thm. 4.2), we easily get that
supGp(V) = F(V).

p>1

Therefore, we conclude that I"(w-L')-lim,_ F,(V) = F(V). O

3. A-YOUNG QUASICONVEX FUNCTIONS

In order to study the L*°-weak™® lower semicontinuity of supremal functionals as in (1.1) we introduce the
following class of functions.

Definition 3.1. We say that a Borel function f : MY — R is A-Young quasiconvex if for every A-oo-Young
measure (= (lg)geq it satisfies the following Jensen’s inequality for Young measures

f (/ Eduw(2)> < esssup - esssup f(X) (3.25)
MAXN TEQ Y eMdxN

for a.e. T € Q.
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We remark that the class of A-Young quasiconvex functions is quite large. In fact, in the following Propo-
sitions 3.3 and 3.4, under suitable assumptions, we prove that this class contains strictly the more relevant
classes of functions as A-quasiconvex functions, level convex functions, A-oo quasiconvex functions and A-oco
quasiconvex envelope functions (see also Rem. 3.5).

In order to prove Proposition 3.3(2) we recall the Jensen’s inequality introduced by Barron et al. in [6].

Theorem 3.2 ([7], Thm. 1.2). Let f: RF — R be a lower semicontinuous and level convex function, and let 1
be a probability measure supported on §2. Then, for every function u € L}L(();Rk), we have

([ wana)) < ess supt s o (o) (3.26)

Proposition 3.3. Let f: MV — R.

(1) If f is a continuous and A-quasiconvex function, then f is an A-Young quasiconvex function;
(2) If f is a lower semicontinuous and level convex function, then f is an A-Young quasiconvezr function.

Proof.

(1) By Proposition 2.4, we find that for every A-co-Young measure p = (fz)zecQ

! (/MN Edux@)) < /WN () dpa(2),

for a.e. x € Q). Therefore, f satisfies (3.25).

(2) By the Fundamental Theorem on Young Measure (see e.g. [15], Thm. 2.2(5)) we have that every A-oco-Young
measure is a probability measure. Therefore, by Theorem 3.2, we easily get that any lower semicontinuous
and level convex function is, in particular, an A-Young quasiconvex function. O

Proposition 3.4. Let f : M¥¥ [0, 400) be a continuous function.

(1) If f is an A-co quasiconvex function, then for every open set 2 C RN and for every A-oo-Young measure
1= (lg)zen we have that

f </ Z‘d,uz(E)> < - esssup f(X)
MdXN

ZeMdaxN

for a.e. x € 2. In particular, f is an A-Young quasiconvex function.
(2) If f satisfies the growth condition f(X) > a|X|, for a > 0 and for every X € M*N | then Q% f is a lower
semicontinuous and A-Young quasiconvex function.

Proof.

(1) Let p be an A-co-Young measure generated by a sequence (V3,) € L>(£2; M4*N)nKer A weakly* converging
to V € L>®(£2; M*N), In particular, we have that

V() :/ Ydp (X)),
Mdx N
for a.e. x € 2 (see e.g. [15], Rem. 2.3(ii)). By Remark 2.6, it follows that

Qaff(V(x)) < pa- esssup fP(X),
ZeMdxN
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for a.e. z € §2. Since, by definition, fF < Q4 fP for every p > 1, we get that

Ip (/ Z‘d,uz(E)> < pg- esssup f(X).
Mdx N

YeMaxnN

Passing to the limit as p — oo, we obtain

! (/ Edux(2)> < g esssup f(X)
Mdx N

Y eMIExXN

for a.e. x € 2. By Definition 3.1 we get that f is also an A-Young quasiconvex function.

(2) By ([3], Props. 3.8 and 3.9) we have that (f?) is a sequence of continuous and .A-quasiconvex functions and
sup, fp, = Q% f. In particular, QF f is a lower semicontinuous function. With a slight abuse of notation, we
denote by f,, the function given by f, with p =1/n.

By Proposition 2.4, we have that for every fixed A-co-Young measure pu = (pz)zeq and for every fixed
n € N, there exists a negligible set H,, C {2 such that

In (/ Edﬂz(2)> = fa(V(@)) < (tta, f1)™ < 1= esssup QX f(2)
MdxN EEMdXN
for every x € 2\ H,. Set H = J,, H,. Then, we find that
fu ( / zm(z)) < - esssup QFF(2)
for every x € 2\ H. Hence, by ([3], Prop. 3.8), passing to the limit as n — oo, we have that
QXS (/ Edﬂx(z)) < fig- esssup Q% f(X)
MdXN EEMdXN

for every € 2\ H. In particular, if {2 = @ we obtain that Q% f is an A-Young quasiconvex function.

Remark 3.5.

(1) Note that, by ([3], Thm. 4.2) and Proposition 3.4(2), if f is a Carathéodory function, then the I'-limit of
(Fp), as in (1.4), is a supremal functional whose supremand function is an A-Young quasiconvex function
with respect to the second variable.

(2) In Section 6.1 we exhibit an example which shows that if d, N > 1, then

A-quasiconvexity,
A-Young quasiconvexity #= level convexity,
A-o0o quasiconvexity,

(see Example 6.7).

4. A SUFFICIENT CONDITION FOR THE w*-LOWER SEMICONTINUITY

In this section we deal with the lower semicontinuity of a supremal functionals F' under a differential constraint
defined by

F(V) :=esssup f(z,V(z)), V e L(2; MN) N KerA. (4.27)
e
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In Theorem 4.1 we prove the lower semicontinuity of F under the hypotheses that f is a coercive, lower
semicontinuous and A-Young quasiconvex function in the second variable. In Theorem 4.2 we remove the
coercivity assumption. Note that, if A = curl, then Theorem 4.2 generalises ([13], Thm. 3.4).

It is still an open question whether the A-Young quasiconvexity is also a necessary condition for the lower
semicontinuity of F' when d, N > 1.

Theorem 4.1. Let [ : 2 x M*N — [0, +00) be a Borel function such that f(x,-) is lower semicontinuous and
locally bounded for a.e. x € (2. Assume that

(i) f satisfies the growth condition: there exists o > 0 such that
flz, X) > a|X| for a.e x € 2, for every X € MV, (4.28)

(i) f(z,-) is A-Young quasiconvez for a.e. x € 2.

Let F, F, : L=(2; M¥N) — RU {400} be the functionals defined by (1.3) and (1.4), respectively.
Then, for every V, (V,) C L>=(2; M®N) such that V,, — V weakly* in L>(2; MPN) we have

F(V) < liminf F,(V,).
p—00

In particular the functional F is sequentially lower semicontinuous with respect to the L™ - weak* convergence.

Proof. Let (V) € L*>®(£2;M%N) be a sequence L>®-weakly* converging to V € L>®(2;M*™*N). We may
always assume that liminf, . F,(V,) < +oo. In particular, V, € L>(2;M%¥) N KerA; hence, also
Ve L®(02;M>*N)nKerA. In fact,

(AV,¢) = lim (AV,,¢) =0, V€ C3°(2, M™Y.
p——+oo
By the density of the subset C§°(§2, M%) in Wol’l((), M¥*N) " with respect to the strong convergence, we get

that also V satisfies the constraint AV = 0.
The sequence (V},) generates a Young measure (jig)zc such that

Vi) = [ D)

for a.e. x € 2. In particular, by the Fundamental Theorem on Young Measure (see e.g. [15], Thm. 2.2(5)) for
any fixed ¢ > 1, we have that

1/q
liminf F,(V,) = liminf (/ fq(x,V},(ac))dm)
Q

p—00 p—00
1/q
> ( | e E)dux(E)dx) .
0 Jyaxn
By applying ([3], Lem. 4.5) we obtain
liminfliminf Fj(V,) > esssup (uw— esssup f(z, E)) . (4.29)
q—00  p—0o0 TEN Y EMAxXN

By (4.29), we get that

ess sup (uw— esssup f(z, E)) < liminfliminf F,(V,)
€N S eMdxN q—o0  p—oo

< liminf lim inf | QY 97YP F,(V,,)

q—0o0 p—00

= liminf F,(V,). (4.30)
p—00
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If we prove that
f(zo,V(z0)) < esssup (Maﬁ' esssup f(z, 2)) (4.31)
e YeMIxN
for a.e. g € £2, by (4.30), we infer that
F(V) <liminf F,(V,).

p—oo

By Proposition 2.4 and Remark 2.5, there exists a negligible set N C (2 such that for every xg € 2\ N
and for every ' CC @ we can construct a sequence (W) C Ly (Q; M4 N) N Ker A satisfying the following
properties
(1) W, — V(zg) weakly* in L>°(§2; M*N);

(2) fQ Wy (z)dz =V (z0);
(3) (W,) generates a Young measure v*° such that for every p > 1

1/p
</Q (v fP(20,-)) dy) <({aor F7 (20, ) + LY (Q\ Q) F7 (w0, )| Lo (B(0,35))) /"

< ess sup (uw- esssup f(x, 2)) + LY@\ Q)P (0, | (mosry (4.32)
e Y eMdaxN

where K = sup, ||V} |[o-

Let ' ={z € 2\ N: f(z,-)is A-Young quasiconvex}. Note that LN (£2\ ) = 0. We now consider z, € £/
and (W,,) constructed as above. Then, letting in (4.32) first Q" — @Q and then p — 400, by ([3], Lem. 4.5), we
obtain

ess sup (VZO- ess sup f(x0,2)> < ess sup </¢m— ess sup f(w,E)) . (4.33)
YeQ TeMAIxN zER ZeMAxN

By properties (1) and (3) we have that

V(ay) = /MM S (%)

for a.e. y € £2 (see [15], Rem. 2.3(ii)). Moreover, since pt = (fy)yeq is A-0o Young measure and f(xzo,-) is
A-Young quasiconvex we have that

Flan, Vi) = fan, [ B2 () < esssu (v esssup fa, )
MdXN yeQ YeMIExXN
for every zp € 2. By (4.33) we get then (4.31) which concludes the proof of the liminf inequality. Since
F, < |2|]Y/PF for every p > 1, by the liminf inequality we get also the sequential lower semincontinuity of the
functional F'. 0

Theorem 4.2 (Sufficient condition). Let f : 2 x M¥*N — [~oc0,+00] be a Borel function, f # +oo. As-
sume that f(x,-) is lower semicontinuous and A-Young quasiconvex for a.e. x € (2. Then the functional
F o L®(2;MP>*N) N Ker A — R defined by (4.27) is sequentially lower semicontinuous with respect to the
L -weak* convergence.

Proof. The proof is achieved in two steps.

Step 1. We first deal with f nonnegative and such that f(z,-) is locally bounded for a.e. x € 2. For every fixed
n € N we define

Fula, 2) = fz, 2) v %\m
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for every (x, X)) € 2 x M4*N_ We can easily check that the function £, is A-Young quasiconvex, lower semicon-
tinuous, locally bounded in the second variable. Moreover, it satisfies the growth condition (4.28) with a« = 1/n
for every fixed n € N. We now define the functional F(n) : L°°(2; M4*") N Ker A — R given by

Fn)(V) = es;esrlzlp fnlz, V(x)).

By Theorem 4.1, F'(n) is sequentially L>-weakly* lower semicontinuous.

Let (Vi) € L>=(2;M¥*N) N Ker A be a sequence L™ -weakly* converging to V. Without loss of generality we
may assume that liminfy oo F(V3) = limg— oo F'(Vi). Let M := supy, ||Vi||oo- If limp—oo F(Vi) > 0 then there
exists ng, ko € N such that

M
F(Vg) > —
no

for every k > kq. It implies that
1
F(Vi) 2 —1[Villoo

for every n > ng and k > ko. We remark that
1
F)(V)=FV)V —[V]l,

and that the sequence (F'(n)) converges pointwise to the functional F' as n — oo (see [18], Prop. 4.3).
In particular, we find that

1
Fn)(Ve) = Fi) V Vel = F(V)
for every k > ko and n > ng. By the lower semicontinuity of F(n) we have that
F(n)(V) <liminf F(n)(Vx) = lim F(Vy)
k—o0 k—o0
for every n > ng. Passing to the limit as n — oo we obtain
F(V) <liminf F(V}).
k—o0
If limy oo F' (Vi) = 0, then we have that for every n € N

M
n

1 1
F(V) < FWV)V IVllee) = F(n)(V) < liminf F(n) (Vi) = lim inf(F(Vie) V —[Villoo) <
Passing to the limit as n — oo, we find that F(V) = 0.

Step 2. We define g(x, X)) := arctan(f(x, X)) 4+ 5. Since f is an A-Young quasiconvex function, by the mono-
tonicity of the arctangent function, it is easy to see that g is a nonnegative A-Young quasiconvex function.
Moreover, g is bounded and lower semicontinuous with respect to the second variable. By Step 1, we have that
the functional G : L>°(2; M%*") N KerA — R defined by

GV):= es;esgp g(z,V(x)) (4.34)

is sequentially L>°-weakly* lower semicontinuous. Let (V) € L>(£2; M%) N Ker A be a sequence weakly*
converging to V and let (V},,) be a subsequence such that

liminfesssup f(x, Vi(x)) = lim esssup f(x, Vi, (2)).
k—oo zEN n—oo Lo
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Since

lim inf arctan <ess sup (f (=, Vk(:r)))> > arctan(lim inf ess sup f(z, Vi (2)));
k—o0 TEN k—oo  zen

it easily follows that

lim inf arctan <ess sup (f (z, Vk(:r)))> = lim arctan (ess sup f(z, Vi, (w))) .

k—o0 zes? n—oo zeN

By the lower semicontinuity of G we have that

G(V) < lim G(V,)

n—oo

and, consequently,

arctan (ess sup f(z, V(w))) < lim arctan (ess sup f(x, Vi, (m))) .

e n—0o0 e

Gathering the previous inequalities, we can now conclude that

F(V)=esssup f(z,V(x))) < lim esssup f(x, Vi, (z)) < lim esssup f(x, Vi(z)) = liminf F(V4). O
e n—oo  gcn k—oo  gzen k—o0

Remark 4.3. Let f: MY — [0, +00) be a lower semicontinuous function satisfying the growth condition
f(Z) = alX] (4.35)

for every ¥ € M?*¥ and a fixed a > 0. By (4.31) we have that

f (/ Eduw(2)> < ess sup - esssup f(X) (4.36)
MdxN z€N SeMExXN

for a.e. x € 2, for every A-oo-Young measure p = (i;).e and for every (2 open bounded subset of RV. In
particular, f is an A-Young quasiconvex function and the condition (3.25) holds true not only for the unit cube
Q but for every open bounded subset of RY.

5. SOME NECESSARY CONDITIONS FOR THE w*-LOWER SEMICONTINUITY

In the following theorem we provide necessary conditions for the lower semicontinuity of functionals as
in (4.27). In particular, we prove that the A-weak quasiconvexity is a necessary condition too. However, this
condition is not sufficient as proved by a counter-example in [20]. The proof of (i) and (ii) closely follows that
of ([7], Lem. 2.8) with the necessary changes.

Theorem 5.1 (Necessary conditions). Let f: 2 x MY*N — R be a Borel function. Assume that there exists a
function w : [0, 4+00) X [0, +00) > [0, +0]) continuous in its first variable, non-decreasing in its second variable,
w(0,t) =0 for every t > 0, and such that

|f (21, X) = f (22, L) S w(loy — a2, [X]) (5.37)
for every x1, 19 € RN, X € M¥N | Let F: L®°(2; M¥*N) N KerA x O(£2) — R be defined by

F(V,B) :=esssup f(z, V(x)),
z€EB
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for every V€ L=(2; M¥™*N)N KerA and B € O(2). Assume that F(-, B) is L -weakly* lower semicontinuous
for every B € O(2). Then

(i) VzeRVN
D f(2,5)
is a lower semicontinuous function in RN ;
(ii) Vaxo € 2 and for every N-cube Y C RN
Vi <x0,][ V(z) dx) <esssup f(xo, V(2)) (5.38)
Y €Y

for every V€ L (Vs MMy N Ker A. In particular, f(zo,-) is A-weak quasiconver;
(iii) Yo € 2 and for every t € [0, 1] it holds

flz,tX2 + (1 —6)X2) < max{f(xz, X1), f(z,X2)} (5.39)

for every (X — X?%) € A, where
A= U Ker A(w)

wesSN-1
Proof.
(i) Let us fix zp € RY and let us consider X, — X in MY, We want to prove that f(xo,X) <

liminfy, o f(20, Xn). Since F' is weak* lower semicontinuous we trivially have that

esssup f(z,X) <liminf esssup f(z, X).
zEB,(x0) h—oco 3eB,(z0)

Since (Xp,) is bounded, by (5.37), it follows that

[z, Xn) = f(z,Xh) — f(x0, Xn) + (w0, Xn)
< w(l@ = zol, |[Zn|) + f(xo, Xn)
< w(|lz = z0l,¢) + f(x0, Xp)-

Then

esssup f(z, Xh) < f(zo, Xn) + esssup w(|x — xol, )
x€B,(x0) x€B,(x0)

and, passing to the limit as h — oo, we find that

liminf esssup f(z, X)) < hmlnff(wo,Z‘h) + esssup w(|z — zol, ¢).
h— o0 z€B,(x0) r€B, (o)

It implies that

esssup f(z,X) < hmmff(xo,Eh) + esssup w(|z — zol, ¢).
z€B,(z0) z€By(z0)

Passing to the limit as p — 0% we have that

f(zg,X) = lim esssup f(z,X)
p=0% e B, (z0)
< hmlnff(xo,Eh) + lim esssup w(|z — zol, ),
p—07F z€B,(xo)

which concludes the proof of the lower semicontinuity of the function f(zo, ).
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(ii) Let V € L;’;(Y;de}v) N Ker A. We define V,,(z) = V(n(z — x9)). Then, V,, € L= (2;M>*N) N Ker A is a
(1/n)Y -periodic function and it converges weakly™ to ][ V(z)dz in L>®(£2; M4*N). By the lower semicontinuity
Y

of the functional F we have that

ess sup f( ][ Vy dy) < liminf esssup f(z,V,(z)). (5.40)

z€B,(xo) nN=0 zeB,(z0)

Since f is continuous in its first variable, we get the left hand side of (5.38) passing to the limit in (5.40) as

p— 0+; i.e.,
lim esssup f( ][ Viy dy) (350,][ V(y) dy).
p—0+ z€B,(x0) Y

By the periodicity of V,, and n big enough we have that

ess sup f (w0, Via(2)) = ess sup f(o, V(2)).
z€B, (o) €Y

Hence, we can get the right hand side of inequality (5.38) computing the following limit

lim esssup f(xo, Vo(z)) = esssup f(zo, V(x)).
N0 xe€B,(z0) z€Y

On the other hand, by (5.37) we have that

[f (@, V() = [ (o, Vi (2))] < wllaz = zol, [Va(2)]) < wll — o, ¢);

hence,

f@, Vi) = [z, Valz)) = f(zo, V() + f(z0, Va(2))
< w(lz — o, ¢) + esssup f(zo, Va(x).
zEB,(z0)
It implies that

esssup f(z,V,(x)) < esssup w(|x — xol,c) + esssup f(xo, V,(2)).
zEB,(x0) zEB,(x0) TEB,(x0)

By (5.40) and gathering the previous inequalities we get that

esssup f (.T,][ V(y) dy) < liminf esssup f(z,V,(x))
v

xE€By(xo) N0 zeB,(z0)

< liminf esssup f(zo, Vi(x)) + esssup w(|z — xol,¢)
nee zEB,(z0) zEB,(z0)

= esssup f(zo, V(x)) + esssup w(|jz — 20|, ¢).
€Y z€B,(z0)

Passing to the limit as p — 0 we get the formula (5.38).
Finally, for any W € L (Y} M4*N) N Ker A with / W(z)dx = 0 we can define a function V.= X+ W €
Y

LF(YV;MPN) N Ker A satisfying][ V(z)dx = X. Hence,
Y

€Y zeY

flzg,X)=f <x0,]{/ V() d:r) < esssup f(xo, V(z)) = esssup f(xg, X+ W(x)) (5.41)



1070 N. ANSINI AND F. PRINARI

for every fixed zg € 2, X € MN and W € L (Y; MMy Ker A with /YW(w) dz = 0. In particular, f(xo, )
is A-weak quasiconvex.
(iii) Let X%, X2 € MY and let w € SN~! be a vector such that (X! — X2) € Ker A(w). We define
V) = {(_115(_;3 > ;2),22)’ v
where
Ay ={zeRY: j < (z,w) <j+t, jEL},
Ay={z eRN: jrt<(z,w)<j+1,jcZ}

for a fixed t € (0,1). Since (X! — X?) € Ker A(w), we may easily check that AV = 0 (see e.g. [2], Thm. 4.2,
Step 3). Moreover, by construction V' € L3 (Y M?*N) for a suitable cube Y C RY and satisfies [, V' da = 0.
Hence, by (5.41), for every fixed g € {2 and for every ¢ € [0, 1] we have that

f(wo, X) < esssup f(zo, ¥ + V()
zeY

< esssup f(zg, X + V(x))

r€A1UA,
= max{ess sup f(zg, ¥ + (1 — t)(Z* — £?)), esssup f(zg, ¥ — t(X1 — X?))}.
€A T€A2

In particular, for ¥ = tX1 + (1 — ) X? we get that
f($07t21+(1—t)22) SmaX{f(l‘Oazl)a f(x0722)}' U

Remark 5.2. Note that if f : MY — R is a lower semicontinuous and A-Young quasiconvex function then,
by Theorems 4.2 and 5.1, we have that f satisfies conditions (5.38) and (5.39). In particular, f is an A-weak
quasiconvex function and the condition (5.38) holds true for every N-cube Y.

6. Div-YOUNG AND curl-YOUNG QUASICONVEXITY

In this section we study the properties of the 4-Young quasiconvex functions in the divergence-free and
curl-free case; that is, A = Div , curl.

As already remarked, in the gradient case, Barron, Jensen and Wang proved that strong Morrey quasiconvex-
ity is a necessary and sufficient condition for the lower semicontinuity of supremal functionals with f = f(X)
lower semicontinuous (see [7], Def. 2.1, Thms. 2.6 and 2.7). Therefore, by Theorem 4.2 we have that a curl -Young
quasiconvex function is, in particular, a strong Morrey quasiconvex function (see Prop. 6.1 below). Note that if f
depends explicitly on z, then strong Morrey quasiconvexity provides a necessary and sufficient condition under
continuity assumption on f(-, X'). Therefore, in the case of A = curl, Theorem 4.2 improves ([7], Thm. 2.6)
since we do not require any continuity assumption on f(-, X).

Proposition 6.1. Let f : 2 x MY — R be a Borel function. Assume that f(x,-) is lower semicontinuous and
curl - Young quasiconver for a.e. x € §2. Then, f(x,-) is a strong Morrey quasiconvex function for a.e. x € 2.

Proof. Let x € §2 be such that the function f(z,-) is lower semicontinuous and curl-Young quasiconvex. For
every open set A C RN let F,(-, A) : WH°(A; M%) — R be the functional defined by
F,(u, A) :=esssup f(z, Du(y)). (6.42)
yeA
Then, by Theorem 4.2, we have that for every open set A C R the functional F,(-, A) is sequentially L°°-

weakly* lower semicontinuous on W1o°(A; M4*¥). Thanks to the necessary condition in ([7], Thm. 2.7), it
follows that f(z,-) is a strong Morrey quasiconvex function. O
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In Proposition 6.3 we prove that polylevelconvex functions (see Def. 6.2 below) are curl-Young quasiconvex
functions. In ([7], Cor. 3.9) they show that a lower semicontinuous polylevelconvex function is a strong Morrey
quasiconvex function.

Definition 6.2 ([7], Def. 3.5). A measurable function f : MY — R is called polylevelconvex if there exists
a level convex function g : R“N:4) — R such that f(X) = (g o T)(X)) where ¢(N, d) is given by
min(N,d)
d!N!
N,d) =
(N.d)= 3, (sD2(N — s)I(d — s)!

s=1

and T : M®*N — Re(N:9) is the map consisting of ¥ and all of its s x s minors for s < min(N, d).
Note that such functions have been referred in [7] as polyquasiconvex functions.

Proposition 6.3. Let g : Re(N:d) [0,4+00) be a lower semicontinuous and level convex function. Then the
polylevelconvex function f = goT is curl - Young quasiconvez.

Proof. The proof is achieved in two steps.

Step 1. We first deal with g continuous function. We define g,,(€) := g(£) V 1[¢|. Then g, is a continuous and
level convex function satisfying the growth condition (4.35). By ([3], Prop. 5.7) the polylevelconvex function
[a(X) = gn o T(X) = g(T(X)) V LT (X)| is curl-oco quasiconvex. By Proposition 3.4 f, is also a curl-Young
quasiconvex function. In particular, for every curl-co-Young measure p = (py)zcq and for every n € N we have
that

f (/ Z‘d,uz(Z‘)> < fu (/ Z‘d,uz(Z‘)> < ess sup fig- esssup firn(X). (6.43)
MdxN Mdx N TEQ Y eMIExXN
Note that, since the sequence of functions generating the Young measure p = (ig)zeq is bounded in

L>(Q,M¥*N) by the Fundamental Theorem on Young Measure (see e.g. ([15], Thm. 2.2 (2))), there exists a
compact set K € M*¥ such that
supp pe C K fora.e.x € Q.

Therefore, we have that

ess sup fi,- esssup |T(X)| = ess sup pg-esssup |[T(X)] < max |[T(X)| = C € R. (6.44)
z€Q TeMAxN zeQ YeK Zek
In addition,
1
€SS SUp fiz- esssup frn(X) = esssup pg- esssup g(T'(X)) V — esssup pg- esssup |T(X)]. (6.45)
zeQ ZeMdxN reQ TeMIxN n zeq YeMIxN

We denote by M = ess sup,¢q - €8s Suppeypaxn f(X). By (6.44) and (6.45), we have that

C
ess sup pig- esssup fp(X) < MV —,
z€EQ Y EMAxXN n

for every n € N. Therefore, passing to the limit as n — oo, we get that

ess sup [z~ esssup f,(X) < M.
TEQ YeMIxXN

By (6.43) we get the thesis.
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Step 2. We now assume that g is a lower semicontinuous function. Reasoning as in the proof of Proposition 2.9
we have that g = sup,- o gx where g, is a continuous and level convex function given by the formula

gr(§) := inf {9(77) VAE—n| : ne RC(Nad)}_

By Step 1, we have that gy oT is a curl-Young quasiconvex function, for every A > 0. Since f(X) = (goT)(X) =
sup{(gx o T)(X) : XA > 0}, we can conclude that f is a curl-Young quasiconvex function. O

Proposition 6.4. Let f: M®*N — R be a lower semicontinuous function.

(1) (A=div,d=1). Let f be adiv-Young quasiconvezr function. Then f is a level convex function; i.e., f
satisfies

flz,tX + (1 —t)X2) <max{f(x, X1), f(x,X2)}, (6.46)

for every X1, X9 € M¥*N and t € [0,1].

(2) (A=Div,d> N >1). Let f be aDiv-Young quasiconvez function. Then f is rank-(N — 1) level convex;
i.e., f satisfies (6.46) for every X1, Xy € M with rank (X1 — X2) < (N —1) and t € [0,1].

(3) (A=curl). Let f:M>N i R be curl-Young quasiconvex. Then f is rank-1 level convex; i.e., f satisfies
(6.46) for every X1, X9 € MY with rank (X! — X2) < 1 and t € [0,1]. In particular, if either d = 1 or
N =1 then f is level convex.

Proof.

(1) If d =1 and A = div, then
Ker A(w) = {¢€ e RN : (¢, w) = 0}

for every w € SN, which implies that A = RY . Note that, since for every ¢! # &2 there always exists
w € SV=1 such that (¢! — £€2,w) = 0, we have in particular that (¢! — ¢2) € A. Hence, by Theorem 5.1, f
satisfies (6.46) for every ¢1,¢2 € RY; i.e., f is level convex.

(2) We recall that if d > 1, we define DivV : 2 +— R? such that (DivV); = div(V); whenever i = 1,...,d.
Therefore the vectorial case, d > N > 1, can be studied by generalising the previous case d = 1. More
precisely, we can prove that if (X! — X2) € A then rank (X! — ¥2) < (N — 1). By Theorem 5.1 we have
that f satisfies (6.46) for every X! # X2 € M¥*N with rank (X! — X2) < (N —1).

(3) If A= curl, then

KerA(w) = {{@weM»™N . ¢eRY we SN,

By Theorem 5.1 we have that f satisfies (6.46) along any rank-one directions. O
Proposition 6.5. Let f: M™N — R be a lower semicontinuous function.

(1) If d=1 then f is level conver <= div - Young quasiconvex.
(2) If eitherd =1 or N =1 then f is level convex <= curl - Young quasiconver <= strong Morrey quasiconvez.

Proof. For any constant-rank operator A, by Proposition 3.3(2), we find that if f is a level convex function
then f is also a A-Young quasiconvex function. In order to get the equivalence in the div and curl free cases it
is sufficient to apply Proposition 6.4. Moreover, by ([7], Cor. 3.9) we have that level convexity is equivalent to
strong Morrey quasiconvexity which concludes also the proof of (2). O
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6.1. Examples

In Propositions 3.3 and 3.4 we prove that A-quasiconvex functions, level convex functions and A-co quasi-
convex functions belong to the class of A-Young quasiconvex functions. Here we exhibit some examples (in the
case of A = curl) in order to prove that the aforesaid classes are strictly included. We recall that a function is
curl -quasiconvex if and only if it is quasiconvex.

Example 6.6. The function
f(X) = arctan(det X), X e M?*2

is polylevelconvex, curl-Young quasiconvex but it is not level convex. In fact,

(1) let g : R® — [0, +00) be defined as g(¢) = arctan¢s and let T'(X) = (X1, Y12, Xo1, Yoz, det X) for every
X € M?*2, Since g is a level convex function, by Definition 6.2 we have that f = g o T is a polylevelconvex
function. Moreover, by Proposition 6.3 we have that f is also a curl-Young quasiconvex function;

(2) let Xy := (58 ,and Xy = 8(1) . For every A € (0,1) we have that arctandet(AX] + (1 — \)Xs) =
arctan(A(1 — X)) > 0 while arctan(det X;) = arctan(det X3) = 0. More precisely, there exists A\ = 1/2 such
that

2 2

Therefore we may conclude that f is not level convex.

f (121 + 122) = arctani >0> f(X1)V f(X).

Example 6.7. The function f: M?*2 — [0, 4+00) defined as
f(X) = k(X)) V h(]2])
with k(X) := arctan(det X') and

0 ift<1
ht) =S t—1if 1<t <2
1 ift>2

is a curl-Young quasiconvex function, but not level convex and neither curl-co quasiconvex nor quasiconvex. In
fact,

(1) his alevel convex function and by Example 6.6 we have that k is a curl-Young quasiconvex function. There-
fore f is a curl-Young quasiconvex function since it is the maximum between two curl-Young quasiconvex
functions;

(2) let Xy and Y5 be as in Example 6.6; hence,

f (%Z‘l + %Ez) = arctani V h (%) = arctani >0=f(X1)V f(X2).
It follows that f is not a level convex function;

(3) note that ff = Qcun fP which coincides with the quasiconvex envelope of f?. Since f? is also bounded,
we have that f2 = 0 (see [10], Ex. 4.2). Passing to the limit as p — 400 we get that Q2 f = 0; i.e,
F(X) > 9%, f(X), for every X € M4 with |det X| > 0. Therefore f is not a curl-co quasiconvex
function;

(4) reasoning by contradiction we assume that f is a quasiconvex function. Hence,

A) = f(AZ)

9(
is convex. Since g(\) = k(AX1) V h(A|Z1]) = h(A|Z1]) = h(3) we get the contradiction. Note that we may
also deduce that f is not quasiconvex by ([3], Prop. 3.4(1)).
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6.2. An application to the effective strenght for resistive materials

In this section we characterise, by way of I'-convergence, the effective strength set K.g in the context of
electrical resistivity. More precisely, we consider

Keg = {g eRY 130 € L®(Q;RY), / odr =0, dive =0, f(z,6+0(z)) <lae x€ Q} (6.47)
Q

and we assume that f(z,-) is a div-Young quasiconvex and lower semicontinuous function. Note that, by ([3],
Prop. 5.3), div-Young quasiconvexity is equivalent to level convexity. The following theorem is an application
of Theorem 2.10 and generalises both ([8], Props. 6.1, 6.2) and ([3], Thm. 6.1) where continuity and div-oo
quasiconvex assumptions are considered.

Theorem 6.8. Let f : Q x RN — R be a Borel function such that f(z,-) is lower semicontinuous and level
convex for a.e. x € £2 and satisfies the growth condition (4.28). For any ¢ € RN let

1/p
j;ﬁ(g) = inf { </ fP(x, &+ a(w))dx> s o€ LP(Q;RY), / odr =0, dive = 0} .
Q Q
Then, for any £ € RV, j;ff(f) converges to j<(€) given by
7€) == inf {ess sup f(z,€ + o(z)) : o € L=(Q;RY), / ocdzr =0, dive = 0} .
Q

z€Q
Moreover, the set Kog is described by
Keg ={¢€RY : jsl(6) <1} (6.48)
Proof. By Theorem 2.10, for every fixed £ € RY, we have that the functional H, : L'(Q;RY) — R U {+o0}
given by

1/p
(/ fP(x,0(x) —I—f)dx) if o€ LP(Q;RY), dive =0, / ocdx =0
Hy(o) := Q Q

+00 otherwise
I'(w-L')- converges to the functional
esssup f(z,0(z) + &) if o € L®(Q;RY), dive =0, / ocdz =0
H(o) = z€Q Q@

+00 otherwise.

By assumption (4.28), for a fixed ¢ > 1, for every p > ¢ and for every A € R we get the following inclusion
Eyp:={uec LY(2;RY): Hy(o) <A} C{uec L'(2RY): / lo|?7dx < C(g,A\)} =: K.
0

Since Ky is closed and sequentially compact with respect to the L!-weak topology, it follows that the sequence
(Hp)p>q is equicoercive with respect to the same topology (see [14], Def. 7.6). Therefore, by ([14], Thm. 7.8),

we find that
lim jo(€) = j& (€),

p—0oQ

for any ¢ € RY. Since f is a level convex function, the functional H is weakly* lower semicontinuous on
L>(Q;RYM) and the proof of (6.48) follows as in ([3], Thm. 6.1). O
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