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MINIMUM-TIME STRONG OPTIMALITY OF A SINGULAR
ARC: THE MULTI-INPUT NON INVOLUTIVE CASE*

FRANCESCA CHITTARO"? AND GIANNA STEFANI®

Abstract. We consider the minimum-time problem for a multi-input control-affine system, where we
assume that the controlled vector fields generate a non-involutive distribution of constant dimension,
and where we do not assume a priori bounds for the controls. We use Hamiltonian methods to prove
that the coercivity of a suitable second variation associated to a Pontryagin singular arc is sufficient to
prove its strong-local optimality. We provide an application of the result to a generalization of Dubins
problem.

Mathematics Subject Classification. 49J15, 49J30, 49K 15, 49K30.

Received April 29, 2014.
Published online May 18, 2016.

1. INTRODUCTION

In this paper we are concerned with the minimum-time problem associated with a control-affine system with
several controls:

min T (1.1)
subject to _
§=(fo+ XL uifi) o &(t)
€(0) € No, &(T) € Ny (1.2)
u=(u,...,un) €U CR™
The state g belongs to a smooth n-dimensional manifold M, fo, f1,..., fm, are smooth vector fields on M, Ny

and Ny are smooth submanifolds of M and the control functions belong to L>°([0,T],U). We remark that for
smooth we mean C*°.

We are interested in sufficient conditions for the strong-local optimality of singular Pontryagin extremals of
problem (1.1)—(1.2), were strong means with respect to the C°-norm of the trajectories £(+), and singular means
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that u € int U. More precisely, we assume that there exists a candidate Pontryagin extremal N [0, f] — T"M
with associated control function G(-) € L°([0,7],int U) that satisfies 7A(0) € Ny and W:\\(T\) € Ny, and we look
for sufficient conditions that guarantee the strong-local optimality of the trajectory E = WX, according to the
following definition:

Definition 1.1. The trajectory 5 is a strong-local minimizer of the above considered problem, if there exist a
neighborhood V' of its graph in R x M and € > 0 such that £ is a minimizer among the admissible trajectories
whose graph is contained in V' and whose final time is greater than T - €, independently on the values of the
associated controls.

This notion has been called time-state-local optimality in [25], where also a stronger version of optimality is
considered.

The only assumption we do on the control set U is that it has non-empty interior; although by Filippov’s
Theorem [1] we know that the existence of the minimum is guaranteed when U is compact and convex, here
the existence of a candidate minimizer is taken as assumption.

A classical approach to sufficient optimality conditions is to consider the second variation (see for in-
stance [1-3,14,16,28] and references therein). In particular, in [1,2] the authors propose the definitions of
an intrinsically defined second variation, which is invariant for coordinate changes, and therefore suitable to
study optimal control problems defined on smooth manifolds.

A peculiarity of control-affine minimum-time problems is that the second variation does not contain the
Legendre term (that is, the term which is quadratic in the variations of the control), thus turning out to be
singular. A tool widely used to overcome this problem is the so-called Goh transformation [17]. Thanks to
this transformation, performed in a coordinate-free way, we are able to convert the second variation proposed
in [2] into another functional which is no more singular, and thus it can be asked to be coercive with respect
to the L?-norm of the new control variable. This approach, both for classical and intrinsically-defined second
variations, has been widely used in the analysis of sufficient optimality conditions (see for instance [3,15,25,27],
and references therein).

In optimal-control problems, a classical method to prove the optimality of a Pontryagin extremal is to cover
a neighborhood of the reference trajectory with other admissible trajectories, to lift them to the cotangent
bundle, and compare the costs evaluated along each trajectory. In the standard theory, the trajectories to be
lifted are obtained by projecting suitable solutions of the Hamiltonian system associated with the maximized
Hamiltonian F,.y, see for example [1,2]. This Hamiltonian method is particularly effective, since it allows us to
compare trajectories that belong to a C%-neighborhood of the reference trajectory, independently on the value
of the control.

When the extremal is singular Fi,ax cannot be used (see [25]), then to construct the lifted trajectories we
consider the solutions of a system governed by a Hamiltonian greater than or equal to Fiax, as suggested by
the approach used in [25,27].

Ultimately, the paradigm to get sufficient optimality condition for singular extremals combines an approach
based on the coercivity of the second variation with the Hamiltonian approach. It relies on the following facts.

e Under some regularity conditions, it is possible to define a smooth super-Hamiltonian whose flow is tangent
to all singular extremals.

e The derivative of the super-Hamiltonian flow is, up to an isomorphism, the Hamiltonian flow associated with
the linear-quadratic problem given by the second variation.

e If the second variation is coercive, it is possible to transform the linear-quadratic problem associated with
the original one into a problem with free initial point, whose second variation is still coercive. In particular,
this implies that the space of initial constraints for the linear-quadratic problem remains horizontal (that is,
it projects bijectively on M) under the action of the associated Hamiltonian flow.

e The previous points imply that the projection on M of the super-Hamiltonian flow emanating from the
Lagrangian manifold associated with the initial conditions of the new problem is locally invertible. As a
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result we get that it is possible to lift the trajectories to the cotangent bundle, in order to apply the
Hamiltonian method.

In the single-input case, problem (1.1)—(1.2) has already been studied in [25], where it has been shown
that the coercivity of the second variation is a sufficient condition for the strong-local optimality of singular
Pontryagin extremals. In [11] the authors studied the multi-input problem under the assumptions that the
controlled vector fields generate an involutive distribution. In this paper we relax this condition, that is we
allow the controlled vector field to generate a non-involutive distribution.

Our assumptions on the reference extremal are stronger than the usual ones; in particular, we ask that the
High Order Goh condition (HOGC, Assumption 3) holds true. These requirements are justified by the fact
that our result remains true even if U = R™; indeed, we prove that in this case the HOGC is a necessary
optimality condition, see Appendix A. This phenomenon is not pointed out when the Lie algebra generated by
the controlled vector fields is involutive, in particular when the system is single-input. Indeed, in these cases
the High Order Goh condition is automatically satisfied under Goh condition.

We believe that this result, applied to the case where U is an unbounded set, could be of help in the study of
the infimum-time problem where the “optimal” trajectories may contain jumps, as in [9,10,18], where integral
costs are considered.

The structure of the paper is the following: we state the regularity assumptions in Section 2; in Section 3 we
define the second variation and investigate the implications of its coercivity; the Hamiltonian method is exposed
in Sections 4 and 5, where we state and prove the main result; in Section 6 we provide an example, based on
a high dimensional version of Dubins problem. In the Appendices there are technical details on some results
stated in the paper.

2. NOTATIONS AND REGULARITY ASSUMPTIONS

In this section we clarify the notation we will use throughout the paper, and we state the regularity assump-
tions on the system.

Let f be a vector field on the manifold M and ¢ : M — R be a smooth function. The action of f on ¢
(directional derivative or Lie derivative) evaluated at a point ¢ is denoted with the two expressions

Lp(q) = (de(q), f(q))-

The Lie brackets of two vector fields f,g are denoted as commonly with [f, g]. When dealing with vector
fields labeled by indexes, we will use the following notations to denote their Lie brackets:

fii(@) = [fas [i1(@), fugula) = [fas [f3, Fill(@)-

We call f the set of the controlled vector fields of the control system (1.2), that is f = {f1,..., fm}, and Lie(f)
the Lie algebra generated by the set f. We denote Liey(f) = span{f(q) : f € Lie(f)}. In the following, for every
q € M, we call Z; the integral manifold of the distribution Lie(f) passing through ¢. The first assumption of
this paper concerns the regularity of Lie(f).

Assumption 1. The controlled vector field fi,..., f,, are linearly independent and the Lie algebra Lie(f) has
constant dimension R, that is, dim Lie,(f) = R for every ¢ € M.

Let us consider the cotangent bundle T*M of M, and let m denote the canonical projection on M. It is well
known that 7* M possesses a canonically defined symplectic structure, given by the symplectic form o, = d¢(¥),
where ¢ denotes an element of T*M and ¢ is the Liouville canonic 1-form ¢(¢) = £ o ..

We denote with the corresponding capital letter the Hamiltonian function associated with every vector field
on M, that is F(£) = (¢, f(n0)).
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Remark 2.1. Let us recall that the following relation between the Lie brackets of two vector fields f, g and
the Poisson brackets of their associated Hamiltonian functions holds:

(6 [f, gl(ml)) = {F, G}(0).

As above, we denote
Fii(0) ={Fi, F;}(6)  Fir(0) = {F, {Fj, Fe }}H0).

We recall that the symplectic structure allows us to associate, with each Hamiltonian function F', the
Hamiltonian vector field F' on T*M defined by the action

(dF(0),) = ou(-, F(L)).

In the following, we consider some special Hamiltonian functions associated with the optimal control prob-
lem (1.1)—(1.2). The (time-dependent) reference Hamiltonian is defined by

F(0) = Fo(0) + Y @) F(0), (2.1)
=1

where u(-) is the reference control. The maximized Hamiltonian is defined by

Finax(£) = sup ( )+ Zuz ; )

uelU

We point out that, when U is unbounded, F.x(¢) may be +o0o. Nevertheless, the Pontryagin Maximum Principle
assure that it is finite along the reference extremal, see the arguments below.

The Hamiltonian ﬁow from time 0 to time ¢ associated with the reference Hamiltonian, that is the solution
of the equation ¢ = F, (£), is denoted with F;.

Let us consider an admissible triple (fA, ﬁ,f) for the problem (1.2), that is a solution of the control system;
let us assume that U € int U, and let us set o = E (0) and gy = E (f ). We study the strong-local optimality of
the triple (E, u, ZA“), that in the following we call reference triple, among all solutions of (1.2) with Ny C Z5, and
Ny C 1g,. In particular, Assumption 1 can be asked to hold only in a neighborhood of the reference trajectory.

A classical necessary condition for the optimality of the reference triple (fA, u ZA“) is the Pontryagin Maximum
Principle (PMP) that we recall here stated in its Hamiltonian form (see [1]). PMP states that if a reference
trajectory (§, u T) satisfying U € int U is time-optimal, then there exist a Lipschitzian curve X [0, T] —T*M
and pg € {0, 1} that satisfy the following equations:

M) £0  Vitelo,T) (2.2)
TA() =&(t)  Vtelo,T) (2.3)
tﬂw=1@m> ¥tel0,T] (2.4)
EQ()=0 Vi=1...,m Vtel0,T] (2.5)
F,(\t) = Fo(\(t)) =po Yt €[0,T] (2.6)
N0, n =0 A@)|r,, v, =0. (2.7)

The Lipschitzian curves that satisfy equations (2.2)—(2.7) are called extremals. If po = 1 we say the the extremal
A is normal, while in the other case we say that it is abnormal.
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Assumption 2. We assume that the reference triple satisfies the PMP, and that the extremal associated with
the reference triple is normal. We call such an extremal reference extremal and we denote it with A.

By differentiating equation (2.6) with respect to time, we obtain the following condition:
FoiA®) + 3w (OF(A®) =0 i=1,...,m, ae te[0,T]. (2.8)
j=1

In literature additional necessary conditions for the optimality of a singular extremal are known (see [1]).
Namely, if the reference triple is optimal, then there exists an extremal A\ associated with the reference triple
that satisfies the following conditions:

(Goh condition)
Fi(Mt) =0 Vij=1,....,m, tel0,T).

(Generalized Legendre Condition) the quadratic form

Lag : v Y, viviFio(A®) + Y vivak(t) Fiyn(\(1)) (2.9)
ij=1 i, k=1
is non-positive for any v = (vi,...,vy) € R™ and for a.e. t € [0, f]

Remark 2.2. Notice that the matrix L« is symmetric by (2.8) and Jacobi identity.

We strengthen the two necessary conditions above defined.

Assumption 3 (High Order Goh Condition). We assume that the reference extremal ) satisfies the following
equations

). fEX)) =0 V[ eLie(f), t € [0,T].

The HOGC is a stronger condition than the usual one, but in our case the optimality of the singular extremal
is proved also when U = R™; in Appendix A we show that, for U = R™, the HOGC is a necessary optimality
condition. As a matter of fact, if the Lie algebra generated by the controlled vector fields is 2-step bracket
generating, then the HOGC coincides with Goh condition.

Remark moreover that, under Assumption 3, the quadratic form ]L;\(t) is given by

m
Ly v Y viviFyo(A(), (2.10)
i,j=1
so that it is continuous as a function of time.
Assumption 4 (Strengthened Generalized Legendre Condition). There exists a constant ¢ > 0 such that

L3

V]2 < —c|v|? (2.11)
for any v = (v1,...,v,,) € R™ and for every t € [O,f].
As a consequence of Assumptions 1-3 and equation (2.8), we get that

N, [fo, FIE@X)) =0 VfeLie(f), Vtel0,T] (2.12)

Y (L)l (1) = Foos(A(#)  i=1,...,m ae tel0,T]. (2.13)

Jj=1
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From (2.13) and Assumption 4 we can recover the reference control as feedback on the cotangent bundle and,
by induction, we can prove that it is smooth. L

From now on we restrict to a (full-measure) neighborhood 4 of A([0,T]) in T*M where the SGLC is satisfied,
that is, where the quadratic form L, is negative-definite. We define two subsets of 4l which are crucial for our
construction:

S={teu:{l f(rl)) =0VYf € Lie(f)} (2.14)
S={te:L[fo,fl(nl)) =0V f € Lie(f)}. (2.15)

By Assumption 1, possibly restricting U, X' is an embedded manifold of codimension R. Moreover every
singular extremal that satisfies the HOGC is contained in §. We set the following regularity assumption on S,
which requires that it is a submanifold of maximal dimension (see the property (P2) below).

Assumption 5 (Regularity of S). S is a submanifold of X of codimension m.

Thanks to regularity assumptions, the manifolds X' and S have the following properties. The proofs can be
obtained adapting those in [11].

(P1) Tt is easy to see that the vector space Lieg(F'y, ..., Fy,) has dimension R for every ¢ € X. Moreover, every
vector field X € Lie(F'q,..., F,,) is tangent to X.
(P2) It is not difficult to prove that the SGLC implies that, for £ € X, Fo1({), ..., Fon(¢) are linearly indepen-
dent and that
Spall (F01(€)a AR FOm(‘e)) N TZZ = {0}

Since the linear independence of Foi(f),..., Fon,(¢) implies that also dFoq(€),...,dFo,(¢) are linearly
independent, then S has codimension at least m in Y. As a consequence, Assumption 5 states then that
S has the maximal dimension. The arguments above prove also that S can be characterized by

SZ{KGEZFOZ'(K):OVi:1,...,m}.

Notice that the existence of a normal singular extremal satisfying the HOGC implies that fo(q) is never
contained in Liey(f), for ¢ belonging to a neighborhood of the reference trajectory on M. Moreover,
Assumption 5 is equivalent to the following one:

[f()a lﬂ € Lle(]() + span({f01, R me}) Vf € Lle(]()

(P3) Similar arguments show that span (F'1(¢),..., Fp(¢)) NT:S = {0}, L€ S.
(P4) F is tangent to X in S.
(P5) Our assumptions guarantee the existence of a Hamiltonian vector field tangent to all singular extremals.
Indeed, setting for every ¢ € 4
Foo1(£)
v() =L;" : , (2.16)
Foom (£)

we get that the vector field F'g = Fy + Z:’;l v;F; is tangent to S, and the reference extremal /)\\() is an
integral curve of F's. Indeed every singular extremal associated with our dynamics is an integral curve
of Fs.

3. SECOND VARIATION

In this section we define the second variation for the problem under study, and we investigate the consequences
of the coercivity of the second variation. The computations can be recovered by adapting those present in [25,27].
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3.1. Construction of the second variation

We consider the second variation associated with the sub-problem of (1.1)—(1.2) with fixed final point, that is
we add the constraint {(T") = Gy. To compute this second variation, we transform such minimum-time problem
into a Mayer problem on the fixed time interval [0, f] and on the state space R x M. Namely, putting ug as a
new constant control with positive values, we reparametrize the time as ugt, and we set ¢ = (¢°,q) € R x M,
fola) = folq) + 8%0 and f;(q) = fi(q), ¢ = 1,...,m. Then the minimum-time problem between Ny and gy is
equivalent to the Mayer problem on R x M described below.

mingo(f) (3.1)
subject to )
£(t) = uofo(£(t) + 20711 uoui(t) £:(£(t)) ¢ €[0,T]
£(0) € {0} x No, &(T) € R x {qs} (32)
(U‘O? ll) € (Oa +OO) X Loo([o’f]’ U)
where € = (£°,€). Tt is not difficult to see that the trajectory E(t) = (t, g(t))7 associated with the controls ug = 1
and u = U, is an extremal with associated adjoint covector X : s +— ((—1,%), A(t)) € R* x T*M.
For t € [0,T], we define the evolution map Sy : M — M by its action Sy : xg +— £(t ), where f is the solution

of the equation & = fo(¢ &)+ >, 1 f;(€) with initial condition £(0) = go. In particular, Sy () = 5( ). We locally
define around gy the pull-back vector fields

St . )
=5, fioS, 1=0,...,m.

Analogously, for the Mayer problem we define the evolution §t RxM — RxM as §t 1 (¢% q) — (¢°+t, gt(q)),
and the pull-back system of (3.2) corresponding to the reference control U as

n(t) = S; " o £(t).

The Mayer problem (3.1)—(3.2) is then equivalent to the following one:

~

min 7’ (7T)
subject to the control system
7°(t) = uo — 1 '
0(t) = (uo — 1)g7 (n(t)) + 3232, (woua(t) — i(t))g; (n(t)) (3.3)

n0) € {0} x No  n(T) € R x {g}.

Let us now consider variations (dug, 0z, du) € R x Tz, No x L*=([0, T] R™) around the reference trajectory,
and let us evaluate the coordinate-free second variation of the Mayer problem, following [2]. We choose any two
smooth functions a, 3 : R x M — R that satisfy the following constraints:

(@ q)=alq) —¢°,  aln=0,  da(G)=\0), (3.4)
B(d®q) =¢° +B(q),  dB(G) = —A(0), (3.5)

for two suitable smooth functions «, 3 : M — R. Thanks to the High Order Goh Conditions, we can choose
the function « in such a way that it satisfies the constraint Oz|Iao = 0, where Zj, is the integral manifold of the
distribution Lie(f) passing through gy. Moreover, we can choose 3 = —a, since the second variation does not
depend on the particular choice of @ and 8 with the properties (3.4) and (3.5) (see [2]).
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The second variation is given by

m

T
J//[((Sx7 Sug, 5u)]2 = /0 5u0L5n(t)Lg?,6(T, Zj\o) + Z((sanz (t) + 5Ui(t))L6n(t)Lg'f{ﬂ(Ta ao) dt, (3.6)

i=1

where 6n(t) € R x T; M is the linearization of n(t) and satisfies the following system:

510(t) = Suo
on(t) = duogy (Go) + X272 (Fuotl(t) + dui(t))g; (o) (3.7)

om(0) = (0,0z) € {0} x Ty, No, on(T) € R x {0}.

Remark 3.1. If én satisfies the system (3.7), then the value of the second variation does not depend on the
particular choice of & and 3, provided that they satisfy properties (3.4)—(3.5) (see [2]). Then J” is well defined
and coordinate free.

Since we are interested only in the so-called time-state local optimality, we restrict us to the subproblem with
dug = 0, and, proceeding as in [25], we define w(-) and € by

T
w;(t) = du;(s) ds (3.8)
t
€, = wi(O), (39)
for i = 1,...,m. In this way, the control variation du is embedded as the pair (e, w(:)) in the space R™ X

LA([o, T ], R™). We remark that this embedding is continuous and it has dense image. Then the second variation
defined by (3.6)—(3.7) writes as

m

T
J"|(0x, €, w(-)))? =§ > (Lﬂfiqujﬁ@oH /0 m(t)wj(t)L[g-;,gg]ﬁ(ao)dt)
3,j=1

m

T
+ Z (L(szLeifiﬁ(qu) +/0 wi(t)Lg(t)Lg;ﬁ(ao) dt) , (3.10)

i=1

where the function ¢ : [0,7] — T, 5 M is the solution of the equation

{(t) = Zwi(t)gi(ao), (3.11)

with boundary conditions
m
(0) =dx+> eifid), ¢(T) =0. (3.12)
i=1
Let us observe that the second variation is realized as a linear-quadratic control problem in the state-variable ¢,
with control w (see [2,27,28]). Notice moreover that

~

@) = Sz [fo, £ 0 &(t) and Ly o B(@) = —Fijo(A(1)).

Finally, thanks to the choice of 3, the finite-dimensional term in (3.10) is null.

It is clear that, if T5 No N span({f1(qo),. .., fm(qo)}) # 0, then the above defined quadratic form cannot
be coercive. On the other hand, the paradigm exposed in the introduction requires that the flow of the super-
Hamiltonian emanating from X remains contained in X, as Theorem 5.1 in Section 5 describes (see also [25,27]);
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in particular, the horizontal Lagrangian sub-manifold of the initial constraints must be contained in Y. These
arguments suggest to require coercivity of (3.10) allowing all vectors in Lieg, (f) to be initial conditions for
the state (; see Section 3.2 and the proof of Theorem 5.2 in Section 5. In particular, this means to consider
the second variation for the minimum time problem from 7, to g;.

This is not surprising, since our result holds true also for unbounded controls; indeed, if U = R™, for every
two points ¢1,q2 € Zj,, there exist a sequence of times t;, — 0 and a sequence of controls u, such that the
sequence i — {&k(q1,uk, tx)}r of the solutions at time ¢ of the system (1.2) starting from the point ¢; and
relative to the control uy tends to ¢o (see [4], Lem. 4.1, Cor. 4.1, Rem. 4.1). As a consequence, if the controls
are not bounded, the infimum of the time for moving inside Zg, is zero, therefore we can think that, in some
sense, if T' is the minimum time for joining gy with gy, then it is also the infimum of the time for reaching g
from Zg, .

This digression suggests us the suitable coercivity assumption for this problem.

Assumption 6. For (e,w(-)) € R x LQ([O,f],Rm), let ¢(-) be the solution of the control system

C(0) == €ifi(qo),
where fi,41,..., fr are some locally defined vector fields chosen to complete the basis for Lie(f) in a neighbor-
hood of qy. The quadratic form

1 m
J"[(e, w( =3 Z / 2w; (t) ¢y Ly B(q0) sz w;(t ]ﬁ(qo) (3.14)
is coercive on the subspace W of R x L2([0,T],R™) defined by the constraint ¢(T') = 0.

3.2. Consequences of the coercivity assumption

Let us now introduce a special coordinate frame in a neighborhood of gy, completing the set { f1,..., fin} with
n—m locally defined vector fields fy,41, ..., fn such that {fi(q),..., fn(q)} is a basis for T,M, and { f1, ..., fr}
is a basis for Lie(f), in a neighborhood of gy. The coordinate frame is the inverse of the map 7 : R” — M
defined as

T(z1,...,wn) = exp(x1f1) o exp(zaf2) © -+ 0 exp(nfn)(q0)- (3.15)

In particular, 7-1(g) = (0,...,0), for j = 1,...,n we have

0
=1
( 9z;/1(0,...0) i (qo)
and
Lyz; =0, VfeLie(f), i=R+1,...,n. (3.16)
If we denote with (p1,...,D,) the coefficients of 7o in this coordinate frame, then it is easy to see that

b = > i gy Diday, since ?y belongs to S and satisfies the HOGC.
Define the symmetric 2-form
Z dz; ® dx;,

i=R+1

and extend it on the whole T5 M X L2([0,7),R™) putting 2[(6z, w(-))]? = 2 i g (623)2.
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Then, if Assumption 6 holds, we can apply ([19], Thm. 13.2) to conclude that there exists a p > 0 such that
the form
1
Jy=J" 4 p2 (3.17)

is coercive on the subspace W € T Go M % L2([0,7),R™) of the variations such that the solutions of the sys-
tem (3.11) satisfy

C0) e TuM, () =0. (3.18)
Namely, J Z represents the second variation of the linear-quadratic problem associated with the variable {, with

free initial condition and fixed final condition.
The Hamiltonian H;" : T7 M x T5, M — R associated with this linear-quadratic problem is given by

<wvgt1> +L5ng}ﬁ((/]\O) ?

1
" o tr—1
H/'(w,dx) = QLX(t) . : ) , (3.19)
(W, ") + Loz Ly B(q0)
where and ]L;T(It) has to be thought of as a quadratic form on R™, for every ¢ (see [2,11]).
Set
L" = {(—2p02(dz,-),0z) : bz € T, M}. (3.20)
The quadratic form (3.17) is coercive on the space W if and only if

ker mHY | = {0} (3.21)

for every t € [O,f] (see [28]).

4. GEOMETRY NEAR THE REFERENCE EXTREMAL

In this section we state the geometric properties of the vector fields and the Hamiltonians linked to our
system and we define the super-Hamiltonian, stating its properties.

In a neighborhood of the reference extremal, X can be described as S x [—¢, €]™, for some € > 0. Indeed,
for t = (t1,...,tm) € R™, let us denote with tF the vector field Z;Zl t;F;, and let us consider the map
( — exp(tF)(¢) (that is, the solution at time ¢ = 1 of the equation ¢ = St F;(0)). For a sufficiently small
€ > 0, the map

() € U x [—e €™ —exp(tF)(¢) e T*M

is well defined and it is easy to prove the following result:

Proposition 4.1. Possibly restricting i, there exists an € > 0 such that ¥ : S X [—¢,€]™ — X is a diffeomor-
phism.

Proof. Since the whole Lie algebra generated by the F'; is tangent to X, then the range of the map 1 restricted
to § X [—¢,¢€] is contained in X. The thesis follows by compactness of the interval [0,T], since Di(¢,0) =
id x (F1(¢),..., F,(¢)) has maximal rank (see property (P3) at the end of Sect. 2). O

Remark 4.2. It is easy to see that
O, (£,0) = Fi(0), i=1,...,m (4.1)
and that for each function F' defined on U
074, (F o1h)(£,0) = % (Lp,Lr, + Lp,Lp,) F(£), i,j=1,....m. (4.2)

We remark also that ¢ maps X' x [—¢, €]™ into X.
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For singular extremals, the maximized Hamiltonian is well-defined and coincides with Fp, but its associated
Hamiltonian vector field is multi-valued: indeed, all the Hamiltonians of the form Fy + 2211 w; Fy, u € U,
coincide and realize the maximum along any extremal contained in Y. Moreover, no selection of such multi-
valued Hamiltonian vector fields is suitable to construct the field of non-intersecting state-extremals that we
will use to compare the costs associated with the candidate trajectories. For an insight in the single-input case
(see [25], Sect. 4). Then, as already done in [11,25,26], we substitute the maximized Hamiltonian Fyax with a
the time-dependent super-Hamiltonian H; = Ho + Y., U;(t)F;, where Hy is defined as described below.

The first step is to define a suitable map which turns out to project X' onto S.

Lemma 4.3. Possibly restricting 3, there exist m smooth functions ¥; : 4 — R, i = 1,...,m, such that,
denoting with 9F ({) the vector field Y ;" | O; F;, the map

p:Lell—exp(IF)(L) el

satisfies
o(X) CS. (4.3)
Moreover, for every ¢ € S, 64 € T,T*M, it holds
(d91(£),00) (dFo1(0),60)
: =L," : . (4.4)
(dOm,(€),00) (dFom (£),60)

Proof. Let us consider the function @ : 4 x R™ — R™ defined by

Forop(L,t)
ol t) = :
FOm © 7#(& t)

Notice that for every ¢ € S we have ¥ (¢,0) = ¢ and then &(¢,0) = 0. Moreover, using (4.1), it is easy to show
that 9, ®(¢,0) = —ILy, for all £ € S, and then it has rank m. The implicit function theorem and the compactness
of the interval [0, T | ensure the existence of m smooth functions ¥4, ..., ¥, defined in a neighborhood of the
reference extremal, such that

FOiOQb(E)EO,Z.:l,...,m. (45)

Without loss of generality, we can assume that this neighborhood is 4. Since exp(9F)(¢) € X for every ¢ € X,
then (4.5) implies (4.3).

Fix ¢ € S; recalling that ¥(¢) = 0, thanks to (4.5) and (4.1), we get for every ¢ € T,T*M and i =1,...,m

0 = (dFoi(@(6)), 0etp (€, 8)|s=00y36) + Y _(dF0i($(6)), D (€, )]s = 90)) (d0(€), 5)
Jj=1
= (dFy; (), 80) +ZFJOZ 0),80)
and then (4.4). O

Remark 4.4. It is easy to see that, as a particular case of (4.4), we get
<d192(€),FJ(£)> = _5ij VKGS, i,i=1,...,m. (46)

The Hamiltonian Hy is defined by means of the map ¢, as follows.
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Definition 4.5. We define the Hamiltonian function Hy : 4 — R as
Ho(€) = Fo o ¢({)

and we set
X = HO — Fo.

In order to prove the properties of Hy, we start by computing the first and second derivatives of x on S.

Proposition 4.6. For every ¢ € S and §¢ € TyT*M, it holds (dx(¢),d¢) =0 and

Dx(0O[60% = = Y (L )rs{dFor(£), 66)(dFps (£), 50).
r,s=1
Proof. By definition we get
ax(t) = dFo(0(0)) (Db, t)e= oty + D O, 0L )]s — oy 95 (0)) — AF (0).

j=1

For ¢ € S, by (4.1) and thanks to the fact that ¢¥(¢) = 0 on S, we obtain

dx(£) = dFy(f) (id + i F(0)do; (e)) — ARy () = 0.

797

Therefore D?x(£) is a well defined quadratic form for every ¢ € S. To prove (4.7), we perform the computations
in any chart. Fix £ € § and §¢ € T,T*M and recall (4.1), (4.2); from (4.8) it follows the following expression:

DX(OBEF = DXEa(0[5t + Y Fo(e)(d0i(0). 60 — D Fa(0)5¢

m

+ dFy(0)(92,0(£,0) + Y Fi(0)D*0:(0) ) 06

i=1
m

+dFy(€) (20 07, (e, 0)[68] (ddi(¢), 6¢)

i=1

+ fj 07, 1, 9(€,0)(d0; (£), 5)(dvi (), 6£>) :

4,j=1

First of all, we notice that the first line in the right hand side of the equation is equal to

23" D By(0lot, FA(O)(ddi(0).56) + 3 D Ey(O)F (0). F (0))(d0,(6), 36 (dds(0). 50).
=1

i,j=1

Since 82,4(£,0) = 0 and (dFy(¢), F;(£)) = Fy;(¢) = 0 on S, we deduce that

4Fo(6) (2,0(6,0) + 3 Fu(0)0%0,(0)) 56 = .
i=1
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Finally, from 9;,4(¢,0) = F;({), we obtain that 3, 1(¢,0)[6¢] = (DF;((),6¢). Then we have that

D?x(0)[66]* =2 Em: (D2Ey(0)[00, Fi(0)] + (dFy(£), DF;(£)[8)) (dd;(€), 6¢)

+ 3 (D2 Ro(O)F:(0), F5(0)] + dFy (0007, (£, 0)) (dd;(0), 80)(dd(¢), 6¢)

4,j=1

that can be written intrinsically as

2X(O60° =2 LoeLr, Fo(£)(di(¢) Z .+, (Fo o ) (£,0)(dd;(€), ) (dd; (), 5¢)
i=1 i,7=1
=2 f:(dFoZ'(E) 80)( Z Fjio(f) 0), 80)(d9; (L), 6¢0).
i=1 i,j=1

Thanks to (4.4), this is equal to

Z Fjio(0) 0),60)(dV i Vrs (dFoy (£), 60)(dFys(€), 60).

i,j=1 r,s=1
Thanks to its definition, H satisfies the following properties.
Theorem 4.7. The Hamiltonian Hy has the following properties.

(1) F() = Ho and FO = HO on S.
(2) The vector field Hy is tangent to X.
(3) Fy < Hy on X.

Proof. Since ¢|s is the identity, then Hy = Fy on S. Moreover

AHo(t) = dFy o (0066, 8) = oo + 3 0006l 00yt ()

— dFy o (id + i Fi(0)d,; (e)) = dFy(0),

since ¥(¢) = 0 and Fy;(¢) = 0 on S. This ends the proof of (1).

(4.9)

To prove (2), fix £ € X' and observe that d;,1(¢,t) € Lie(f)(¢(¢,¢t)), i = 1,...,m, so that by Assumption 5

we have
(dFo(9(0)), 0,0 (€,t)[i=0(e)) = O
Therefore (4.9) leads to
dHo(€) = dFo(¢(L)) 0 b (€, )|t = s(e). te X,

and then we get easily

Ho(0) = [000(C D)le— o] Folo(0)).
Since ¢(¢) € S, Fo(¢(f)) € Tyr)X and [aﬂw(ﬁ,t”t:ﬂ([)]il maps Ty gy 2 onto Ty X, then (2) is proved.

Statement (3) is a straight consequence of Proposition 4.6, since for all £ € S, §¢ € T;S and 7,5 =1,...

one gets D2y (£)[6/)> = D?x(¢)[6¢, F;] = 0 and D2x(6)[Fj, F;| = —F;jo.

We finally define the super-maximized Hamiltonian H; as follows.
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Definition 4.8. We denote with H; the following time-dependent Hamiltonian:
m
Hy(¢) = Ho(¢) + Z u;(t) F;(0), (4.10)
i=1

and with H; the Hamiltonian flow generated by H;.

Notice that H; is tangent to X and to the reference extremal X()

5. THE RESULT

In this section we state and prove our main result. It relies on the following Hamiltonian sufficient conditions,
that we state and prove here below.

Theorem 5.1 (Geometric sufficient condition). Let (fA, 4,7) be an admissible triple for the minimum-time
problem (1.1)—(1.2) with associate adjoint covector A, and let Assumptions 1-5 be satisfied. Suppose that there
exist a neighborhood V' of qo and a smooth function a :V — R with the following properties:

(i) da(@) = \0)
(ii) the Lagrangian submanifold A = {da(q) : ¢ € V'} is contained in X and satisfies

ker . Hpw N Ty A= {0} Vte[0,7]. (5.1)
Then (E, u, f) is o strict strong-local minimizer for the minimum-time problem (1.2) between Zg, and gy (or
between qo and Ig, ) and a strong-local minimizer for the minimum-time problem (1.2) between I, and I, .
Proof. Consider the map
id x moHy : (¢,0) €[0,T] x A (t,m0H(£)) € 0,T] x M.

Hypothesis (ii) and the compactness of the reference trajectory imply that (possibly restricting V') there exists
a neighborhood O of the graph of £(+) in [0, T] x A such that id x 7 o H is a diffeomorphism between [0, 7] x A
and O.

Let (§,v,T) be an admissible triple for the control system (1.2) such that its graph is contained in O,
£(0) € Ig,, £(T) € Ig,, and T' < T', and denote its lift on A with £(t), namely

U(t) = (o Hy) ~HE()).

Let us choose a curve g : [0,1] — A joining 0y with £(0) satistying muo(t) € Iy, V t € [0,1], and a curve
py [T, T] — A joining £y with £(T) satisfying mo Hy(uuy(t)) € Zg,, ¥V t € [T, T]. Let us now define the following
paths in [0,7] x A:

v = (t,4) te[0,7]
Y2 = (0, po(t)) tel0,1]
v3 = (¢, 4(1)) t€0,T]
Ya = (L, pg (1)) te[r,T],

and let v = (—v1) U2 U3 U s R
Consider the following 1-form on [0,7] x T*M

w(t, ) =Hic — Hy o He(£)dt, (5.2)
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where ¢ is the canonical Liouville form on T*M. It is easy to prove (see [1], Prop. 17.1) that w is exact on
[0,T] x A. In particular, since v is a closed path contained in [0, 7] x A, then fy w = 0. Let us now evaluate the
single components of this integral. It is easy to see that

/w:/ w=0.
Y1 Y2

Moreover
T .
/ w= /O <Ht(£(t))7£(t)> — H;o Ht(g(t)) dt
3 Y ., A )
-3 | e, i) - wonsten) ae - [ xoruen) ae <o,
Therefore

T 7
R L4w:/ (He(€(t)), me 0 Hewfrp (1)) dt—/T Hy (He(pg(t))) dt.

T

The first term is zero, since 7. o Hyxfty(t) is tangent to Zrop, (4 (¢)), Dy construction, and H(¢(t)) is contained

in Y. Then
T o~

T A~
03[ Hy (He(pys (1)) dt:[ 1+0#)dt < (T —T)+o(T - T),
T T

which is a contradiction, therefore T > T.

If the final point gy is fixed, we claim that the reference extremal is strictly optimal. To prove the claim, we
consider an admissible triple (¢,v,T) as above, such that T = T and &T) =qy.

In particular, since in this case f"m w = 0, we obtain that

o:/%w:—/oTont(z(t)) a,

which implies that \(t) = H;(£(t)) € S for every t € [0,T], then, in particular, that A(t) € TS, that is
(dFo;(A(t)), A(t)) = 0 for j =1,...,m. By computations it is possible to show that

m

(D) + D (vilt) = Uilt) How(m 0 He) T filE(1)).

i=1

SN

At) =

Thanks to (5.1), possibly restricting V', we can find a family of smooth functions a’ : V! — R, where V* is
a neighborhood of £(¢) and a® = a, such that H;(A) = {da’(q) : ¢ € V*} for every t € [0,7T]. In particular, for
every t € [0,T] we have that

A(t) = da'(&(t))
Hee(m o He) fil€(1) = dal fi(E(1), i=1,...,m.
Then
(dFo; (A1), Hew (0 Hi) fi6(1)) = o(dal fi(§()), Foj(A(#))) = Ly, Ly, 0" (§(¢))

= Ly, L, a' (€(1)) + Ly, 0" (€(1))
= (A1), fioj (£(1))),
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since Ly,af(£(t)) is identically null, being H;(A) = da’(V*) contained in X. This implies that, for every j =
1,...,m, it holds

0 = (dFo; (A1), A(t)) = Foo; (A(t)) + sz Fioj (A(t)),

that is, in particular, that v is a solution of equation (2.16), and therefore A(t) = Fs(A(t)). Since X(t) is solution
of the same equation, and both A and h) pass through gy, then they coincide.

The same argument shows that the reference triple is a strict strong-local minimizer for the minimum-time
problem (1.2) between gy and Zg, . O

Now we state and prove the main result.

Theorem 5.2. Let (§,u T) be an admissible triple of the minimum-time problem (1.1)—(1.2) with associate
adjoint covector )\ and let X be a normal singular extremal. If Assumptions 1-6 are satisfied, then f() s a
minimum-time trajectory between Lg, and Zg,, and hence between No and Ny. Moreover, the reference trajectory
is strictly optimal among all admissible trajectories between qo and Zg, and among all admissible trajectories
between Lz, and qy.

Proof. The thesis comes straightaway once proved that the coercivity assumption (Assumption 6) allows us
to define a smooth function o, that satisfies the hypotheses of Theorem 5.1. In particular, using the adapted
coordinates (3.15) introduced in Section 3.2, we define «, as follows:

n n
Z ﬁil‘ri-g Z ;.

i=R+1 1=R+1

It is easy to see that «, satisfies property (i) and that (3.16) implies that A is a Lagrangian submanifold
contained in Y. To prove (5.1) we need to exploit the links between the flow of the Hamiltonian H;" defined in
equation (3.19) and His, as done in [11, 25, 27]

It is known that the pull-back flow G; = F, ~ o H; is the Hamiltonian flow relative to the Hamiltonian
Gy : T*M — R defined by

G = (Ht—ﬁt) oftzxo]?t

(see [23]). Since DGt (20) =0, then G} = %DQGt\ZO is a well defined quadratic form and its associated Hamil-
tonian flow is Gy, : T (T*M) — T3 (T*M).
Let 6 =—->1" RHprZ, then the linear map ¢ : T3 M x Ty, M — T; (T*M)7 defined as follows

tw,dz) = —w+d(—f).dz,

establishes an anti-symplectic isomorphism between T, oM x Ty, M and TZD (T*M). In particular, it determines
an equivalence between the Hamiltonian functions G} and H/', i.e. the following identities hold:

H'=-Glou (5.3)
— —

H' =11 oGl o

H =1 oG o (5.4)

We need to prove only (5.3), since the other two equations are a direct consequence (see [11] and references
therein for details).
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Consider ¢ € S, §¢ € Ty(T*M), and set £y = Fi (£). Then, thanks to (4.7), we have that
D2G(0)[60)? = D?x(£y) 0 Fru @ Feu

== (L rsldFor (£), Foudl)(dFps(61), Frudl)

r,s=1
(dFo1 (L), Fru60)
= —({dFo1(£e), Frudl), . .. (dFom (L), Foudl))(Ly ") :
(dFom (£e), Fexb0)
= —2Ht” oL 1or.

By computations, it is easy to see that the space L defined in equation (3.20) satisfies the equality (L” =
{day.dx : dx € Ty, M} = L, therefore equations (3.21) and (5.4) imply

ker G| = {0}V te[0,7).

To end the proof it is sufficient to notice that F (t) is a lifted Hamiltonian, so that ﬁt* is an isomorphism on
the vertical fibers. O

6. EXAMPLES

The classical Dubins and dodgem car problems concern the motion of a car on the plane R? with constant
speed and controlled (bounded) angular velocity (see for instance [1,13]). In particular, Dubins problem looks
for minimum-time trajectories between fixed initial and final positions and orientations, while in the dodgem
car problem the final orientation is free.

As shown in [21] (see also [12]), this problem can be reformulated on the manifold R? x SO(2), where SO(2)
is the group of positively oriented rotations on R2. A great advantage of this formulation is that the extension
to higher dimensions is straightforward: we denote with (g, R) the elements of RN x SO(N), where SO(N) is
the group of positively oriented rotations on R, and we consider the control system

q(t) = R(t)ex
N (6.1)
R(t) = Zj:l uj(t)R(t)A;, luf <1,
where e; is the first element of the canonical basis of RV, and, for every j = 1,..., N—1, 4; is the anti-symmetric
matrix defined by
1 ifl=1m=j+1
(A )im =41 ifl=j+1,m=1
0 otherwise.

This system models the motion of a point in the N-dimensional space with constant speed equal to 1, where we
control the orientation velocity. For both Dubins and dodgem car problems, the initial condition consists in fixing
the initial point g and the initial (unit length) velocity v of the trajectory on RY. Namely, No = {qo} X Zv,,
where Z, = {S € SO(N) : Se; = v}. Dubins problem looks for minimum-time trajectories joining Ny with
Ny = {qy} x L, for some fixed q; € RN, vy € RN with |vy| = 1, while dodgem car problem searches
minimum-time trajectories from Ny to Ny = {q;}x SO(N), for some fixed ¢ € RY.

The system (6.1) can be embedded in the matrix group GL(N + 1) (non singular (N + 1)-dimensional
matrices), via the map
10

(¢, R) e RY x SO(N) — g = (qR

) € GL(N +1).
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This formulation is suitable also to consider the Dubins problem on other homogeneous spaces different
from RY, that is the N-dimensional sphere S and the N-dimensional hyperbolic space HY, defined as HY =
{x e RVF1: g2 +Zij\;1 22 =1, mg > 0}. Briefly, a pair (point, orientation) in S™ x SO(N) can be represented
in the group G = SO(N + 1) in the following way: the first column of the matrix g € SO(N + 1) gives the
coordinate representation (in RV*1) of the point, the other N columns determine an orthonormal frame in
the tangent space to the sphere at the point. Analogously, a pair (point, orientation) in HY x SO(N) can
be represented in the group G = SO(1,n), as above: the first column of the matrix g gives the coordinate
representation (in R™V*1) of the point, while the other N columns determine an orthonormal frame in the
tangent space. More details on these representations can be found in Appendix 6 and in [20,21], where the
authors study the geodesic problem for curves with bounded curvature.

We can then write Dubins problem on M € {R", SV HY} in the following unified way:

min T (6.2)

subject to

T .
i(t) = (0 (0 ;1> + 25 () (8 j) uf <1

(6.3)
g€eG

9(0) € No, g(T) € Ny,

where GG, £ and the manifolds of the constraints depend on the manifold M as shown below:

M £ G No Nf

N . N ) (1 (0 ) (1 (0
R e=0 RYx SO(N) {g.gel— (qu v 902 = { g:gep = i) ges = v
SN e=1 SO(N +1) {g:ge1 = Qo, gea = vo} {g:ge1 =qf, gea = vy}
HYN ¢=-1 SO(1, N) {g:g9¢e1 = qu, gea = vo} {g:ge1 =qy, gea = vy}

where ¢; denotes the ith element of the canonical basis of RNV*1,

The control system (6.3) is a control-affine system of the form (1.2) with m = N—1 and dim M = N(N+1)/2,
and the corresponding left-invariant vector fields are defined by f;(g) = g4;, i = 0,..., N — 1. We recall that
left invariant vector fields satisfy the following relation: g[A;, A;] = [fi, f;](g), where [-, -] denotes also the usual
matrix commutator. Thanks to this equation, the commutation properties of the matrices A; extend also to
their associated left-invariant vector fields. In particular, the following properties are easily verified:

(i) Lie({A;:i=1,...,N —1) is 2-step bracket-generating and isomorphic to so(N) (Lie algebra of antisym-
metric N-dimensional matrices); so(/N) has dimension R = N(N —1)/2;

(ii) the matrices {[A;, 4] : 4,5 = 1,...,N — 1} generate the derived sub-algebra [s0(N),s0(N)], which is
isomorphic to s0(N — 1) and has dimension W;

(iii) the matrices {Ao, [Ao, Ai], Ai, [Ai, Aj] i< j=1,...,N —1} are lincarly independent and form a basis for
the Lie algebra of G;

(iv) for ¢, =1,...,N — 1 the matrix commutators of the kind [A;, [A,, Ag]] satisfy the following relations:

[As, [Ag, Ag)] = — Ao
[Ai, [Aj, Ao]] =0 if i # j.

(v) the matrices {Ag, Ao1,- .., Aom } mutually commute.
(vi) Ao commutes with every element of {[4;, A;] : 4,7 =1,...,N —1}.
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We notice that the submanifolds Ny and Ny are integral manifolds of the derived sub-algebra {[f;, f;] : 4,j =
1,...,m}. Indeed, it is easy to verify that the Lie sub-algebra is contained in the tangent spaces of Ny and Ny;
a dimensional computation proves the claim.

Let us now consider singular extremal for the problem (6.2)—(6.3). First of all, we remark that this problem
does not admit abnormal singular extremals, thanks to property (iii). Moreover, thanks to property (v) and
from equation (2.13), we get that the reference control U(-) is identically zero, and that the matrix ]L;\(t) =

~

—Fy(A(t))L,. In particular, singular trajectories are the integral curves of the drift fo; with each of these curves
we associate the adjoint covector p(t) that satisfies the differential equation p(t) = —p0d, fo, with initial condition
p(0) € {fi, fij, foi + 4,5 =1,...,n—1}* and (p(0), fo) = 1 (thanks to (iii), these conditions uniquely define
p(0)). It is easy to prove that the pair (p(t),¢(t)) is a normal singular extremal for both Dubins and dodgem
car problems, and that it satisfies Assumptions 1-5; in particular IL;\( H = —I,.

Remark 6.1. We stress that even if in this problem we consider bounded controls, nevertheless we do not
need to strengthen the natural optimality conditions. Indeed, the High Order Goh condition reduces to Goh
condition; moreover, when considering the second variation, the linear quadratic problem (3.10)—(3.11)—(3.12)
coincides with (3.14)—(3.13), since the tangent space to Ny is in direct sum with the linear span of the controlled
vector fields and their sum coincides with the Lie algebra of the controlled vector fields.

We now compute explicitly the second variation. First of all, we compute the space W of the admissible
variations, that is we shall solve the Cauchy problem for ¢(t), (3.11)—(3.12).

~

Since the reference controls are null, the reference flow reduces to S; = exp(tfp). The time derivatives of the
pull-back vector fields give

) = exp (~to). [fo. 1] o exp(tfo)@) = exp (~tfo). (for) o exp(tfo) o)
§i(q) = exp (—t fo), {fo, foz} o exp(tfo)(qo) = exp (=t fo), (fooi) o exp(tfo)(qo) =0,
then ¢i(qo) = 95(qo0) = foi(qo) for every t € [O,f] and every i = 1,..., N — 1, and then

9:(@) = fi(do) + tfoi(@)-
The solution of (3.11)—(3.12) is then

N(N=1)/2 N-1 4
= X @+ [ ws)ds fu@.
i=1 =1

From the boundary condition ¢ (ZA“) = 0 and from (v) we get that the admissible variations (e, w(-)) € W satisty
the constraints

NY-1) (6.4)

JFwit)ydt=0 i=1,...,N—1
Ej:() j:]'""’T’

fot w;(s) ds) f0i(qo). Then the quadratic form (3.14) is given by

/0% w;(t)? dt + Ni:l /OT wj(t) (/Ot wj(s) ds) Lo, L1, 3(Z0) dt.

i=1 ij=1

N—-1

Integrating by parts the second term and thanks to conditions (6.4) we get
2

N—1 T
710w = ez + 23 ([ wiar) = ol
9 - 2 L2 2 v 0 7 - 2 L2

Therefore the second variation is coercive.
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Remark 6.2. In this paper we considered the second variation associated with the sub-problem with fixed final
point, and we proved that its coercivity is a sufficient condition for the optimality also if the final condition is
not fixed. In particular, this implies that sufficient optimality conditions for Dubins problem are also sufficient
for the optimality of the extremal in dodgem car problem.

We would like to remark that, in the example considered in this section, the extended second variation

associated with the original boundary conditions is not coercive. Indeed, the final constraint g(7") € Ny imposes
the constraint ((T') € Sf_“: (T g(f)N ¢). In particular, since Ny is an integral manifold of the derived sub-algebra

~

{[fi- fil i, 5 =1,...,N =1}, then T3 Ny = {[fs, f;](9(T)) : i,j = 1,..., N =1} and, by (vi) and the fact that
the reference flow is the flow associated with the drift, it turns out that §%:(Tg(f)Nf) = {[fi, f;1(g(0)) : 4,5 =
1,...,N —1}. It is easy to prove that any non-zero variation of the form (e,w = 0) with ¢, =0 fori < N — 1
is admissible for the problem with final constraint Ny, but J”[(e, 0)]? = 0.

Therefore, VW is the maximal subspace of variations where we can require coercivity of the extended second
variation.

APPENDIX A. NECESSITY OF THE HOGC

This section is devoted to prove that the HOGC is a necessary optimality condition. To be more precise we
prove the following result.

Theorem A.1. Let U = R™ and let (fA, u, T) be an optimal triple for the problem (1.1)—(1.2). Then there
exists an adjoint covector A : [0,T] — T*M, such that

o~

(\t), fE()) =0 Y feLie(f), te0,T).

This theorem is already known when the reference control is smooth (see [8]); here we remove the smoothness
hypothesis. The proof follows the outlines of the so called “higher order maximum principles” based on the
“good” needle-like variations or g-variations (see [5], Def. 2.3)

We use the results contained in [5-7], where a general theory is considered to take into account g-variations
which occur only at one point of the reference trajectory. For our purpose, we need only to consider needle-like
variations coming from the values of a vector field along the reference trajectory. For this reason we summarize
here only some results.

We start by fixing some notations. We denote with S(¢, %0, go, v) the solution at time ¢ of the control prob-
lem (1.2) associated with the control function v, with initial condition at ¢y equal to gg. Moreover, we use the
notation §t,to (q0) = §(t, to,qo) = S(t,to, qo, U), where U is the reference control.

In Definition A.2 here below, we put together ([5], Def. 2.1) and the properties required in ([5], Prop. 2.4) in
order to single out the g-variations we need.

Definition A.2. A vector field f on M is a right g-variation of order 2 along [O,ﬂ of the reference couple
(&,), if there exists N > 0 such that for every § € [0, 7], there exist two positive numbers ¢, € and a family of
control maps {v. : € € [0,€} C L, ([0, T],R™) with the following properties:
(1) ve(t) = u(t) outside the interval [3,5 + (Ne)?].
(2) There exists a neighborhood V' of £(8) such that the map
(q, 6) = §§,§+(Ne)2 o S(§ + (NG)za S, q, Ve)
is continuous on V' x [0, €].
(3) The map € — Dy S5 54 (ne)2 © S(5+ (Ne)?,5,q, V6)|qz§(§)
(4) Sssrnve? 0 (5 + (N2, 5,E(5),ve) = £(5) + ecf (£(5)) + o).

The core of the proof of the main result of this section is the following Lemma.

is continuous.
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Lemma A.3. If U = R™, then every f € Lie(f) is a right g-variation of order 2 along [O,f] of the reference
couple (£,).

Proof. Let us consider the driftless control system
CZZuiinC, (A1)
i=1

denoting its solutions at time ¢, relative to the control u, and with initial condition {(ty) = (o, as §(t, to, Co, u).
Set a = 5 (). We perform the proof in an adapted coordinate frame centered at a, analogous to the
frame (3.15) described in Section 3. In this frame a = 0, T,Z, = R? and Z, is a neighborhood of 0 in R¥?| that
we call Z, in what follows.
If t = (t1,...,tg) is sufficiently small, there exists a choice of R vector fields {f;,,..., fin} € {f1s- s fm}
such that the map
t=(t1,...,tr) € R = exp (trfiy)o---oexp(tifi,) (a) € Iq (A.2)

has maximal rank at ¢ = ¢ (see [22], Thm. 1). This implies that there exist a § > 0 and a small neighborhood
of b=exp (tpfiy) o oexp(t1fi,) (a) in Iy such that the map (A.2) is invertible between the ball of radius ¢
centered in ¢, denoted as Bs(t), and the neighborhood of b.

For t € RE let us rewrite the map (A.2) as §(1, 0,a,ut), for the piecewise-constant control u® €
L*>(]0,1],R™), defined, for j =1,...,m, by

k—1 k Rt if j =iy
t. - = k=1,...,R.
“ se{ R ’R}H{O if § # iy - B

It is clear that |[u?||p~ is uniformly bounded for t € Bs(t). Let ug € L>°([0,1],R™) be the control map which
satisfies

S5(1,0,q,u0)) = exp (—t1fiy) o+ - 0 exp (—trfiz) (0),

so that S(1,0,b,u0)) = @ and |[ug||z~ = ||u .
For t € Bs(t), let us consider the control map vy € L ([0, 2], R™) defined by
ut(s) Vs el0,1]
V¢ S
up(s—1) Vse(l,2].

By definition there exists an M > 0 such that ||vg]|z1(jo,2)) < M for every t € Bs(t); moreover, possibly
restricting &, the map t € Bs(t) — 5(2, 0,a,vy) is well defined and covers a compact neighborhood U of a in
T, contained in the local coordinate chart.

For € > 0, we define the control variation v . € L([0,2],R™) as

e lv(se™?) Vs e|0,26]
() = ’ A.
Vee(s) {0 Vs e (2¢2,2), (4.3)
and the control function
N 2
Boa(s) = { e o) Freels) Va2l (A.4)
u(s+s) Vs e [—50)U (2, T — 3.

It is easy to see that ||vg||z1 = €||ve] L1 < Me and that

5(262,0,a, Vi) = 65(2,0,a, V). (A.5)
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It is clear that vy . satisfies property (1) of Lemma A.3. To prove the other properties, consider the pull-back
system n(s) = S;}ag 0 S(5+s,5,q,U¢t.), which is solution of the following Cauchy problem

{77(8) = X7 v (5)(S5s) _fi 0 Suras(n(s)) @)
1(0) = ¢,

where 1/,%;76 denotes the i-component of vy .. Since ||[Vg |1 < Me, possibly restricting d, there exist € € (0,1)
and a neighborhood V' of a such that n(2¢e2) belongs to U, for all ¢ € V, t € Bs(t) and € € [0, ¢].

Fix t € Bs(t). It is not difficult to verify that the map € € [0, €] — vy is strongly continuous in L([0, 2], R™);
therefore, (2) and (3) of Lemma A.3 are consequences of the properties of system (A.6), see [24].

Finally, to verify property (4), we consider the system (A.6) with initial condition 1(0) = a and the sys-
tem (A.1) with the same initial condition and control map u = v¢ .. We get

94.0) (18002 i 0 55 + 5,5,1()) = fi(¢(3))])

<D W (1505 = G+ )i 0 56+ 5,5.1()) = Fin(s)))-

s
Il
_

Possibly restricting € and d, n(s) and ((s) belong to the compact neighborhood U, therefore there exists a
constant C' > 0 such that

In( \<CZIVte )In(s) = C(s)] + Ce's.

By Gronwall inequality we obtain
2¢2
In(2€%) — ¢(2€?))| < eCMe/ Ce ts ds = 4CeCMee®,
0

so that
1(2€%) = ((2€°) + o(e).
Since ((2€2) = €5(2,0, a,v¢) and S(2,0,a,v;) covers a neighborhood of @ in R®, Lemma A.3 is proved. O

Following ([5], Def. 2.9), we define for ¢ € [0, 7]
K(t) = Urse { (Sur)s FET)): € Lie()} € Ty M.

The results in ([7], Thm. 2.10) and ([5], Prop. 2.4) prove that if the convex hull of K(t) is the whole TeyM,

then & (t) is in the interior of the reachable set from gy at time ¢.

Since a necessary condition for the trajectory gto be time optimal is that E(t) belongs to boundary of the
reachable set from gy at each time ¢ € [0, T ) (see for instance Sect. 3 in [7]), then it is not difficult to see that
there must exist a non zero covector 7, s € T3, M such that

(tr,0) =0  Yvek().

Theorem A.1 follows, by definition of K(f)
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APPENDIX B. ORTHONORMAL FRAME BUNDLES ON CANONICAL SPACE FORMS

In this section we give more details about the lifting of Dubins and dodgem car problem on Lie groups. For
details, we refer to [20,21] and references therein.

Let M € {R", S" H"}. We recall that the hyperbolic space H" is defined as H" = {x € R"*! : —2% +
S, a? =1, o > 0}. The manifolds R™ and S™ inherit a natural Riemannian structure from R™ and R™ ",
respectively. As for H", its Riemannian metric is given by the Lorentzian quadratic form (x,y) = —xoyo +
Z?;g LiYi-

The Dubins problem on M can be lifted to a minimum-time problem on the bundle of positive-oriented
orthonormal frames on M, denoted with F (M), as we show below.

For M = R", let us fix some positively oriented orthonormal frame {es,...,e,} attached at the point
g = 0 in R™. Given a point g € R™ and a positively oriented orthonormal frame {vy,...,v,} attached at g,
we can associate to them a pair (z, R) € R"x SO(n), where & denotes the coordinate representation of g
with respect to the basis {e1,...,e,}, and v; = Re; for every ¢ = 1,...,n. In other words, the bundle of
positively oriented orthonormal frames can be identified with the orbit through (0, {es,...,e,}) of the semi-
direct product G = R"x SO(n), that is the group of pairs (z, R) € R”x SO(n) equipped with the operation
(z,R) - (y,5) = (x + Ry, RS). This construction provides a coordinate system on Fy (R™). Moreover, every
element (x, R) € G can be represented by the following matrix g € GL,4+1(R)

10...0
Z1

g:
R

T

As the manifolds S™ and H” are embedded in R”!, we can repeat the same construction and find some
group G such that all the elements of F (M) are given by the orbit of G through some fixed orthonormal frame
{e1,...,en41} of R™*! centered at some fixed point .

Indeed, every point ¢ € S™ can be represented with respect to the canonical basis {e1,...,¢,+1} by a unit
vector & € R™!. The tangent space to S™ at q is given by the span of n unit vectors (vy,...,v,) € R**!
orthogonal to . A choice of these unit vectors determines an orthonormal frame on the tangent space. Therefore,
the bundle F;(S™) can be regarded as the orbit of SO(n + 1) applied to the standard orthonormal frame
{e1,...,eny1} of R" 1 in the following way: to a frame {v1, ..., v, } attached at a point ¢ € S™ there corresponds
the matrix g € SO(n + 1) such that the coordinates of q are given by & = ge; and v; = ge;y1, @ = 1,...,n,
that is

9= : :
n+1 ,n+1 n—+1
T el

(here 27 and vf denote respectively the jth component of the vectors  and v;).

For what concerns the hyperboloid H", we consider the Lorentz group SO(1,n), defined as the group of
transformation that preserve the (n + 1)-dimensional matrix

H(l,n):<_010ﬁ'n’0>,

where I, is the n-dimensional identity matrix. It can be proved as above that the bundle F; (H") can be
identified with the connected component SOg(1,n) of SO(1,n) that contains the group identity.
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For any M € {R",S™ H"}, the tangent vector fields in F; (M) are identified with the left-invariant vector
fields on the isometry group of M, which is respectively R x SO(n) for R™, SO(n+1)/SO(n) for S™ and SO(1,n)
for H"™. Therefore, we can prove that the tangent vectors are of the form

0 —eay ... —€ay,
B B.1)
gl . ) B.1
: U
Qnp
where € = 0 for M = R", e = 1 for M = S™ and ¢ = —1 for M = H", U is an anti-symmetric matrix of

dimension n, and g is the element of F (M) where the vector is attached.

Let v be a curve in M. When lifting v to a curve of orthonormal frames, that is to a curve g(t) € G such
that its projection on M coincides with -y, it is possible to choose the lifted curve in such a way that the first
element v1(t) of the frame attached at v(¢) is equal to 4(t). In particular, this sets a1 =1 and a; = 0 for j > 2
in equation (B.1). This kind of lifting is called Darboux frame.

There is still a freedom of choice of the form of the matrix U in equations (B.1). Systems with the form (6.3)
are called Serret-Frenet curves (see [20,21] and references therein).
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