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ON THE CONTROL OF THE LINEAR KURAMOTO-SIVASHINSKY
EQUATION *

EDUARDO CERPA!, PATRICIO GUZMAN! AND ALBERTO MERCADO!

Abstract. In this paper we study the null controllability property of the linear Kuramoto—Sivashinsky
equation by means of either boundary or internal controls. In the Dirichlet boundary case, we use the
moment theory to prove that the null controllability property holds with only one boundary control if
and only if the anti-diffusion parameter of the equation does not belong to a critical set of parameters.
Regarding the Neumann boundary case, we prove that the null controllability property does not hold
with only one boundary control. However, it does always hold when either two boundary controls or
an internal control are considered. The proof of the latter is based on the controllability-observability
duality and a suitable Carleman estimate.
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1. INTRODUCTION

The Kuramoto—Sivashinsky equation is given by

where A > 0 is known as the anti-diffusion parameter. This equation was derived independently by Kuramoto
and Tsuzuki, in [14,15], as a model for phase turbulence in reaction-diffusion systems, and by Sivashinsky,
in [17,20], as a model for the physical phenomenon of plane flame propagation. The role of A is to add some
instabilities to the model and this occurs with A > 0.

In this paper we study the control properties of the linear Kuramoto—Sivashinsky equation (consider (1.1)
without the nonlinear term zz,), posed with Dirichlet or Neumann boundary conditions, by means of either
boundary or internal controls. The physical interpretation of these actuators is related to heat flux or fuel supply
if flame front propagation is considered. We first focus on the following boundary control systems.
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Dirichlet Case — Boundary Control:

2t + Zagze + Noze = 0, (t,2) € (0,T) x (0,L),
2(t,0) = uy(t), z(t,L) =0,t € (0,T),
22(t,0) = ua(t), 2.(t, L) =0,t € (0,7T),
2(0,2) = zo(x), x € (0, L).

Neumann Case — Boundary Control:

2t + Zoawa + Aea =0, (t,2) € (0,T) x (0, L),
2ae(t,0) = ur(£), zealt, L) = 0, 1 € (0,7),
zzza(t,0) = u2(t), 2zeea(t, L) =0,t€(0,T),
2(0,2) = zo(x), x € (0, L).

(1.3)

Given the parabolic character of these equations, the appropriate control notion to study is the null con-
trollability, which is defined as follows. The above equations are said to be null controllable in time 7" > 0 if|
given any initial state zg, there exist controls (ug,us) such that the corresponding solution z = z(t, x) satisfies
z(T,-)=0.

In the literature, there are already some control results for these equations. In fact, by using four boundary
controls, in [13], the robust control has been addressed for (1.2). In [16], the stability and stabilizability issues
have been studied for (1.2) and (1.3). The question of using less controls in (1.2) has been raised in [2], where
the case u; = 0 is considered. Indeed, by using the control us only, the null controllability of (1.2) is proven to
hold if and only if the anti-diffusion parameter, A > 0, does not belong to the set of critical parameters

C o { (52 + k?)m?

72 / (j,k) € N? with the same parity and j < k} . (1.4)

In this paper we complete the study in [2] by proving the following result.

Theorem 1.1. Consider the case us = 0 and suppose that

Agég::Cu{LllZ—Zz/leN}. (1.5)

Then, for every zo € L?(0,L), there exists uy € H'(0,T) such that the unique solution z € C([0,T]; L*(0, L))
of equation (1.2) satisfies z(T,-) = 0 in L*(0,L). Moreover, if X € G, then equation (1.2) is not null controllable
in time T > 0 in L*(0, L).

Therefore, in the Dirichlet case, the null controllability property holds with only one control provided that
A > 0, the anti-diffusion parameter, does not belong to the corresponding set of critical parameters (1.4) or (1.5).
The situation improves with two controls, where A > 0 does not play any role in the null controllability property.
In fact, this property holds with two controls and has already been shown in [2,3] by using the moment theory
and a suitable Carleman estimate respectively.

The proof of Theorem 1.1 makes use of the fact that the operator

Ap:ye€ H*nHZ0,L) C L?(0,L) — —y"" — \y" € L*(0, L), (1.6)

which is the underlying spatial operator in (1.2), has a compact resolvent and is self-adjoint. Therefore, it has a
discrete spectrum consisting only in real eigenvalues, {0\ }ren, and its corresponding eigenfunctions, {¢x }ren,
form an orthonormal basis of L?(0, L). This allows us to transform the null controllability problem into a problem
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of moments (see Lem. 2.5), which is solved by using the moment theory developed by Fattorini and Russell
in [8], and the results on the asymptotic behaviour of o and ¢}’(0) when k — 400 obtained in ([2], Lem. 2.2).

Remark 1.2. Consider us = 0 and suppose that A € G. Theorem 1.1 tells us that equation (1.2) is not null
controllable in time 7" > 0 in L?(0, L). Being more precise, in the proof of that theorem we see that if A € G,
then there exists n € N, depending on A € G, such that ¢!”(0) = 0. Furthermore, in that case, the inital states
29 € L%(0, L) that cannot be driven to the null state in time 7' > 0 are those that satisfy

L
/ z0(x)pp (z) dx # 0.
0
Regarding the Neumann case, up to our best knowledge, there are no controllability results. In this case, the
corresponding underlying spatial operator is
Ay iye{ve HYO,L) /" € H2(0,L)} € L2(0,L) — —y"" — Ny € L2(0, L),

which has a compact resolvent but is not self-adjoint because of the boundary conditions. Accordingly, we cannot
follow the same strategy based on the moment theory for studying the null controllability property. With a useful
characterization of this property (see Lem. 3.5), we have obtained the following negative controllability result
when only one control is considered.

Theorem 1.3.
(a) Consider the case ug = 0 and suppose that zg € L?(0, L) is such that

L
/0 zo(z) cos (VAz) dz # 0. (1.7)

Then, for every uy € L?(0,T) the unique solution z € C([0,T]; L*(0, L)) of equation (1.3) satisfies z(T,-) # 0
in L2(0, L).
(b) Consider the case u; = 0 and suppose that zg € L*(0, L) is such that

L
/0 zo(z) sin (VAz) dz # 0. (1.8)

Then, for every us € L*(0,T) the unique solution z € C([0,T); L*(0, L)) of equation (1.3) satisfies z(T,-) # 0
in L*(0,L).
As in the Dirichlet case, the situation improves when two controls are considered.

Theorem 1.4. For every zo € L?(0,L), there exist (u1,uz) € L%*(0,T)? such that the unique solution z €
C([0,T); L*(0, L)) of equation (1.3) satisfies z(T,-) = 0 in L*(0, L).

In virtue of the controllability-observability duality (see [5], Thm. 2.44 or [21], Thm. 11.2.1 for instance), we
could prove Theorem 1.4 by showing the existence of a constant C' > 0 such that

T
\mmwbmm364 (la(t, 0) + las (£, 0)1?) da, (1.9)

for every ¢ = ¢(t, x) satisfying the adjoint equation

~qt + Quazz + Azz = 0, (t,2) € (0,T) x (0, L),
(qza +Aq)(t,0) = 0, (gue +Ag)(t, L) =0, € (0,T),
(gzzz + A2)(£,0) =0, (qoax + Aq2)(t, L) =0, t € (0,T),
q(T,z) = qr(z), = € (0, L),

(1.10)
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with g7 € L?(0, L). An adequate tool for obtaining observability inequality (1.9) is a Carleman estimate for (1.10)
with boundary observation. However, due to the boundary conditions of (1.10), we were not able to obtain the
desired Carleman estimate. Because of this difficulty, we have followed a different strategy to prove Theorem 1.4.
We first prove the internal null controllability and then we use it to obtain the boundary null controllability
by means of trace arguments. Consider w C (0, L) as a given non-empty open interval such that @ C (0, L).
Denoting by 1, the characteristic function on w, the above-mentioned internal control system is the following
one.

Neumann Case — Internal Control:

2t + Zozaw + ANwe = ully,, (t,l‘) € (OvT) X (OvL)v

220 (t,0) =0, z42(t, L) =0,t € (0,T),
(1.11)
Zoza(t,0) =0, 24ee(t, L) =0,t € (0,T),

2(0,z) = zo(x), z € (0, L).

We have obtained the following result.

Theorem 1.5. For every zo € L?(0,L), there exists u € L%*(0,T; L?(w)) such that the unique solution z €
C([0,T); L*(0, L)) of equation (1.11) satisfies z(T,-) = 0 in L?(0,L).

Thanks to the controllability-observability duality, we can prove this theorem by showing the existence of a
constant C' > 0 such that

T
1400, ) 2500 < C / / lg(t, 2)|dadl, (1.12)

for every q = q(t,x) satisfying (1.10) with ¢z € L?(0, L). We derive a suitable Carleman estimate for (1.10)
with internal obervation, which allowed us to obtain (1.12) and prove Theorem 1.5. Finally, we make use of the
regularizing effect of equation (1.3) when u; = ua = 0 (see Prop. 3.3) to prove that this internal control result
implies Theorem 1.4. Note that a similar internal control result has been obtained in ([22],Thm. 1.3) for the
Dirichlet case.

This paper is organized as follows. The Dirichlet case is addressed in Section 2 by presenting well-posedness
results (Sect. 2.1), the characterization of the null controllability property (Sect. 2.2) and the proof of Theo-
rems 1.1 and 1.2 (Sect. 2.3). The Neumann case is addressed in Section 3 by presenting well-posedness results
(Sect. 3.1), the proof of the negative controllability result (Sect. 3.2) and the proof of Theorems 1.4 and 1.5
(Sect. 3.3). Finally, in Section 3.4 the suitable Carleman estimate used in our study is derived.

Remark 1.6. In [19] the author showed that the linear Korteweg-de Vries equation is exactly controllable,
with a single boundary control, if and only if the length of the interval where the equation is posed does not
belong to a critical set of lengths. Other works related to the control of the Korteweg-de Vries equation where
this phenomenon is found are [4,11]. With a suitable rescaling in the linear Kuramoto—Sivashinsky equation,
we could have studied the problem of finding critical lengths L, instead of critical anti-diffusion parameters A,
for which the null controllability property fails.



ON THE CONTROL OF THE LINEAR KURAMOTO-SIVASHINSKY EQUATION 169

2. DIRICHLET CASE

2.1. Well-Posedness

In this section we present the well-posedness results needed for studying control system (1.2). Let us consider
the equation

2t + Zozwrw + Neww = fa (t,l‘) € (O’T) X (OvL)v

z =u t,L)=0,t , 1),
) = ) D) =0t € (0.7, @1)

2(0,2) = zo(x), z € (0, L).

From [2,3,13,16] it is known that Ap, which was defined in (1.6), is an infinitesimal generator of a strongly
continuous semigroup in L2(0, L). Therefore, in virtue of ([18], Cor. 2.10, Chapt. 4), it follows that equation (2.1)
with w3 = uz = 0 has a unique solution z € C([0,T]; H* N HZ(0, L)) N C*([0,T]; L*(0,L)) provided that
f e CY[0,T); L*(0, L)) and zg € H*N HZ(0,L). The above facts and suitable energy estimates, that can be
obtained, for instance, by employing the techniques used in [1,12,13], allow us to use a density argument to
conclude the following result.

Proposition 2.1. Let f € L?(0,T; L*(0, L)) and u1 = ug = 0.

(a) If 29 € L*(0,L), then equation (2.1) has a unique solution z € C([0,T]; L*(0,L)) N L*(0,T; HZ(0,L)).
Moreover, there exists C' = C(T,L,\) > 0 such that

121l co1:L200,L))nL200, 7512 0,L)) < C (I £l z20.7:22(0.2)) + 20l 220,1)) -

(b) If 20 € HZ(0,L), then equation (2.1) has a unique solution z € C([0,T]; H3(0, L)) N L?(0,T; H(0,L)).
Moreover, there exists C' = C(T,L,\) > 0 such that

12lleqo,11:H2(0,2))nL2 (0,132 0,)) < C (”f”L?(O,T;L?(O,L)) + ||Zo\|Hg(o,L)) .

With the aid of a suitable lifting function, we can use the previous proposition to study equation (2.1) with
non-homogeneous boundary conditions.

Proposition 2.2. Let f € L*(0,T;L?(0,L)), (u1,us) € H*(0,T)? and zo € L*(0,L). Then, equation (2.1)
has a unique solution z € C([0,T]; L?(0, L)) N L?(0,T; H?(0,L)). Moreover, there exists C = C(T,L,\) > 0
such that

2]l (o, m:20,2))n L2 (0,3 200,L)) < C (1 Fl20,130200,1)) + (w1, u2) | o,m)2 + |20/l L2(0,1)) - (2.2)
Proof. With the aid of the polynomials

dy(z) :=2L732% — 3L %% + 1, da(x):= L% — 2L '2? +

we define the lifting function

Yp(t,x) == uy(t)di () + uz(t)dz (x).

By taking into account that g := f — (¥p)t — (VD) awza — A(¥D )2z and yo(x) := zo(z) — ¥ p (0, z) are elements
of L?(0,T; L?(0, L)) and L?(0, L) respectively, it follows that the equation

Yt + Yzaza + Moz = g, (t,l’) € (O,T) X (O,L),
(£,0) = 0, y(t, L) = 0.1 € (0,T),

Y. (t,0) =0, y.(¢t, L) =0, t € (0,7T),
(0 x) - yO(x)a (OaL)a
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has a unique solution y € C([0, T]; L%(0, L)) N L?(0,T; H3(0, L)) thanks to Proposition 2.1(a). Furthermore, this
solution satisfies

19l c(o,71:2200,Ly)nL20,1312 0,2)) < C (9]l 2207522 (0,)) + 1901l L2(0,1)) - (2.3)

From ¢p(t,0) = wui(t) and (¢¥p).(t,0) = wus(t), we get that 2 := y + ¢p € C([0,T]; L*(0,L)) N
L2(0,T; H%(0,L)) is a solution of equation (2.1). The continuous injection H'(0,T) — C([0,T]) allows us
to get

1¥plleo,ric2o.0)) < Cll(ur, u2)ll 0,12,
which combined with ||z|| — [[¢p]| < ||y| (valid for any norm) and (2.3) give us (2.2). This inequality and the

linearity of the equation yield the uniqueness of solutions. The proof of Proposition 2.2 is complete. O

We finish this section with a result concerning the regularizing effect of equation (2.1) when f = 0 and
u1 = ug = 0. This will be used in Section 3.1 when studying the regularizing effect of the uncontrolled equation
associated to the Neumann case (see Prop. 3.3).

Proposition 2.3. Let 7 € (0,T) and zo € L?(0,L). Then, the unique solution z € C([0,T]; L*(0,L)) N
L2(0,T; H3(0,L)) of equation (2.1) with f =0 and u; = us = 0 belongs to

RD(r, L) := C([r, T}; H (0, L)) N L*(r, T HY(0, L)) 0 H' (7, T; L*(0, L))
Moreover, there exists C = C(T, L, \) > 0 such that

1/2
1
I2lleqo,11:20,2))n 220,732 0,2)) T |2l RD(,2) £ C (1 + ;) 20l 22(0,1)- (2.4)

Proof. We make all the computations needed considering zo € H* N HZ(0,L), so that equation (2.1) would
have a unique solution z € C([0, T|; H*N HZ(0, L)) N C1([0,T); L*(0, L)). The case zy € L?(0, L) follows from a
density argument after obtaining (2.4).

Let us consider a regular function ¢ = ¢(t). Multiplying equation (2.1) by zzz.2¢ We get

1 L0 (|2an(t,2)]?)
_/0 ot

2
Let 7 € (0,T). First, taking ¢(¢t) = 1 in (2.5) and then integrating the equation over (t,7") we get, thanks to
the Cauchy inequality, that for every ¢t € [r,T] it holds

L L
6(t) d + /0 |amen 26(t) d + /0 Nowa (6, 2) 2amen (b, D)6(H) dz = 0. (2.5)

Hzm(t»‘)H%%o,L) < ||z2a (T, ')||2L2(O,L) +3HmeH%%T,T;L?(o,L)) + )‘2HZJE!JC||2L2(T,T;L2(O,L))‘ (2.6)

Second, taking ¢(t) =t in (2.5) and then integrating the equation over (0,7") we get, thanks once again to
the Cauchy inequality, that

T oL
THZZEIE(T’ ')H%P(O,L) +A A ‘Zxxxm|2t dzdt < (1 + T>\2)||ZII||%2(0,T;L2(O,L))’
Here we can use that 7 € (0,7") to obtain

C

222 (T, ‘)H%2(0,L) + ||Zzzzz”%2(f,T;L2(o,L)) < ?‘|me‘|i2(0,T;L2(O,L))’
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Third, from the combination of (2.2) with the previous inequality and (2.6) we arrive at

1
||Z\|zc([T,T];Hg(o,L))nL2(T,T;H4(o,L)) <cC <1 + ;) ||ZOH%2(O,L)'

Note that we have used the fact that |[v™ || 2.1y + |[v[|£2(0,1), With n € N, is a norm equivalent to ||v|| grn(0,1)-
Furthermore, the equation z; = —z;400 — A2z, tells us that we actually have

|
2 2
2le 7y m200, L) M L2, 738 0, 1 (73220, ) < © (1 + ;) 10llZ2(0,1)-

Finally, (2.2) together with the previous inequality gives us (2.4). Furthermore, this inequality and the
linearity of the equation yield the uniqueness of solutions. The proof of Proposition 2.3 is complete. g

In the forthcoming sections we will apply the results developed here to

—Gt + Qezez + Mz = G, ( ) € ( aT) X (O,L),

g(t.0) = 0, g(t. L) = 0. ¢ € (0,
QI(t 0)_0 QI(t L)_O te(o

o(T.7) = gr(e), x € (0.1,

which corresponds to the adjoint equation associated to equation (1.2) when G = 0.
2.2. Boundary control with one input

In this section we state useful characterizations of the null controllability for control system (1.2). Its proofs
are very classical.

Lemma 2.4. Consider uy = 0. Equation (1.2) is null controllable in time T > 0 in L?(0, L) if and only if for
any zo € L*(0, L) there exists uy € H*(0,T) such that for every qr € H3(0, L) it holds

L T
/ 20(2)9(0, ) dz = / w1 (#)gua (£, 0) dt, (2.8)
0 0

where ¢ = q(t, z) is the unique solution of adjoint equation (2.7) with G = 0.

We make use of the following fact, taken from [2], to transform the null controllability problem into a problem
of moments.

(F) Ap, defined in (1.6), is a self-adjoint operator whose resolvent is compact. Its spectrum is a discrete set
consisting only of real eigenvalues, denoted by {0y } xen, satisfying o < A\2/4 for all k € N and limy_ 4 o0 0% =
—o0. Its corresponding eigenfunctions, denoted by {dx}ren, are elements of H* N HZ(0, L) and form an
orthonormal basis of L2(0, L).

Lemma 2.5. Consider uy = 0. Equation (1.2) is null controllable in time T > 0 in L?(0, L) if and only if for
any

= zfon(x) with Y |z5|* < +oo, (2.9)
kEN keN
there exists f € H*(0,T) such that
( / ft)eortdt = z5e*T | VEk € N. (2.10)

The control is given by uq(t) := f(T
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2.3. Spectral analysis

The purpose of this section is to prove Theorem 1.1. The proof is based on the spectral analysis of the
operator Ap, which was defined in (1.6).

Proof of Theorem 1.1. Every initial state 2o € L?(0, L) can be written as

Zzogbk Z|z§| < +o00.

keN keN

In virtue of Lemma 2.5, control system (1.2) is null controllable in time 7' > 0 in L?(0, L) if and only if there
exists f € H*(0,T) such that

2 / f(t)eo t dt = 25T Yk € N.

Hence, provided that ¢}'(0) # 0 for every k € N, we arrive at the following problem of moments. Find f €
HY(0,T) such that

/ F(t)ert dt = z@/i , VEeEN.
% (0)
This problem of moments can directly be solved by using the moment theory developed by Fattorini and Russell
(see [8], Cor. 3.2), and the results on the asymptotic behaviour of oy, and ¢}’(0) when k — +oo given in ([2],
Lem. 2.2). Therefore, the only thing left to do is to determine when ¢} (0) # 0 for every k € N.
In order to make the notation clearer, we omit the subscript & in the eigenvalues and eigenfunctions. Let
(¢, o) satisty

_¢//// _ )\¢// — Ugb, T E (O’L)’
{ $(0) = ¢(L) = ¢'(0) = ¢'(L) = 0. (2.11)

We consider the following three cases: 0 > 0, 0 = 0 or o < 0. For the sake of completeness, we write again
all the computations of the eigenfunctions that appear in the proof of ([2], Lem. 2.1). A similar analysis has
been done in [6].

Case 1: 0 > 0. Because of (F) we know that there exist a finite number of positive eigenvalues satisfying
o < A?/4 (it can be shown that o # \?/4). Set

2 2

o ()\—\//\2—4a>1/2 5 </\+\/)\2—4a>1/2

‘We have that

¢(x) = Cycos (a(x — L/2)) + Cosin (a(z — L/2)) + C5 cos (B(x — L/2)) + Cysin (B(x — L/2)),

is a solution of equation (2.11). The real constants Cy, Cs, C5 and Cy4 make ¢ satisfy the boundary conditions
n (2.11), and hence, these are the solutions of

woiaih st ] = 6] 212

S1
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i ) | A RAR 213)

Sa

From (2.12) and (2.13) we get two finite sets of positive eigenvalues, which we denote by {01, }.2; and {02, }12,
for a certain (mq,msg) € N2.

(a) {o1.n}n?, is obtained from the positive solutions of det (S1) = 0. Thus, they satisfy

asin(aL/2) cos(SL/2) = Bsin (BL/2) cos (aL/2). (2.14)

The following two possibilities are considered. The first possibility is when cos(aL/2) # 0.
From (2.12), (2.13) and (2.14) we get that the eigenfunctions associated to oy, are

oa(z) =Cs {—% cos (a(x — L/2)) + cos (B(x — L/Q))} ,
pp(r) =Cy {—% sin (a(x — L/2)) + sin (B(x — L/Q))} .

Considering (2.14) we arrive at

4(0) = Csp(a® — %) sin (BL/2), ¢ (0) = Caf(a® — B°) cos (BL/2).
Let us study when ¢4 (0) # 0 and ¢ (0) # 0. On the one hand, if ¢’y (0) = 0, then from (2.14) we get
sin (aL/2) = 0, allowing us to conclude, together with 52 — a? = /A2 — 40 and %2 +a? = ), that A > 0
should be of the form X = [(24)? + (2k)?] 7%/L? with (j, k) € N? being such that j < k. On the other hand,
from (2.14) we conclude that ¢/5(0) # 0.
The second possibility is when cos (aL/2) = 0. From (2.12), (2.13) and (2.14) we get that the eigenfunctions
associated to oy, are

a(a) = Co |~ LR cos (ol — 1/2) + cos (30 - 1/2)].
ona) = Ca |~ S0 sin (e - £/2) +sin (3o — £/2)|.

Considering (2.14) we arrive at

%(0) = C3B(a” — 52)sin(BL/2), ¢75(0) = Caf(a® — 5%) cos(BL/2).
As we did before, let us study when ¢’{(0) # 0 and ¢’5(0) # 0. On the one hand, from (2.14) we conclude
that ¢4 (0) # 0. On the other hand, from (2.14) we get ¢’5(0) = 0, allowing us to conclude, together with
B? —a? =vA2 — 40 and 3% 4+ o® = A, that A > 0 should be of the form A = [(2j + 1)* + (2k + 1)?] x2/L?
with (4, k) € N? being such that j < k.

(b) {o2.n}2, is obtained from the positive solutions of det (S2) = 0. Thus, they satisfy

n=

asin(BL/2) cos(aL/2) = Bsin (aL/2) cos (BL/2).

This time we consider the possibilities sin (aL/2) # 0 and sin (oL /2) = 0, where the computations and con-
clusions are the same as those obtained in the possibilities cos (L /2) = 0 and cos (L /2) # 0, respectively,
of the previous part.
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(42 + k?*)m?
72

Case 2: 0 = 0. We have that

Therefore, if \ ¢ { / (4, k) € N? with the same parity and j < k}, then ¢ (0) # 0.

é(z) = C1 + Oy (z — L)2) + Cs cos (ﬁ(x - L/2)> + Cysin (\/X(x - L/z)),

is a solution of equation (2.11). The real constants Cy, Cs, C5 and C4 make ¢ satisfy the boundary conditions
in (2.11), and hence, these are the solutions of

B x/CXO;EI\(F\A/IXJ/LQ/)Q)] {gj - {8] ) (2.15)
S1

H jfii{%é?z)] [gﬂ - {8] ' (2.16)
Sa

The following two possibilities are considered.

(a) Let us assume that det (S7) = v Asin (VAL/2) = 0, which is when vAL/2 = I with | € N. Since det (S5) =
LV Xcos (VAL/2) — 2sin (VAL/2) # 0, we get that Cy = Cy = 0 is the unique solution of system (2.16),
allowing us to conclude that ¢/(0) = —C3AV/Asin (VAL/2) = 0. Note that \ # 41?7%/L? with | € N gives
us ¢ (0) = —CyAv/Acos (VAL/2) # 0 thank to det (S;) # 0.

(b) Let us assume that det (So) = Lv/Acos (VVAL/2) — 2sin (VAL/2) = 0, which tells us that det (S;) # 0. Since
the unique solution of system (2.15) is C; = C3 = 0, we get that ¢’ (0) = —CyAv/Acos (VAL/2) # 0.
. 41?72 "
Therefore, if A ¢ 72 /1€ N3, then ¢"(0) # 0.

Case 3: 0 < 0. In this case we set

1/2
o (—)\+\/>\2—4a> / b <>\+x/>\—4o>1/2
- 2 ) P 2 )

We have that

¢(x) = Cy cosh (a(x — L/2)) + Cysinh (a(z — L/2)) + Cs cos (B(x — L/2)) + Cysin (B(xz — L/2)),

is a solution of equation (2.11). The real constants Cy, Cy, C3 and Cy make ¢ satisfy the boundary conditions
in (2.11), and hence, these are the solutions of

{ cosh (aL/2) cos(BL/2) ] {Cl} _ {0] 7 (2.17)

asinh (aL/2) Bsin (BL/2) | | Cs 0
S1
{;éﬁ?é?fﬁ%) ﬁsér;s(?ﬁLL/%)] [gﬂ - m : (2.18)

Sa

From (2.17) and (2.18) we get two sets of negative eigenvalues, which we denote by {1, tnen and {02 5 }nen.
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(a) {01,n}nen is obtained from the negative solutions of det (S1) = 0. Thus, they satisfy

—asinh (aL/2) cos (BL/2) = (sin (BL/2) cosh (aL/2). (2.19)
Considering (2.19) we get

det(S2) = [ cos (BL/2) sinh (aL/2) — asin (BL/2) cosh (aL/2),
= — (a® + ?)sin (BL/2) cosh (aL/2)/a,

which tells us that Co = C4 = 0 is the unique solution of system (2.18). Accordingly, from (2.17) we get
that the eigenfunction associated to oy ,, is

o(x) = Cs —% cosh (a(z — L/2)) + cos (B(z — L/2))| .

Once again, (2.19) allows us to conclude that
§"(0) = —C3B(a® + B%) sin (BL/2) # 0.
(b) {o2,n}nen is obtained from the negative solutions of det (Sz) = 0. Thus, they satisfy

asin (BL/2) cosh (aL/2) = (B cos (SL/2)sinh (L /2). (2.20)
Considering (2.20) we get

det(S2) = — Bsin (BL/2) cosh (aL/2) — avcos (BL/2) sinh (aL/2),
= — (® + %) cos (BL/2)sinh (aL/2) /.

which tells us that C; = C3 = 0 is the unique solution of system (2.17). Accordingly, from (2.18) we get
that the eigenfunction associated to o, is

d(x) =Cy —% sinh (a(x — L/2)) +sin (B(x — L/2))] .

Once again, (2.20) allows us to conclude that

¢"(0) = —Caf(a® + §°) cos (BL/2) # 0.

Therefore, for every A > 0 we have that ¢"/(0) # 0.
From the combination of the three above cases we conclude that ¢}’ (0) # 0 for every k € N if and only if

-2 2\,2 An2]2
AN¢G = {W/(j,k)el\l2 with the same parity andj<k;}u{7;—2l/l€N}.

Now, it only remains to prove that equation (1.2) is not null controllable in time 7" > 0 in L?(0, L) when

A € G. If X € G, then there exists n € N, depending on A € G, such that ¢!/ (0) = 0. Consider an initial state
29 € L%(0, L), satisfying

L
/0 20(2)n () dw £ 0,
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as the initial state of equation (1.2). If we take gr(z) = ¢, (x) as the final state of adjoint equation (2.7) with
G = 0, then we get that ¢(t,z) = e(T=19 ¢, () is its unique solution. Hence, for every u; € H'(0,T) we have
that

L

./o zo(x)q(0,z) dx # 0.
T

. /O (D) guan (£,0) di = 0.

Therefore, the preceding points and (2.8) of Lemma 2.4 give us the desired result. The proof of Theorem 1.1
is complete. O

3. NEUMANN CASE

3.1. Well-Posedness

In this section we present the well-posedness results needed for studying control system (1.3). Let us consider
the equation

2t + Zezas + Ngar = f7 (t,l‘) S (O,T) X (OaL)a
2oz (t,0) = ug(t), z2a(t,L) =0,¢t € (0,T),
2oa(t,0) = ua(t), 2e00(t, L) = 0, € (0,T), (3.1)
(0’1') = Zo(x), S (OaL)a

We begin studying this equation with homogeneous boundary conditions.

Proposition 3.1. Let f € C*([0,T]; L?(0,L)) and 29 € Ny := {v € H*(0,L) HZ(0,L)}. Then, equa-

/v
tion (3.1) with uy = uz = 0 has a unique solution z € C([0,T}; N1) N C*([0,T]; L*(0, ))

Proof. We use the semigroup theory for the proof of this proposition. Let us consider the bilinear form a :
H?(0,L) x H?(0,L) — R defined by

L L
a(u,v) ::/O u”(x)v" (x) dx—i—/o 2 (z)v(z) da.

Let Ay be the unbounded operator with domain

D(Ay) :={u € H*(0,L) / v a(u,v) is continuous over H?(0, L) for the L*(0, L)-topology},

defined through (Ayu,v)r2(,1) = a(u,v). From the continuous injection H™ (0, L) — C™ ([0, L]), m € N, the
identity

=L =L
a(u,v) = (" + X", v) 20,0y + u” (@) (@) ;2 — v (@) (@)], 2,
and the Cauchy inequality, we get that D(Ay) = N and Ay : D(Ay) C L?(0,1) — L%*(0,L) is given by
Anu=u""+ M".
It turns out that Ay is the underlying spatial operator of equation (3.1). Therefore, ([18], Cor. 2.10, Chap. 4)

would allow us to conclude our result if —Ay is an infinitesimal generator of a strongly continuous semigroup
in L2(0, L). The inequality

b 2 lL 2—1L Z—Lv”xvxxavv
| w@pde 5 [ @ =5 [C@ds - [ @) de + ao),

1 2 L 1 L
<12 / fo(a)[2d + & / o () 2da + a(v, v),
2 0 2 0
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and the fact that [|v"(|z2(0,) + [|[v]|L2(0,1) is an equivalent norm to the norm |[v||z2(o,1), lead us to the existence
of a A\g € R and an a > 0 such that for every v € H?(0, L) it holds

allvll 20,0y < AollvllZ2(0. 1y + alv,v).

Accordingly, ([7], Th. 3, Chap. XVII) gives us the desired property for —Ax. The proof of Proposition 3.1 is
complete. O

With the aid of a suitable lifting function, we can use the previous proposition to study equation (3.1) with
non-homogeneous boundary conditions.

Proposition 3.2. Let f € L*(0,T;L?(0, L)), (u1,uz2) € L*(0,T)? and zo € L?(0,L). Then, equation (3.1) has
a unique solution z € C([0,T]; L?(0, L)) N L*(0,T; H?(0, L)). Moreover, there exists C = C(T,L,\) > 0 such
that

”ZHC([O,T];L"’(O,L))OLQ(0,T;H2(O,L)) <C (||f||L2(0,T;L2(0,L)) + [ (u1, U2)||L2(0,T)2 + HZ0||L2(O,L)) . (3.2)

Proof. Let us assume that f € C*([0,T]; L?(0, L)), (u1,u2) € {u € C*([0,T]) / u(0) = 0} and 2y € N1. With
the aid of the polynomials

ny(z) == (1/10)L732° — (1/4)L 22" + (1/2)2?, na(x) := (1/20)L 22" — (1/6) L~ a* + (1/6)2”,

we define the lifting function

YN (t, ) = u1(t)ny (x) + ua(t)na(x).

By taking into account that g := f — (¥n)t — (VN )zzze — MWUN )z and yo(x) := zo(z) — N (0, z) = 2zo(z) are
elements of C'([0,77]; L?(0, L)) and N7, respectively, it follows that the equation

Yt + Yvawaa + /\yacac =9, (t,.%‘) € (O,T) X (O,L),

yzz(ta 0) =0, yzz(ta L) =0,t€ (OaT)a
ymmm(t, 0) = 0’ yIIZ(ta L) = 0, t 6 (0’ T)’
y(O,az) = yo(as), T e (OvL)v

has a unique solution y € C([0, T]; N1,) N C([0,T]; L*(0, L)) in virtue of Proposition 3.1. From () (t,0) =
w1 (t) and (YN )zzz(t, 0) = ua(t), we get that 2z := y+¢n € C([0,T]; H*(0,L)) NC*([0,T]; L*(0, L)) is a solution
of equation (3.1).

Multiplying equation (3.1) by z we get

1d

L L L L
o (/0 z(t,x)zdx> —1—/0 Zozax(t, ) z(t, ) d:r—l—/o Azza (L, 2)2(L, @) d:E:/O flt,x)z(t,x)de.  (3.3)

Two integrations by parts on (0, L) and the Cauchy inequality lead us to

L L
/ Zazwa(t, 2)z(t, 2) dz = / |2 (b, ) 2A2 — 2 (b, 2) 20 (6, 2) |5y + 2wt 2)2(E, ) |5y
0 0

L
1
> [ et = o (aOF +ua(OF) = el s 0.0y
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where ¢ > 0 will be chosen later. Combining the above inequality with (3.3) and then using the continuous
injection H2(0, L) — W1°°(0, L) we obtain

5 (/ Z“’@zdf) + /Olemt’x)zdw < @) Pde 4 (143 / " Jett.2) e

+ % (lur @) + lua(®)?) + Cellz(t, 30,0y (3:4)

Applying Gronwall’s Lemma to (3.4) gives us

HZ”QC([O,T];L?(O,L)) + HZ||2L2(0,T;H2(0,L)) <C (||f||2L2(o,T;L2(o,L)) +e | (u, U2)||2L2(0,T)2
+||ZOH%2(0,L) + €||ZH%2(0,T;H2(O,L))) : (3.5)

Note that here we have the fact that ||zze|/z2(0,7;22(0,)) + |2l 22(0,7;22(0,1)) 15 an equivalent norm to the norm
2]l 20,7 12 (0,1))-

Therefore, we arrive at (3.2) after the choice of ¢ = 1/(2C) in (3.5). Since C*([0,7T]; L*(0,L)), {u €
C?([0,T]) / u(0) = 0} and Ny, are dense in L%(0,T;L?(0, L)), L?>(0,T) and L?(0, L) respectively, (3.2) al-
lows us to use a density argument to conclude that equation (3.1) has a unique solution z € C([0,7T7]; L*(0, L)) N
L2(0,T; H%(0, L)) provided that f € L?(0,T;L?(0,L)), (u1,us) € L?(0,T)? and 29 € L*(0,L). Note that the
uniqueness of solutions comes from the linearity of equation (3.1) together with (3.2). The proof of Proposi-
tion 3.2 is complete. O

Our next result concerns the regularizing effect of equation (3.1) when f = 0 and uy = uz = 0. This will play
a key role in the proof of Theorem 1.4.

Proposition 3.3. Let 7 € (0,T) and zo € L?(0,L). Then, the unique solution z € C([0,T]; L*(0,L)) N
L?(0,T; H*(0, L)) of equation (3.1) with f =0 and u; = uz = 0 belongs to

RN (7, L) := C([r, T); Np) N L*(7, T; H5(0, L)) N H' (7, T; H*(0, L)).
Moreover, there exists C = C(T, L, \) > 0 such that

1/2
Izllc(jo,71:22(0,L))nL2(0,7: 52 (0,L)) + I2llRA(,2) < C <1 + ;) lzoll L2 (0, L) (3.6)

Proof. For a 7 € (0,T) given, consider 71 € (0,7). By noting that we can carry out the same computations as
those made in the proof of Proposition 2.3, it is possible to conclude that z € C([r1, T|; H*(0, L))NL?(71, T; N7.)N
H'(ry,T; L0, L)) provided that zo € L?(0, L).

Since y := z,, satisfies the equation

Yt + Yezaz + AYze = 0, (t7x) € (TlvT) X (O,L),
y(t,O) = 07 y(t,L) = 07 te (TlaT)a
yﬂf(tvo) = Oa ym(tvL) = 07 te (TlaT)a
y(Tlvl') = Zzz(Tlax)a S (OaL)a

and 2, (71, ) belongs to L?(0, L), we can use Proposition 2.3 to conclude that

Zew € RD(1, L) := C([r,T); H3(0, L)) N L*(7,T; H*(0, L)) N H* (7, T; L*(0, L)),

which gives us the desired result. Note that (3.6) follows from the combination of (3.2) and (2.4). The proof of
Proposition 3.3 is complete. U
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We finish this section by studying the well-posedness of

—qt + Qrrox + )‘qu = Ga (tax) € (O’T) X (07 L)’
(qIZ + AQ)(ta 0) =0, (qu + )‘q)(tv L) =0,t¢€ (O,T), (3 7)
(me + )\Qx)(ta 0) =0, (Qxxx + /\qaf)(ta L) =0,t¢ (07T)7
q(T, 1') = QT(I' , T E (OvL)v

which corresponds to the adjoint equation associated to equation
Proposition 3.4.

(a) If G € C*([0,T); L*(0,L)) and qr € N} == {v € H*0,L) / (v" + \v) € HZ(0,L)}, then equation (3.7) has
a unique solution q € C([0,T);N7) N CY([0,T]; L(0, L)).

(b) If G € L*0,T;L*0,L)) and gr € L*0,L), then equation (3.7) has a umique solution q €
C([0,T); L?(0,L)) N L?(0,T; H*(0, L)). Moreover, there exists C = C(T,L,\) > 0 such that

”qnC’([O,T];L2(O,L))ﬂL2(0,T;H2(O,L)) <C (”GHL2(O,T;L2(O,L) + HQT”L2(O,L)) .

Proof. Let us recall some notation introduced in Proposition 3.1. Consider the unbounded operator Ay : N, C
L?(0,L) — L?(0, L) given by Ayu = v+ \u”. In that proposition we have shown that — Ay is an infinitesimal
generator of a strongly continuous semigroup in L?(0, L).

Let u € N7, and v € H*(0,1). From

x=L x=L
(At v) 20,0y = (10" +X0") 2o 1 + 1 (@) (0 () + Xo(@) |25 = u(@) (@) + M/ (@)=L

we find out that D(A%) = N} and Ajyv = 0" + A", which allow us to conclude that Ay is not a self-adjoint
operator. However, because of the above mentioned property for — Ay, [18, Corollary 10.6, Chapter 1] tells us
that (—Ap)* is also an infinitesimal generator of a strongly continuous semigroup in L?(0, L).

Therefore, on the one hand, part (a) of this proposition follows from the application of ([18], Cor. 2.10,
Chap. 4) to equation (3.7) after the change of variable ¢ — T'—t. On the other hand, part (b) of this proposition
follows by using the same arguments as those used in the proof of Proposition 3.2 by taking into account that
C1([0,T); L*(0, L)) and N are dense in L?(0,7; L?(0, L)) and L?(0, L) respectively. The proof of Proposition 3.4
is complete. O

3.2. Boundary control with one input

The aim of this section is to prove Theorem 1.3. Let us start with a classical characterization of the null
controllability for control system (1.3) whose proof is omitted.

Lemma 3.5. Equation (1.3) is null controllable in time T > 0 in L?(0,L) if and only if for any zo € L*(0, L)
there exists (u1,us) € L?(0,T)? such that for every qr € L?(0, L) it holds

L T T
/0 zo(x)q((),x)dx:/o ul(t)qz(t,())dt—/o ua(t)q(t,0) dt, (3.8)

where ¢ = q(t, z) is the unique solution of adjoint equation (3.7) with G = 0.
The proof of Theorem 1.3 is a consequence of the previous lemma.

Proof of Theorem 1.3. Let us = 0 and consider zq € L?(0, L), satisfying (1.7), as the initial state of equa-
tion (1.3). If we take g7 (z) = cos (v Az) as the final state of adjoint equation (3.7) with G' = 0, then we get that
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q(t,z) = cos (VAz) is its unique solution. Hence, for every u; € L?(0,T) we have that
L
° / z0(z)q(0,z) da # 0, thanks to (1.7).
0

T
. /O s (£)ga (£,0) dt = 0.

Therefore, the preceding points and (3.8) of Lemma 3.5 give us part (a) of this theorem. For the other part,
take u; = 0 and consider 2o € L?(0, L), satisfying (1.8), as the initial state of equation (1.3). In this case, the
final state gr(x) = sin (v Az) in adjoint equation (3.7) with G' = 0 gives the unique solution ¢(t, z) = sin (v/\z).
Hence, for every us € L?(0,T) we have that

L
° / z0(z)q(0, z) da # 0, thanks to (1.8).
0

T
. / us()g(t, 0) dt = 0.
0

Accordingly, the preceding points and (3.8) of Lemma 3.5 lead us to part (b) of this theorem. The proof of
Theorem 1.3 is complete. U

3.3. Boundary control with two inputs and internal control

This section is devoted to the proofs of Theorems 1.4 and 1.5.

Recall that w C (0, L) is a given non-empty open interval such that @ C (0, L). Throughout this section and
the next one we use @ := (0,7) x (0,L) and Q,, := (0,T) X w. Due to the controllability-observability duality
(see [5], Thm. 2.44 or [21], Thm. 11.2.1 for instance), Theorem 1.5 can be shown by means of the following
observability inequality.

Proposition 3.6. There exists C = C(L, \,w) > 0 such that

1900, 300 < o {o (74 PRIV T jyasa, (39)

where q = q(t, ) is the unique solution of adjoint equation (3.7) with G =0 and qr € L*(0, L).

In our case, the main tool for obtaining this observability inequality is a Carleman estimate for adjoint
equation (3.7), which will be derived by following a procedure described in [9] due to Fursikov and Imanuvilov.
To this end, we need to introduce some weight functions.

For a mg € w take wg := (zg — €, 29 + ) with & := dist(zg, dw)/2 > 0. Then, choose ¥ € C*([0, L]) satisfying:

o (x) >0 for every x € (0, L). (3.10)
e (0)=1v¢(L)=0. (3.11)
e [¢'(z)| > 0 for every z € [0, L]\wo. (3.12)

Remark 3.7. Since we are working in a one-dimensional setting, it is possible to give examples for such a
function ¢ € C*([0, L]). Indeed, take ¢(z) = (L — z)e¥°®) with

- 2.%‘0 - L
Yo(x) = w0 —z0)"

This ¢ € C*°([0, L]) satisfies (3.10) and (3.11). Furthermore, it can be shown that ¢’(z) > 0 for = € [0, z¢) and
' (x) < 0 for x € (z9, L], allowing us to conclude that zg € wyg is the unique maximizer in [0, L] for the function
and that (3.12) holds.
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Finally, for ¢ > 0 define the weight functions

edull¥llLeeo,r) e2ell¥liLee 0,0y 1t (2)
S ———; 10 t,x) =
s = B, Bt —

In virtue of the procedure that will lead us to the Carleman estimate for equation (3.7) (adjoint equation for
the Neumann case), it will be needed a Carleman estimate for equation (2.7) (adjoint equation for the Dirichlet
case). This is just a technicality in order to avoid some unwanted boundary terms that would appear when
deriving directly the Carleman estimate for adjoint equation (3.7) (see Rem. 3.13). The Carleman estimate for
adjoint equation (2.7) that we are going to use corresponds to a slightly modified version of ([10], Prop. 2.1)
or ([22], Thm. 1.1).

Theorem 3.8 (Prop.2.1 in [10] or Thm. 1.1 in [22]). There exist po > 1 and C = C(L, \,w) > 0 such that for
every > o and v > max{T, T?} we have

at,z) = , V(t,x) €Q. (3.13)

// e (VBB 4+ VOl B g | + VPt 8% qun | + vii® Bldaes|?) dadt
Q

2 2
// v (‘”' nl Ve ) dadt < C// e™2/%|G|dadt
Q
+C// e 2T BB qPdadt,  (3.14)
Quy
with w1 being any non-empty open interval satisfying Wy C w1 C w and q = q(t, x) the unique solution of adjoint
equation (2.7) with G € L*(0,T; L*(0,L)) and qr € H3(0, L).
Now we can present our Carleman estimate whose proof will be given in Section 3.4.

Proposition 3.9. There exist g > 1 and C = C(L, \,w) > 0 such that for every p > po and v > max{T,T?}
we have

J[ e Tl + a5 P + Bl )
Q

2 |Qt\2+\Q:pmmx| 2 2 3209372
// e d:rdt<C// e 2\Gm\ +v°u” B |G ) dadt
+ C// —2ya 11M10ﬁ11‘q| d.Tdt (315)
Quy
with wy being any non-empty open interval satisfying Wy C w1 C w and q¢ = q(t, x) the unique solution of adjoint

equation (3.7) with G € L*(0,T; H*(0,L)) and qr € N} := {v € H*0,L) / (v + \v) € HZ(0,L)}.

By considering G = 0 in adjoint equation (3.7), a density argument together with Proposition 3.4(b) can be
used to obtain from Proposition 3.9 the following result.

Corollary 3.10. There exist jip > 1 and C = C(L, \,w) > 0 such that for every u > uo and v > max{T,T?}
we have

// e—2ua (V7M857|q‘2 +V5M655‘%¢‘2 +V3,u4ﬁ3|%mc‘2) dzdt S O// e—2y0¢1/11MlOﬁll‘q|2dxdt7 (316)
Q Quy

with wy being any non-empty open interval satisfying Wy C wi C w and g = q(t, x) the unique solution of adjoint
equation (3.7) with G =0 and qr € L*(0,L).

We proceed to derive observability inequality (3.9) of Proposition 3.6.
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Proof of Proposition 3.6. First, let us assume that ¢gr € N} so that adjoint equation (3.7) with G = 0 would
have a unique solution ¢ € C([0,T];N}) N C'([0,T7]; L?(0, L)) thanks to Proposition 3.4(a). Once again, the
qr € L?(0, L) case follows from a density argument together with Proposition 3.4(b) after obtaining observability
inequality (3.9).

For ¢t € [0, T] we define E(t) := ||q(¢, ~)H%2(07L). Multiplying adjoint equation (3.7) with G = 0 by ¢ and then
using the Cauchy inequality we get

This inequality together with

d A%t A%t __ 2 dE(t)
gy (e E(t)) e =NE(t) + T
leads us to
ll4(0, )”L2 0.0) = t”Q( )||2L2(0,L)a te[0,T]. (3.17)

Second, in (3.16) of Corollary 3.10 we fix i = o and v = max{T, T?} to obtain

// e 2T 8B q|Adadt < C’// e 2oyt 103t g1 2 dadt. (3.18)
Q Qu
Since there exist C7 > 0 and C5 > 0 such that

01 l/7
T14

exp (- 2} < ey, (t) € (T/4,37/4) x [0, L],

e—2ayl/11,u10ﬁ11 S CQ, V(t,x) c @’

3T/4 L cT
/ /IQ\zdwdtS eXp{ }// g2 dadt.
0

Finally, observability inequality (3.9) is obtained from the combination of (3.17) and the previous inequality.
The proof of Proposition 3.6 is complete. g

from (3.18) it follows that

Now we are ready to show the null controllability property for control system (1.3).

Proof of Theorem 1.4. Let 29 € L?(0, L) and 7 € (0,T). Define

_ J2(),
ao(x) = { 0 .z e (L,2L).
First, let us consider the equation

at + pzor + Aaze = 0, ( ,x) € (0,T) x (0,2L),

Gz (t,0) =0, az(t,2L) =0,t € (0,T),
am(t(, ))— 0, azzzgt 2L§ =0,t g Eo T%, (3.19)
a(0,z) = ag(x), x € (0,2L).
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Recall that Moy, = {v € H*(0,2L) / v € HZ(0,2L)}. In virtue of Proposition 3.3 we have that equation (3.19)
has a unique solution a € C([0,T7]; L*(0,2L)) N L?(0,T; H?(0,2L)) which belongs to

RN (7,2L) = C([7, T); Nar) N L*(r,T; H®(0,2L)) N H' (1, T; H*(0,2L)).

Second, let w C (L,2L) a non-empty open interval such that @ C (L,2L). By taking into account that
a(r,) € Nar, an application of Theorem 1.5 tells us that there exists u € L?(7,T; L?(w)) such that the unique
solution of the equation

box(t,0) =0, byr(t,20) =0, t € (1,T),
bzzz(tao) = 07 bzzz(ta 2L) = Oa te ( T)a
b(0,z) = a(r,x), x (O, 2L),

(3.20)

satisfies b(T, ) = 0 in L%(0,2L). Due to Proposition 3.2, equation (3.20) has a unique solution b €
C([r,T); L*(0,2L)) N L3(,T; H%(0,2L)). Moreover, by employing the methods used in Section 3.1, we also
have that b € L?(7,T; Nay). Therefore, the continuous injection H*(0,2L) < C3([0,2L]) tells us that b, (-, L)
and by, (-, L) are elements of L?(7,T).
Finally, let us define

a(t,z) (¢, 0,7 0,L),
2(t,x) = {b(t,(L —)as) , gt,xg ET T)) x((O,L)).

From equations (3.19) and (3.20) we have that z = z(¢, ) satisfies the equation

2t + Zezas + Nga = 0, (t,l‘) S (OvT) X (O’L)’

2oz (t,0) = ug(t), z4a(t,L) =0,¢t € (0,T),
Zoaa(t,0) = u2(t), 2z22(t, L) = 0,t € (0,7),
(07$) = Zo(l‘), T e (OaL)a

with u; and uz being elements of L?(0,7T) defined by

0 . te(0,7) 0 ,t€(0,7),
) = {bm(t,L) ie Er, T)). ualt) = {—bm(t,L) e Eﬂ T))-

Therefore, Proposition 3.2 and the fact that z(T,-) = 0 in L?(0, L) allow us to conclude our result. The proof
of Theorem 1.4 is complete. O

3.4. Carleman estimate

In this section we prove Proposition 3.9. The useful properties of the weight functions defined in (3.13), which
can be deduced from straightforward computations, are listed in the following lemma.

Lemma 3.11.

(a) For every p > 0 we have
2
e A TE—
B[4l L= o,L)
(b) Letn € {1,2,3,4}. There exists C > 0, independent of > 0, such that

B(t,z), V(t,z)€ Q.

(t, )

o'
ox™

<C> kBt x), Yt x) € Q.
k=1
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Proof of Proposition 3.9. For a parameter v > 0, which will be rather large than small, let us consider Pw :
e VY (=0 4 Opgax + ANOsz) (e¥%w), with w := e™¥%q, and the decomposition Pw = Pyw + Pow + Psw given by

3 3
Plw = —w + 4o w, + vagWeypy,

4 4 2 2
oW + 6V 0 Wey + Wazaas

Pow :=v
Pyw = —voyw + 6V3axxa§w + 31/2043253511) + 402 gy W + VO W
+ 121/20zmozxww + AV Qg Wy + OV Wy + A (Z/Qaiw + Vo w + 2vagw, + wm) .
We remark that this decomposition for Pw is slightly different to the decompositions considered in ([1], Thm. 3.1
and [12], Prop. 3). Regardless of the above, the structure of the decomposition gives us

[Prwle(q) + 2 (Prw, Pow) p2 ) + | P2wlZ2(g) = [[Pw — Psw|[Z2(q)- (3:21)

We shall deduce the desired Carleman estimate from this equality and Theorem 3.8. This will be done
in seven steps in order to do a clearer proof. Steps 1, 2 and 3 are classical computations when proving
a Carleman estimate for w = e "%q. Step 4 takes care of boundary terms. In Step 5, we apply Theo-
rem 3.8 to p := (gza + Ag), which satisfies Dirichlet boundary condition as in equation (2.7). Step 6 deal
with rest terms, as those in Psw. Finally, Step 7 is the conclusion where the Carleman estimate for ¢ is obtained.

Step 1. We proceed to handle the terms \|P1w||2L2(Q) and \|P2w||2LQ(Q). To this end, we introduce the quantities

el == / / (7187wl + 1 ¥ wa ? + v P waal? + i Blwseal?) dedt,
Q

2 2
|wl|p = // (wt + [Wrraal >dxdt

From the weight functions defined in (3.13) we have that aw(t x) = —u (z)B(t, x) for every (t,x) € Q. The

inequalities
2 P, 2
// —‘wt‘ dzdt < // —‘ 1] dacdt—l—C'// (V5u6ﬁ5|wx|2 —I—Z/MQﬁ\wwm\z) dxdt,
o VB Q@ VB Q

|Wezza|? |Powl? 7 8471, 12 3 4,3 2
——dzdt < ——dadt+C (VBT wl? + v° it 3% | wae|?) dadt,
@ VB Q VP Q

together with the fact that 3(t, ) > 4/T? for every (t,x) € Q allow us to conclude that

|wl|lp <C (||P1w\|%z(Q) + |1 PrwlF2 ) + ||w\|A) , Vv >T2 (3.22)

Step 2. We proceed to compute (P1w,P2w)L2(Q). For 4,7 = 1,2,3 we denote by I; ; the L2-product in Q
between the ith term of Pyw with the jth term of Pow. Note that with this notation we have

(Prw, Pyw) L2 @ = Z L ;.
4,5=1
Before going any further, we remark that in virtue of Proposition 3.4(b) we have that ¢ € C ([0, T]; L?(0, L))N
L2(0,T; H*(0, L)). Furthermore, since p := q,, + Aq satisfies the equation

p(t, 0) =0, p(t, L) =0,te ( ,T) (3 23)
px(t,0) =0, p,(t,L)=0,¢t € (0,T), ‘
p(Tv x) = pT(x)a T € ( ) )a
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with pr(z) == ¢} (z) + A\gr(z) € HZ(0,L), due to gr € N = {v € H*0,L) / (v + \v) € HZ(0,L)}, and
Gz + MG € L%(0,T;L?(0, L)), Proposition 2.1(b) tells us that p € C([0,T]; H3(0,L)) N L?(0,T; H*(0, L)).
Hence, in particular, when performing the computations needed it is considered that w € C([0,T]; H?(0, L)) N
L?(0,T; H*(0, L)) N H(0,T; L*(0, L)) satisfies w(0,z) = w(T,x) = 0 for every z € [0, L]. The latter is due to
w = e 7*q and the choice of the weight functions defined in (3.13).

Integrations by parts are performed and each resulting term is labeled to indicate where it is going to be
considered later. Each resulting expression for I; ; is listed below.

o 111——// |w| dadt .

o [15=—617 // Q2 wiw,, dzdt .
Q

R(w)

o [13= —// WiWagpe dzdt .
Q

R(w)

T
o Ir; :—2V7// (a;)m|w|2d$dt+2u7/ a;|w|2|iZOLdt.
Q 0

Mo (w) B(w,")

T
o Ipp=—12° // (ai)m\wx\zdxdt+12u5/ ai|wx|2|z;§dt_
Q 0

M (w) B(w,")

T
f .
o Iz =— 2y3// (a2) .. lwe|*dzdt + 6 // o [wee?dxdt +20° /o (a2),. |ww|2|2=0 dt

R(w) M3 (w) B(w,)

T T ;
: =L . . .
_ 2y3 A ai|wzz|2|z=0 dt—4y3/0 (ai) wzwm| dt+4]/ A O‘3wxwmz|: : dat.

B(w,") B(w,-) . B(w,-)
. 1371:_%5// (02).  wlPdedt + 65° // Juwy Pdadt + 28 / (a3), [wP[*=
Q 0
R(w) My (w) B(w,")

T T T
—2u5/ ai|wx|2|z;§dt—4us/ (ozi) ww,| dt+4u / 045wa,| 7Ldt_
0 0 0

B(wa') B(wf) B(wf)
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T
o Iyo=—127 //Q (ai)m\wm\zdxdt—i—l2y3/0 ai|wm|2|§:§dt.

Ma(w) B(w,")

T
=L
o I33=—2v // am|wxm|2dxdt+2u/ ozx|wxm\2|i:0 dt
Q 0

Msz(w) B(w,")

Accordingly, by adding all the above terms we get

(Prw, Pyw) 129 ZMk )+ B(w, L) — B(w,0) + R(w), (3.24)

where we have defined the main terms

My(w) := —1407 // a8 g |w|?dadt, (3.25)
Mi(w) == —300° // o g |, [Pdadt, (3.26)
Ms(w) := —181/° // 2 Qg [ Wy | ddt, (3.27)

w) = —2v // am\wmm\zdxdt, (3.28)

the boundary terms for « € {0, L}

T T
ai\wm|2dt+2us/ (ai)m |w,|2dt
0

T
B(w,z) := 21/7/ a;|w|2dt+121/5/
0 0
T T T
—21/3/ ai|wm|2dt—41/3/ (ai)xwxwmdt—kllus/ QW W dt
0 0 0

T T T
+ 20° / (ai)m Jw|?dt — 20/° / a8 |wg |2 dt — 40/° / (a‘;)z ww,dt
0 0 0

T T T
+4° / AP ww,dt + 120° / Q3 [y |2dt + 21// Q[ Wape|2dt, (3.29)
0 0 0
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and finally, the rest terms

// |w| dadt — 62 // azwtwm daxdt — // WiWagwe dadt
Q
— 23 // lw, [*dzdt — 20° // lw|?dadt. (3.30)
rxrx rxrx

Step 3. We proceed to handle the main terms defined in (3.25)—(3.28). From the weight functions defined
n (3.13) it follows that

ao(t, ) =~ (2)B(t, @), awe(t,z) = —pi" (2)B(t,x) — p*y' (2)*B(t,2), Y(t,2) € Q. (3:31)

By plugging them into the main terms defined in (3.25)—(3.28) and then considering that |¢/(z)| > 0 for every
x € [0, L] \ wo, we see that there exist C' > 0 such that

3
1
S Ma(w) 2 Cllulla — Slhwlla
k=0 H
- // (VBB w4+ Pl B fwy |* + 1Pt B3 wew |* + v Blwges|?) dzdt. (3.32)

Let us handle the last three terms of the right-hand side of this inequality. To this end, let us consider a
non-negative function x € C§°(w1) such that x(x) =1 for every & € wp. Recall that @y C wy C w.
First, some integration by parts gives us

// VP 18 3% x|wy [Pdadt = // |w| dxdt — // VP 1 B xwppw dadt . (3.33)
Quy Quy

A1 A2

On the one hand, the property a, (t,r) = —f3,(t, ) for every (t,x) € Q together with (3.31) and Lemma 3.11(b)
allow us to obtain

A= / / V1S (208° B + 53 Buax + 108*Bux’ + FX") [P dadt,
Q

1
2
w1
C 1 1 5
<= (1 + =+ —2) // v 18 3% lw|?dadt.
v Ho R Qur
If in this inequality we take into account Lemma 3.11(a), then we arrive at
C
A < — // v B BT w|dedt, Yu > 1, Vv > T2 (3.34)

K= JJq

On the other hand, the Cauchy inequality leads us to

C . .
|As| < o // Pt B3| wee | dadt + Cpy // v BB x|w|?dzdt, Vpi > 0. (3.35)
1 Q Quy
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Accordingly, from the combination of (3.33), (3.34) and (3.35) we get

// VP 8 3% x|w, |Pdadt < % // v B BT |w|?dadt + ¢ // Vit B |wae [P dadt
Quy p=JJe PrJJe

+Cpy // v BB x|w|?dadt, Vpi >0, VYu>1, Yv>T2% (3.36)
Qu

Second, note that the same arguments presented above can be used to obtain the following inequalities.

C C
// V3u4ﬁ3x\wm\2dxdt <— // 1/5,u655|wz|2dxdt + — // 1//¢25|wmz\2dxdt
Qur H Q pP2.JJQ

+ Cpy // P ub B x|wy |Pdxdt, Vpo >0, Yu>1, Vv >T? (3.37)
Qu

C
Quy 12 Q

+ Cps // V3u4ﬂgx\wm\2dxdt, Vp3 >0, Yu>1, Yv>T2 (3.38)
Qu

Third, plugging (3.36) into (3.37) we obtain

G G C = =
// VP B3 x| wee |Pdadt < F(l + p2) // (VBB w4+ 1P B lw, |?) dadt
Quy Q

1
+C (— + &> // (1/3,u453\wm\2 + Vu25|wzm|2) dadt + Cp1po // V7u8ﬁ7x\w\2dxdt,
P2 p1 Q Quy
Y(p1,p2) € Ri, YV >1, Yv>T2 (3.39)
Then, plugging (3.39) into (3.38) we get
C
// vi? Bx|Waae [P dzdt < —2(1 + p3 + p2p3) // (VBB Iw]? + v 0 B° lwe | + 1Pt B2 |wee|?) dadt
Quy Q
C TTrTxTT
+C ( '02'03) // 333 wes|? + Vu2ﬁ|wmx|2) dxdt + —/ [w | ———dadt
P3 Q v

+ Cpipaps // v BTx|w*dzdt, V(py,pa,ps) €RY, Vu>1, Vv >T? (3.40)
Qun

Here we note that if we choose p2 = p > 0 and p; = p? in (3.39), then it follows that

C C
/ / VA B X Pdadt < (14 p) ol a + S|l a
Qu, M P

+Cp? // v BB x|w|?dzdt,Vp > 0, Yu >1, Vv >T2
Qu
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In a similar way, the choice of p3 = p > 0, pa = p? and p; = p* in (3.40) lead us to

C C
[@ st € 51+ ) ]+ = (ol + ol )

p
+Cp” // v BB x|w|?dzdt, Vp >0, VYu>1, Vv >T2%
Quy

Therefore, from the combination of (3.36) with the two previous inequalities we obtain

5,645 3 4 c
// (Vi Box wa® + v 1t B2 X |wae|* + vii® Bx|weee |*) dadt < e (14 p+0°) lw]a
Qo

c
+ " (lwlla + [|w||B) + Clp+ p* + p7) // v BB wrdadt, Vp >0, Yu>1, Yv>T2 (3.41)
Qu,

Finally, since

// V772nﬂ872nﬁ772n
Q

«“0

2

0"w "W\ edt, n—1.2.3,

2
dzdt <
o | N //Q oxn
w1

we can use (3.32) together with (3.41) to see that by setting p = pg with po > 1 large enough give us

7—2n ,,8—2n Q7—2n
v x’

3
1 .
E My (w) > Cllw|la — %HwHB — Y // v BT wAdxdt, Yu > ps, Vv > T2 (3.42)
k=0 Qurq

Step 4. We proceed to handle the boundary terms defined in (3.29). The Cauchy inequality and Lemma 3.11
allow us to obtain the following inequalities that are valid for « € {0, L}.

T
21/3/0 (ai)m\ww\zdt

T
2y3/ (6ap0, 4 302 aas) |we|*dt
0

C’( T2 >2 1 /T s
<=—) — vl B2 lwe|*dt, Y > 1.
v? 8H¢||L°C(o,1) 12 Jo fws|

T
w / (02) wpw,, dt
0

T
3 2
12u/ O, Ol W Wy AT
0

T T
< CI/4/ aiaiz\wx\2dt+01/2/ O‘i|wzz|2dt
0 0

C T2 1 [T
< )3 [ OB o P a1
v \ 8[|l L=0,1)/ 1 Jo

T
41/3/ aiwwwxmdt
0

T T
§4V5/ |ai|\ww\2dt—|—1// ||| [*dt.
0 0

T
21/5/ (200202, + 5agagy,) lw?dt
0

c ( T >2 1 /T 7T AT 2
<=——] = vip ' plwl|*dt, Yu > 1.
v? 8H¢||L°C(o,1) 12 Jo ful
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T T
41/5/ (ai)mwww dt| = 201/5/ o/;amwwx dt
0 0

T T
SC’V6/ aiaix\w\zdt—kC’lfl/ ot w, [2dt
0 0

¢ T2 1 T 7. 727 2 5, 525 2
<—\gom——) = | Wbl +v°u 8 lwe|*) dt, Vi > 1.
v \8|[¥ll=1)/ 1 Jo

T T T
4V5/ QB ww,, dt| < 1/7/ |a;|\w\2dt+4u3/ |3 [wg|2dt.
0 0 0

A useful feature of the function ¢ € C*([0, L]) satisfying (3.10)—(3.12) is that ¢’(0) > 0 and '(L) < 0.
From this feature and the combination of the six above inequalities with the boundary terms defined in (3.29),
it follows that the choice of g > 1 large enough gives us

B(w,0) <0, B(w,L)>0, Yu>p, Yv>T2 (3.43)

Step 5. Before handling the rest terms defined in (3.30), we are going to apply Theorem 3.8 to the equation
satisfied by p := g + Ag, which is equation (3.23). Let w; /o be a non-empty open interval such that Wy C w /o
and @i/ C wi. The above theorem in particular yields

J[ e 0TI + Sl )
Q

< C// e |Gy + AG|?dadt + C// e 2y BB p|2dadt, Yu > po, Vv > max{T,T?},
Q Q

wi/2

from which it follows that

// e—2ua (V7,u8ﬁ7|Qxx‘2 + V5M655|Qxam:|2 + V3M4ﬁ3‘Qxxxx|2) dzdt S
Q
C [[ e (Gusl +16P) dadt +-C [ [ 72 (TuP5IaP + 7Bl aul? 4+t s )
Q Q

+ C// e VBB (|qua|® + |q?) dzdt, V> po, Vv > max{T,T?}. (3.44)
Q

wi/2



ON THE CONTROL OF THE LINEAR KURAMOTO-SIVASHINSKY EQUATION 191

Now, let us consider a non-negative function x € C§°(w1) such that x(z) = 1 for every x € w; /. Then, by
using the same arguments as those used in Step 3 it is possible to obtain

I e eltanat < 5[] e (7 a4 g )
Quy /g

+C(1+p)(1+02)// eyt gt g dadt, Vp >0, Yu =1, Vv >T2

Accordingly, by plugging the previous inequality into (3.44) we see that p > 0 can be choosen in such a way
that for pg > 1 large enough we get

//Q e (VBB |que” + V710 B quaa | + VP 11 0% G |*) dwdt <
C [ e (Gual +16P) dadt € [ [ 2 (4T 57af + P05 auf?) s
Q Q
+ C// e 2oyt 1280 g2 dadt, Vu > po, Vv > max{T,T?}.
Qu

Furthermore, in view of —¢; + Guzae + Agzx = G and Lemma 3.11(a) we actually have

/ /Q e (U182 VO B a0 Pl + v P u]?) dndt <
C [ e (Gualt Pt BIGP) dadt + € [ &2 (T 57laP 4 120050 )
Q Q
+ C// e 2oyt 128 g2 dadt, Yu > po, Vv > max{T,T?}. (3.45)
Q

Step 6. We proceed to handle the rest terms defined in (3.30) and those in Psw. All of these can be handled
in the same way as we did in Step 4. Nevertheless, we pay special attention to the first three terms of the
right-hand side of (3.30) and to the term voyw in Piw.

The Cauchy inequality, (3.31) and Lemma 3.11(a) allow us to obtain the following inequalities.

—// |w| dzdt = 20* // o e lw]?dzdt
<= ¢ (8|1/1||TLoc - 1)) // 1837wl dadt. (3.46)

o 612 // A wiw,, dzdt < C’// V22 32wy |Pdedt + = ¢ ( ) // 1 33 | wye |Pdadt.
Q Q 8||¢\|Loo(o 1)

L // wtwmmdxdth// 2ﬁ2‘wt‘2d1’dt+6// ‘ meme dadt.
2 3
e R ¢ (Ti) re s ([ Vs s )
Q 8|9l Lo (0,1) w o
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Note that here we have used the facts that [ag(t,z)| < CTR?(t,z) and |ay(t,z)| < TB%(t,z) hold for every
(t,z) € Q. Accordingly, from the combination of the above inequalities with the rest term defined in (3.30) and
Psw we get

C
|R(w)| < gHwHA +C//Q V212 32 |wy [2dadt + C ; |1/ 31?22 dedt, Yu>1, Yv>max{T,T?}. (3.48)
2 c 2
[Psw||72(q) < ;HU)HA» Y >1, Yv >max{T,T"}. (3.49)

We remark that v > max{7T, T?} was asked because of (3.46) and (3.47).

Step 7. We proceed to obtain the desired Carleman estimate. First, from the combination of (3.21), (3.24), (3.42)
and (3.43), it follows that for py > 1 large enough we have

1
C ([|1Prwl L2(q) + |Pawl L2(q) + lwlla) < [[Pw — Pswl|72(q) + %HWHB

+ |R(w)| + p§ // v BT wAdadt, Yu > ps, Vv > T2
Qu

Hence, from this inequality and (3.22) we see that by taking pg > 1 large enough gives us the existence of a
o > 1 also large enough such that

C (Jwlla + wll2) < [Pw - Powlaigy + [RGw)| + [[ /75 wdndt, Vi o, o= T2
Qu

Second, by plugging (3.48) together with (3.49) into this inequality and then taking po > 1 large enough lead
us to

C (lwlla +llwlle) < 1Pl + [ / V7 i 7l dadt
// Vzuzﬁzlw\ dxdt+/ |w2”§2|2 dzdt, V> po, Vv >max{T,T?}. (3.50)

Third, by taking into account that the inequalities

— 2zl 1 1 Z{e% 1 Z{e%
// 2o L (10,2 4 [(€7%w)pea?) dzdt < C (4 + ]l 5).
Q v

n rvo 2
M‘ dadt < Cllw|la,
ozn

3
Z// e—2uaV7—2nM8—2nﬁ7—2n
n=0 Q

|wt‘2 < Oe_2ya (|Qt‘2 + T2V2ﬁ4|q‘2) ’ V(t,l') € @7

[Wagaz]? < Ce™ 2 (VP18 6% a1 + VO ub 8% qul® + v* 1 B qua|® + V2102 82| quas|?) , V(L) € Q,
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hold for every p > pg, with g > 1 large enough, and v > max{T,T?}, we see from (3.50), w = e"“%q and
Pw :=e "% (=0t 4 Opgax + NOzy) (e¥*w) that it follows

J[ e 0Tl + St P+ v Bl )
Q

—ova (16t + |gwasal? —2va |2 —2va, T, 84T|,|2
+ e ————— |dzdt < C e |G|*dzdt + C e v B gl dadt,
Q v Q Qu,

C —2ra 5 5
+— // e (VTPBT g + v Bau® 4+ VP 1t 8% qua [P + vi? Blguas|?) ddt
H Q
C
+ = // e 23t 33 qp |Pdadt, Yy > po, Vv > max{T,T?}.
K= JJQ

Finally, from the combination of this inequality with (3.45) we obtain (3.15) by choosing po > 1 large enough.
The proof of Proposition 3.9 is complete.

Remark 3.12. We were not able to prove the null controllability of the Kuramoto—Sivashinsky equation with
Neumann boundary condition and either internal or boundary controls. The reason is that our Carleman es-
timate (47) is not good enough. In the the right-hand side of (47), we see the term fo e*QVQN%\Gm\zdxdt,
which requires the right-hand side G' of the adjoint equation to be in L?(0,T; H%(0,L)). Thus, if duality ar-
guments are applied, then the solution of the controlled equation would be in L?(0,7; H=2(0, L)) and then in
C([0,T], H=*(0, L)). At this level of regularity, it is hard to deal with the nonlinearity of the equation.

Remark 3.13. As mentioned in the Introduction, we do not obtain directly a Carleman estimate in the Neu-
mann case, because of the boundary conditions. For instance, if we perform integration by parts in I; » and I; 3
(see Step 2 in the proof of Prop. 3.9), then we would obtain

T
o 15 = 617 // (ai)wwth dadt — 302 // (ai)t |w|?dzdt — 61/2/ aiwth|z;§ dt.
Q Q 0

B

T T
=L =L
o [13= / Wi Wae |, dt—/ WiWaze|,_o dt .
0 0

BQ B3

The boundary conditions of adjoint equation (3.7) makes difficult to handle the boundary terms B, By and
Bs. The difficulty arises when trying to handle the terms wy(t, x) and wy, (¢, z) at © € {0, L}. Note that this
difficulty does not appear when deriving Carleman estimates for adjoint equation (2.7) because By, B2 and Bs
vanish.
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