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A VARIATIONAL APPROACH TO A STATIONARY FREE BOUNDARY
PROBLEM MODELING MEMS *

PHILIPPE LAURENCOT! AND CHRISTOPH WALKER?

Abstract. A variational approach is employed to find stationary solutions to a free boundary prob-
lem modeling an idealized electrostatically actuated MEMS device made of an elastic plate coated
with a thin dielectric film and suspended above a rigid ground plate. The model couples a non-local
fourth-order equation for the elastic plate deflection to the harmonic electrostatic potential in the free
domain between the elastic and the ground plate. The corresponding energy is non-coercive reflecting
an inherent singularity related to a possible touchdown of the elastic plate. Stationary solutions are
constructed using a constrained minimization problem. A by-product is the existence of at least two
stationary solutions for some values of the applied voltage.
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1. INTRODUCTION

Microelectromechanical systems (MEMS) play a key rdle in many electronic devices nowadays and include
micro-pumps, optical micro-switches, and sensors, to name but a few [19]. Idealized electrostatically actuated
MEMS consist of an elastic plate lying above a fixed ground plate and held clamped along its boundary. A
Coulomb force induced by the application of a voltage difference across the device deflects the elastic plate. It
is known from applications that a stable configuration is only obtained for voltage differences below a certain
critical threshold as above this value the elastic plate may “pull in” on the ground plate.

In a simplified and re-scaled geometry when presupposing zero variation in transversal direction (see Fig. 1),
the stationary problem can be described as finding the plate deflection u = u(x) € (—1,00) on the interval
I:=(—1,1) according to

B0ku(x) ~ (r + alldsulll, ) ) 02u() = = (210p(, u(@) P + (@ u@)?), wel,  (11)
u(£1) = dpu(£1) =0, (1.2)
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FIGURE 1. Idealized electrostatic MEMS device.

along with the electrostatic potential ¥ = ¢ (x, z) satisfying

202 + 0% =0, (x,2) € 2(u), (1.3)
Vo) = s, (5.2) €020, (14)

in the region
Q) ={(r,z) e I xR : —1<z<u(x)}

between the two plates. In equation (1.1), the fourth-order term B0%u with 3 > 0 reflects plate bending while
the linear second-order term 70%u with 7 > 0 and the non-local second-order term a||8wu||2LQ(I)8§u with a > 0
and

1
10,ull2, 1, = / (s dr

account for external stretching and self-stretching forces generated by large oscillations, respectively. The right-
hand side of (1.1) is due to the electrostatic forces exerted on the elastic plate with parameter A > 0 proportional
to the square of the applied voltage difference and the device’s aspect ratio € > 0. The boundary conditions (1.2)
mean that the elastic plate is clamped. According to (1.3)—(1.4), the electrostatic potential is harmonic in the
region {2(u) enclosed by the two plates with value 1 on the elastic plate and value 0 on the ground plate. We
refer the reader e.g. to [6,16,19] and the references therein for more details on the derivation of the model.

A crucial feature of the model is the singularity arising in the term 9,9 (z, u(z)) of (1.1) when u(xz) = —1 (due
to ¢¥(z,—1) = 0 and ¢(x,u(x)) = 1), i.e. when the elastic plate touches down on the ground plate. The strength
of this instability is in some sense tuned by the parameter A and it is thus expected that solutions to (1.1)—(1.4)
only exist for small values of A below a certain threshold. Obviously, the stable operating conditions of MEMS
devices and hence the existence of stationary solutions are of utmost importance in applications. Questions
related to the pull-in threshold were the focus of a very active research in the recent past, however, almost
exclusively dedicated to the simplified small gap model obtained by formally setting ¢ = 0 in (1.1)—(1.4). This
reduces the problem to a singular nonlinear eigenvalue problem for u of the form

1

Btu(x) - (7 + aldaul} ) ) O2u(x) = Tk

zel, (1.5)
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subject to the boundary conditions (1.2) with explicitly given electrostatic potential

1+2

Y(z,z) = Tru()

For detailed results on the small gap model we refer the reader to [6, 10,14, 17] and the references therein in
which also higher dimensional counterparts are investigated. Roughly speaking, in the one-dimensional (and two-
dimensional radially symmetric) fourth-order small gap model with clamped boundary conditions and a = 0 it
is known [14] that there is a threshold A, > 0 such that there are (at least) two solutions to (1.5) for A € (0, A.),
one solution for A = A,, and no solution for A > \,.

A similar result might also be expected for the free boundary problem (1.1)—(1.4) with € > 0. A first step in
this direction was made in Theorem 1.7 in [13], where the following result was shown for a = 0:

Proposition 1.1. Let a = 0.

(i) There is As(€) > 0 such that for each A\ € (0,As(¢)) there exists a solution (Ux,W¥y) to (1.1)—(1.4) with
Uy € HY(I) satisfying —1 < Uy < 0 in I and ¥\ € H*(2(U,)). The mapping X\ — (\,Uy) defines a smooth
curve in R x HA(I) with Uy — 0 in H*(I) as A — 0.

(ii) There are e, > 0 and A : (0,e,) — (0,00) such that there is no solution (u,) to (1.1)—(1.4) fore € (0,¢e,)
and A > A:(e).

Actually, (Ux, %)) for A € (0, As) is an asymptotically stable steady state for the corresponding dynamic problem.
The proof of part (i) of Proposition 1.1 is based on the Implicit Function Theorem and readily extends to the
case a > 0. For part (ii) one may employ a nonlinear variant of the eigenfunction method involving a positive
eigenfunction in H*(I) associated to the fourth-order operator 39% — 792 subject to the clamped boundary
condition (1.2). For further use we now state the extension of Proposition 1.1 (i) to a > 0.

Theorem 1.2. Let a > 0. There is A\s(a,e) > 0 such that for each A € (0,As(a,€)) there exists a solution
(Ux,¥y) to (1.1)—(1.4) with Uy € H*(I) satisfying —1 < Uy < 0 in I and ¥\ € H?*(2(U,)). The mapping
A= (N, Uy) defines a smooth curve in R x H*(I) with Uy — 0 in H*(I) as A — 0.

Theorem 1.2 in particular ensures the existence of stationary solutions for small values of A. However, it
leaves open the question whether multiple solutions exist for such values of A which is a remarkable feature of
the simplified small gap model as pointed out above. The purpose of the present paper is to give (partially) an
affirmative answer. More precisely, we shall prove herein:

Theorem 1.3. There is a one-parameter family (Ay, up, V) p>2 with A, > 0, u, € H*(I), and v, € H?*(2(u,))
such that (u,,,) is a solution to (1.1)—(1.4) with A = A, for each p > 2. Both u, = u,(x) and ¥, = ¥,(z, 2)
are even with respect to x € I and —1 <wu, <0 in I. Moreover, \, — 0 as p — oo and u, # Uy, for all p > 2
sufficiently large.

Theorem 1.3 provides multiple solutions to (1.1)—(1.4) for small values of A and is derived by a variational
approach. It relies on the observation that (1.1) is the Euler-Lagrange equation of the total energy £ given by
E(u) := Em(u) — A (u) with mechanical energy

Jé] 1 a
Enw) = SN2l 00y + 5 (7 + SN0l ) 10sl,
and electrostatic energy

Eulu) = /Q 0 1007 A2),

where the electrostatic potential ¢, is the solution to (1.3)—(1.4) associated to the given (sufficiently smooth)
deflection u. Note that £ is the sum of terms with different signs. The possible pull-in instability thus manifests in
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the non-coercivity of the energy £, and due to this a plain minimization of the total energy is not appropriate.
In fact, it follows from Lemma 2.9 (ii) that £ is not bounded from below for A > 0 and we therefore take
an alternative route and minimize the mechanical energy &,, constrained to (certain) deflections u with fixed
electrostatic energy &.(u) = p. Each minimizer u, of this constrained minimization problem together with the
corresponding electrostatic potential 1, := 1), then yields a solution to (1.1)—(1.4) for the corresponding
Lagrange multiplier A = A\,. Though lacking a continuity property with respect to p > 2, the observation that
Ee(Ux) — 2 as A — 0 while A, — 0 for &E.(u,) = p — oo yields multiplicity of solutions to (1.1)—(1.4) for small
values of A in the sense that there is at least a sequence A; — 0 of voltage values for which there are two different
solutions (uj,1;) (i.e. p = j in Thm. 1.3) and (Uy,,¥y;) (i.e. A = A; in Thm. 1.2). Note that, by taking a
different sequence p; — oo with p; # j, we obtain different solutions (u,,,v,,) — since the electrostatic energies
differ — but with possibly equal voltage values. We conjecture that, as in the simplified small gap model, the
solutions constructed in Theorem 1.3 actually lie on a smooth curve.

To prove Theorem 1.3 we first solve in Section 2 the elliptic problem (1.3)—(1.4) for the electrostatic potential
¥ = 1, for a given deflection u and investigate then its dependence and that of the corresponding electrostatic
energy & (u) with respect to u. Some technical details needed regarding continuity and differentiability properties
of &, and the right-hand side of (1.1) are postponed to Section 4. The constrained minimization problem leading
to Theorem 1.3 is studied in Section 3.

2. SOME PROPERTIES OF THE ELECTROSTATIC ENERGY AND POTENTIAL

We first focus on the elliptic problem (1.3)—(1.4) and investigate its solvability and properties of the corre-
sponding electrostatic energy.

We shall use the following notation. To account for the clamped boundary conditions (1.2) we introduce, for
s>0andp> 2,

{ve Wy(I); v(£l) = dv(£1) = 0}, s > §,

2
s 1 3
Wy p(I) =1 {veWs();v(+l) =0}, 5 <s<3
1
Wi(I), s <5

and write Hp,(I) := W3 p(I). Similarly, HL(2(u)) == {ve HY(2(u)); v=0 on 902(u)}. For s > 1 we set
S*:={ue H)(I) : w>—1 on I}, K :={ue H)(I) : —1<u<0 on I},
and given u € S we define

1+2 =
TTul) for (x,z) € 2(u),

by(z,2) = (2.1)

1 for (x,z) € 2(0)\ 2(u),

with £2(0) = I x (—1,0). Note that, if u € K, then the function b, belongs to H(£2(0))NC(£2(0)) which allows
us to define B, € H=1(£2(0)) (i.e. the dual space of H5(£2(0))) by setting

(B, ) = — / [£20,b,0,0 + 8.b,0.0] d(x,2), 0 € Hp(£2(0)). (2.2)
2(0)

2.1. Electrostatic potential

We first recall the existence and properties of weak solutions to (1.3)—(1.4) for u € K! which follow from
Theorem 8.3 in [7] and the Lax—Milgram theorem.
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Lemma 2.1. Given u € S1, there is a unique weak solution v, € H'(£2(u)) to (1.3)—(1.4) such that 1, — b, €
HE(2(uw)). If, in addition, u € K*, then v, — b, satisfies the variational inequality

/Q (0 b+ 102050~ B)P) A7) = 2B —bu)

g/ (210:9 +10-92) d(z, 2) — 2(Bu,9) (2.3)
2(u)

for all 9 € H}(2(u)).

Replacing ¥ € H}(2(u)) in (2.3) by € — by, where ¢ is an arbitrary function in H'(§2(u)) satisfying £ — b, €
HL(2(u)), one easily obtains the following consequence:

Lemma 2.2. Let u € K. For all ¢ € H(2(u)) such that & — b, € H5(2(u)) there holds

/Q( )(€2|8x¢u\2+ 000 [%) d(z, 2) g/ (e%10:€% +10:€]%) d(z, 2). (2.4)

)

We collect additional properties of 1), in the next result when w is assumed to be more regular.

Proposition 2.3. Let o € [0,1/2). If u € S*>7%, then the weak solution 1, to (1.3)—(1.4) belongs to
H2=%(2(u)). In addition, if u € K>~ then

1+2z < Py(z,2) <1, (z,2) € 2(u), (2.5)
311/%(%“(@) = —5z¢u($»u($)) axu(w), rel,
Oy (z,u(z)) >0, zel.

Proof. That 1, € H>~%(02(u)) for u € S?~* follows from Corollary 4.2 proved in Section 4. Next, if u € K272,
then owing to the non-positivity of u, the functions (x,z) — 1+ z and (z,z) — 1 are a subsolution and a
supersolution to (1.3)—(1.4), respectively, and (2.5) follows from the comparison principle. To obtain (2.6),
we simply differentiate the boundary condition )y, (x,u(z)) = 1, € I, with respect to z. Finally, (2.7) is a
straightforward consequence of the boundary condition 9, (x,u(z)) =1, z € I, and (2.5). O

Thanks to the continuity of the normal trace of the gradient from H?~(2(u)) to H(1=2%)/2(T) for a € [0,1/2)
(see Thm. 1.5.2.1 in [8]), the regularity of the solution 1, € H2=%(£2(u)) to (1.3)—(1.4) for u € S*~* provided
by Proposition 2.3 gives a meaning to the right-hand side of (1.1). We introduce the function g by

g(u)(x) = 2|0y (z,u(@))|* + |00 (z,u(x))?, zel, ueS* 2, (2.8)
and observe:
Proposition 2.4. If a € [0,1/2), then g € C(S*=*, H(I)) for all o € [0,1/2).

Proof. This is proved in Corollary 4.2. O

Remark 2.5. The fact that g is a locally bounded map from S? in H? (1) for all o € [0,1/2) is already noticed
in Lemma 5.6 in [13].
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2.2. Electrostatic energy

We now study the properties of the electrostatic energy
£.(u) = / (2105 tbul® + 0-00ul?) d(x,2), ue S, (2.9)
2(u)
where 1, € H'(£2(u)) is provided by Lemma 2.1. Alternatively, we may write for u € !
£ = [ (1000 = b +10.(0 — b)) d(z.2)
2(u)

1 2
— 2(Buy, Py — by) +/ <1 + %|8wu2> dx
1

1+u

(2.10)

We first establish a monotonicity property of £ similar to Remark 4.7.14 in [11].
Proposition 2.6. Consider two functions uy and ug in K' such that uy < ug. Then E.(uz) < E(uq).
Proof. Consider ¢ € H'(£2(uy)) such that &€ — b, € H5(2(u1)) and define

&(x, z) for (z,2) € 2(uq),
&(x,z) =

1 for (z,2) € 2(uz) \ £2(u1).

Note that this definition is meaningful since £2(u1) C §2(uz). Since by, (z,u1(7)) = by, (v, uz(z)) = 1 for v € I,
the previous construction guarantees that £ € H'(2(uz)) with

£~ by, € HH(R(uz)) and VE =1g,,) VE. (2.11)

We now infer from Lemma 2.2 and (2.11) that
e < [ (10,47 +10.8P) d(a.2)
9(11,2)
= [ (loseP + 10:6) dw.),
Q(ul)

The above inequality being valid for all ¢ € H(£2(uy)) satisfying £ —b,, € H}(2(u1)), in particular for & = 1y, ,
we conclude that & (ug2) < E(u1). O
We next turn to continuity and Fréchet differentiability of the functional &..

Proposition 2.7. If a € [0,1/2), then &. € C(K') N CY(S?*~) with 0,Ec(u) = —g(u) for u € S?=°.

Proof.
Step 1: Continuity. Let (u,),>1 be a sequence in K! and v € K! such that u,, — u in H(I). We first
observe that, for all n > 1, 1, — by, € Hp,(2(u,)) is a weak solution to

0% (Yu,, = bu,) + 02 (Yu, —bu,) = —Bu,, (2,2) € 2un), (2.12)
while the convergence of (uy,),>1 toward u in H*(I) entails that

Jim By, = Bulla-1(@) = 0, (2.13)
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where 2(0) = I x (—1,0). Next, denoting the Hausdorff distance between open subsets of §2(0) by dg (see
Sect. 2.2.3 in [11] for instance), we realize that

A (2(un), 2(u)) < llup = ullL o),
and deduce from the continuous embedding of H*(I) in Lo (I) that

lim dp (2(un), 2(u)) = 0. (2.14)

n—0o0

Since £2(0) \ £2(u,) has a single connected component for all n > 1, it follows from (2.12), (2.13), (2.14),
Theorem 4.1 in [20], and (Cor. 3.2.6 in [11]) that

VY, — bu, — Py — b, in  HEH(£2(0)). (2.15)

1 2 1 2

€ dx 5 dz
li 1+ —|0pun|? = 1+ —|0,ul?
nEOA(+3”")1Hm [4<+3'”01+u

thanks to the continuous embedding of H*(I) in L (I), we may pass to the limit as n — oo in (2.10) for u,
and use (2.13) and (2.15) to complete the proof.

Therefore, since

Step 2: Differentiability. Consider v € S?~ and v € H,zjfa(I). Owing to the continuous embedding of
H?7%(I) in Loo(I), u+ sv still belongs to S2~% for s € R small enough and the map s +— E(u + sv) is thus
well-defined in a neighborhood of s = 0. We then argue as in the proof of Proposition 2.2 in [13], with the
help of a shape optimization approach (by transforming the electrostatic energy & to a fixed domain by means
of (4.1); see [11], for instance) to show that this map is differentiable at s = 0 with

d Ee(u+ sv)

1
—_ = — d .
e e O
Consequently, € is Gateaux-differentiable with derivative 0, €(u) € £ (H7 *(I),R). Since g € C(S*~*, Ly(I))
by Proposition 2.4, the Gateaux-derivative 9, is continuous as a mapping from S2~ to £ (H%_a(l), R). The
claim follows from Proposition 4.8 in [21]. O

We next derive additional properties of £ and, in particular, the following lower and upper bounds which
have been established in Lemma 7 in [3] and Lemma 5.4 in [13], respectively.

Lemma 2.8. Foru € k',

bode ! 9 9 dz
2§/_1m§<€e(u)g/—1 (1 + &%|0pu(x))| )Tu(w)'

Proof. We recall the proof for the sake of completeness. We first deduce from (1.4) and the Cauchy—Schwarz
inequality that, for z € I,

1+u(z) 1+ u(x) T 1+ u(x)

-1

voul(z)) — o 2 u(z) 2
1 (wu( ) ( )) ¢“( ) 1)) 1 (/ 8Z¢u(-73,2) d2’>

s/ (Outbu(z,2))? d.

-1
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Integrating the above inequality with respect to = € I readily gives the first inequality of Lemma 2.8. We next
infer from Lemma 2.2 with £ = b,,, the latter being defined in (2.1), that

5e(u)§/ (£%105bu* 4 10:bu]?) d(z,2)

1+ 2)?2 1
<[ |e Ao uwr s — ] a2,
fy | Ot + (|
from which the second inequality of Lemma 2.8 follows. O

Finally, we recall the existence of a non-positive eigenfunction of the linear operator [di — 792 €
L(H$(I), Lo(I)) along with some of its properties.

Lemma 2.9.

(i) The linear operator 03 —702 € L(H} (1), Lo(I)) has a non-positive eigenfunction g1 € H(I)NC>([-1,1])
associated to a positive eigenvalue 1. Moreover, @1 is even and it can be chosen such that o1 < 0 in I with
min_; 1301 = —1.

(ii) Given p € (2,00), there is n, € (0,1) such that E.(npyp1) = p and n, — 0 as p — 2.

Proof. Part (i) follows from Theorem 4.7 in [15], which is a consequence of the version of Boggio’s principle [2]

established in [9,15,18]. As for part (ii), note that ny; € K* for n € [0,1) and

() = Eulnpr) > / &), (2.16)

1 1+nei(x)

by Lemma 2.8. We infer from Propositions 2.6 and 2.7 that J is a non-decreasing and continuous function on
[0,1) with J(0) = 2. In addition, ¢; reaches necessarily its minimum —1 at some z¢ € I and thus satisfies
v1(zg) = —1 and Jy¢1(xg) = 0. Therefore,

0<1+@i(z) <02e1llLwy lo—2of* as z — o,

which implies that (1 4+ ¢1)~! & Li(I). This property along with (2.16) entails that J(n) — oo as n — 1.
Recalling the continuity of J, we have thus shown that [2, c0) equals the range of J. The existence of 7, for each
p € (2,00) such that & (n,¢1) = p now follows. That n, — 0 as p — 2 is a consequence of the fact that (2.16)
implies J(n) = 2 if and only if n = 0. O
3. A MINIMIZATION PROBLEM WITH CONSTRAINT
Recall that, for u € H%(I), the mechanical energy &, is given by

I} 1 a
Enlu) = S102ul}, 0y + 5 (7 + 3100l 00)) 190l

Our goal is now to minimize &,, on the set
A, ={ueK®; u iseven and E.(u) = p}
for a given p € (2,00). Note that A, is non-empty as it contains 7,1 according to Lemma 2.9. We set

= inf &p,(u) >
1(p) ulenApé’ (u) >0

and first collect some properties of the function p — p(p).
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Proposition 3.1. The function p is non-decreasing on (2, 00) with

lim u(p) =0 and peo := lim p(p) < oco.

p—2 p—00

Proof. Let p € (2,00). Since 17,1 € A, and 775 < 1, a straightforward computation gives

0 < u(p) < Emppr) < MiEm(p1).

Since &, (1) is finite, 1, € (0,1), and 1, — 0 as p — 2 by Lemma 2.9, we readily obtain
lim p(p) =0 and 0= p(p) < Em(pr)- (3.1)

Let us now check the monotonicity of x. To this end, fix 2 < p; < p2 and v € A,,. For all t € [0, 1], the function
tv belongs to K2, and Propositions 2.6 and 2.7 imply that the function h : [0, 1] — R, defined by h(t) := E.(tv),
is continuous and non-decreasing with h(0) = 2 and h(1) = pa. Since p1 € (2, p2), there is t; € (0,1) such that
h(ti) = p1, that is, t1v € A,,. Consequently,

1(p1) < En(tiv) < Enlv).

As v was arbitrarily chosen in A,,, the above inequality allows us to conclude that p(p1) < p(p2). Thus, p is
a non-decreasing function on (2, 00) which is bounded from above by &, (¢1) according to (3.1). It then has a
finite limit pico € [0, Em(p1)] as p — oco. O

We next show the existence of u, € A, such that
Em(up) = p(p), (3.2)
that is, u, is a minimizer of &,, in A,.
Proposition 3.2. For each p € (2,00), there is at least one solution u, € A, to the minimization problem (3.2).
The first step of the proof of Proposition 3.2 is a pointwise lower bound for functions in A,,.

Lemma 3.3. Given p > 2 and v € A, assume that there is K > 2/p such that ||02v| 1,1y < K. Then

min v > —1.

1
—11] — pAK?
Proof. Thanks to the continuous embedding of H%(I) in C'([—1,1]), the function v reaches its minimum m
at some point x,, € [—1,1]. Since E.(v) = p > 2 and v € K2, we realize that v # 0 and m € (—1,0) so that
Zm € I. Therefore, d,v(z,,) = 0 and we may assume that x,, € [0, 1) since v is even. Using Taylor’s expansion

and Holder’s inequality, we find, for x € I,

|z — 2, |32

o) =m = [ (= 2)() dy < mot T ol
<m+ K|z — z, ]2 (3.3)

Next, since v € A,, we infer from Lemma 2.8 and (3.3) that

1 1 1

dx dz dz
=&z | T T T 22 o 3.4
P (U)*/_11+v(ac) /01—1—11(33)7 /Ol—i—m—i—K|x—$m|3/2 (3.4)
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If x,,, € [1/2,1), then x,,, — (pK)~2 > 0, and it follows from (3.4) that

- /x"’ dx 2(pK)~2
p = 2 Z )
om—(pK)-2 L+ m+ K|z —z,[32 = 1+m+ K(pK)=3

hence m > p~3K~2 — 1 as claimed. If z,,, € [0,1/2), then z,,, + (pK)~2 < 1, and we deduce from (3.4) that

FELY [
R 1+m+ K|z —x,32 = 14+m+ K(pK)=3’

m

and the same computation as in the previous case completes the proof. O

Proof of Proposition 3.2. Let (ug)r>1 be a minimizing sequence of &,, in A, satisfying

(o) < Emlue) < (o) + 7 (3.5)

A first consequence of Proposition 3.1 and (3.5) is that H@fcukH%z(l) < 2(14 poo)/B for all k > 1. Together with
Lemma 3.3 (with K = (2/p) + 24/(1 + pteo)/F) this property ensures

0> ug(z) > b 1, zel-11, k>l (3.6)

~ 8p(B+ (14 peo)p?)

Also, owing to (3.1), (3.5), and Poincaré’s inequality, the sequence (uy)r>1 is bounded in H%(I) and thus rela-
tively compact in C*([—1,1]). Consequently, there are u € H%(I) and a subsequence of (uy)r>1 (not relabeled)
such that

up, — u in CY([~1,1]),
up —u in H(I). (3.7)

Combining (3.6) and (3.7) we conclude that

B
0> ul@) 2 8p(B + (1 + poo)p?)

hence u € K?. We then infer from Proposition 2.7 that

1, ze[-1,1],

Eolu) = lim &.(uy) = p,

and so u € A,. Since
Em(u) < likm inf &, (uk) < ulp)

by (3.5) and (3.7), we deduce that &,,(u) = u(p) so that u is a minimizer of &,, in A,. O

Theorem 3.4. Consider p € (2,00) and let uw € A, be an arbitrary minimizer of €y, in A,. Then u € Hj(I)
and there is A\, > 0 such that

Botu(z) — (7 + allsulld, 1)) B2u(w) = —Nu (210u0 (@, u@) P + |0-tu(, u@)?) (3.5)

for x € I, where 1, € H*(£2(u)) denotes the associated solution to (1.3)—(1.4) given by Lemma 2.1 and
Proposition 2.3. Furthermore,

8kioo (VB + €%\ /Hioo) _
VB(p —2)?

0< A <

(3.9)
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Proof. Let u € A, C K? be a minimizer of £,,. Recall from Proposition 2.7 that the derivative of & is given by

1
@u8w)0) == [ gw)i dz, 9 € HA(D),

-1

with g(u) € Lo(I) while clearly
1
(D (), 9) = /1 (8020 820 + (v + allDeull} 1)) 0o 020) da, 0 € HB(D).

Since u solves (3.2) and g(u) is non-negative, (4.14. Prop. 1 in [22]) implies that there is a Lagrange multiplier
A € R such that
(0uEm (u),9) = Ay (0uEe(u),9), € HE(I). (3.10)

We may then combine (3.10) and classical elliptic regularity to conclude that u € H, (1) solves (3.8) in a strong
sense. In addition, taking ¥ = u in (3.10) gives

1
BloZullZ, ry + T0zull?, ) + alldeull 7,y = —Au/lug(u) dz, (3.11)

hence A\, > 0 since g(u) is non-negative and u is non-positive and different from zero.
We are left with the upper bound (3.9) on A,. On the one hand, multiplying (1.3) by (1 4 u)y,, — (1 + 2),
integrating over £2(u), and using

(14 u@)u(z,2) — (14+2) =0, (v,2)€ dR(u),

we obtain from Green’s formula that

0= / (20,000 (1 + u)ha) + 0othu (1 + w)dtbe — 1)] d(a, 2)
2(u)
=/( ) [(1+w) (£°10s0ul? + 10:00u]?) + €200 0ptby Opu] d(z,2) — 2,
2(u

whence

/ [t (2105 thul® + - thul?) + 2uBute Dptd] d(a2) = 2 — Euu). (3.12)

On the other hand, we multiply (1.3) by uw, and integrate over 2(u). Using again Green’s formula along with
the values of u and v, on the boundary of £2(u), we find

o:—/ [£202pu0s (uthu) + 020w (ud-tpu)] d(z, 2)
2(u)

1

1
- 62/ w(z)Opu(x) Opthy(z, u(x)) de —I—/ w(x)0thy (2, u(x)) de

-1 —1

:_/'[Mﬂ@mﬁﬂawﬂ+¥m%m%ﬂdm@
2(u)
1
+/ w(z) [0:40u(z, u(x)) — e20,u(x) Oty (z,u(z))] do.
—1
Combining (3.12) with the above identity and (2.6) we end up with

—/ u(z) (14 €20u(z)]?) O:tbu(z, u(z)) do = Eu(u) — 2. (3.13)

—1
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Now it follows from (2.6), (3.2), (3.11), (3.13), Jensen’s inequality, the bounds —1 < u < 0, and the non-
negativity (2.7) of  +— 0,1, (z, u(z)) that

4p(p) = ﬁ||5iu||2L2(1) + 7'\@3:“”%2(1) + a||5xu\|}f2(1)
1
= A [ u(e) (1+e*|0pu(@)]?) |0:4u (2, u(x))? do

-1

(/1 lu(z)] (1 + &%0zu(z)|?) O:tbu(z, u(z)) dx)

>\, 1

B / lu(z)] (1 —l—sz\azu(x)\Q) dzx

-1
(Ee(u) — 2)2
= 24 2|03, )

2

We finally observe that &.(u) = p as u € A, while
1 1
focul i = [ wotude< [ o] do < VEIRulL < 27,
since u € K2 solves (3.2). Therefore,
VB(p —2)?
“2 (VB i)

which gives (3.9) after using Proposition 3.1. O

4plp) = A

Proof of Theorem 1.3. Clearly, Proposition 3.2 and Theorem 3.4 imply that for each p > 2 there are A\, > 0,
u, € HY(I), and 1, € H?(£2(u,)) such that (u,,,) is a solution to (1.1)—(1.4) with A = X\,. We recall that
A (A, Uy) defines a smooth curve in R x H*(I) starting at (0,0) according to Theorem 1.2 so that &.(Uy) — 2
as A — 0 due to Proposition 2.7. Consequently, since & (u,) = p and A\, — 0 as p — oo, we realize that u, # Uy,
for large p. Finally, since u, is even and uniquely determines v,, it readily follows that 1, = ¥,(z, 2) is even
with respect to x € I. O

4. REGULARITY OF SOLUTIONS TO (1.3)—(1.4)

In this section we provide the technical proofs of Propositions 2.3 and 2.4 that were postponed. That is, we
shall improve the regularity of the weak solution %, to (1.3)—(1.4) given in Lemma 2.1 for smoother deflec-
tions w and prove continuity properties of the function g defined in (2.8). In order to do so we introduce the
transformation
142

Tu(x,2) = (x, T ala) +u(x)) . (z,2) € 2(u),
mapping §2(u) onto the fixed rectangle §2 := I x (0,1). We then transform the elliptic problem (1.3)—(1.4) for
1), in the variables (z, z) € £2(u) to the elliptic problem

LP, = fu, in (2 @, =0 on 912, (4.1)
for @, (z,m) = 1, o T, *(z,m) — 1 in the variables (x,7n) = T,(, z) € £2, where the operator £, is given by
Dyu(s) 1+ 2P (O,u(x))?
w0 =2 92w — 262 ) 2
Lyw =¢e* 0w — 2¢ 771+u(a:) O0rOpw + T+ u(z))? 0w
dpu(z) \°  0%u(x)
Zn |2 — == 4.2
e [ (1+u(az)> T+u@) | 9 (42)




VARIATIONAL APPROACH TO A STATIONARY MEMS MODEL 429

5 duu(z) \ ([ Osu() ?
T\ +u(x) 1+ u(x)
The goal is then to obtain uniform estimates for @, in the anisotropic space
X(2):={we HY(N); Ohw € H'(2)}

in dependence of deflections u belonging to certain open subsets

and the right-hand side f,, is given by

fulz,n) == , (zm)en (4.3)

. 1
Sp(k) = {u eWyp(); u>—-1+xk in I and HUHW;‘D(I) < E}

of W p(I), where p > 2, s > 1/p, and x € (0,1). Note that the closure of S;(r) in W, (1) is

S

s . 1
S,(Kk) = {u eWyp); u>—-1+k in I and ||u||W;’D(I) < E}
and S° = Uy,¢(0,1)95 (k). More precisely, we shall prove the following result regarding the problem (4.1):

Proposition 4.1. Let o € [0,1/2), v € (o, 1/2), k € (0,1), and u € §§_°‘(m). There is a unique solution
&, € X(2)N H*>77(02) to (4.1) which satisfies

1Pull x(2) + 1Pull 2 (2) < c1(k) (4.4)

for some positive constant c¢1(k) depending only on ¢, «, v, and k. In addition, the distribution q,, defined for
v e C§e(82) by

(G 0) = /Q (0au(,17) — U (2)ByBu (i, )] D9, ) ()

—I—/ U (2) 05,0, Py (z,m)0(x,n) d(z,n) (4.5)
19,

with U := 0, In (1 + u), belongs to the dual space H=*(£2) of H*(§2), and there is ca(k) depending only on e,
«a, and k such that

lqull - () < c2(k). (4.6)
Furthermore, if (un)n>1 s a sequence in Ei_a(n) converging weakly in H?>=*(I) toward u € Eg_a(n), then
b, =P, in X(Q)NH*(2) (4.7)

and (®y, )n>1 converges strongly to @, in H(2).

The proof of Proposition 4.1 requires several steps which will be given in the next subsection, the actual
proof of Proposition 4.1 being contained in Section 4.2. From Proposition 4.1 we may in particular derive more
regularity for the solution 1, to (1.3)—(1.4) and the continuity of the function g defined in (2.8) as stated in the
next corollary.

Corollary 4.2. Given « € [0,1/2) and u € S*~%, the corresponding solution 1, to (1.3)—(1.4) belongs to
H2=%(2(u)). In addition, g € C(S?>~, H?(I)) for all ¢ € [0,1/2).

It is worth pointing out here that, though the elliptic boundary-value problem (4.1) for @, is equivalent to
the elliptic boundary-value problem (1.3)—(1.4) for v,, through the transformation

By, 1) =ty 0 Ty (w,m) — n,
a striking discrepancy appears with respect to regularity: indeed, if u belongs to S?~, then 1, belongs to
H?27%(2(u)) whereas @, only lies in H>~V(2) for v € (o, 1/2).
As already indicated, Propositions 2.3 and 2.4 are now consequences of Corollary 4.2 which is proved in
Subsection 4.2.
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4.1. Auxiliary results

The starting point for the proof of Proposition 4.1 is the solvability of the Dirichlet problem for £, in H~1(§2)
for u € ?i’“(n) and in Lo(£2) for u € gf,(/@) with p > 2.

Lemma 4.3. Let a € [0,1/2), p> 2, and x € (0,1).
(i) Given u € ?;7“(5) and h € H=(£2) there is a unique weak solution ® € H}(2) to
LP=h in 2, &=0 on 01 (4.8)
Moreover, there is c3(k) depending only on e, «, and k such that
12l a1 (@) < es(®) a1 () (4.9)
(ii) Given u € 5127(&) and h € Ly(£2) there is a unique solution ® € H}(2) N H?(2) to (4.8).

Proof. The proof of Lemma 4.3 (i) is similar to that of the first statement of Lemma 2.2 in [5], thanks to
the continuous embedding of H2~%(I) in W1 (I). Next, Lemma 4.3 (ii) follows from the second statement of
Lemma 6 in [4]. O

We next provide continuity properties with respect to u and h of the solution @ to (4.8).

Lemma 4.4. Let a € [0,1/2) and k € (0,1). Consider sequences (upn)n>1 in ?;7“(5) and (hy)n>1 in H=1($2)
such that
Up —u in H* *(I) and h, —h in H *(£2).

Denoting the solution to (4.8) with (un, hy) by ®, and that of (4.8) by P there holds
o, —~ @ in H'Y(NQ).

Proof. Let n > 1 and ¥ € H}(2). Setting U,, := 9, In (1 + u,,), the weak formulation of (4.8) for &,, reads
e? / [0:Ppn, — nUy0py @] 0,9 d(,m)
Q
1
2 2, 2772
+A) |:—€ nUnazén + <m +e°n Un) 877@n:| 87719 d(l’,n)
—82/ [U,ﬁa@n — nUﬁansﬁn] 9 d(z,n) = —/ hnd d(z,n). (4.10)
Q Q

Owing to the compactness of the embedding of H2~%(I) in WL (I), there is a subsequence (un, )x>1 of (Up)n>1
such that (un,)k>1 converges toward w in WL (I) as k — oco. This implies in particular that (U,,)x>1 and
(U2, )k>1 converge, respectively, toward U := 0, In (1 + u) and U? in Lo (I). Furthermore, it follows from (4.9)
and the boundedness of (h,),>1 in H~1(£2) and that of (u,,),>1 in ?3’”‘(;@) that (®,,),,>1 is bounded in H},(12).
We may therefore assume that (&, )x>1 converges weakly toward some ¥ in HZ (£2). Combining the previous
weak convergences we realize that all terms in (4.10) converge and letting ny — oo in (4.10) shows that ¥ is a
weak solution to (4.8). According to Lemma 4.3 (i), ¥ coincides with the unique solution @ to (4.8). This, in
turn, implies the convergence of the whole sequence (®,,),>1 and completes the proof. O

We next derive additional estimates on the solution to (4.8) for some specific choices of the right-hand side
h and begin with the case h € Ly(S2).
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Lemma 4.5. Let a € [0,1/2), v € (o, 1/2), k € (0,1), u € nga(/@), and h € Lo(£2). The unique solution @
to (4.8), given by Lemma 4.3 (i), belongs to X (£2) N H27V(82), and there is c4(k) depending only on ¢, «, v,
and k such that

12l x(2) + 1@l m2-+ () < ca(r)|[hll1,2)- (4.11)

Furthermore, the distribution q, defined for 9 € C§°(§2) by
(0.9) == = | 100w 0) = U (@0, m)] 009G 1) (1)
+ [ W@0.0,8(e.mole.m) dle.n) (412)

with U := 0, In (1 + u), belongs to La(£2), and there is c5(k) depending only on e, «, and k such that

gl L2y < es(8)||Pl Lay(2)- (4.13)

Proof.
Step 1. We first assume that u € EE_Q(H) NW2(I) for some p > 2. Clearly, there is ' € (s, 1) such that

u € §12,(/£/). Thus, by Lemma 4.3 (ii), the solution @ to (4.8) belongs to H?(£2). Set ¢ := 82¢ and w := 9,,0,P.
We multiply (4.8) by ¢ and integrate over (2 to find

/ h¢ d(z,n) = 82/ 85@8345 d(x,n) — 282/ nUw¢ d(x,n)
Q Q Q

1
+ /Q {m +€2772U2:| C2 d(l‘ﬂl) +€2 /977 [UQ - 895(]] (:87]@5 d(l‘,n).

Using the identity
/ 83@872745 d(z,n) :/ w? d(z,n)
[0’ 0

from Lemmas 4.3.1.2 and 4.3.1.3 in [8], we deduce

2 2
&lw — nUCIE, o) + HL — SR+ R, (4.14)

O T ullp,e 2

with
Ry = 2/ W(0:U — U)0,0020 d(x, ), (4.15)
2
Ry ::/ h¢d(x,n). (4.16)
22

Introducing the trace v(z) := 0,P(x,1) for x € I, we infer from Green’s formula and U(£1) = 0 that

1
R :/ (0,0 — U?)7? da — /Q(axU —U?)(0,8)? d(z,n)

-1

1
:/ (0,U — U?)y? dx+/ﬂU2(a,7¢)2 d(m,n)—&—Q/QUwan@ d(x,n)

-1

1
— [@U-vhr @+ [ U002 dewn)
22

-1

+ 2/ U0,P(w —nUC¢) d(z,n) + 2/ U2178,,Q58$<15 d(z,n).
Q Q
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Using once more Green’s formula, we end up with
1
Ry :/ 0, U~? dx + 2/ Udy®(w —nUC) d(z,m). (4.17)
—1 Q

Since a € [0,1/2), H'=%(I) is an algebra and it follows from the fact that u € ?3’”‘(;@) and the Lipschitz
continuity of 7 — (14 7)~1 in [k — 1, 00) that

102Ul -1y < cllU|lmr-a(ry < |0l mr-a(r) < (k)

1+u

’ 1

H1=o(])
while the continuity of pointwise multiplication (see Thm. 4.1 and Rem. 4.2 (d) in [1])
1/2 v a 1
HY=(I)- HY(I) — H*(I), O§a<u<§,
gives
||72||Ha(1) < C||7||H1/2(1)||7||Hv(1)~

Since the trace operator maps H®(§2) continuously in H*~'/2(I) for all s € (1/2,1] by Theorem 1.5.2.1
in [8], and since the complex interpolation space [LQ(Q),HlD(Q)] coincides up to equivalent norms

with H(DQV—‘,-l)/Q(Q) we further obtain

(2v+1)/2

172 ey < llOn@ll (2100 v 20

3+2v)/2 1—2v)/2
< |0, @Il ) ll0n ] o).

We now combine the above estimates, (4.17), Young’s inequality, and the continuous embedding of H2~(I) in
WL (I) to obtain, for § € (0,1),
2 1 2 2 2
|R1| < 10U |-y ||y ||Ha T —HW = UL, ) + 20012 ) 10027, 0

342v)/2 1-2v)/2
<»wammﬂuam;m”

2

1
14+u

1042117, (02)
Loo(D)

1
< 810y @51 2 + (5, 0)[10,@I17 () + §Hw — U7, (0)-

+ 5““ —nUC|1% 00y + elldwull_

Since
10n@|[ 111 (02) < 0@l La2) + lwll o) + < L22)
¢
< 10l + o = 1Sl sty + 0l | o
Lo(82)
L+l |
M1 +ullr, o)
¢
< 100l + oo = 10l sy + ) | (@19
Lo(82)
and

100P|| o2y < e3(k) [P
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by (4.9), we further obtain

2

1 ¢
il < (294 5) om0l + 93[O o
2
Choosing § € (0,1/4) such that c¢(x)6 < 1/(2¢%), we conclude that
2
2 1 ¢ 2
il < =0l + g3 | g |+ (419)
2
Next, by Cauchy—Schwarz’ and Young’s inequalities,
1 ¢ |
Ral <+ sl || <3 + el Pl o (1.20)
(1) 2(£2) 1+u La(2) 11+ w La() 2(£2)

We then infer from (4.14), (4.19), and (4.20) that

2
< (k) (Il3-1 0y + 1Bl ) ) < cIANZ 0.

¢
e®|lw —nUClZ o) + HH—u o
Lo(82

Using once more that u € nga(n) together with (4.9) and the definition of w and ¢, we finally obtain
P e X(2) with 0,2 g (o) < (k)R] L) (4.21)

Therefore, recalling the definition (4.12), the regularity of u and @ and (4.8) allow us to write

e2q =202 — *n0,U0,® = h + 2e*nUw — 5 + e2n?U? | ¢ — U0, 9, (4.22)

1 +u)y?

and it follows from (4.21) and the continuous embedding of H2~%*(I) in W1 (I) that the right-hand side of the
above identity belongs to Lo(£2) with

lall () < ()l Lo()- (4.23)

Since

N0, U0, P = 0, (nUO,P) — nUw

and pointwise multiplication
Hpy*(2) Hp(2) — Hp "(2)

is continuous [1], we deduce from (4.21) and the continuous embedding of H2~%(I) in W1 (I) that
(@) =m0, U8 € H(2) with  [n0,U0,8] ;00 < cto)llhll o
This last property together with (4.21), (4.22), and (4.23) entails that ® € H?~¥({2) with
192+ () < c(B) |l Ly(02)-

We have thus shown that Lemma 4.5 holds true for u € Eg_“(n) NWZ(I) with p > 2.
Step 2. Let now u € F;fa(m). Classical density arguments ensure that there is a sequence (uy)n>1 such that

un, € WE(I) for each n > 1 and
lim |lup — ul|g2-a(r = 0. (4.24)

n—oo
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Furthermore, owing to the continuous embedding of H2~%(£2) in W1 (I) and the convergence (4.24), we may

assume that u,, € Eg’“((l + k)/2) for each n > 1. Denoting the solution to (4.8) with u,, instead of u by @, it
follows from the analysis performed in Step 1 that @,, € X (£2) N H?~¥({2) satisfies

1Pnllx(2) + [Pnll v (2) < c(R)lB]|Lo(2)- (4.25)

Owing to the compactness of the embeddings of H2~¥({2) in H'({2), Lemma 4.4 together with (4.24) and (4.25)
imply that
&, — & in H'(N2) and &, —~d in X(2)NH*(0),

where @ € H},(£2) is the weak solution to (4.8) which also belongs to X (£2) N H?7¥({2) and satisfies (4.25). O

We next consider the case where the right-hand side h of (4.8) is less regular but is a derivative with respect
to .

Lemma 4.6. Let « € [0,1/2), oy € [0,1/2), v € (o, 1/2) N [a1,1/2), 5 € (0,1). Let u € Eifa(n) and suppose
that h € H=1(£2) is of the form

h(z,n) = Ozh1(2)ha(n), (x,n) € 2, with hy € H*=**(I) and hy € H'(0,1). (4.26)

Then the unique solution @ to (4.8), given by Lemma 4.3 (i), belongs to X (£2) N H?>7V(82) and there is cg(k)
depending only on €, o, a1, v, and Kk such that

9] x(2) + 1Pl 52— (2) < co(8) |l gr-o1 1y 1P2llm10,1)- (4.27)

Moreover, the distribution q defined in (4.12) belongs to H=“1(£2) and there is c7(k) depending only on e, «,
a1, and Kk such that

gl zr=es 1y < co(®) il zr-er ) [h2llai0.)- (4.28)

Proof. The proof of Lemma 4.6 follows closely that of Lemma 4.5, the main difference being the analysis of the
terms involving h.

Step 1. We additionally assume that u € W7 (I) for some p > 2 and that h; € H'(I). In that case the solution
@ to (4.8) belongs to H?({2) according to Lemma 4.3 (ii). We then proceed as in the proof of Lemma 4.5 and
observe that (4.14) as well as the estimate (4.19) on Ry, defined in (4.15), are still valid. To estimate Rs, defined
in (4.16), we argue differently. We use twice Green’s formula to get

R2 :/ hz@xiha,z]@ d(l‘,?’])
2
1 1
- / ha(1)0uhy (2)0y (1) dar — / ha(0)0. 1 ()0 B(x, 0) dar — / Ouh1yhady® d(w,n)
—1 —1 02
1 1
— ho(1) / Do (2)0, (2, 1) d — h(0) / Dol (2)0yB(z,0) dr + / 10y hoda 0 d(, )
-1 -1 2

1 1
—/O hi(1)0yha(1)0,@(1,1) dn+/0 h1(=1)9yh2(n)0y®(—1,7) dn.

Recalling that &(1,1) = ®(—1,n7) = 0 for n € (0,1) due to (4.8), we realize that the last two terms on the
right-hand side of the above identity vanish and thus

1

R2 = hg(l)/ 8Ih1 (1’)877Q5($, 1) dx — hg(())/

—1 —1

Ozhi(2)0,P(x,0) d:r—i—/ h10,h20,;0,P d(z,n).
Q
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Using again the notation U = 0, In(1 4+ u), w = 0,0,P, and ( = 85@5, we deduce from the continuity of the
trace operator from H(£2) to H*'(I) and the continuous embedding of H!=®1(I) in L. (I) that

|Ra| < [ha(D)[[|0zh1]| zr-ex (1) 1On@ (s D)l o (1) + [h2(0)[|0zh1 | gr-a1 (1) |09 P (-, O) | zro (1)
+ 171l Lo () 100 h2 || Ly 0,1) l@]] Lo (2)
L2(~Q)> ’
L2(9)> ’

+ (k)| hall3i-as 1y Nh2llFr 0.1 (4.29)
Lo($2)

< cllhallmr(o,1) 1Ml ai-ea <|3n45||H1(9) + [Jw = Ul Ly 2) + 102l L (1) ’H—u

Since
100®l L, (2) < c(8)[[hllr-1(0) < c(K)[|hih2]lz,(2)
by Lemma 4.3 (i), we deduce from (4.18) that

(Ral < eIl sy Ihellms o (nhlhznw) o= U e + H

1+u

Young’s inequality finally gives
2

2 ¢
ol < llo = 101 00 + 3|

for 6 € (0,1). Choosing § appropriately small in (4.29), we derive from (4.14), (4.19), and (4.29) that
2

¢
= UG+ [ | el (1Bl oy + Wi o)

Ltullp,
< c(B)1hallFr-ar 1y P2l 371 0,1)-
Therefore, since u € gg_a(n), we conclude as in the proof of Lemma 4.5 that @ belongs to X (£2) with
2]l x (@) < c(k)l[hall -y [[h2l 51 (0,1)- (4.30)
Recalling the definition (4.12) and arguing as in the proof of (4.23), we infer from (4.8) and (4.30) that
le?a = hll o) < e(®)llhalli-an oy llh2l 1 0,1 (4.31)
On the one hand, the regularity (4.26) of h ensures that h € H~*(£2) and we deduce from (4.31) that
gl zr-e1(2) < c(B)Ihallgr-er (nyllh2llm10,1)- (4.32)
On the other hand, arguing as in the proof of Lemma 4.5, we obtain from (4.29) that
[(z,n) = 10 UO@] € H™"(R2) with  [[n0:U,®|| - (o) < e(®)hallr-er ) llh2ll 1 0,1),

while the regularity (4.26) of h and the choice of v > oy entail that h € H~7(f2). We combine these facts
with (4.30) and (4.32) to conclude that & € H>7¥({2) satisfies

12l r2-v (@) < el (@) [1h2ll a1 0.0)-

We have thereby established Lemma 4.6 for all functions u € §§_a(n) and h € H~1(02) satisfying (4.26) under
the additional assumption that uw € W2(I) and hy € H'(I).

Step 2. We now consider u € §§_a(/<c) and h € H7(2) satisfying (4.26). Classical approximation arguments
guarantee that there are sequences (u,)n>1 in W(I) and (hy ,)n>1 in H'(I) such that

lim ||un - u||H27a(I) = lim Hth - thHl""l(I) = 0.
n— 00 n— 00

We then proceed as in the second step of the proof of Lemma 4.5 to complete the proof of Lemma 4.6. O
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4.2. Proof of Proposition 4.1 and Corollary 4.2

We are now in a position to complete the proof of Proposition 4.1 by considering the particular right-hand
side f, of (4.1) given in (4.3). For the remainder of this subsection, we set

Oz u(x)

Ul) = 1+u(z)’

rel,
so that

fu(m,m) =2 [0,U(x) — U(x)?], (z,7m) € £2.

Proof of Proposition 4.1. Let u € SE_Q(H). We handle the cases @ = 0 and « € (0,1/2) separately.
Case 1: a = 0. In that case, u € H?(I) from which we readily infer that

fu € Lo(2) and || fullL, < (k).

Fix v € (0,1/2). It follows from Lemmas 4.3 and 4.5 with h = f, that (4.1) has a unique solution &, €
X (2)NH?7(2) which satisfies (4.4). Moreover, the distribution ¢, defined by (4.5) belongs to Lz ({2) according
to Lemma 4.5, and (4.6) follows from (4.13).

Now, if (un)n>1 is a sequence in EE(H) converging weakly in H?(I) toward u € E;(/{), the compactness
of the embedding of H?(I) in WL (I) entails that (fu, )n>1 converges weakly toward f, in Lo({2). Hence,
due to Lemma 4.4, (®,, ),>1 converges weakly toward @, in H*(£2). Since (@, )n>1 is actually bounded in
X(2) N H?>7V(£2) by (4.4), the above convergence can readily be improved to (4.7). The compactness of the
embedding of H27¥(£2) in H'(§2) finally guarantees the strong convergence of (®,, ),>1 toward @, in H'(2).
Case 2: o € (0,1/2). In that case the space H'~%(I) is an algebra so that both U and U? belong to H'~(I).
Introducing

fi(z) == €2 [U(x) - /Ow U?(2)) dx’} , wel,

we realize that

ful@,m) =m0z fr(z)  with  [[fillgi-o < c(k)
for some positive constant ¢(k) depending only on ¢, a, and k. Fix v € («, 1/2). We infer from Lemma 4.3 and
Lemma 4.6 with h = f, and a1 = « that (4.1) has a unique solution @,, € X (£2)N H?~¥(§2) which satisfies (4.4).
Also the distribution g, defined in (4.5) belongs to H~*({2) by Lemma 4.6, and (4.6) follows from (4.28). The
proof of the continuity property stated in Proposition 4.1 is the same as in the previous case a = 0. O

Finally, we may apply the information gathered on the equation (4.1) for @,, to the problem (1.3)—(1.4) for
1, and prove Corollary 4.2.

Proof of Corollary 4.2. Let a € [0,1/2) and u € S?~%. Since H2~%(I) embeds continuously in C([—1,1]) there
clearly is some € (0,1) such that u € S2~%(k). Let &, and 1, be the unique solution to (4.1) and (1.3)—(1.4),
respectively, and recall that

for (x,z) € 2(u) and (z,n) € 2 with (x,z) = (x,—1 4 (1 + u(x))n). Straightforward computations then give

2ipu(, 2) = O3y (2, 1) — 0Oy U () 0y D (2,m) — 20U ()05 0y Py (1, 1)
+1n?U () 82 D, (x, 77)+77U(1:) 0Dy (, n)+77[U — 0y U]( ),
1
1+ u(x)

1

Pthu(x, 2) = m@%@u(ﬂ%n),

-

_Ul) 028, (1) — U@ OnPu(@,m)],

313,31%(33,2) = u(az) 1 —|—u(ac)

OOy ,m) = 17

_l_
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where U := 9, In (1 + u). It readily follows from the regularity of u and Proposition 4.1 that 9,0, and 9%,
both belong to La(2(u)). As for 8%, it also reads

831% =Qqu -+t Ty + Su
with

ru(z,n) = =200 (2)0,0,Pu(z,n) + 17U (2)? 028y (z, 1) + U (2)*0yPu(z,7),
su(z,n) == n[U(z)* - 0,U(z)],

for (z,m) € £2, the distribution g, being defined in (4.5). The regularity of u and Proposition 4.1 imply r, €
Ly(£2) while the distributions ¢, and s, both belong to H~(£2). Consequently, 1, € H2~%(§2(u)).
As for the continuity of g recall that g(u) may be written alternatively as

1+ e%|0pu(@)|? 2
— 2 TE BTG Bz, 1)2, I.
o)(o) = o e D, w e
Let (un)n>1 be any sequence in S3~*(x) with w, — u in H?>~*(I). Then, for each s € (0,1/2), the conver-
gence (4.7) and the compactness of the embedding of H'(£2) in H'~%(£2) imply that

Oy®Pu, — Op®, in H' ()
and thus, according to Theorem 1.5.1.2 in [§],
Oy, (1) — 9y Dy (-, 1) in HY23(I).
Since pointwise multiplication
H'™(I)- H'™*(I)- H/*7*(I)- H'/*~*(I) — H°(I)

is continuous for each ¢ € [0,1/2 — 2s) according to Theorem 4.1 and Remark 4.2 (d) in [1], we conclude that
g(un) — g(u) in H?(I) and thus the continuity of ¢ : S5~ *(k) — H(I) for all o € [0,1/2) as s € (0,1/2) is
arbitrary. O
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