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TIME-DEPENDENT MEAN-FIELD GAMES IN THE SUPERQUADRATIC CASE

Dioco A. GoMES!, EDGARD PIMENTEL? AND HECTOR SANCHEZ-MORGADO?

Abstract. We investigate time-dependent mean-field games with superquadratic Hamiltonians and
a power dependence on the measure. Such problems pose substantial mathematical challenges as key
techniques used in the subquadratic case, which was studied in a previous publication of the authors, do
not extend to the superquadratic setting. The main objective of the present paper is to address these
difficulties. Because of the superquadratic structure of the Hamiltonian, Lipschitz estimates for the
solutions of the Hamilton—Jacobi equation are obtained here through a novel set of techniques. These
explore the parabolic nature of the problem through the nonlinear adjoint method. Well-posedness is
proven by combining Lipschitz regularity for the Hamilton—Jacobi equation with polynomial estimates
for solutions of the Fokker—Planck equation. Existence of classical solutions is then established under
conditions depending only on the growth of the Hamiltonian and the dimension. Our results also add
to current understanding of superquadratic Hamilton—Jacobi equations.
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1. INTRODUCTION

The theory of mean-field games comprises a set of tools and methods, that aims at investigating differen-
tial games involving a (very) large number of rational, indistinguishable players. These were introduced in the
independent works of Lasry and Lions [37-40] and Huang et al. [34,35]. Since then, there has been intense
research activity in this field, with several authors considering a variety of related problems. These include
numerical methods [2,3,36], applications in economics [32,41] and environmental policy [36], finite state prob-
lems [17,27, 28], explicit models [33,45], obstacle-type problems [19], congestion [18,25], extended mean-field
games [24,29], probabilistic methods [13,14], long-time behavior [8,11] and weak solutions [9,47,48], to name
only a few. For additional results, see also recent surveys in [1,7,42], or [23] and the references therein, and the
College de France lectures by Lions [43,44].
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A model time-dependent mean-field game (MFQG) problem is given by

—uy + H(x, Du) = Au + g(m)
my — div(Dp,Hm) = Am,

equipped with the initial-terminal conditions:

{u(x,T) = ur(x) (1.2)

m(x,0) = mo(x).

In the above, the terminal instant, 7' > 0, is fixed. To simplify the presentation, we consider the spatially
periodic problem. For that, let T¢ be the d-dimensional torus, identified as usual with the set [0, 1]%. Then, we
regard u and m as real valued functions defined over T¢ x [0, T]. A typical Hamiltonian, H, and nonlinearity,
g, satisfying the assumptions that will be detailed in Section 2 are:

H(z,p) = a(z) (1+p2) 7 + V(z),

and

where 0 <y < 1 and a, V € C®(T?), a, V > 0, are given.

A fundamental question about MFG systems regards the existence of solutions. In the stationary setting, the
first result in this direction was obtained in [37]. Smooth solutions were studied in [22] (see also [26] for a related
problem), [29,31]. In [38], the authors addressed for the first time the question of existence of weak-solutions
to (1.1) and (1.2) for the first time. The planning problem was investigated in [47,48], also in the framework of
weak solutions. In the quadratic Hamiltonians case, existence of smooth solutions was established in [11]. We
emphasize that the proof in [11] relies on a Hopf-Cole transformation and does not seem to extend to more
general cases behaving like |p|? at infinity. As presented in [44], mean-field games with quadratic or subquadratic
growth in the Hamiltonian, and the power nonlinearity g(m) = m®, have classical solutions under some bounds
on «. In [30], the authors extended and improved substantially these results in the subquadratic setting. Also
in the subquadratic setting, existence of smooth solutions was studied in [21] in the whole space, and in [20] for
logarithmic nonlinearities.

To the best of our knowledge, superquadratic time-dependent mean-field games have not been studied in
the literature before the present paper, nor can they be addressed by a minor extension of existing results. We
stress that previous arguments regarding the existence of weak solutions do not extend to the superquadratic
setting. Indeed, many of the key estimates for quadratic or subquadratic mean-field games are simply not
valid for superquadratic Hamiltonians. For instance, the Gagliardo—Nirenberg estimates combined with the
Crandall—Amann technique [4] are no longer valid due to the growth of the Hamiltonian. Consequently, in the
superquadratic case, estimates for Hamilton—Jacobi (H-J) equations are substantially more delicate and require
arguments quite distinct from the ones used in the quadratic or subquadratic cases. See, for instance, the recent
developments concerning Holder estimates in [5,6,10]. To show the existence of smooth solutions for the case of
superquadratic Hamiltonians, we develop here a new class of Lipschitz estimates. These are proven by identifying
additional regularizing effects, which combine the parabolic structure of the Hamilton—Jacobi equations with
its stochastic optimal control origin. This is achieved by employing the nonlinear adjoint method [16] in a
novel way. Recently, after this paper was written, a very important development regarding existence of weak
solutions was obtained in [12]. In that paper, the existence of weak solutions for mean-field games which admit a
variational formulation was obtained, and these results apply to some superquadratic problems. However, that
our methods do not require a variational structure and can be easily modified to address a wide class of models.
Moreover, for variational mean-field games, our methods yield stronger results as they prove the existence of
smooth solutions to the corresponding variational problems which are convex but non-coercive.
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Our main result is the following;:

Theorem 1.1. Assume that A1—A10 from Section 2 hold. Then there exists a C* solution (u,m) to (1.1)
under the initial-terminal conditions (1.2), with m > 0.

We observe that uniqueness of solutions to (1.1) and (1.2) follows from earlier results in [37, 38].

The key Assumptions Al and A10 are discussed in Section 2.1. An outline of the proof of this theorem is
described in Section 2.2. The various steps of the proof are detailed in the remaining sections. In particular, in
Section 7, we establish Lipschitz regularity for H-J equations (see Thm. 2.3 stated in the next section).

2. MAIN ASSUMPTIONS AND PROOF OUTLINE

We begin by discussing the main assumptions used in the present paper; these assumptions cover a range of
relevant problems. This section ends with the statement of the key theorems and lemmas, as well as an outline
of the proof of Theorem 1.1.

2.1. Assumptions
We assume our problem satisfies the following general hypotheses:
Assumption 1. The Hamiltonian H : T¢ x R — R is C™ and

1. For fixed z, the map p — H(z,p) is strictly convex;
2. Additionally, H satisfies the coercivity condition

H
lim (z.p) = +o00,
lp|—co  |p]

and, without loss of generality, we require further that H(z,p) > 1.

Assumption 2. The function g : Ra' — R is non-negative and increasing.
Finally, ug, mo € C°°(T?) with mg > 0 and de mgy = 1.

Since g is increasing and non-negative, it follows that there exists a convex increasing function, G : Ra' — R,
such that g(z) = G'(2).
The Legendre transform of H is given by L(z,v) = sup (—p-v — H(z,p)). Then, if we set

P
by standard properties of the Legendre transform, ﬁ(m,p) = L(z,—D,H(x,p)).

Assumption 3. For some ¢,C > 0

L(z,p) > cH(x,p) — C.
For convenience and definiteness, we choose g to be a power nonlinearity.
Assumption 4. g(m) = m®, for some « > 0.

We observe that for this choice of g, our problems admit a variational structure that was explored in [12]
in order to construct weak solutions. Our results can be generalized easily to the setting in which g depends
simultaneously on m and z, or cases in which no variational structure exists, provided appropriate bounds on
the growth and derivatives of H and g are assumed. This will not be pursued here to keep the presentation
simple.
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Assumption 5. H satisfies the following bounds
|D.H|,|D3,H| < CH +C,
and, for any symmetric matrix M, and any § > 0, there exists Cy such that
Te(D2,HM) < § Tr(D2, HM?) + C;H.

Because H > 1, the inequality in the previous assumption is equivalent to |D, H|, |D2 H| < CH, for some
constant C'.

Assumption 6. mg > kg for some kg € RT.

The preceding hypotheses are the same as the corresponding ones in [30]. The next group of assumptions is
distinct and encodes the superquadratic nature of the Hamiltonian.

Assumption 7. For some 0 < p < 1, the Hamiltonian satisfies
ailplPt™ + Cy < H < ep|p)*™ + Co,
where ¢; and C; are non-negative constants.
Assumption 8. The following estimate holds:
|DyH (x,p)|* < Clp|*H(z,p) + C.

Assumption 9. H satisfies the following bounds:

D2 H|* < CHFr,
and, for any symmetric matrix M,
2 2 I 2
|D2 HM|" < CH=% Tr(D2,HMM),
where p and C are given constants.

Note that, in particular, the previous hypothesis implies that for any function w, H(z, Du) satisfies the
following estimates:

| div(D, H(z, Du))|* < CH=7 (Tr D2, HD*uDu) + CH %r . (2.2)
2
Assumption 10. The exponent « satisfies « < ————.
P P AT +p) -2

2.2. Outline of the proof
The proof of Theorem 1.1 starts by considering a regularized version of (1.1). It consists of replacing g(m)
by
ge(m) = ne * g(ne x m), (2.3)

where 7 is a standard, symmetric, mollifying kernel. This yields the regularized model:

2.4
mg — div(D,HmS) = Am*. (24)

{—u; + H(z, Dut) = Auc + ge(m®)
For convenience, we set go = g. The special structure of (2.3) makes it possible to prove estimates for (2.4) that
are uniform in e. Existence of C* solutions for (2.4)—(1.2) follows from standard arguments using some of the
ideas in [7], as detailed in [46].
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The proof of Theorem 1.1 proceeds by considering polynomial estimates for g.(m®) in terms of Du€ as stated
in the following theorem:

Theorem 2.1. Let (uf,m¢) be a solution of (2.4). Assume that A1—A9 hold. Let 6 > 1, 0 < v < 1. For

d(1+ p) 650
€ |l,——— |, let Bog= ——— and
po [ d(1+p) —2 et Buo 0+v—ov ™"
d@—1)+2
rp= JO =D+ (2.5)
2

Suppose that

P = ﬁ;’g 1 (2.6)
Then, for r =1y and p = p,.9, we have

(2+Z;)'rva
196 ()l 0 rsts(ray) < €+ C DU gy (2.7)

where C is independent of €.

Theorem 2.1 is proven in Section 4.3. Then, we establish L bounds for u¢ in terms of g.(m¢), as in the
following Lemma:

Lemma 2.2. Suppose (u, m¢) is a solution of (2.4) and H satisfies A1. Then, if p > %,

1w oo (raxcio,r)) < C + Cllge(m®)|| Lo (0,757 (T4))5 (2.8)
where C is independent of €.

The proof of Lemma 2.2 is presented in Section 5. To estimate Du€ in terms of g.(m®), we apply the nonlinear
adjoint method (see [16]), which yields the following estimate:

Theorem 2.3. Suppose that A1—A10 hold. Let (u, m¢) be a solution of (2.4) and assume that p > d. Then,

1
T—n

HDUEHL“(O,T;LOO(Td)) <C+ Cng(mE)”Loc((),T;Lp('ﬂ*d))
- -
+ Cl|ge(m©) HIl‘;:’(OVT;LP(Td)) ||u||2;“(07T;LOC(W)), (2.9)

where C' is independent of €.

This Theorem is established in Section 6. To prove Theorem 1.1, we combine the estimates in Theorem 2.1,
Lemma 2.2 and Theorem 2.3, obtaining Lipschitz regularity for u€. This is done in Section 7. It follows from (2.7),
combined with (2.9), that

1Dz raxio.ry < €+ CIDU N oy
where, if « is small enough, ( < 1. The precise bound for « is the one given in Assumption A10. Lastly, we
obtain Lipschitz regularity in the following theorem:

Theorem 2.4. Let (u¢,m¢) be a solution of (2.4)—(1.2). Suppose that A1—-10 hold. Then, Du¢ € L>(T% x
[0,T7]), with bounds uniform in €.

We now present the proof of Theorem 1.1.
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Proof of Theorem 1.1. By Theorem 2.4, we have Lipschitz regularity for ¢, uniformly in e. Thus, the growth
of the Hamiltonian plays no role in any further gain of regularity. Then, a number of additional estimates can
be derived, see [30]. These ensure, in particular, that u¢ and m¢ are Holder continuous, uniformly in e. Thus,
through some subsequence, we have that u¢ — u in C%7(T9 x [0, T]) and m¢ — m in C%7(T? x [0,77]), as € — 0.
This shows that u is a (viscosity) solution of the first equation in (1.1). Furthermore, additional bounds on D?u¢
provide enough compactness to conclude that m solves

my — div(DpH(x, Du)m) = Am,
as a weak solution, i.e.,

T
/ / (=¢¢ + DyHD¢ — Ag) mdxdt = 0,
0 Td

for every ¢ € C2°(T4). By the results in [30], we have uniform bounds in every Sobolev space for (u€, m¢). Finally,
observing that (u, m) satisfies the same estimates as (u®,m), we obtain existence of smooth solutions. O

The rest of this paper is organized as follows: the next Section presents some elementary estimates from [30].
In Section 4, we obtain higher integrability for m¢, see Theorem 4.1. The proof of Theorem 2.1 is presented
in Section 4.3. In Sections 5 and 6, we establish Lemma 2.2 and Theorem 2.3. Lipschitz regularity for the
Hamilton—Jacobi equation is established in Section 7.

3. ELEMENTARY ESTIMATES

Next we recall several estimates for solutions of (2.4). These have appeared (either in the present form or in
related versions) in [11,15,37,38,44]. For ease of presentation, we omit the proofs, which can be found in [30].

Proposition 3.1 (Stochastic Lax—Hopf estimate). Suppose that A1 holds. Let (u®,m¢) be a solution to (2.4).
Then, for any smooth vector field b: T? x (t,T) — R?, and any solution to

(s + div(b() = AC, (3.1)
with ((x,t) = (o, we have the following upper bound:

T

/ u(z, ) Go(z)dz < / / (L(y, by, 9)) + g (M) (5, ))C(y, 5)dyds (3.2)

Td t Td
+ [ w7,

We notice that, for b = —D,H (z, Du), the inequality in (3.2) is attained.
Proposition 3.2 (First-order estimate). Assume that A1—3 hold. Let (u¢, m¢) be a solution of (2.4). Then,

T
/ /cH(a:,Dxue)mE—l—G(ne*me)dxdtSCT+CHu€(~,T)HLN(W), (3.3)
0 Td

where G' = g.
Proposition 3.3 (Second-order estimate). Assume that A1—6 hold. Let (u®,m*) be a solution of (2.4).

T
| [ e m D mO + 1D, (D2, < C.
Corollary 3.4. Assume that A1—6 hold. Let (uf,m) be a solution of (2.4). Then,

T
/ [7e * me|| > )dt <C.
0

L%((X‘Fl) (T



568 D.A. GOMES ET AL.

4. REGULARITY FOR THE FOKKER—PLANCK EQUATION

Next, building upon the second-order estimate of Proposition 3.3, we obtain improved integrability for m*c.
In Section 4.2, the integrability of m® is controlled in terms of LP norms of D,H (z, Du‘(x)).

In the superquadratic case, further arguments yield uniform estimates for Du¢ in L>(T? x [0, T]) rather than
in L"(0,T; LP(T4)), which was the space used in the subquadratic setting.

In this Section, the function H and its derivatives will be evaluated at (x, Du(x)); however, to ease the
notation, we omit the argument.

4.1. Regularity by the second-order estimate

We begin by addressing the regularity of the Fokker—Planck equation by applying the second-order estimate
from the previous section.

Theorem 4.1. Assume that A1—6 and A9 hold. Let (u,m¢) be a solution of (2.4). Then, for d > 2,
d(14p)

lme (s )| Loe (0,77 (Ta)) 8 bounded for any 1 <1 < FCENET

uniformly in e.

Proof. We omit the e to simplify the notation. We start by defining an increasing sequence, (3,,, such that
[m (-, )| L1+8n (7ey is bounded. We set By = 0 so that ||m(-,t)|| p1+s(ray =1 < C.

At this point, it is critical to control de div(D,H)mP*1dz. This will be done using Assumption A9. In fact,
using (2.2), we have:

/ div(D, H)mP*dz
Td

Y Y 1/2 1
< CH?2@+mym2e+m Tr (DipHDQuDQu) 2 2Pt o
Td

Itp  ld4p 1
+ CH2>Frm?2+e Tn’@Jr 2+

Td

<Cs [ Hm+Cjs / Tr (D}, HD*uD*u) m+46 [ mEHmArL (4.1)
Td Td Td

We note that the time integral of the first two terms on the right-hand side of the previous inequalities is
bounded by Propositions 3.2 and 3.3. Because of Sobolev’s theorem, we proceed by examining the cases d > 2
and d = 2 separately.

Consider the case d > 2. Let 8,411 = ﬁ(ﬁn + 1). Then, (,, is the nth partial sum of a geometric series

n

with term m Therefore, nler;o Bn = m We define ¢,, = %(5n+1 +1), where 2* is the critical
Sobolev exponent given by

Hence, we have

1-An An
||mHL(2+“)5n+1+1(Td) < Hm||L1+[fn(’]I‘d)||mHL<In(’]I‘d)’
An 11— 1 -
where i = R and thus:
2 _
A, = dn ( + M)ﬁn+1 Bn ] (4.2)
Gn — Bn — 1 1+(2+M)ﬁn+l
Since [|m|| L1460 ey < C, we get
n _ 24p1)Bn41+1 An ((24p)Bry1+1

mPHOPe i = |lm|| S L) < Cllml e, (4.3)

Td
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Setting 8 = B41, from (4.1) and (4.3), we get for any 7 € [0, T]

4 T Brnt1+1
w22 [ D s d
Td n-+1 Td

- mﬁn““(:c,())dx—kﬁ/ / div(DpH)m'H"““dxdt
Td 0 T

< /mﬁ”+1+1(x,0)dx+05/ Hm
0

+Cs /T - (Tr D2 HD*uD*u m+6/ | G2 e, (4.4)
From the definition of 3,11, it follows that A\, ((2 + ©)Bn+1 + 1) = 1 4+ Bn41. Hence,
Il G D = ™5 2
<C+C (/er |Dmmw|2 + » m'@"L“H) . (4.5)
Using elementary inequalities and [mdz = 1, we have for any ¢ > 0 that [, m 1 < C¢ + C||m\|€212;_d1)

Thus, it follows that

Brni1+1

- +1 Bp41+1
Imlih < Ce+.0 [ IDam™ 5 P it

From (4.4) and (4.5), with small enough ¢ and ¢, it follows that for some d; > 0,

B
mPr et (2, 7)da + 6 / ml|Zr it at <C+C [ mPrti(z,0)de
0 Te

Lan (T4)
+C/ / Hm+C/ / (Tr D}, HD*uD?u) m
0 JTd 0 JTd

Because the last two terms on the right-hand side are bounded by Propositions 3.2 and 3.3, we have the
result.

1
Consider now the case d = 2. Let 1 < p < 1+ —. As before, we inductively define 3, starting with Gy = 0.
1
(1"
Y23

Td

-1
Letting 3,41 := P (Bn+1), we have that 3, is the nth partial sum of the geometric series with term
p

and thus lim 3, =p—1. Let ¢, = %. For A, as in (4.2), we have

A
||mHL<2+%‘>f’n+1+1(Td < Hm”LHﬁn Td)”mHLG(Td)'

From the previous definitions, it follows that A, ((2 + 1) Bn+1 + 1) = 1 + Bp41. Since ||mll145, < C, we get

n _ (2+p)Brns1+1 ((2+ ) Bnt1+1) 1+8n
Td mE el — Hm||L(2fru)ﬁy:1+1(T"’) = O”mHan(le; T=al HL‘I"(fr“ll)' (4.6)
As in (4.4), using (4.1), and (4.6) we get for any 7 € [0, T
483, T Bpi1tl
mPr it (g ) de + A/ |D,m E (z,t)]*dzx dt
T4 Brt1+1 T4
< mﬁ”“ﬂ(x,O)dx—l—Cg/ Hm
Td o Jrd

+ 05/ (Tr D2, HD*uD?u) m + 5/ \|m||qu;Tzl)dt (4.7)
0 Td 0
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By Sobolev’s theorem, we get

148, Bn41tl Bny1t . +1
Il = m 5P sy <O DemET Pde + O+ Cllml St (4.8)
LPn+1F1(Td) Td

From (4.7) and (4.8), with small enough ¢ and ¢, we have for some §; > 0 that
mPretl(z, r)dz + 6, / [l ||§2T1%d1)dt <C+C mﬁ”“H(ac 0)dz + C’/ » Hm
0

+C / / (Tr D7, HD*uD?u) m
Td

Notice that the last two terms on the right-hand side are bounded because of Propositions 3.2 and 3.3. We have
then established the result. O

Td

4.2. Regularity by LP estimates

Now we bound m¢ in L*([0,T], LP(T%)) with estimates depending polynomially on the L°-norm of D,H.
Because explicit expressions will be needed, we prove them in detail. For ease of presentation, we omit the € in
the proofs of this section.

We start by setting 1 < [y < %, and we consider 31 = 63, for some fixed 6 > 1.

Lemma 4.2. Assume that (uc,m¢) is a solution of (2.4) and let B > By for By > 1 fized. Then

d 8 2 B /
— ¢ < D,H ¢
& o (m®)” (t,x)de < C H| b H | HL r4) /Td (m®)” (t,x)dz — ¢ ”

<]

D, ((me)f) ’2 dz. (4.9)

Lemma 4.3. We have that

/T () (r,2)de < ( /T (m)* () dx) " ( /T ) () dx) o

where K is given by

- (4.10)

Proof. Holder’s inequality gives

— k)

1 e a
</ mﬁl) = < (/ mﬁo) 7o ( m22*,@1> o ’
Td Td Td

where ﬁ = ﬁ_ﬁo + 22(1 7 ﬁ,z)' By rearrangement of the exponents, the inequality in the statement follows. The
expression for x follows from the previous identity. O

Lemma 4.4. Let x be defined by (4.10). Then,

(/ (mE)ﬁ1>(M)<C+5H %
-

Then,

2(1—-r)

L2 (Td)

Proof. Let A = m

2(1-))

B 25, 5%
/ |mﬁ1| dx < (/ mdx) (/ m”2 dx)
Td Td Td
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Because m is a probability measure for every ¢ € [0, 7], we obtain

(1-k) 5
< mﬁldx> < HmT
Td

Finally, because (1 — A) < 1, a further application of Young’s inequality weighted by ¢ establishes the result. [

C—i—O(/Td )]2%)(1—5)]’

2(1—k)(1—N)

L2"(T4)

Proposition 4.5. We have that

[ ars [ o] "

where Kk is given by (4.10).

M|S3

D, ((m")

Proof. Sobolev’s theorem implies that

81 112(1—k)
om) <c(f
L2" (T4) Td

Using Lemma 4.4, we obtain

= (1-r)
o* [fl
< m=P (1, x) dx) = Hm
Td

<c(/,

By combining inequality (4.12) with Lemma 4.3, the result follows. |

7 )(H). (4.11)

2(1-x)
L2"(T4)

sy 2) 9
D, (m )‘ ) +C. (4.12)

Next, we control the derivative with respect to the time of [me||?! Lo (14
Proposition 4.6. Let (u¢,m¢) be a solution of (2.4). If k is given as in (4.10), then

% [ m )ﬁlda:<C—|—OH\D H| HLOC - (/ (m E)Bde)07 (4.13)

where r = %

Proof. Using Lemma 4.2 with 8 = (31, and applying Proposition 4.5, we have

d Ok PRNE (1—k)
< mﬁ1<CH\D H| H (/ mﬁo> c(/ D, (mT)‘ d:r) +C
dt L> Td Td Td
2
—c/ D, (m%l)‘
Td
0K
<ol (L) (]
L> Td Td Td
Ok
—I—C’H\DpH\zu (/ mﬁ‘)) —c/
Lo (T4) \J1d Td
Or 0
<clpamt|,. . ([ +e|vme| ., ([ )
Loo(T4) Lo°(Td)

0
<c+c|ip,H HL - (/ mﬂ") :

where the last two inequalities follow by applying Young’s inequality with e for the conjugate exponents r and

sgivenbys:ﬁandrzé. O
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Corollary 4.7. Suppose that (u¢, m¢) is a solution of (2.4). Let r be given as in Proposition 4.6. Then,

mP (7, 2)da < C’+CH\D,,H\2H .
Td Loo(T4)

Proof. Integrate (4.13) in time over (7,7'). This yields

r 0
mP (ryz)de < C H\DPH|2H / ( mﬁodx) dt + C. (4.14)
Td Lee(T4) Jo Td
From Proposition 4.1, we have de m? (1,x) dz < C. The result is then established. O

4.3. Interpolated bounds

We now obtain estimates for m¢ in terms of the L*°-norm of Du® by interpolating previous results.

Lemma 4.8. Let (u¢,m¢) be a solution of (2.4). Assume that A1—6 and A9 hold. Assume further that 0, p, r >

1,0 <wv <1 are such that (2.5)—(2.6). Let 3, = where (y € {1, %). Then,

080
0+v—0v?
rvo
[EN)

€ - I < C C H D H 2 .
lg(m ) o0, 7;20 (1)) < C + C||| DpH| Lo (0,T; Lo (T4))

Proof. As before, we omit the € in the proof. Holder’s inequality gives

1 1-wv v
/ mie ) < / o) / B )"
Td = \J1d Td ’

: 1 _1-v v
smee 3= = 5= 1+ 95

Theorem 4.1 ensures that

TFo—ov
By < ¢ / m?Bo .
Td n Td

On the other hand, Corollary 4.7 gives

m?Po SC—i—OH\DpH\ZH ,
L (0.1 (T9))

’H‘d
which in turn leads to
me <+ C | IpHP 7T .
Td L°°(0,T;L>(T4))

1
Note that [[g(m)| s (pay = (Jpa m°P) 7. Because of (2.6), it follows that

o
p(0F+v—0v)

viza) £ C+C|||D,HP :

By noticing that p(f 4+ v — 8v) = 222 because of (2.6), the Lemma is established. O

e}

Proof of Theorem 2.1. Theorem 2.1 follows from Lemmas 4.8 and AS. O
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Next, we control ||t || ;o pao,7y) in terms of {|ge(m)|| o< (0,77, Lo (14))- Because we already have lower bounds

for u€, since g > 0, see [30], it suffices in what follows to obtain the upper bounds.
We start by presenting the proof of Lemma 2.2.

Proof of Lemma 2.2. For ease of notation, we omit the ¢ in m¢. By using Proposition 3.1 with & = 0 and

Co=10(,7) =09z, 0 <7 <T, we obtain the estimate

u(z, ) <(T —71) max L(z,0)
z€T4

T
+ /T /Td ge(m)(y, t)0(y,t — 7)dydt + /Td u(y, TY0(y, T — 7)dy.

The main issue is to control

T
/ /Td ge(m)(y,t)0(y, t — 7)dydt.

1 1
For — + — =1, the heat kernel satisfies
P g

Q

10C,)llg < —

t2

=

Hence,
C
/ gm0t — 7y < —C gm0 .
T¢ (t—7)2»

Thus, if d < 2p, we have
T
[ [, am) 900t = )y < Cllga )l oiaszoy:
T T

6. REGULARITY BY THE ADJOINT METHOD

The aim of this section is to obtain estimates for || Du||pe (o, r;r(14))- The key tools are the adjoint
method [16] and the methods developed in [22] (see also [29]). In what follows, we obtain Lipschitz estimates
for the solutions of the Hamilton—Jacobi equation in terms of L>°(0,7; LP(T%)) norms of the nonlinearity g.
This result is important not only for its role in the realm of mean-field game theory, but it also adds to the
current understanding of the regularity of superquadratic Hamilton—Jacobi equations. For some related results,

see [5,6,10], where the authors investigate Holder’s regularity.
Our main a priori estimate is the following:

Theorem 6.1. Suppose that A1—A9 hold. Let (u¢,m¢) be a solution of (2.4) and assume that p > d. Then,

| DU oo (0,73 00 (1)) < C 4 Clluc|| oo (0,700 (1)) + Cllge(M) || Lo (0,757 (T4Y)

X (DU N e gy (1 1l 0 752 2y) )
where p is the exponent given by Assumption AS.
Proof. For convenience, the proof of the theorem proceeds in the four steps below.

We omit the superscript € for the solution (u€, m¢) in the following proofs.
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Step 1. The adjoint equation is the following partial differential equation
pt — Ap —div(Dp,Hp) =0 (6.1)

for which we choose the initial data p(-, 7) = 0,,. Using this and the first equation in (2.4), we have the following
representation formula for u:

T
u(xo,7) = /T /Td(DpHDwu — H+g.(m))p+ /Td u(z, T)p(x,T). (6.2)

Corollary 6.2. Suppose that A1—A9 hold. Let (u,m®) be a solution of (2.4). Let p solve (6.1) with initial
data p(-,7) = 0y,. Then,

/TT /T Hp"‘/TT /nge(m)pgc+0 {u(xm)—/w u(x,T)p(x,T)}. (6.3)

Proof. Tt suffices to use Assumption A3 in (6.2). O

Corollary 6.3. Suppose that A1—A9 hold. Let (u,m®) be a solution of (2.4). Let p solve (6.1) with initial
data p(-,7) = 0y,. Then,

T
/ /Td Hp < C + Clluf|| Lo (0,115 (14)) - (6.4)
Proof. The result follows from Corollary 6.2 and the positivity of g. O

Step 2. We have, using the ideas from [22]:
Proposition 6.4. Suppose that A1—A9 hold. Let (u,m) be a solution of (2.4). Let p solve (6.1) with initial
data p(-,7) = 0y,. Then, for 0 <v <1,

T
|10t < 0 DU e gy (14 [0 0necany )
where p is the exponent given in Assumption AS8.

Proof. Multiply (6.1) by vp”~!. Then,

op”

p vp' "t div(D,H (x, Du)p) = vp” " Ap. (6.5)

We now integrate the previous identity on [, T x T%. Since p(-, t) is a probability measure and we have 0 < v < 1,
it follows that: [1, p”(z,t)dz < 1. Consequently, the integral of the first term of the left-hand side of (6.5) is
bounded. We also have:

:CV

T T
/ / vp* 1 div(D, H (z, Du)p)dadt / / P’ 2p"? 1 DpD, Hdadt
T Td T Td

T T
<[ [ pepasiesce, [ [ 0,HEp as,
T JTd + Jrd
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for any ¢ > 0, with C¢ , depending only on ¢ and v. Because 0 < v < 1, we have p” < C5 + ép, for any 6 > 0
and suitable Cy. Using Assumption A8, it follows from Proposition 3.2 and Corollary 6.3 that

T T T
C/ / |DpH|2p”d:cdt§C+C5/ / |Du|“Hd:cdt+6/ | Du|* H pdxdt
T Td T Td T Td
<C+ C”‘DHHZOO(O,T;Loc(Td)) (1 + ||u||L°°(0,T;L°°(’H‘d)))~

The integral of the right-hand side of (6.5) is

T T
4(1 —
v(l— 1/)/ / |Dp|?p" " 2dadt = u/ |D(p"/?)|2dzdt.
T Td v T Td
Gathering the previous estimates, we get

41 —v)

v

T T
/ |D(p"/?)|?dadt < C +</ / |D(p"/?)|?dadt
T Td T Td
+ ClDull e 0,7, ray) (1 F [ull oo 0,72 (1)) -
By choosing small enough (, we obtain the result. O

Step 3. To finish the proof of Theorem 6.1, we now fix a unit vector, ¢ € R?. We differentiate the first equation
of (2.4) in the £ direction and multiply it by p. Integrating by parts and using (6.1), we obtain:

T
us(oo.r) = [ [ =Dettp+ (amep+ [ uelr Tho(a.T)

Note that

[ ueta 1)) < g T e,

Using Corollary 6.3 and Assumption A5, we have

T T
| [petto=crc [ [ Hp<cClulimpriee,

Thus it remains to bound -
| [ @tmper (66)
T Td

Step 4. To bound (6.6), we integrate by parts, from which it follows that:

/TT /Td(ge(m))gp < /TT /nge(m)plfﬁ‘pﬁﬂDp‘

T
SC/ lgetm)llallo*=Zllel Do 2,

This will be done in the next step.

for any 2 < a,b < oo satisfying % + % + % = 1. From this, we get, for 3 = &, with 0 <v <1,

/TT /w ge(m)ep

< C||g(m)||Loc(T,T;La(1rd)) le_% \|L2(T,T;Lb(1rd)) ||DP% ||L2(T,T;L2(Td))~
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From Proposition 6.4, we have a bound for ||D,0%||L2(T7T;L2(Td)). Therefore, it suffices to estimate
|pt—2 | 2 (r, ;L0 (14y)- We have now to estimate

Given 0 < k < 1, we define b by

1= Kt g (6.7)

b(1—%) .

We will choose x appropriately so that b > 2 holds. Additionally, it follows trivially from (6.7) that 1 < b(1—%) <
%I/, and so by Holder’s inequality, we have:

15) 1-r - =
(=)= (L) (L)
Td Td Td

2
Recall that by Sobolev’s inequality, (de p2Ty) T <o+ C [ra |Dp%|?2. Choose now k = 5. Note that if
0 <v <1, wehave 0 < k < 1. Then,

r
c+o/' IDp5|?
0 Td

< [0+ CIDUI < g oy (1 Tl )]

1-3
Hp L2(0,T;Lb(Td)) —

1
2

Also, using Proposition 6.4, we have

N

1Dp% | L2022y < [C + ClIDullf g 1 oo (pay) (1 + HUHLOO(O,T;Lx(’JTd)))}

It remains to check that it is possible to choose v such that b > 2. Indeed, for % < v < 1, we have

d_-H <k <landb= % > 2. Note that a is given by a = W‘a)“. Thus, if p > d, we have, for v close

enough to 1, that p > a and, therefore, this ends the proof of Theorem 6.1.
The result in Theorem 6.1 can be further simplified, as stated in Theorem 2.3. We now present its proof.

Proof of Theorem 2.3. By referring to Lemma 2.2, Theorem 6.1 becomes

[ Dull oo (raxio,ry < C + Cllgell L 0,50 (T4))
+ C”geHLOO(O,T;LP(’]N)) ”DUHZcx:(TdX[QT])

+ Cllgell o= 0,750 ) DU o (pa o,y 10l Lo (7 0,7 -

Young’s inequality then yields

”DuHL“’(Td x[0,7)) = C+ Cng”Lw(o T;Lr(Td)) + C||96HL<><> 0,T:L?(T4))
+O||geHLoo 0,T;L» Td))”u HLoo (T4x[0,T])"

A further application of Young’s inequality implies the result. |
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7. LIPSCHITZ REGULARITY FOR THE HAMILTON—JACOBI EQUATION
In what follows we combine the results of Section 4 with the arguments from Section 6 to obtain the Lipschitz
regularity for the Hamilton—Jacobi equation.

Lemma 7.1. Let (u¢,m°) be a solution of (2.4)—(1.2). Suppose that A1—10 hold. Let 0,0,>1,0<uv,0<1.
Let r =1y, 7 =1 be given by (2.5) and py0, Py be given by (2.6). Suppose that p, ¢ > d, Psg > %. Then,

2(1+p) (r1} 7"u )

1D e 0,710 rtyy S €+ C 1D {7 o e

Proof. For ease of presentation, we remove the e. Theorem 2.3 implies that
1
HDUHLN(O,T;LOO(’]N)) <C+ C||g(m)||2;“(0,pm(qyd))

_1
+ CHg( )HLOO(O T: Lp('ﬂ‘d))”u”Loc 0 TLOO(’]I‘d))

Because p > %, we have from Lemma 2.2 that

lull oo 0,700 (1)) < C + Cllg(m)|| oo 0,7, 15 (Tay) -

By combining these, we obtain
1Dl o iy < € C gm0

+Cllg(m )”zo:(o T;LP(T7)) lg(m )HLoc(o T;L5(T4)) *
From Theorem 2.1, it follows that
2(14+w)a

e (110
1Dl e (0,7, o0 (ray) < C + C |1 Dull <o e ()

which establishes the result. 0
Proposition 7.2. Let (uf, m¢) be a solution of (2.4)—(1.2). Assume that A1—10 hold. Let#,0 > 1,0 < v,0 < 1.
Let r =rg, 7 =15 be given by (2.5) and p, g, Py be given by (2.6). Suppose that p,9 > d and Psg > % and
that (7.2) is satisfied. Then, Du¢ € L>(T? x [0,T).

Proof. Lemma 7.1 ensures that

?§1+;;23a (7‘61)_,’_7‘1))
HDueHLOO(O,T;LOC(T"’)) — C + C HD HLoouo % Loo(Td)) *
Because of (7.2), the result follows using Young’s inequality. O

The results in this section strongly depend on several constraints for the parameters in the various estimates.
It is critical to ensure that this set of constraints can be mutually satisfied. This is done in the following lemma:

Lemma 7.3. If0<u<1,d>2 and
2
a< —) 7.1
d(1+p)—2 (1)
then there exist By € {1, %), 1< 9,9~ and 0 < v, © < 1 such that for r = rg, 7 = 15 given by (2.5) and

P =Duo, D=Dg4 given by (2.6), we have that p > d, p > % and

A pa T8 <y (7.2)

(1 —p)Bo 0

are satisfied.
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Proof. To simplify, we introduce the variables M = 1 + p and w = a(dM — 2). Because 0 < pu < 1, we have
1 < M < 2. According to (7.1), 0 < w < 2. Moreover, 5y = %, for some 0 < \ < 1.
We have

_ dMox nd 5 dMOX
b 0+ v—6v)w b (0 40— 00)w
Since 2M > 2 and w < 2, one easily verifies that 20 > (é + 0 — éN)w; hence, for A sufficiently close to 1, we
have p > g
Inequality (7.2) becomes
((2 +d(6 — 1))% +(2+d(6 - 1))%) w < Ad(2—M). (7.3)
Because d > 2, we also have 2+ d(0 — 1) < df, 2+ d(6 — 1) < df. Therefore,

(2+d0-1)% +@+dd - 1))%)11) < d(v+ D)w.

| <

Consequently, if there are § > 1, v, 0 € (0,1) such that

MO > (0 +v—6v)w, (7.4)
(v+D)w <2— M, (7.5)
then, for X\ sufficiently close to 1, we have p > d, p > % and (7.3).
Since 2 — M < M < 2, we consider 3 cases:
Casel. w<2—- M. Forv<l1
M+@w-1Nw>M+w-1)2-M)=v2-M)+2(M-1) > (2—- M)v.
For 6 > 1,
OM+ (v—1w) >002—-Mv>((2-M)v>w,
which gives (7.4).
Foro<l—wv, (v+0)w<w<2—-M.
Case II. 2 — M <w < M. Fix v > 0 such that 0 < vw <2 — M. For § > 1,

(o (B o= G0

which gives (7.4).

Choosing 0 < — v, we get (7.5).
Case III. M < w < 2. For w—M <vw < (2 — M), we get (7.4) by selecting

vw

0> — —— .
- M —w+ vw

Choosing 0 < — v, we get (7.5). O
Now, we close the paper with the Proof of Theorem 2.4:

Proof of Theorem 2.4. It remains to check that (2.5) as well as (2.6) and (7.2) hold simultaneously. In fact,
under A10, this simultaneous condition follows from Lemma 7.3. O
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