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FULLY COUPLED FORWARD-BACKWARD SDES INVOLVING THE VALUE
FUNCTION AND ASSOCIATED NONLOCAL HAMILTON—JACOBI-BELLMAN
EQUATIONS *

TAao Hao'? AND JuaN Lit

Abstract. A new type of controlled fully coupled forward-backward stochastic differential equations
is discussed, namely those involving the value function. With a new iteration method, we prove an
existence and uniqueness theorem of a solution for this type of equations. Using the notion of extended
“backward semigroup”, we prove that the value function satisfies the dynamic programming principle
and is a viscosity solution of the associated nonlocal Hamilton—Jacobi—Bellman equation.
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1. INTRODUCTION

The main purpose of this work is to establish a new type of controlled fully coupled forward-backward
stochastic differential equations (FBSDEs), namely those involving the value function. We prove the existence
and uniqueness of a solution for this new type of equations and we study the related nonlocal second-order
quasi-linear Hamilton—Jacobi—Bellman (HJB) equations. Our work is inspired by the recent developments
in mean-field stochastic differential equations (SDEs), mean-field backward SDEs (BSDEs) and fully coupled
mean-field FBSDEs (see [5,6,12], etc.), and Hao and Li ([9]). Another motivation comes from the study of
control problems in the mean-field framework and the investigation of the associated nonlocal partial differential
equations of HJB type.

Models of large stochastic particle systems with mean-field interaction can be met in various fields such as
statistical mechanics and physics, quantum mechanics and quantum chemistry. Mean-field problems have been
studied by many authors (see, e.g., [2,3,7,11,18,19]). Due to these works we know that linear McKean—Vlasov
PDEs can be interpreted stochastically. In 2009, Buckdahn et al. [6] investigated in a purely stochastic approach
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fully nonlinear BSDEs of mean-field type, called mean-field BSDEs. In [5], Buckdahn et al. deepened the study
of mean-field BSDEs and gave a probability interpretation for the associated second-order quasi-linear nonlocal
partial differential equations (PDEs).

On the other hand, Antonelli [1] was the first to study the existence and the uniqueness for fully coupled
FBSDEs on a small time interval; he pointed out that the Lipschitz assumption is not sufficient for the existence
of the solution of fully coupled FBSDESs over an arbitrarily large time interval. Since then, the theory of fully
coupled FBSDEs has been developed very quickly. For instance, with PDE approaches combined with stochastic
methods, Ma et al. [15] showed the existence and the uniqueness for a type of fully coupled FBSDEs which
forward SDEs are non-degenerate. Another direction of generalization was considered by Hu and Peng [10]:
Under suitable monotonicity conditions they obtained the existence and the uniqueness for fully coupled FBSDEs
on an arbitrarily large time interval, but with forward and backward equation being of the same dimension. In
1999, Peng and Wu [17] overcame this strict restriction by considering a multiplicative full-rank matrix G with
which one solution of the forward equation is multiplied, and they proved the existence and the uniqueness for
general fully coupled FBSDEs under weaker monotonicity assumptions and discussed applications in optimal
control. Li and Wei [13] considered optimal control problems for fully coupled FBSDEs and the associated
second-order quasi-linear HJB equations. Unlike [13] we study the optimal control problem of fully coupled
mean-field FBSDEs, and the associated non-local HJB equation is mean-field type. Recently, fully coupled
mean-field FBSDEs were discussed by Min et al. [12]. The authors gave an existence and uniqueness theorem
of a solution for this type of equations by using a continuation method.

In [5] their original motivation is to give the stochastic interpretation of nonlocal PDE of mean-field type.
However, the formally associated SDE does not generate a flow. To overcome this difficulty in [5] the initial
condition was partially frozen, which leads to a system composed of decoupled mean-field FBSDE and a classical
decoupled FBSDE depending on the solution of the mean-field SDE. In this paper we adopt and extend this
approach to control problems, in order to give stochastic interpretation to nonlocal Hamilton—Jacobi—Bellman
equations of mean-field type. More precisely, let g € R™ and v € Vy 1 be arbitrary but fixed, and let z € R",
t €[0,T], v € Vi1, we consider the following fully coupled FBSDE:

AXP™Y = B [b(s, (X700), W (s, (X7030)), X050, Y00, Z050 v,)]ds
+ E'o(s, (XJ700) W (s, (X270)), X050, Y50 o)A Bs,
Q£ = —B/[f(s, (XD, W (s, (X070)), X P57 Y150, 7075, 0, )] ds
+ ZL%UdB,, (1.1)
X = Y = (XY X,
W (t,z) = essinf Y"™", (t,x) € [0,T] x R™,
UEVLT

where the essential infimum is taken over all admissible stochastic control processes v over the time interval
[t,T]. By (X0%0iv) = (Xg"'“”—’);e[t’ﬂ we denote an independent and identically distributed copy of the process
X0moiv — (XS’““@)SE[,:,T] which is supposed to be independent of the driving Brownian motion B and, thus also
of all processes X 0:®0i? Xtziv ytew  ztav and ¢,v adapted with respect to the filtration generated by B. By
E’[] we denote an expectation concerning only (X %¥0:%)" but not the other processes (for more details the reader
is referred to [5]). In order to solve (1.1) involving the value function of the control problem itself, we replace
first W by any function W(s, x), which is Lipschitz and of linear growth in z, and under suitable monotonicity
conditions we show the existence and the uniqueness of a solution (X" Yt#v 7650y of (1.1), for all (¢, z,v)
(and so, in particular, for (t,z,v) = (0,x0,?). In fact, beginning with choosing (¢, z,v) = (0, x,?) we find
(X 0zosv Yy Owoiv | 70,2037) wwhich allows then to consider arbitrary (¢, z,v) in (1.1)). Moreover, we will show that
there exists a constant Lo > 0 depending only on L; in (H3.3) and the Lipschitz constants of b, o, f and @ in
(z,y,2) and z, such that the value function W (¢, z) £ Sé?/inf Y,"*" is Lipschitz and of linear growth in z, both
t,T

with a constant Ly which is independent of W. This means that, no matter what the Lipschitz and the linear
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growth constants of W are, there is a common constant Ly > 0 such that W (t,z) is Lipschitz and of linear

growth in x with a Lipschitz and growth constant L. With a new iteration method which is different from [9],

beginning with W = W = 0, we get four convergent sequences { X %20i%:1} (X tzivsi} [ytaivi} 76wl and

the associated Witl(t, z) = Sgsvinf Y, We prove that all these sequences converge to the solution processes
t, T

(Thm. 3.7). Once having the existence and the uniqueness of a solution for (1.1) we prove the DPP for the value
function W. For this we use an extended “backward semigroup” (Thm. 4.2) generalizing Peng’s original one [16].
Using this DPP, it becomes easy to check that W (¢, z) is Holder continuous in ¢ (Prop. 4.4). Furthermore, we
study the related nonlocal HJB equations associated with (1.1). Using a short and direct probabilistic argument
based on results by Li and Wei [13], we prove that the value function W is a viscosity solution of our nonlocal
HJB equation (5.1) (Thm. 5.2). In Theorem 5.3 we show the uniqueness of viscosity solution of our nonlocal
HJB equation (5.1) when o doesn’t depend on y with the help of the uniqueness of the solution of fully coupled
FBSDE (1.1).

In comparison with [9] a main difficulty consists in the fact that we have to deal here with a fully coupled
FBSDE: Any iteration procedure also involves the solution of the forward equation X% and thus also
(X 0:20iv:8)/_the variable of W'~!. In order to get the convergence of the iteration sequence we have to suppose
that the coefficients b(s,a’, v, x,y, z,v),0(s,2’, ¢, x,y,v) and f(s,2’,y',x,y,2z,v) are Lipschitz in y' with a
sufficiently small Lipschitz constant.

Our paper is organized as follows. In Section 2, we recall some results on fully coupled mean-field FBSDESs,
which are used frequently in what follows. Section 3 introduces the fully coupled FBSDEs involving value
function and gives the proof of the existence and the uniqueness of solutions of equations. The DPP and the
regularity of the value function are shown in Section 4. In Section 5, for this new type of equation we show
that the value function is a unique viscosity solution of the associated nonlocal HJB equation. Some auxiliary
lemmas are proved in Section 6.

2. FULLY COUPLED MEAN-FIELD FBSDES

Our setting is that of the classical Wiener space: Let T' > 0 and £2 = Cy([0, T]; R?) be the set of all continuous
functions from [0, 7] to R?, beginning from 0; P is the Wiener measure under which the coordinate process B:
Bs(w) = ws, s € [0,T], w € {2, is a d-dimensional Brownian motion. By F we denote the Borel o-field over {2,
completed by the set N of all P-null sets. We denote by F = {F,, 0 < s < T} the natural filtration generated
by {Bs}o<s<r and completed by N.

We introduce the following spaces which will be often used:

e S2(0,T;R™) & {(¢t)0§t§T R™-valued F-adapted cadlag process : E[OittlET |pe|?] < —1—00};

e HZ(0,T;R"*%) é{(lt)te[oyT]R”Xd—valued F-progressively measurable process:||l\|2:E[fOT |12 dt]< —1—00}.

Let us first recall some notations used for the mean-field framework and for the fully coupled mean-field
FBSDES in [12]; see also [5,6].

y (2,F,P) = (2 x 2,F @ F,P® P) we denote the product of (§2,F, P) with itself. The filtration in
thlb space we consider is F = {F;, = F@ F;, 0 <t < T}. By setting ¢ (v, w) = ('), (W' w) € 2, we can
extend the real-valued random variables ¢ from {2 to £2. For any integrable random variable 9 € LI(Q, F,P),
0(-,w) : 2 — Risin L'(2, F, P), P(dw)-a.s. Hence, we can define E'[0(-,w)] = [, 0(w’,w)P(dw’). Using Fubini’s
Theorem, the expectation of # can be computed as follows:

/ 0dP = / E'[0(-,w)|P(dw) = E[E'[0]).

Let b(@,t, 2’9, 2/, 2,y,2): 2 x [0,T] x R* x R™ x R™X4 x R x R™ x R™*4 — R",
J(G),t,w/,y/,x,y) 2 x[0,T] x R* x R™ x R® x R™ — R"*4,

f@,t, 2y, 2" x,y,2): 2 x[0,T] x R” x R™ x R™*4 x R"® x R™ x R™*4 — R™,
P(w,2',2): 2 x R" x R* — R™
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satisfy the following assumptions:

(H2.1) (i) There exist L, Ly, Ly, Ly > 0 such that, for all t € [0,T], z1,2}, z0, 25 € R”, y1,9}, 92,95 € R™,
21,2y, 22, 25 € R™M*4

|h(tax/1ayiazivxlvylazl) - h(t?xé’yévzévx27y2az2)|

< Luloy — a5 + Laly; — ylz\ + Lg|2) — 2] + L(lz1 — @2| + [y — yal + |21 — 22]),
where h = b, 0, f, respectively, and b(-, X', \) € HZ(0,T;R"), (-, X, \) € H%(O,T;R”Xd), FEN ) €
Hﬂ%(ovTaRm)a A= (xvya )a A/ = ('T ay Z)
(ii) For (a},x;) e R* x R™, i =1,2, )

P2, w1) — P(h, x2)| < Lo|a| — 5] + Lo|v1 — x2],

and for any 2/, 2 € R", &(2/,x) € L?(Q2, Fr,R™).

Given an m x n full-rank matrix G, we put

z x’ ~-GTf
A=1vy |, N = y/ ) B(th/a)‘) = Gb (ta)‘lvA)'
z 2 Go

From (H2.1) we know that B(t, A, A) is Lipschitz in X" and A, uniformly with respect to ¢. Let us denote the
two Lipschitz constants by Lpand L B, respectively.
(H2.2) (i) < B(t, N, \) = B(t, ', \), A = A >< =31 |2%;
(i) < &(a’,x) — &(2', %), G(z — ) >> 1 |2|?,
where A = (z,y,2), N = (¢/,y,2)), A= (2,§,2), 8 =x—Z, §=y— 7§, 2=z — %, and (1, 1 are nonnegative
constants with 3, > Lp(1+2¢°T); 1 > Lo _|_4(Lq> + Lq;)LBeﬁ where [} = 6L2+4L2—|—2L2+2L2—|—2L—|—1
(in particular, as h = b, o, f is independent of (i, 2"), § = 4L? +2L2 + 2L +1), and \; > 0 satisfies |GI| < A |i],
for any vector [ € R™.

For a € R™, we consider the following fully coupled mean-field FBSDE:

t t
Xt:a+/ E'[b(s, X1, Y!, Z!, X,,Y, Z)}ds+/ E'[o(s, X!, V!, X,,Y,)|dB,,
0 0
. . (2.1)
Yt:E’[@((XT)’,XT)H/ E'[f(s, X, Y!, 7., X,.Y, Z)]ds—/ Z.dBs, t € [0,T).
t t

§7 789

In [12], the authors proved that the fully coupled mean-field FBSDE (2.1) has a unique solution. Precisely
speaking, we have:

Lemma 2.1. Under the assumptions (H2.1) and (H2.2), the fully coupled mean-field FBSDE (2.1) admits a
unique solution (X,Y,Z) € S2(0,T;R™) x S2(0,T;R™) x H2(0, T; R™*d),

Moreover, for any initial time ¢ € [0, 7], initial value ¢ € L?(§2, F;, P;R") and given o € R", also the
following fully coupled FBSDE:

S
Xt = ¢t / E/[b(r, (X000, (YO0 (Z0%0), X106, Y1, Z0<) dr

/ E/ XO 3:0) (YO,xO)/ Xt’C,Y:’C)]dBT,
(2.2)
Yhe = Ee((X7™), X7)] / E'f(ry (X0), (V20 (Z0), X6, Y, 204 ldr

T
—/ ZLCdB,, s e [t, T,
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has a unique adapted solution, denoted by (X1¢, V¢, Z8¢) ey 1y € SE(t, T3 R™) x SE (¢, T3 R™) x HA(t, T; R™* ),
In fact, if (¢,¢) = (0,z0), then (2.2) changes to a fully coupled mean-field FBSDE. Thanks to Lemma 2.1, we
see that this equation has a unique adapted solution, denoted by (X% y0:zo ZS’I°)3€[07T] € S2(0,T;R™) x
S2(0,T;R™) x H2(0, T;R™*4). Then, it can be checked that the coefficient h°(s,z,y,z) = E'[h(s, (X%%0)’,
(YOmo) (79w x4, 2)] satisfies the assumptions for classical fully coupled FBSDEs, where h = b, 0, f, re-
spectively. Consequently, according to the existence and uniqueness theorem of classical fully coupled FBS-
DEs, the above equation (2.2) admits a unique solution (X5, Y, Z5C) oy ) € SE(t, T R™) x SE(t, T; R™) x
HE(t, T; R™*4) (see, e.g., Thm. 2.2 in [17] or Thm. 3.1 in [10]).

From standard estimates for classical fully coupled FBSDEs, we have (see, e.g., Prop. 6.1 in [13]) the following:

Lemma 2.2. Under the assumptions (H2.1) and (H2.2), there exists a constant C > 0 such that, for allt € [0, T
and ¢, (" € L*(2, F;, P;R™), P-a.s.,

T
(i) E| sup | X6 — XLC12 4 mpkﬁﬁ—yzﬂﬁ+/"uﬁg—zﬁvﬂﬁﬂ <Cl¢— )%
t<s<T t<s<T t
T
(i) £ | sup_ | X2 + sup \Yt<| / 1 Z5¢2ds| F | < C(1+ ¢ (2.3)
t<s< t

In particular,

(iii)

@+ Gv) Y-y <clc- ¢
3. FuLLy courPLED FBSDES INVOLVING THE VALUE FUNCTION

Let V be a compact metric space. An F-progressively measurable process v € {v,, r € [t, s]} taking its values
in V is called an admissible control process on the time interval [¢t,s] (0 <t < s < T). By V. s we denote the
set of all admissible controls over [t, s].

In this section, we study the following fully coupled FBSDE involving the value function. For x5 € R™ and
v € Vo, arbitrarily chosen but fixed, we consider
dXz,m;v — El[b(s7 (Xg,zo;{))/ W(S, (X ,To ) ),Xt , T3V Yt ;v Zt x; v g)]dS

+ E[o (s, (X9700) W (s, (XJ030)), X0W0, Yo, s)}st,
AV 5 = =B f(s, (X 700) W (s, (X700)), Xo™0, Y00, 2070, vy)]ds
+ Zt=vdB,, s € [t T, (3.1)
Xf,x;v =z, Yt,m;v _ E/[QS(( O , L0V ) X%,m;v)]’
W (t,z) = essinf V""" (t,x) € [0,T] x R™.

veVy, T

Let us introduce now the assumptions on the coefficients which we need. We suppose that the functions
b(t, 2",y 2y, 2,0) : [0,T] x R x Rx R* x R x R x V — R™;
o(t,z’ y z,y,v) : [0,T] x R* x Rx R® x R x V — R"*4;
ft, 2y ey, 2,0)  [0,T] x R* x RxR" x R xR x V — R;
&(2',z) :R" xR - R
satisfy:
(H3.1) (i) There exist L, L > 0 and a > 0 small enough (a precision for a will be given in Rem. 3.8) such that,
for all t € [0,T], z1, 2}, z2, 75 € R™, y1, 91,92, 5 ER, 21,20 ERY v €V,
|h(ta 'Tlla yia T1,Y1, %1, U) - h(t7 x/27 y/2a r2,Y2,22, U)|
< Llay — 2|+ alyl — il + L(lz1 — 22| + [y1 — 2] + |21 — 22),
where h = b, 0, f;
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(ii) For h = b,0, f, h(t,2',y', 2,y, 2,v) is continuous with respect to (Z,v), uniformly in (2',y’, z,y, 2);
(iil) @(2', x) is uniformly Lipschitz in (2, z), i.e., there exist Ly, Ly > 0 such that, for z1, 2}, za, 24 € R™,

B2}, 1) — B(xh, 22)| < Lo|a} — 2h| + Lolzr — 22l

Further assumptions on the coefficients are made through the function

GTf . /
B, N v)=| Gb | (N, \v), tel0,T],veV, A= |y 7/\/:(96/)’
Go z

where GT € R"\{0}, |GT| =1 is suitably chosen.
As indicated in Section 2, under the assumption (H3.1)-(i), B(¢, X', A, v) is Lipschitz in A" and \. By Lg and
Lp we denote their respective Lipschitz constants. From Holder inequality, we have

|B(t, N, A, v) — B(t, X', A\, v)| < V3V L2+ a2|N| + 3L[},

where N = N — N, X = X — \. Hence here we can set L =+3VL2+a?and Lp = 3L.

We suppose the following monotonicity conditions
(H3.2)] (i) < B(t, N, \,v) — B(t, N, X\, v),A — XA >< — 31|
(i) < GT(P(a',x) — D(2', ), 2 — & >> u1|i| ,
where)\—(xy, 2), A= (2,7,2), N = (2 ,y z),x—x—x y=y—y 2=2-2 z, T, 2 € R, y, 4,y €
R, 2,2,z € RY, 81 >0, p1 >0, with 8 > Lg(1 +2e°T), p1 > Lo+ 4Lp(L3 + L2)e AT,

Here 3 = 4L% + 2L% + 2L + 2o+ 1, and L, L and « are the Lipschitz constants of h = b, o, f introduced in
(H3.1)-(i).

Moreover, we need the following assumption

(H3.3) h(t,2',y,0,0,0,v) and &(2’,0) are bounded, i.e., there is a constant L, > 0 such that, for all ¢t €
[0,T], 2’ e R™, ¢y eR, v eV, |P(a',0)| < Lp; |h(t,2’,y',0,0,0,v)| < Ly, for h = b, o, f, respectively.

Remark 3.1. Under the assumptions (H3.1) and (H3.3), h = b, 0, f and @ are of linear growth with respect to
(7,9, 2) and x, uniformly in (¢,2’,y,v) and 2/, respectively: For t € [0,T], 2,2 € R", 3/, y € R, 2 € R, v € V,
P2, )| < (Lo + Lp) (1 + [2]);  |h(t, 2",y 2,9, 2,0)] < (L A+ Ly) (14 |2| + y| + |2]).

Let K > 0 be a given constant and W :[0,T] x R" — R be a deterministic Borel function such that,
W (t,z)| < K1+ |z|), and |W(t,z) — W (t,Z)| < K|z — Z|, for all t € [0,T],z, % € R™. For arbitrarily chosen
but fixed g € R™, 0 € Vo 1, and for (t,z) € [0,T] x R™,v € V; 1, let us consider the following fully coupled
FBSDE:

AXL = B[b(s, (XO000Y, W (s, (XO000), Xbow, o, gtaw o, )|ds

+ B'lo(s, (X007 W (s, (X0707)), X177, VI, 0, )ldB,,
AT - o (9505, (s (X3500Y) X170 780, 0 (32)
+ Zbd By,

XU, YT = B@(XRTY X,

Lemma 3.2. We suppose that the assumptions (H3.1)—(H3.3) hold true. Then the fully coupled FBSDE (3.2)
admits a unique solution (X" YEow ZEww) o o € SE(t, T;R™) x SE(t, T3 R) x HE(t, T; R?).
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Proof. For (s,2',x,y,2) € [0,T] x R® x R" x R x R%, we define B(s,x/,x,y,z) = h(s,x/,W(s,x/),x,y,z,vs),
h = b, 0, f, respectively. Then, for s € [0,T], 2}, 75, 1,72 € R™, y1,9y2 € R, 21,22 € RY,

|h(s, 2}, 1, y1, 21) — h(s, Th, 22, y2, 22)| < (L + oK)z} — @] + L(|z1 — 22| + [y1 — y2| + |21 — 22]),

where L, L and « are the Lipschitz constants given in (H3.1)-(i) and K is the Lipschitz and the linear growth
constant of .
We put
—-GT f
B(s,N,\) & Gb (s, N, ), o', z) 2 (2, x),
Go
where A = (z,y,2), N = (2/,y/,2").
By EB’ Lgand f/qg, Lz we denote the Lipschitz constants of B and & with respect to )/, X and 2/, x, respectively.
From Hélder’s inequality we can obtain

|B(s, N, ) — B(s, X', \)| < V3(L + aK)|N| + 3L|A|,

where k = k — k, k=X, \. Consequently, we can take ig = \/§(I~/ +aK) and L = 3L. Notice that « is small
enough such that 8y > L(1+2¢7T), > L+ AL (L% + Lé)eféT, where 3 = 4L2 + 2(L 4+ aK)? + 2L + 1,
Lj = Ly, Ly = Lo (sce Rem. 3.8). According to Lemma 2.1, for (t,z) = (0,2) and given & € Vo r, the
fully coupled FBSDE (3.2) with coefficients b, G, f,® admits a unique solution, denoted by (X% Y9, ZS)SE[O’T] €
S2(0,T;R™) x S2(0,T;R) x HZ(0,T;R%).

Hence we can define

(s, ,y,2) £ E'h(s, (X)), W (s, (X0)), 2,9, 2,00)]; €°(x) £ E'[((X7),2)], (3-3)

where h = b, 0, f, respectively. Obviously, b°, 0¥, f¥ and @° are Lipschitz with respect to (z,y, z) and = with the
same Lipschitz constants as b, o, f and @ in (z,y, z) and z, respectively, and satisfy the monotonicity condition
for classical fully coupled FBSDEs with the constants 81 and 1 which do not depend on W. Consequently, for
(t,z,v) € [0,T] x R™ x V, 7, there is a unique triple (X[%v, Y50 Zhov) o € SE(t, T;R™) x SE(t, T; R) x
HE(t, T; R?) satisfying the fully coupled FBSDE (3.2) (see, Thm. 3.1 in [10] or Thm. 2.2 in [17]). O

Lemma 3.3. Let us suppose that (H3.1)—(H3.3) hold true and t € [0,T], x,z € R", v € Vyr. By
(XLmw Yhev Z050) e (resp., (XEP0, YEZY ZL5Y) o)) we denote the solution of the fully coupled FB-
SDE (3.2) associated with initial value (t,x) € [0,T] x R™ (resp., (t,Z) € [0,T] x R") and v € Vy 7. Then, for
any p > 2, there exists a constant Ly > 0 depending on L, Lg, Ly and p such that P-a.s.,

T
(i) B | sup (|XP7° = XP502 4 [Yom0 — Y Bov)?) +/ |25 — ZpT0 Pds|Fy | < Lla — 2
t<s<T t
T D
(ii) B | sup (| X079+ Y "0P) + (/ |1Z570Pds) 2| Fr | < Lo(1 + [a]”); (34)
t<s<T t
and, in particular,
(i) [V = V)" < Lole — al; (i) "] < Lo(1 + o)),

Proof. From the proof of Lemma 3.2, we know that the fully coupled FBSDE (3.2) can be treated as a classical
fully coupled FBSDE with coefficients °, 0%, f© and ¢°. Thanks to the assumptions (H3.1) and (H3.3), it is easy
to get that b, 0%, fO (resp., #°) have the same Lipschitz and linear growth constants in (z,y, z) (resp., z) as
b,o, f (resp., ?), and these Lipschitz and linear growth constants do not depend on w. According to standard
estimates of classical fully coupled FBSDEs (see [13]), we have that there exists a constant Ly depending only
on L, Lg, Ly and p such that (3.4) holds. O
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Let us define W (t,x) £ ezsvinf YU (t,x) € [0,T] x R, where (X5®% Yh#iv 762v) is the solution of the
v t,T

fully coupled FBSDE (3.2). Ob\;iously, for the constant Lo given in Lemma 3.3, we have, for t € [0,T], z,Z € R,
P-a.s.,
(i) [W(t,2)| < Lo(1 + |x);

(ii) [W(t,2) = W(t,2)| < Lol — 2|, (3.5)

This means, no matter what the Lipschitz and the linear growth constants of W in fully coupled FBSDE (3.2)
are, the value function W (t,z) defined by the solution of fully coupled FBSDE (3.2) with W always has the
same Lipschitz and linear growth constant Ly depending only on L, Lg and Ly.

Notice that due to the definition as essential infimum over a family of F;-measurable random variables,
W (t,x) is a priori a Fy-measurable random variable. However, we can even prove that the value function W is
deterministic with the Girsanov transformation.

Lemma 3.4. We suppose the assumptions (H3.1)—(H3.3) hold true. The value function W is deterministic and
can be characterized by E[W], i.e., W(t,z) = E[W(t,x)], (t,x) € [0,T] x R", P-a.s.

The proof is similar to Proposition 3.1 in Li and Wei [13]. Thus we omit it.
Remark 3.5. The two inequalities for parameters 1, 1 in assumption (H3.2) can be reduced to
By > V3L +2°T), p1 > Lo +4V3L(L2 + L2)e 7T, (3.6)
where 3 = 4L% + 2L 4+ 2L + 1. In fact, what we really use in the proof of Lemma 3.2 are the two inequalities:

B1 > V3(L + aK)(1+ 2eT{4L2+2(i+aK)2+2L+1}),
> Lo +4\/§(E +aK)(ﬂ§5 +L?p)eT{4L2+2(IZ+QK)2+2L+1}.

Moreover, from Lemma 3.3, we also see that the Lipschitz and the linear growth constant Lo of W does not
depend on the choice of K. Consequently, let W = 0, i.e., K = 0, the same constant Ly can still be obtained.
Hence, the two inequalities for the parameters 81, p1 in (H3.2) have only to satisfy (3.6).

However, in what follows, we use the following assumption instead of (H3.2).
(H3.2Lo)] (i) < B(t, N, \,v) — B(t, N, \,0), A — A >< —31]2|%;
(i) < GT(@(x',2) - B(a/, 7)), 5 — 7 >> i,
where A\ = (2,y,2), A = (2,9,2), N = (/,¢,2)), =2 -2, )=y —9, 2 = 2 — %, x,Z,0 € R", 4,7,y €
R, 2,72/ € RY, 81 >0, puy >0, with 81 > 2(L+ Lo +a)(1+2¢°T), py > Lg+8(L+aLo+a)(L3+ L3)eT,
where 3 = 4L% + 2([2 +alg)?+2L+2a+1,and L, L and « are the Lipschitz constants of h = b, o, f introduced
in (H3.1)-(i), and Lo > 0 is given in Lemma 3.3.

Obviously, under the assumption (H3.2Lg), (3.6) holds true.

Let W £ {W : [0,T] x R® — R measurable| |W(t,0)| < Lo, |W(t,z) — W(t,2")| < Lo|lz — 2’|, for all t €
[0,T],z,2" € R"}.

Let b, o, f and & satisfy (H3.1), (H3.2Lo) and (H3.3). From Lemma 3.2 we know that, for any W € W, the fully
coupled FBSDE (3.2) has a unique adapted solution (X5, YE=v, Z6ev) oy m € SE(t, T5;R™) x SE(t, T3 R) x
HE(t, T;R?). We define W(t,z) = eg}inf Y™ (t,x) € [0,T] x R™. Due to Lemma 3.4, W is deterministic.

v t, T

Moreover, from (3.4), for all ¢t € [0,T], =,z € R™,

(1) W (t,2) = W(t,2)| < Lole — 2| (ii) [W(t,2)| < Lo(1 + |]).
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Putting now w(W) £ 1, we define a mapping ¢ : W — W. Let M > 0, Kp; £ [0,T] x Bp(0), and let us
consider the following supremum norm of the restriction of W € W to K, :

Definition 3.6. For W € W we define

Wik, & sup  [W(t,a)].
4€[0,7) 2| <M

Now we state the existence and the uniqueness of the fully coupled FBSDE (3.1) involving the value function.

Theorem 3.7. We suppose that the assumptions (H3.1), (H3.2Ly), (H3.3) hold true. Then the fully coupled
FBSDE (3.1) involving the value function has a unique solution {(XD%, Y, ZL%) cry 1 € S2(t, T;R™) x
SE(t, T;R) x HZ(t, T;R?), (t,z) € [0,T] x R", W € W}.
Proof. Let WO(t,x) =0, (t,z) € [0,7] x R™. Obviously, W% € W. Moreover, given Wi € W, Witl £ ¢ (W?)
belongs again to W. Thus, we get by iteration a sequence (W?);>9 C W.
For (t,z,v) € [0, T] x R™ x Vy 1, let (X 1@t yhavi 76.:0.0) he the solution of the fully coupled FBSDE (3.2)
associated with W
dXt’xw’i :El[b(S (X07x0;177z’)/ WZ(S (XO,xo;ﬁ,i)/) Xt,x;v,i Yt,ac;v,z’ Zt,x;v,i ’Ug)]ds
+ EI[O'(S, (X;),xo;ﬁ,i)/’ Wi(s, (Xg,xo;ﬁ,z’)/)’ ng,ac;v,i7 Yst,ac;v,i’ Us)]d337
dYEv = /[ f(s, (XO00Y, Wi(s, (XO0idiy), Xt yhewi, zbaws )ds (3.7)
+ ZL% B,
th,ac;v,i =z, Y,Zii,x;v,i — E/[Qs((X%xo;ﬁ,i)/’X%x;v,i)}.

In the particular case (t,z,v) = (0,20,0), we write (X0:%0i0i y0.zoivi 70.w0i0.,8) ingtead of (X1oiv:i yhivsi
Zt,z;'u,i)

For any (t,z) € [0,T] x R"® and v € V; 1, we put, Xt@v:i & xtawitl  xtawi - yhzwd & ytawitl
yhavi o ghaod & gtoeitl  gtawd gy p) & WL (¢ x) — Wit,z), i > 0. In particular, X0®0iv¢ &
X 0,20:0,i+1 _ x0,2050,i }A/O,xo;ﬁ,i A y0,z0i0,i+1 _ y0,x0;0,0 ZO,xo;ﬁ,i A 70,20:0,i+1 _ 70,2030,

) ) .
We split the proof into the following two steps.

Step 1. We prove that the sequence (Xh®v:¢ yheivi Ztovi 1) converge in SE(t,T;R™) x SZ(¢t,T;R)
xHE(t, T;R?) x W to some quadruple (X5®v yhov zhzv W) such that (X5%v, YH#v, Z6%) is the unique
solution of the fully coupled FBSDE (3.2) associated with W instead of W.

We prove the existence of the solution with the help of an iteration method.

From Lemma A.3, we know that there exists a constant Cy > 0 independent of (¢,x) € [0,7] x R™ (Indeed,
Cy depends only on L.L,Lyand L, Lo, «) such that

BV 2] < oGy, +2).
From the Girsanov transformation argument (see Prop. 3.3 in [4]), we have

WitL(t, ) = essinf V""" = inf ,ey, . E[Y;""""], (t,2) € [0,T] x R", i > 0.

vEVy, T
Hence, for (¢, ) € [0,T] x R™, using that Witl(t,z) = Wit2(¢t,2) — Witl(t,z), we get, by Lemma A.3

(Wit (t,2)? = [WT2(t,2) — W (¢, 2)]? < sup BV

veEVs, T

2 < aC (HW’H%(M +5> ,

where Cy depends only on L, L, Ly and Lg, L, a. Therefore, for all i > 0,

71, < aCo (I, +¢) < aCo(IW|Z +e)
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Letting € | 0, we get - -
[WHHE < aCol[WHE, i > 0. (3.8)
Notice that « is small sufficiently such that aCy < 1 (see Rem. 3.8). Consequently, there exists a deterministic
W :[0,T] x R® — R such that |[W? — W/||x — 0, as i — oo. Moreover, as (W?);>o C W, also W € W.
Using the argument of Lemmas A.1—A.3 again, but now with F fOT [Wi(s, X0w0ii)|2ds < T||W||2, instead

of EfOT [Wi(s, X0m0i0:8)[2ds < THVAV’H%(M + &, we get, for all i > 0,

T
E | sup |XQ®0%? 4 sup (|X§’”““”'I2+|Y§’”“”’il2)+/ | ZL70 P ds | < aCol W2, (3.9)
0<s<T t<s<T t
From (3.8) and (3.9) we see that
A J— A . A . T A o . A
E | sup |X%%0®i2 4 gup (| XLowd|2 4 |yhed 2)+/ |ZL=v12ds | < ()| |[WOA. (3.10)
0<s<T t<s<T t

Notice that « is small enough such that aCy < 1, thus there exists (X 0:®0i? Xt@v Yyt zhzv) ¢ §2(0, T;R™) x
S2(t, T;R™) x S2(t, T;R) x HZ(t, T;R?) such that, as i — oo,
E | sup |Xg,10;5,i _ Xg,x0;17|2 + sup (|X§,z;v,i _ Xﬁ,x;v|2 + |Y'St,m;v,i _ Y'St,m;v
0<s<T t<s<T
0, uniformly in v € Vo7, v € Vi 7.
Taking the limit in the fully coupled forward-backward SDE (3.7) we get

2) + LT |Z£,m;v,i _ Z;,m;v|2ds N

AXE= = B[b(s, (X000, W (s, (XD0i0)), X0, yiorwe, 760y, )]ds
B o(s, (X000 W (s, (X000)), X0, Yiwi 0, ) dB,,
AYE® = /[ f(s, (XD W (s, (XO200Y), X0, Y10, 7005 ) ds (3.11)
+ Zbd By,
XPT =2, YT = BT, X))

S =

Finally, by Lemma 3.2 we know that the solution of the system (3.11) is unique.
Step 2. We prove W = W £ essinf ;"""

vEVy, T

Recall that Witl(t,z) = essvinf YU = inf ey, » B[V, i > 0. We conclude by observing that, for
veVe T ’
(t,z) € [0,T] x R™,

W (t,z) —inf ey, , EY,""]| < sup B[y, ™" - y,@or

’UEVt,T

]+ Wt 2) = W(t )]

< sup B[ =Y 4+ [[WH — W]l — 0, asi — oo, O
vEVL, T

Remark 3.8. Indeed, from the proof of Lemma 3.2 and that of Theorem 3.7, we know that « in (H3.1) small
enough to satisfy the following conditions:

1> alCy,
B > V3(L + aK)(1+ 26(4L2+2(i+QK)2+2L+1)T),
1 > Lo + 4V3(L + aK)(L3 + L)o@ +2(Ltak) 2L+ 0)T

where Cj equals to Ci4 in Lemma A.3, L, L, Ly, Lg are the Lipschitz constants of h = b, o, f and & with
respect to 2’ and z, respectively, and K is the Lipschitz constant of W.
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4. THE DYNAMIC PROGRAMMING PRINCIPLE

Peng [16] was the first to introduce the notion of “backward semigroup”. From then on, it has been widely
used to solve stochastic control problems. Here we extend Peng’s concept of “backward semigroups” to controlled
fully coupled FBSDEs involving their value function. Let o € R™, v € Vy 1 be chosen arbitrarily but fixed.
For (t,z,v) € [0,T] x R" x Vyp and 0 < 6 < T —t, we consider the following fully coupled FBSDE with time
horizon t + 4,

dX;,x;v _ E/[b( (XO,xO;T;)/ W(s,(Xg’ 17) )’ngv thv thv )]ds
B/ [o(s, (X0000) W (s, (XO000)), K00, VI 0, )|dB,,
AYPY = —E'[f (s, (XIP00) W (s, (X 700)), X o0, Y0, Zt“ vs)]ds (4.1)
+ ZteaB,,
X = V= WX KL,

where ¥ : R” x R" — R is a Lipschitz function with < GT (¥ (2, x) — ¥ (', %)), — % >> 0, and W is defined
as in Theorem 3.7, and (X 0:%0i? y 0.0 - 70,20} g the solution of the fully coupled FBSDE (3.1) involving the
value function, for our given o € R" and v € Vy 1 with time horizon T

Lemma 4.1. Under the assumptions (H3.1), (H3.2Lo) and (H3.3), there is a positive constant oy depending
on the Lipschitz constant L such that, for 0 < < do, the fully coupled FBSDE (4.1) admits a unique solution
(XLmv Yhme Zhov) oy s € SE(E E+ 6 R™) x SE(E, ¢+ 6;R) x HE(t,t + 6;RY).

Proof. From Theorem 3.7 we have the existence of W and (XS@O?’?)SE[O,T] € S2(0,T;R™). Hence, we can define
the (deterministic) functions k" (s, z,y, 2,v) = E[h(s, X2%0 W (s, X0%0:%) 2y, 2,v)], h = b, 0, f, respectively,
oW (x) = B (X5, 2)).

Obviously, K"V is Lipschitz in (z,y, z), uniformly with respect to (s,v), with the same Lipschitz constant as
that of the functions b, o, f; and ¥W is Lipschitz in . According to standard estimates for classical fully coupled
FBSDEs (or see Prop. 6.4 in [13] for the general case where o depends on z), we know that there is a o > 0 such
that, for s € [t,t 4 ¢] with 0 < & < g, the fully coupled FBSDE (4.1) has a unique adapted solution on time
horizon [t, t+0], denoted by (X1#v, Y o0, ZL30) 1y 15 € S2(t,1+0;R™) x SE(t, t+6;R) x H2(t, t+5;RY). O

Now we can define the backward semigroup:

GUyls(BE'W(X)50) , XEEN]) 2 YE=v s € [t,t + 4],

where (X5ov, Yo, Zﬁ’z?”)se[t’tﬂg] is the solution of FBSDE (4.1).
Inspired by the work of Li, Wei [13], with the help of the notion of extended “backward semigroup”, we can
establish the DPP for the value function W defined through the fully coupled FBSDE (3.1).

Theorem 4.2. (DPP) Suppose the assumptions (H3.1), (H3.2Lo) and (H3.3) hold. Then there is a positive d
depending on L such that, for all 0 <t < T — 9 with 0 < § < dp,

W(t,) = essinf Guiis(Wi(t+6, X))

The proof of Theorem 4.2 uses the same argument as that of Buckdahn and Li [4] and is omitted here.
Remark 4.3. According to the definition of backward semigroup, we get, for t <s <t+6, v € Vi p, z € R”,

GV (e + 8. X1557) = Vi,

where (X!@v Yhaiv Zbov) 45 is the solution of (4.1) with ¥(z/,2) = W(t + 6, ), (2/,z) € R" x R™.
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Proposition 4.4. The value function W introduced in Theorem 3.7 has for some suitable constant L the fol-
lowing property of Holder continuity in t:

(W (t,z) — W(E )| < L(1+|z|)|t — 2, t, £€[0,T], € R™

Proof. The functions bV, "W, fW, ¥"W defined in the proof of Lemma 4.1 are jointly continuous and Lipschitz
with respect to (x,y, z) and x, respectively, with the same Lipschitz constants as those of b, o, f and ¥. Moreover,
from (H3.3) we know that for s € [0,T], v € V, |[h"(s,0,0,0,v)| < L. Hence, from standard conclusions for
classical fully coupled FBSDEs (see Thm. 3.2 in [13]), we have the above estimate. O

5. VISCOSITY SOLUTION OF THE ASSOCIATED NONLOCAL HJB EQUATION

In this section, we discuss the associated nonlocal HJB equation and give its probability interpretation in
term of the solution of FBSDE (3.1).
Let us consider the PDE

oW (t,x) + H(t,x, W(t,-), W(t,x), DW(t,x), DQW(t, z)) =0, (t,z) €[0,T) x R", -
W(T,z) = E[®(X3™7 z)], = € R, (5.1)

where the Hamiltonian H is defined by
H(tvwi(tv')vyapvx)
1 - _
= infvEV {itr(ﬁﬁT(t,$,¢(t, ‘),y,’U)X) +p- b(t,ffﬂﬁ(t, '),yap . 5—7’0) + f(t,ffﬂﬁ(t, '),yvp : 5-7’0)} ) (52)

for t € [0,T], y € R, o,p € R", X € S? (by S? we denote all the d x d symmetric matrix), and (-) is a
deterministic Lipschitz function, and

b(t, 2, 9(t, ), y, 2,0) = E[b(t, X0 4 (t, X ™), 2, y, 2,0)];
Gtz (L, ), y,v) = Elo(t, X" ¢t X)), 2,y,0)); (5.3)
f(t7 x? w(t7 .)7 y’ Z’ U) - E[f(t? Xt07w0;177 w(t7 X?7xo;ﬁ)7 ‘T? y7 Z7 U)]'

Here (X0:%0i% y0.z0iv  70.20:9) g the solution of the fully coupled FBSDE (3.1) involving the value function for
initial time ¢ = 0, initial value z = x¢ and fixed v € Vy 7.
Let us recall the definition of a viscosity solution of the associated HIB equation (5.1) (see [8] for details).

Definition 5.1. A real-valued continuous function V' € C([0,T] x R") is called
(i) a viscosity subsolution of equation (5.1), if V(T z) < E[@(X3"*", z)], for all z € R", and if for all function
¢ € CL2([0, 7] x R") and (t,7) € [0,T) x R™ such that V — ¢ attains a local maximum at (¢, x),

Oop(t,x) + H(t,z,V(t,"),V(t,x), Do(t,x), D*p(t,x)) > 0;

(i) a viscosity supersolution of equation (5.1), if V(T,z) > E[®(X%™", z)], for all z € R™, and if for all
function ¢ € C12([0,T] x R"™) and (¢,z) € [0,T) x R™ such that V — ¢ attains a local minimum at (¢, x),

oo(t,x) + H(t,x,V(t,-),V(t,x), Do(t, ), D*¢(t,z)) < 0;

(iii) a viscosity solution of equation (5.1) if it is both a viscosity subsolution and supersolution of
equation (5.1).

Now we state the main result of this section.
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Theorem 5.2. Assume that the assumptions (H3.1), (H3.2Ly) and (H3.3) hold true. Then the value function
W(t,z) € C([0,T] x R™) given in Theorem 3.7 is a viscosity solution of HJIB equation (5.1).

Proof. According to Theorem 3.7 and Proposition 4.4, we know that the deterministic function W is Lipschitz
in z and %-Hélder continuous in t. More precisely, there exists a positive constant L such that, for z,z € R",
t,t e 0,7],

(i) [W(t,2) = W(t,2)| < Lz —zl; (i) [W(t,2) = W(Ea)| < L0+ ||t — 2.

Consequently, W (t,z) € C([0,T] x R™) is of linear growth.

The coefficients b(t, z, W (t,-),y, z,v), &(t,z, W(t,-),y,v), f(t,x, W(t,-),y,z,v) and &(z) =E[B(X%"", z)]
are Lipschitz in (z,y, z), uniformly in (¢,v), and x, respectively, and satisfy the monotonicity condition of
classical fully coupled FBSDEs. Hence, our fully coupled FBSDE (3.1) involving its value function W can be
written as

AXE" = b(s, XDV, W (s, ), YUY, 2550 v)ds + 6 (s, X050, W (s, ), Y™, 0,)dBs,
AYITY = — s, XP7 W (s,), Y00, 267, 0g)ds + 207 dB,
Xf,x;v =, Y%,x;v _ Q_S(X;,’w;v)7

W (t,z) = essinf Y;""".

vEVy, T

From the probability interpretation for HJB equations associated with controlled fully coupled FBSDEs (see
Thm. 4.1 in Li and Wei [13]), we know that W is a viscosity solution of HJB equation (5.1). O

Theorem 5.3. When o also does not depend on y, under the assumptions (H3.1), (H3.2Ly), (H3.3) the value
function W(t,z) defined in Theorem 3.7 is the unique viscosity solution of HJB equation (5.1) in the class
0 = {p € C([0,T] x R") : A > 0 such that lim |o(t,z)|exp{—A[log((|z|? + 1)2)]2} = 0, uniformly in

t € 10,71}
Proof. Let Wi € ©, i =1, 2, be two viscosity solutions of HJB equation (5.1). We define
B(Sv Zz, WZ(Sv ')7 Y, z, U)
5’(8,1‘,Wi(87'),’0)
f(sv Zz, WZ(Sv ')7 Y, z, U)
)

E[b(s, X270 2 Wi(s, X2%0) 4 2 v)],
Elo(s, X007 o Wi(s, X070 v)],
E[f(s, X007 o Wi(s, XO%00) y, 2, 0)],
E[@(Xp™", x)],

d(x

(s,2,9,2,v) € [0,T] xR® x R x R?x V. Hence W(t,z) € O is a viscosity solution of the following HJB equation
W' (t,z) + infvev{itr(&?T(t, x, Wi(t,-),v)D*W(t,z))
+ DW'(t,x) - B(t, o, Wit ), Wi(t,z), DW'(t,x) - & (t, x, Wi(t,-),v),v)

+ ft, 2z, Wit ), Wi(t,z), DW*(t, z) - &(t, z, Wi(t, -),v),v)} =0, (t,z) € [0,T) x R",

WH{T,z) = &(z), z € R".

Since b, &, f and @ satisfy all the assumptions for classical FBSDEs and Wit,x) € O, i.e., Wi(t,z) is of at
most linear growth, W(t, ) possesses the stochastic interpretation as the value function

Wit,z) = essinf Y;""" | (t,2) € [0,T] x R",

vEVL, T
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of the optimal control problem for system driven by

AXDE7 = b(s, XDUTY Wi(s, ), YOLu0, ZE0T0 ) ds + (s, X000 W (s, ), vs)dBs,
AV P50 = — (s, XPP5Y W (s, ), YO0, Z005Y og)ds + Z25"dB,, s € [t,T), (5.4)
XU =g, YR = $(XRTY), (t,x) € [0,T] x R, v e Vyr
(see, e.g., Thms. 4.1 and 5.1 in Li and Wei [14]). Recall the definitions of b, &, f and &, and W(t, z) is Lipschitz
and of linear growth in xz, (5.4) is in fact the following equation:
dXi,t,x;v ZEl[b(S (Xi,O,xo;ﬁ)/ Xz’,t,a:;v WZ(S (Xi,O,xo;ﬁ)/) Yi,t,x;v Zi,t,x;v v )}ds
+ E'o(s, (X070, X0 Wi (s, (Xp00)), vs)|dBs,
dyi,t,x;v _ —E’[f(s (Xi,O,aco;ﬁ)/ Xi,t,a:;v WZ(S (Xi,O,xo;ﬁ)/) Yi,t,x;v Zi,t,x;v v )]ds
s - I s bl s 9 9 s y L s 9 s y Vs
+ Z0%vAB,, s € [t,T), (55)
XU =z, YU = BO((XR0T00) X)), (tx) € 0,T] x R™, v € Vi,
Wi(t, x) = essinf Y;""“ (t,z) € [0,T] x R".

vEVL T

However, from Theorem 3.7 we know that (5.5) has a unique solution. It means W!(t,z) = W2(t,z), (t,x) €
[0,T] x R™. The proof is complete. O

Example 5.4. Let n =d =1,G =1and V = [0, §]. Frozen 2o € R and v € Vo 7, for (t,z) € [0,7] x R and

v € Vi1, we first consider the controlled fully coupled mean-field FBSDE:
dXTY = (=Y 4 v5)ds — (BX ™" + vs)dBs,
—dYH" = (ozE[arctan)_(g’xo;ﬁ} + BXLTY — BZLTY — oy )ds — Z5"Vd By,
X = g,

Va T AN v 2% )
YT - XT ’

(5.6)

where § and « satisfy
B> 4o (1 + 2eT{452+2a2+2ﬁ+2a+1}>

5.7
1> 16aeT{4[32+2a2+2ﬁ+2a+1}. (57)

We remark that (5.6) does not involve the value function itself. According to Remark 3.5, we know that under
the assumption (5.7), the fully coupled FBSDE (5.6) has a unique solution (X", Y*#v Z4%:) We define
W(t,z) = ezsvinf Ytt’x;”. Applying standard estimate technique for classical fully coupled FBSDEs, we obtain for
v t, T
te0,T], z,z € R,
) W(t,2) = W(t,2)| < Lalz — 2[; (i) [W(t,2)] < La(1+[a]),

where Ly = (C1C3e2%T)3, Ly = {(C4C) V (C5Cs + C7)}2e2%CT and

1 2
— Z(2 4+ T +1)T
L@+ Ty,

3
Cy =3+ 12732577 5 = ST 4 6m°T 4 365° 7% (T° + T2)e5TF° | O = 1447234575 + 6T 32,

Oy =3+ 36T5%° 7%, Cy = 373 + 3672677, Oy

Cy = Te(4ﬁ2+27r2+1)T7 Co = %(2 n T)e(4ﬁ2+2”2+1)T.
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Taking Ly = L1V Lo and choosing « and 3 with

B>2(2+ Lo)a (1 + 2eT{452+2a2(1+Lo)2+2ﬁ+2a+1}> ;

5.8
1> 8(2 + Lo)aeT (477 +20° (14 Lo)* +26+ 2041} o
from Theorem 3.7, the following FBSDE involving the value function:
dXH™V = (—aE[arctanW (s, X2707)] — BYH%Y 4 u0)ds — (BX D" 4 vs)d By,
—dY}™? = (aBarctan X 70?4 BX LT — gZLTv g )ds — Z8BTUAB,,
Xf,x;v -z Y%,x;v _ X%x;v (59)
W (t,z) = essinf Y,
UEVLT

has a unique solution, denoted by (X% Yt#v 7630 117 Moreover, from Theorem 5.2 the value function W
is a viscosity solution of the nonlocal HJB equation:

1 .
W +inf (o, =) {5(5;10 + )28, W — (aE[arctanW (£, XJ")] 4+ W — B2z — (6 + 1)v)0. W

+aEarctan X "] + Ba — v} =0, (t,z)€[0,T]xR,
W(T,z) =z, zeR.

APPENDIX

In this section we prove some auxiliary lemmas for Theorem 3.7.

Let Wi € W. In order to make notations concisely, we denote by (X% Y Z%) (resp., (X% Y0i Z0%)) the
solution of the fully coupled FBSDE (3.7) for (¢,z,v) € [0,T] x R" x V;, r (resp., for (¢,z,v) = (0,20, 7)).

For any (t,z) € [0, T]xR" and v € V; 1, we set, Xt & X+l _Xi yi & yitl_yi gi & zitl_zi [yi(t z) &
WiJrl(t,l.) _ Wi(t,l'), i > 0. Accordingly, XO,Z’ £ 0+l _ XO,i’ Y/O,i L y0,i+l _ YO,i’ ZO,i £ 70+l _ 70,4

Lemma A.l. Under the assumptions (H3.1), (H3.2Lo) and (H3.3), for any € > 0, there exists some M large
enough such that, for all i € N,

T
B [ X0 < TIWf,, +
0
Proof. For arbitrarily given M > 0, we have, for all i > 0,

T T T
iri 0,iy[2 Frif|2 iri 0,2 ,
E/ |[W*(s, X"")| dsg/ [|W HKMds—I—E/ |[W*(s, X" I x0i 5y ds
0 0 0 (A1)

T 2 T
Ny ) Ny S ) )
<T|[Wi%,, +8L3E/ (L+ (X 05 apyds < TIW [, + —MOE/ (1 X% 4+ | X973 ds.
0 0

From Lemma 3.3 (ii), for (¢,z,v) = (0, z0, ), sup E[fOT(\XS’ﬂ + | X213 ds] < TL3(1 + |zo| + |zo[?)-
i>0
Hence, for any £ > 0, there exists some M enough large such that, for all i € IV,

T
E/ Wi (s, X09)|ds < T|[W'[5,, + <. i
0
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Lemma A.2. We suppose that the assumptions (H3.1), (H3.2Lo), (H3.3) hold true. Then there exists a constant
Cy > 0 depending only on L, L, Ly, Lg, Ly, a such that

A~ . A~ . T ~ .
sup (| X012 372>+/\42
0<s<T 0

Proof. For the forward SDE of (3.7) and (¢,z,v) = (0,29,9), ¢ > 0, we have from standard estimates and
Lemma A.1 that

E

< aCo (|, +¢)-

T
B s [X02] < Coa? (1715, + ) + o2 [ (72 + |28 Pas, (A2)
0<s<T 0

where Cy = (10T + 32)(1 + ke®) and & = (10T + 8){(L + aLo)? + L?}T.

To estimate the backward SDE of (3.7) for (t,z,v) = (0, x9,7), we apply the It6’s formula to %5|Y.9%|2 (Recall
that 3 = 4L? 4+ 2(L 4 aLg)? 4+ 2L + 2+ 1). Then, thanks to Lemma (A.1) and to standard estimates we have,
for0<s<T,i>0,

T
BT+ [ (E0ip
S

On the other hand,

B [(X9,6TV00)] =B [B [(X9, 6T @((xg Y, xp ) - o((x27), x§)] |

T
2)dr] < 4(L2 + L2)e"T BIRY? + zeﬂTE/ X0 2ar + aTe T (W%, +¢).
S
(A.3)

~ 50 2
> (1 — La)B| X7

We denote )
—Gng’i
BY%(s)=| @b |,
G
where
fOz [f(s, (X Z+1) Wz—i-l( ’(XO,Z'+1)/) X07i+1 YO,i—&-l ZO’H_l,’l_)S)]
= B[, (X0 W (s, (X)), X0 Y2, 20,5,
B =B (s, (X071 W s, (XD41)), XD Y0, 2080 )]
— E'[b(s, (X)W (s, (X)), X0, Y0, 200 0,),
G0t =E'[o(s, (XIT) W (s, (X)), XD Y 3]
— B'lo(s, (XY, Wils, (X27)), X04, Y04, 5,)].

Then, due to (H3.1) and (H3.2Ly),
B [(Bo, (%00, 77.227) ]|
B[] + B [VB{(E-+ aLo) B0 |+ aB W (s, (X2 | IR 41707 4 1207

Hence, we have, for 0 < s < T,

B[(X04,6Tv00)| = B [(£97, 6TV - B[ (B, (X904, 7,04, 204) ) ar]
> (p1 — E@)E|X%i|2 + (B —2(L+aLy+a))E fsT | X0 2dr
~3(L+aLo+a)B [ (V042 + |204)ar - JaT (W%, +¢). (A4)
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From (A.3) and (A.4),

B [(%05,6790)] > (1 — Lo — 2L + aLo + a)(E3 + L3)e’" ) EIRYP

T
+ {51 —2(L+ aLo+ ) <1+%eﬁT>}E/ | X0

1 ~ ~
2dr —a <2T+§T (L+aLo + a) eﬁT> (HW’H%{M + 5),

(A.5)
where (3 is given in (H3.2Lg).
Since 1 and p; satisfy
N N 1
B >2(L +aLo+a)(1+ QeﬁT)> 2(L+ aLo+ o) <1 + 5e5T> ,
p1) Ly + 8 (E +aLo+ a) (Eé + Lé) ALy +2 (E +aLo+ a) (L% + Lé) AT
we have, for s = 0,
T A . A
E/ X0dr < aCy (|7, +<) (A.6)
0
and o -
EIXY2 < aCy (W%, +¢), (A7)
where ~ B
| = 3T + 3T (L + aLo +a)el” O, = 3T + 3T (L +aLo +a)e” .
B —2(L + aLo+a)(1 + 1efT)’ p1 — Lo —2(L + aLo + ) (L% + L2)ePT
According to (A.6), (A.7) and (A.3), for 0 < s <T,
A . T A~ . A . A
BIVOP 4B [ (T2 4120 )ar < aCa (107, +2). (A%)
where C3 = 4([1% + L%)eﬁTCg +2ePTCy + TefT.
From (A.2) it follows
B | s 1X0R] < acu (1971, + ). (A.9)
0<s<T
where Cy = Co(Ta + C3L?). Estimating the backward SDE in (3.7), we have
A . T A . ~ ~ . ~ T A .
E| sup [Y2i]? +/ |2%%2ds| < 6(L3 + L3)E| XY > + 15T{(L + aLo)* + L*}E / X% 2ds
0<s<T 0 0
. (A.10)
+ (15TL? + 13)E[/ (Y272 +12%72)ds] 4 157202 (HWZ'H%(M + 5) .
0
From (A.6)—(A.10),
A . A . T A . A
E | sup (|X;),z 24 ‘Y;O’z 2) +/ ‘Zgﬂ 2d;| < aCh (HWZH%M _|_€) , (All)
0<s<T 0
where Cs = 6(L2 4 L2)Cy + 15T{(L + aLo)? + L*}Cy + (15T L? + 13)C5 + 15T%a + C. O

For the difference of solution (X% Y Z%), we have the similar estimate.
In the following lemma, we still use the notations C; to C5 in Lemma A.2.
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Lemma A.3. We make the same assumptions as in Lemma A.2. Then there exists a Co > 0 depending only
on L,L, Ly, L, Ly, o such that, for (t,z) € [0,T] x R" and v € Vy 1,

T
B| sup (P + 7P+ [ |ZiPds| < oG (W1, +<)
t<s<T t

Proof. From (3.7) and Lemma A.2 we have, for 0 <t <s<T,i>0,

T
E { sup |XZ2} < aCg (HWZHKM _1_5) _|_C7E/ (Y% + | ZE?)dr, (A.12)
t<s<T t
and
A . T A . A A . T A~ . A .
B +B [ (VP + |2 < 46T GEGE +267 [ 1%iPdr+ Gy (Wl +¢). (A13)
where

Co = (10T + 32)T{(L + aLo)2Cy + o + L2eOTL*T (107 4 )T[(L + aLo)2Cy + o},
Cr = (10T + 32)L2[1 + (10T + 8)L2TeNOTHLT) - oy — TefT 4 4eTL2Cy + 7T CyT.

Furthermore, from our assumption (H3.1) and (H3.2Lg) as well as (A.7) we obtain, for i > 0,

B (X} Y4)| = E|& [<X%,¢<<X%i“>xX;“> — o((xg"y, Xp)] |

> B[ X5 - LoBIXY EIXE) 2 (1 — Lo)E [|X32] - 1LoB [| X3P
> (1 = Lo)E |25 ] - $LoCaa (Wi, +2). (A.14)
Let us put
N ~GTf
B'(s)& | abi |,
Go'

where fi, l;i, &% are defined as follows:

f; = B'[f(s, (X0 Wit (s, (X 01y, Xi+1 Y+ Z;‘ﬂ’vs)}
= B'[f (s, (X)W (s, (X)), X5, YL, Z5, 0))

by = E'[b(s, (X)W (s, (X)), XL YIS, 25 wy)]
— E'[b(s, (X)W (s, (X)), X3, Y, Z3,0,)],

Gy = E'lo(s, (X)W (s, (X)), X7 Y o)
— B [o(s, (X)), Wi(s, (X)), X5, Y 0s)] -

Then, due to assumptions (H3.2Lg) and (H3.1) (Recall that W* e W, i > 0),

B (B (2,722 | < - HEIRIF + B [VB(E + o) |||

+aB |Wis, (X))} VIXER + VP + \Zilﬂ ~
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Consequently, from (A.14) we have, for t <s < T, i >0,

S

E [<X;’,W>] —E [<X},Y;>] >

T
JREGRE AR A dr]
~ A . ~ T A .
> (u1 — Lo)E|X7)* + (81 — 2(L + aLo + a))E/ | X72dr (A.15)
~ T A . A . ’ A .
2L +aLo+a)E [ (TP +|ZIP)dr - aCy (I, +2).

where Cy = $LaCs + %(i +aLg)Cy + 3T.
Thanks to (A.13) and (A.15), it follows

B(X5, ¥ >] 2 (10— Lo = 8(L + aLo + a)L3e™" ) B X5

. T o (A.16)
+{81 —2(L+aLo+a) (1+ zeﬂT)}E/ Xi2ar = aCio (W71, +¢).
where 8 and (31, p1 are given in (H3.2Lg), respectively, and Cyg = 2([~/ + alg + a)Cs + Cy.
Therefore, as s = t, for i > 0,
BIXE? < aCu (W[, +¢).
(A.17)

T
E/ |Xf\2dr < aCiq (HWZH%(AI +€) ’
t

where
Cio Cyy = Cho .
1 — La — 8(L + aLg + a)L3efT’ B —2(L + aLg + a)(1 4 2¢87)

From the backward SDE of (3.7), we obtain

Oll =

T
E | sup \Y:\z—i-/ \Zi\zds
¢

t<s<T

<6L2E|X%? + aC)s (HW”H%M + e) +15TL°E + (15TL* 4+ 13)E

T A~ T A A .
| 1xipas / Y;2+|z;|2ds],
t t

(A.18)

where Ci3 = 6L2Cy + 15T (L + aLo)2Cy + 15T2a. Finally, combining (A.12), (A.13), (A.17) and (A.18), we
conclude that, for i > 0,

E

T
sup (22 (VI + [ Z;st] < aCu (W%, +¢).
t<s<T t

where C4 = (15TL2 + 13+ C7)(Cs + 4L%eﬁTC11 + QG'GTCH) + 6[%011 + 15T L2C5 + C3 + Cs. O
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