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EVENTUAL DIFFERENTIABILITY OF A STRING WITH LOCAL
KELVIN-VOIGT DAMPING *

KANGSHENG Liu!, ZHUANGYI Liu? AND QIONG ZHANG3***

Abstract. In this paper, we study a wave equation with local Kelvin—Voigt damping, which models
one-dimensional wave propagation through two segments consisting of an elastic and a viscoelastic
medium. Under the assumption that the damping coefficients change smoothly near the interface, we
prove that the semigroup corresponding to the system is eventually differentiable.
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1. INTRODUCTION

In this paper, we consider one-dimensional wave propagation through two segments consisting of an elastic
and a Kelvin—Voigt medium. The latter material is a viscoelastic material having the properties both of elasticity
and viscosity. The mathematical model is the following partial differential equation.

u(z,t) — [u/(z,t) + a(x)u}(z,t)] =0 in (—1,1) x RT,
u(t,—1) =u(t,1) =0 in RT, (1.1)
u(z,t) = up(x), u(z,0)=wuy(x) in [-1,1],
where prime represents partial derivative with respect to x, and the damping coefficient function a(z) satisfies
a(xr) € CH[~1,1]); a(x) =0 for z € [-1,0]; a(x) >0 for z € (0,1]. (A1)
Let H}(—1,1) be the space {u € H'(—=1,1) | u(—1) = u(1) = 0}. We introduce a Hilbert space
H = Hg(—1,1) x L*(—1,1),
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whose inner product induced norm is given by

10l = il gy + 0y WU = (o) €
Define an unbounded operator A : D(A) C H — H by
AU = (U, (' + av’)’), YU = (u,0) € D(A),

and
D(A) = {(u,v) eH|ve H(~1,1), (W +av') € L*(~1,1) }

Then system (1.1) can be written as:

d

E(u(~,t),ut(~,t)) = A(u(,t),ue(-t)), VE=0, (u(0),u(0)) = (ug,u1). (1.2)

It is known [5] that A generates a Cp-semigroup of contractions exp(t.A) on H if the coefficient function
a(-) > 0 is piecewisely continuous, nonnegative, and strictly positive on a subinterval of [—1,1].

The Kelvin—Voigt damping is much stronger than the viscous damping (i.e., the damping term is replaced
by —a(x)us) in the sense that if the entire medium is of the Kelvin—Voigt type, the damping for the wave
equation not only induces exponential energy decay, but also restricts the spectrum of the associated semigroup
generator to a sector in the left half plane, and the associated semigroup is analytic; while if the entire medium
is of the viscous type, the associated semigroup is still exponentially stable, and the spectrum of the semigroup
generator has a vertical asymptote on the left half plane, hence does not have any smoothing property.

When the damping is local in an internal region of the domain, such a comparison is not valid anymore.
It is well known that the local viscous damping for the one-dimensional wave equation leads to exponential
energy decay even if the damping coefficient function has a jump discontinuity at the interface [4]. For the
high dimensional systems, we refer to [1] for the well-known “geometric optics” condition, which guarantees
the exact controllability, and consequently the exponential stability of the wave equation with local viscous
damping. However, the local Kelvin—Voigt damping model has much more interesting behavior. Let us recall
the following relevant results in the literature.

e In 1998, Chen, Liu and Liu [5] proved lack of the exponential stability for system (1.1) when the damping
coefficient is a step function, e.g., a(z) = 1 on (0, 1] and satisfies condition (A1). This unexpected result reveals
that the Kelvin—Voigt damping does not follow the “geometric optics” condition. It turns out that the strong
damping leads to reflection of waves at the interface z = 0, which then fails to be effectively damped because
they do not enter the region of damping. In 2005, Liu and Rao [10] proved that the solution of this model
actually decays at a rate of t%(ln t)s/ 2. The log term can be removed without any change in their proof by using
the necessary and sufficient conditions for polynomial stability of a semigroup which appeared in 2010 [2].

e In 2002, it was shown in [8] that exponential energy decay still holds if the damping coefficient in system (1.1)
is smooth enough, say a(z) € C?[—1,1] and satisfies condition (A1). This indicates that the asymptotic behavior
of the solution to system (1.1) depends on the regularity of the damping coefficient function, which is not the
case for the viscous damping model.

e An interesting property of (1.1) was revealed by Renardy [12] in 2004. He proved that the real part of the
eigenvalues of system (1.1) are not bounded below if the damping coefficient a(x) satisfies condition (A1) and

/
lim 2 (z) =k>0, for some a > 0, (A2)
z—0+t x¢

which implies that a(x) behaves like 227! near the interface z = 0. Note that such a function is only of C*
when a < 1. This property led to two conjectures on system (1.1). First, is a(x) € C'[—1,1] good enough to
ensure exponential stability? Second, does the solution of (1.1) have some kind of regularity?
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e Recently, Zhang [13] made progress on the first conjecture by showing that the semigroup associated with
system (1.1) is exponentially stable if the coefficient function a(-) € C'([—1,1]) satisfies (A1) and the following
conditions:

/ “ la’(s) /
a(O)zO,/ ds < Cld(x)], Yz € [0,1], C > 0.
o als)
It is easy to verify that function a(x) = 2 (a > 1) satisfies the above assumption.

e For the corresponding system on high dimensional spacial domain, exponential stability was obtained in [9]
with certain conditions.

e As for the second conjecture, it was pointed out by Renardy that the associated semigroup can never be
analytic since any initial disturbance with support in the interior of the elastic part of the medium must first
reach the viscoelastic part before it experiences any damping, hence there is no immediate smoothing effect. But
his findings leads us to conjecture that the local Kelvin—Voigt damping satisfying conditions (A1)-(A2) may
induce eventual differentiability. Numerical computation of the eigenvalues by Enbree [6] in 2008 showed that
the imaginary part of the eigenvalue grows exponentially with respect to this negative real part asymptotically
which is an indicator of possible eventual differentiability.

Our main result in this paper is the following.

Theorem 1.1. Suppose function a(-) satisfies assumption (A1) and (A2). Then the semigroup exp(t.A) associ-
ated with system (1.1) is eventually differentiable, i.e., differentiable when t >ty for some constant ty > 0.

Hence, the system has the following desired dynamical properties: (a) Vibrations modes with higher frequency
decay at higher exponential rates; (b) the decay rate is determined by the spectrum of the semigroup generator.

In what follows, we denote p(A), 0(A) and R(A, A) by the resolvent set, spectrum and resolvent operator of A,
respectively. Our proof is based on the following necessary and sufficient condition for eventually differentiable
semigroup.

Lemma 1.2 ([11], Thm. 4.7). Let exp(tA) be a Cy semigroup and let A be its infinitesimal generator. If
|lexp(tA)|| < M exp(wt), then the following two assertions are equivalent

1. There exists a to > 0 such that exp(tA) is differentiable for t > to.
2. There exist real constants k and b, C > 0 such that

p(A) DO, ={A € C:ReX >k —bln|ImA|} (1.3)

and
[IR(A A)|| < ClImA|, for X€ 6., Rel<w. (1.4)

We are going to verify (1.3) and (1.4) in the rest of the paper. The following one-dimensional Sobolev
inequality will be useful.

Lemma 1.3 ([12]). Let function a(-) satisfy (A1) and (A2). Assume y(-) € H(0,1) satisfies y(1) = 0. Then
there is a positive constant ag, independent of y, such that

_1 1
lo'a=yllza 1y < aolladyla-1ay: (15)
2. SPECTRUM PROPERTY
In this section, we shall verify condition (1.3) for the operator A.

Theorem 2.1. Suppose that function a(-) satisfies (A1) and (A2). Then, there exist k € R and b > 0 such that
@K,,b - p('A)
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Proof. First, condition (1.3) is equivalent to
d(A) CC\Oup={NeC:Rel <k —bln|lm\|} for some k €R, b> 0. (2.1)

This clearly holds if A € o(A) and |[ImA| is bounded since ReA < 0 (Thm. 2.2 in [9]). Therefore, we only
need to deal with the case that the imaginary part of the spectrum of A is unbounded. We also note the fact
o(A)\R = 0,(A), where o,(A) is the point spectrum of A (Lem. 4.1 in [5]). Hence, it suffices to check that for
any A € o,(A) with [ImA| > 1 (without loss of generality), there exist x € R and b > 0 such that

~_ReA o__ " n
In [ImA| In [ImA|

b. (2.2)

We are going to verify (2.2) by a contradiction argument. If (2.2) is false, then we have that for any x € R and
ReA

_ < _ r

In|ImA| =  In|Im)|
Kn < M (M > 0) and b, — 0 with b,, > 0. As a result, there exist a sequence of eigenvalues \,, = —pi,, +iw,, € C
with g, > 0 and w,, — 00 (w, > 1) such that

b > 0, there exists an eigenvalue A such that + b. Especially, we take sequences of 0 <

o _Fn
Inw, = hnw,

+b, —0, asn— oc. (2.3)

Taking the normalized eigenfunction U,, = (uy,v,), we have
Aty — Uy = 0, (2.4)
A —Th =0, T, =ul, + av). (2.5)
Then, by the dissipativeness of the operator A, we conclude that

1

Hn 2 L2
>\nI_ ny n) = - n _ = U. 2.
o Re(Onl = AU U] = =P U 4 ool a1y = 0 (2.6)
Noting that ||U,|# =1 and lim - 0, we obtain from (2.6) that
n—oo Inwy,
lim (Inw,)”%[la?v)||L2(_1.1) = 0. (2.7)

n—oo

The rest of the proof is to show that lim ||U,||% = 0, which contradicts to the normality of |Uy|/7. The main
n—0o0
idea and the majority of the work are to find a sequence &, — 07 such that lim |jvy|p2(—1¢,) = 0. Then, we
n—oo
can obtain the desired contradiction by showing that lim ||v,|z2(¢, 1) =0 and lim ||luy, | z2(—1,1) = 0. For the
n—0o0 n—0o0

clarity of presentation, the proof is divided into the following three steps.

Step 1. Firstly, we shall prove the following estimation based on (2.3)—(2.7).

lim wy,(Inw,) 2 [|a%ul,|| L2 1.1) = 0, (2.8)
n—oo
lim wy,(Inw,) 2 |2, £2(_1,1) = 0. (2.9)
n—oo

In fact, from (2.4), we have

wp (auy,, u;)LQ(il,l) — Im(av},, u/n)L?(le) =0. (2.10)
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It follows that
WnHa%u;HLi’(ﬂJ) < Ha%”;”m(fl,n-
Then, (2.8) is reached by plugging (2.7) into (2.11).
Moreover, we multiply (2.5) by av, to get

1 1
/ Analv, |2dx + / T (avy,)'dx = 0.
—1 —1

Taking the imaginary part of (2.12) yields

1 1
Wn / alv, [*dx + Im/ (a’'ul, vy + ad'v), vy, + aul,vl,)dz = 0.
-1 -1

Note that we have the following estimations by using Lemma 1.3 and (2.7),

=

1
J— _1 1 1
[ dunms] < o) Hlabug e snlla ol e — 0
-1

(Inwy)™
Furthermore, from (2.4), (2.8) and (2.10),

1 1
lim (Inw,)”? Im/ au%@dx‘ = lim wn(lnwn)_%/ alul|*dz = 0.

n—oo 1 n—oo 1

Therefore, plugging (2.14) and (2.15) into (2.13) and using (2.7), we get

1
wn(lnwn)_%/ alv,|*de < { max a’(m)} (Inw,) ™2 laz v, ||[|a? va|| — O.
—-1 re[—1,

Then, (2.9) is proved.

Step 2. By introducing variables

Zn 4 (x) = 2o, (x) + /1 + Ma(z)u,(z), z€[-1,1],
we deduce from (2.4) and (2.5) that
AU, Ana’ ,

St ha 2/Ttaarm

A And ()
.T)) (Zn,+(x) + Z’ﬂ,*(w)) .

NG ;na(x) @) = I

z) 4 == £ Anu,, +

447

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Here complex square root /1 + Aya(x) is well defined because 1 + Apa(x) is in the right half-plane when n is

large enough. Consequently, for « € [—1, 1],

Zn+ (@) = exp [+ (¢n(®) = qn(&n))] 20,2 (&) — /m exp [ £ (¢n(%) = qn(s))]Pn(s)ds,

n

where &, € (0,1] will be specified later and

[ An
(o) = [ s

. Ana' (x
Pn(x) = Zl(lTr(ﬂzx)) (20,4 (2) + 2n,— ()]

(2.19)

(2.20)

(2.21)
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We are going to verify that lim ||z, +|/11(—1,¢,) = 0 by choosing a proper sequence &, — 07 and estimating
n—oo

each terms on the right hand side of (2.19).

i) First, to deal with z, 1 (&,), we pick constant v > 0 such that

1 2 2
— << — 2.22
max{1+a’3—|—a} TS9Ta (222)
Then,
1+b,—v(1+a), 1— %(3 +«), by + %(2 +a)—1<0, forn large enough. (2.23)
It follows that
lim wltor=70Fe) — Jim wi_%(3+a) =0 (2.24)
n—oo n n—oo ’
lim wZ”Jr%(era)il(lnwn)% = 0. (2.25)
n—oo
Then, we have the following estimation on the interval [w, 7, w,7]:
min _|on(z)] < V2w2 max a2 @)] | llaFoall a1 o (2.26)

xE[%w;w,wgw z€ %w;”,w;”]

Substituting (2.9) into (2.26) and using the fact that a(z) approximately equals to a constant multiple of x!+<

near z = 0 lead us to
. X(24a)—1
min  |on(2)] = wz*TY
z€[iw, ", wy 7]

(Inw,)? o(1), as n— oo. (2.27)

Noting that from (2.24),
lim [A\na(z)] < C lim w,(w, )T =0, (2.28)

n—0o0

for € [fw -7, w 7. Thus, by using (2.8) and a similar estimate as (2.26), we obtain
n

2%
. ’ %(a+2)—1 1

[ min ] [V14+ A\a(z)u,(z)] = ws (Inwp)? o(1). (2.29)

re %w;”,w;”

Therefore, from (2.27) and (2.29), there exists &, € [tw; 7, w; 7] such that

27n

20,4 (€0)] = wi TP Inw,)? o(1). (2.30)
In the rest of the proof, we shall use the sequence {&,} chosen above.

i) We estimate the function exp[£qy(-)]. First, it is clear that
Re qn(z) = —pn(z+1) <0, Vaze (—1,0]. (2.31)
When z € (0,&,],

Bl

v —Hn ds = — iy — [in v exp(igon(s)) ds, 2_32)
/_1 V14 Aa(s) fon 1t /o (1 — pna(s))? + (wna(s))?] (

where
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By setting n — oo and using (2.24), we have that w,a(x) — 0 when = € (0,&,]. Consequently,

. T cosgon(S) S = = N N
‘R /0 [(1—Mna(S))er(wna(s))z]%d‘ O( n )’ Ve (0,6]

Therefore, it follows from (2.32) that

P vae (0,6

Re /m _7%(18 S ,
—1 /14 Apa(s) 2

Furthermore, it follows that for any = € (0, &,],

s = Re

v iw v iw
Re / —" d —" s
—1 /14 Aa(s) 0 14+ Ma(s)

Bl

_ / Wy, sin oy, () ds.
0 [(1 = pna(s))? + (wna(s))?]

Note that

1 B 1-— Mna(x)
2 2[( — pmal@))? + (wna())?]

sin [% arg(l + /\na(x)):| ‘ =

[ sin @, ()| =

Thus, for any x € (0,&,], we let n — oo and use (2.24) to obtain

jsinen(a)| = (4) 0w 5).

By substituting (2.36) into (2.34) and noting &, € [fw,, 7, w,7], we have that

n

1_7_M
Wn 2

, Ve (0,8)]

‘Re /331 \/#ﬁ(s)ds‘ = (’)(

Combining (2.24) and (2.37) yields

lim ‘Re /y e g
n—0o0 —1 v/ 1+ Aa(s)

Finally, from (2.31), (2.33) and (2.38), we conclude that

s‘ =0, Vze(0,&)]

Reqn(z) <0, Ve (-1,
Therefore, by (2.39) and the fact that ¢,(—1) = 0, we get that

lim |explgn(2)]] <1, Vae[-1,&)]

On the other hand, by the similar argument, we have that there exists a positive constant ¢ such that

—Reqgn(z) < pp+c¢, Ve (—1,&)]
Consequently, it follows from (2.3) and (2.41) that

| exp[—gn(2)]] < C'exp pn| < Cwpr, V€ [~1,&].

N
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(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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iii) Now, by substituting (2.30), (2.40) and (2.42) into (2.19), we conclude that for any n large enough,

&n And/(5) ‘ <

4(1 4+ Apa(s))

(@) < w2 ) E o(1) + Cwlrm, / (2.43)

-1
where x € [-1,¢,] and

mn = max (|20 )|+ 20, (1))

From (Al) and (A2), we deduce that [A\,a(x)| = (’)(w,lfv(aﬂ)) and |A\,a'(x)] = (’)(wrll_w) for n — oo and
z € (0,&,]. Consequently, by (2.24),

&n And(5) &n Ana'(s)
lim wb”’/ ”7‘(13 = lim wb"/ 717‘&9
A | T aa)) | T2 T a() (2.44)
< 1 lim wZ"*W*WH.
2 n—oo
Substituting (2.24) into (2.44) yields
& And(8)
oo /_1 A1+ Aa(s)) |70 (2.45)
It then follows from (2.43) and (2.45) that
My, = wfl"’+%(a+2)_1(lnwn)% o(1), (2.46)
which further leads to
lim m, =0, (2.47)
due to (2.25).
Step 3. By (2.47), we conclude
. 1. .
Jim [onllza-1,6,) = 5 Hm f2n+ = 2n-[lz2(-16,) < C lim m, = 0. (2.48)
From (2.9) and (2.25), it is easy to get that
1 1
lon() ez, < o @)on (@), max o= @)
—wn RO (100w, 20(1) = o(1). (2.49)
Combining (2.48) and (2.49) yields
lim H/UHHLQ(fl,l) =0. (250)
n—oo
On the other hand, it is easy to prove that
Jim |2 -1,0) = T flon]|22-1,)- (2.51)

In fact, we multiply (2.5) by v, to get

Mallonl G0y + (uhy +avi, o)) oy = 0. (2.52)
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Similarly, multiplying (2.4) by w/, yields
T 2
Rl By — () a1y = 0. (2.53)

Therefore, we obtain (2.51) by adding (2.52) to (2.53) and taking the imaginary part of the result. Finally, it
follows from (2.50) and (2.51) that lim |U,|# = 0, which contradicts to the assumption ||U, || = 1. The proof

of Theorem 2.1 is completed. O
3. ESTIMATE FOR THE RESOLVENT OPERATOR

In the last section, we prove that O, C p(A) for some £ € R and b > 0. It is clear that O, C p(A) for any
0 < ¥’ < b. In this section, we shall prove condition (1.3), i.e., there exists a positive constant C' such that

[(AI = A)7!| < C|ImA|, (3.1)

for any A € O, with Rel < w, where w is the growth type of exp(t.A). We will specify the choice of b’ later.
If condition (3.1) is false, then there exist a sequence of X\, = —pu, + iw, € p(A) with pu, > 0, w, — o
(assume w,, > 1) and a sequence of vector {U,,}22; = {(un,vn)}52; C D(A) with |U,|l = 1 such that

lim wy,||(AnI — A)U,||x =0, (3.2)
n—oo
1.e., as N — 00,
fn=wn (/\nun — vn) — 0, in Hj(—1,1), (3.3)
In = wn(Anvn = T))) — 0, in L?(—1,1), (3.4)

where T, is defined by (2.5). Note that for convenience, here we use the same notation {U, }22; = {(un, vn)}o2,
as in Section 2, but it isn’t the sequence of eigenvectors. From wnRe(()\nI — AU, Un) — 0, we conclude that
as n — 0o,

~wnptn|Unll3e + walla v 321 1) — 0.

Consequently,

1
) . o P 3.5
nLIIOlo N, ||(l UnHLz(*Ll) nLHOIO lnwn ( )

By using (1.3), we substitute p, < —k + b Inw, into (3.5) to get
lim (Inw,) ™2 [la2v) || 211y < V0. (3.6)

Similar to the Step 1 in the proof of Theorem 2.1, we have the following estimates under assumptions (Al),
(A2) and (3.6).

lim wy,(Inw,) 2 |a2ul, || p2_1.1) < C, (3.7)
n—oo
lim w,(Inw,) % |laZ o, | 2(_1.1) < C, (3.8)
n—oo

where C' is a positive constant depending on a(-) and b.
For any ¢, € [—1, 1], we integrate (3.4) on (z, (,) and combine the result with (3.3) to get

2
—A” o / An .
( 1+ )\na(as)> /I un(T)d7 + vy, () — an(Cn) = Fu(z,Cn), (3.9)
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where
- [n(2) An o
Eale.6) = = o ey T on + Ana@)) /x gn(T)dr.

Let X

. An "

Wy, +(x) = \/TT((E)/Q: Un (T)dT £ 0y (2).
Then,
/ _ :FA’ﬂw’ﬂ,i(w) _ Ana/(x) AnTn(Cn)
wn,:l:(w) - 1 —|—)\na(as) 4(1 + /\na(ac)) (wnﬁr(x) +w’ﬂ,*(x)) + 1 + /\na(x) iFn(xaCn) (310)

Consequently,

wn,:t(x) = €xp [:F (qn(x) - Qn(cn))]wn,:t(cn) - /m €xp [:F (qn(x) - Qn(s))]¢n(5)ds
AT (Gn)
1+ M\a(s)

- "exp [F (an(2) — 0(9)]|

n

—|—Fn(s,(jn)} ds, (3.11)

where ¢y, is the same variable defined in (2.20) and én is defined by:

~ And ()

m [wn,Jr(x) + wn,(x)] )

In what follows, we shall estimate each terms in the right hand side of (3.11).

1

First, Let ¢, € [iwg"’,wg"’], where 7 is a positive constant satisfying (2.22). We choose b’ small enough.

Then, by the same idea as (2.23) and (2.25), we conclude that

lim Wit =70+ = Jiy 3G _ g (3.12)
n—oo n n—oo ’
lim wz/+%(a+2)_1(lnwn)% =0. (3.13)

n—o0

Consequently, by the same argument as Step 2(ii) in the proof of Theorem 2.1, we obtain that when = € [—1, (],
lim ’exp[qn(ac)]’ <1,
n—oo

| exp[—gn(2)]| < Cwl, C>0. (3.14)

Furthermore, it is easy to obtain

Lo ] (lon (@ + o, @)+ la(e)o, 2)1)

Y(a+2 1 1 - 1
< Cuwpt )(||aévn\|L2(_1,1) + ||aéu'n||Lz(_171)) +Cuwn ® (a2l 12(—11). (3.15)

Replacing (3.6), (3.7) and (3.8) into (3.15) and noting that 3 (o +2) —1 > —Z* from (3.12), we have that there
exists a positive constant C' depend on «, b and a(-) such that for n large enough

min(Jow(@)] + ()] + a2y (@)]) < Cwd @D (w3 (3.16)

Lo~ W=7
z€|swn T, wn
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Therefore, there exists ¢, € [%w;”, wg"’] such that

(W, (G| + [T (G)] < Cw2 27 (lnw,) 2.

Now, substituting (3.14) and (3.17) into (3.11) yields

wy%(aﬁ)fl(lnwn)% + fnn/
Cn

And/(8)
A1+ Ma(s)) ’dsl

+ ] / (L2, 8,Co) + a2, 8) + Is (2,5, Co)]ds|, 2 € [~1, ),
where n
= max (|, (@) +un,-(2)]).
Li(2,8,Cn) = exp [ F (qn(2) = gu(s))] %
fa(s)

Ix(w,8) = —exp [:F (Qn(x) - Qn(s))] M’

An

Cn
I3(z, s,(n) = exp [:F (qn(x) - qn(s))] m/ gn(T)dT.

When z € (—1,0), it is easy to obtain

/Oﬂf Ids = /Oﬂf exp [:F An(x — s)])\nTn(Cn)ds = :F{exp ( T )\nw) - 1] T0(Cn)s

and
0

lim [ Lds=7F lim [1 —exp (F /\nCn):|Tn(<n)'

neeJe,
:

Noting that p, < —k + b’ Inw,,. Therefore, plugging (3.17) into (3.19) and (3.20) yields

x
lim ’/ I1ds

‘/ IQdS

Finally, for n large enough,
‘/ I3d8

< C lim wz/+%(a+2)_l(lnwn)%.

n—0o0

Similarly, by (3.14),

Fuls) ds = w? " 1o(1).

Wy, "

< /I exp [ F (tn(z — 5))]

)‘_”/ / exp [ F An(z — 5)] gn(7)dsdr
wn Je, Je
xT

1

Wn

/ {exp (Fra(z—1)) - 1} gn(T)dT

Cn
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(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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For the case © = —1 and = € [0, (,], we deduce the same estimation for the last integral in (3.18) by similar
argument. Thus, plugging (3.21) and (3.23) into (3.18), we obtain that for any = € [—1, (],

()] < ColF T )+l | e L O (3.21)
By the same argument as (2.45) in (3.24),
My, < CnILH;O wz#%(aﬁ)fl(lnwn)% +w? To(1). (3.25)
Hence, we conclude that
[vnllr2(-1,¢,) = 0 (3.26)

by choosing &’ and ~ satisfies (3.12) and (3.13). Similar to (2.51), we can prove that
T [y = [l (3.27)

Combining (3.8), (3.26) and (3.27) yields |Uy|l% — 0, which contradicts to the assumption. Thus, we have
finished the proof for Theorem 1.1.

Remark 3.1. It follows from Theorem 1.1 that semigroup exp(t.A) is differentiable for ¢ > to. Therefore, for
t>nty(n =1,2,...), exp(tA): H — D(A") and [exp(tA)]™ = A™exp(tA) is a bounded linear operator.
This implies that the solution u of system (1.1) satisfies (u(-,t), ut(-,t)) € D(A™) for any (ug,u1) € H and
t>ntp,n=1,2,...
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