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GENERALIZED LI-YAU ESTIMATES AND HUISKEN’S MONOTONICITY
FORMULA

PaurL W.Y. Leg!

Abstract. We prove a generalization of the Li—Yau estimate for a broad class of second order linear
parabolic equations. As a consequence, we obtain a new Cheeger—Yau inequality and a new Harnack
inequality for these equations. We also prove a Hamilton—Li—Yau estimate, which is a matrix version
of the Li—Yau estimate, for these equations. This results in a generalization of Huisken’s monotonicity
formula for a family of evolving hypersurfaces. Finally, we also show that all these generalizations are
sharp in the sense that the inequalities become equality for a family of fundamental solutions, which
however different from the Gaussian heat kernels on which the equality was achieved in the classical
case.
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1. INTRODUCTION

The Harnack inequality is one of the most fundamental results in the regularity theory of non-linear elliptic
and parabolic equations. In the case of linear parabolic equations in divergence form, this inequality was first
done in [26]. A sharp version of this inequality which takes into account the geometry of the underlying manifold
was first done in [24]. In fact, the key result in [24] is a sharp gradient estimate, now known as the Li—Yau
estimate, for linear parabolic equations on Riemannian manifolds with a lower bound on the Ricci curvature.
The sharp Harnack inequality can be obtained by integrating this estimate along geodesics. Because of this,
this estimate and its generalizations are called differential Harnack inequalities.

There are numerous generalizations of the Li—Yau estimate. In the case of geometric evolution equations,
this includes the evolution equations for hypersurfaces [2,14,21], the Yamabe flow [13], the Ricci flow [6,19] and
its Kéhler analogue [8,28]. For a more detail account of these generalizations as well as further developments,
see [27].

In the case of the heat equation p; = Ap; on a Riemannian manifold of dimension n with non-negative Ricci
curvature, the Li—Yau estimate is the following inequality for any positive solution p;

n
Alogp, >~ (L1)

for any time ¢t > 0.
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This is sharp in the sense that the equality case of (1.1) is satisfied by the following solution of the heat
equation on the Euclidean space:

1 |z
pt(w) - (4’]Tt)n/2 exp _4—t )

where |z| is the Euclidean norm of z in R™.

On the other hand, there are also generalizations of the inequality (1.1) to other second order linear parabolic
equations under the, so called, curvature-dimension conditions (see for instance [4]). They are estimates of the
form
n
Q_t’
where L is a linear differential operator without constant term and p; is a solution of the equation p; = Lpy.

However, the following

Llogp > — (1.2)

([ 2m(exp(2tk) — 1)\ ? —k|z|?
pt(””)_( k exp(2tk) ) eXp(z(exp(ztk)—n)' (13)

is a solution of the equation

. k
Pt = Apt —k <.T,th> = Apt — <V (§|$|2) ,th> (14)

where k£ > 0 is a constant.
The solutions (1.3) never satisfy the equality case of (1.2). Motivated by this observation, we prove the
following generalization of (1.1).

Theorem 1.1 (Generalized Li—Yau estimate). Assume that the Ricci curvature of the underlying Riemannian
manifold M is non-negative. Let Uy, Us : M — R be two smooth functions and let

1
V= AU, + 5|VU1\2 — 2Us.

Assume that |VV| is bounded and AV < nk?. Let p; be a positive solution of the equation
pr = Apt +(VU1, Vi) + Uspy.

Then py satisfies
1 k
Alog py + §AU1 > —% coth(kt). (1.5)

By letting U; = 0, Uz = 0 and k goes to 0, we recover the estimate (1.1). Note also that the solution (1.3)
achieves the equality case of (1.5) and the assumptions of Theorem 1.1 with U; = —£|z|? and U, = 0.

Recall that we can obtain the Harnack inequality by integrating (1.1) along geodesics. An analogue of this
fact also holds true in our setting. However, instead of integrating along geodesics, the correct paths in this case
are the minimizers of the following functional:

t

. 1.

cst(x,y) = inf /—IV(T)\2+V(7(T))dT, (1.6)
y(s)=zA(t)=y Js 2

where the infimum is taken over all paths « : [s,t] — M joining x and y and V = AU; + %\VUﬂz — 2U,. The
idea of considering functionals of the form (1.6) already appeared in [24]. In the case of the Ricci flow, a version
of the cost function (1.6), called L-distance, appeared in [29].
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Theorem 1.2 (Generalized Harnack inequality). Under the same assumptions as in Theorem 1.1 and that V
1s bounded below, the following estimate holds:

2 () (-,

n

By letting U; = 0, Us = 0, and k goes to 0, we recover the following Harnack estimate.

Corollary 1.3 (The Harnack inequality [24,26]). Assume that the Ricci curvature of the underlying Riemannian
manifold M is non-negative. Then any positive solution p; of the equation pr = Ap; satisfies the following

estimate:
> t /2 _fﬁim,y))
z e =
ps(x) — \s

It is also known that Corollary 1.3 recovers the heat kernel comparison theorem of Cheeger—Yau [11] if we
let p; be the heat kernel and letting s goes to 0. The same principle also works for Theorem 1.2.

Theorem 1.4 (Generalized Cheeger—Yau comparison theorem). Under the same assumptions as in Theo-
rem 1.2, the following estimate holds for the fundamental solution p; of the equation p, = Apy + (VU1, Vi) +
U2Pt N N
k 2 1

i) o (- o) + i) - i) (1.7

47 sinh

pe(z,y) = <

2
k‘;‘ and Us = 0, the cost function is given by

In the case Uy = —

k|y|? coth(kt)
2

CO,t(Oa y) = — knt
(see the proof of Thm. 3.4) and right hand side of (1.7) becomes the fundamental solution (1.3). Therefore, all
inequalities in Theorem 1.4 become equalities in this case.

Again, by setting U; = 0, Uz = 0 and letting & goes to 0, we recover the Cheeger—Yau estimate.

Corollary 1.5. [11] (The Cheeger—Yau heat kernel comparison). Assume that the Ricci curvature of the un-
derlying Riemannian manifold M is non-negative. Then the heat kernel pi(x,y) of the equation pr = Apy satisfy
the following estimate:

2(z,y
pe(z,y) > 1t
(4mt)n/2

As another consequence of Theorem 1.1, we obtain the following Liouville type theorem.

Corollary 1.6 (A Liouville type theorem). Assume that the Ricci curvature of the underlying Riemannian
manifold M is non-negative. Suppose that |VV| is bounded and AV < nk®. Then any positive solution p of the
equation

Ap+(VU1,Vp)+Uzp=0 (1.8)
satisfies
2

<V

DN | =

1
’Vlogp—k §VU1

In particular, if V(xz) < 0 at some point x in M, then equation (1.8) does not admit any positive solution. If
V =0, then there is a positive constant C' such that
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As a special case of Corollary 1.7, we recover the following result in [33].

Corollary 1.7 (The Liouville theorem). Assume that the Ricci curvature of the underlying Riemannian man-
ifold M is non-negative. Then any non-negative harmonic function is a constant.

In [18], Hamilton proved a matrix version of (1.1) for the heat equation, called the Hamilton—Li—Yau estimate
(see also a Kéhler analogue in [27]). Another matrix version of the differential Harnack inequality also appeared
in [19] which is one of the most fundamental result in the theory of the Ricci flow (see also an interesting
generalization in [6] and a Ké&hler analogue in [9]). The following is a matrix version of (1.1).

Theorem 1.8 (Generalized Hamilton—Li—Yau estimate). Assume that the sectional curvature of the underlying
compact Riemannian manifold M is non-negative and the Ricci curvature is parallel. Let Uy, Us : M — R be
two smooth functions satisfying the following condition for some non-negative constant k:

1
V2 (AU1 + 5|VU1|2 — 2U2) < k1.

Then any positive solution py of the equation py = Apy + (VU1, Vi) + Uapy satisfies the following estimate:

k coth(kt)

1
V2 log p + §V2U1 > -—

1,

where V? denotes the Hessian operator.
Once again, if the underlying manifold is R", Uy (x) = —%\1‘\2, and Us = 0, then
2 1 2 2
v (AU1 + §|VU1| ) =k°I,
and ) L
V2 log p; + §V2U1 =-3 coth(kt)I.

Therefore, the inequalities in Theorem 1.8 are equalities in this case.
By setting Uy =0, Uy = 0, and letting £ — 0, we recover

Theorem 1.9 (The Hamilton—Li—Yau estimate [18]). Assume that the sectional curvature of the underlying
compact Riemannian manifold M is non-negative and the Ricci curvature is parallel. Then any positive solution
pe of the equation py = Ap, satisfies the following estimate:

1
2
\Val! > ——1.
og pt = 5

In [20], Theorem 1.9 was used to prove a generalization of Huisken’s monotonicity formula for the mean
curvature flow [22]. More precisely, let M be a m-dimensional sub-manifold of a n-dimensional Riemannian
manifold N. Let ¢; : M — N be a family of immersions evolved according to the following equation

Pt = Ni(r), (1.9)
where $); is the mean curvature vector of the sub-manifold M; := ¢ (M).

Theorem 1.10 (Huisken’s monotonicity formula [20,22]). Assume that the sectional curvature of the underlying
compact Riemannian manifold N is non-negative and the Ricci curvature is parallel. Let o be a solution of (1.9)
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and let p; be a positive solution of the heat equation p; = Ap; on N. Here A denotes the Laplacian operator

on N. Then
d n—m n—m VJ'U 2
— | (T —1t)> / pr—¢dus | < —(T —1t) 2 / PT—t ‘ L6, dpg,
d 1 (M) (M) ut

where py is the Riemannian volume of My, Vu is the gradient of u on N, and Vi-uy is the projection of Vu
onto the normal bundle of M.
In particular, the quantity (T —t)"= f%(M) pr—t dug is monotone.

There is an analogue of this monotonicity formula in the setting of Theorem 1.8. In this case, the evolving
hypersurfaces M; satisfy the following equation instead

Gr = 9:(p1) + ViU (1.10)

We remark that the term $:(¢:) + ViU is a generalization of mean curvature first appeared in [17]. In
particular, equation (1.10) is the gradient flow of the weighted volume functional

/ e Ydy,
(M)

where v is the Riemannian volume on ¢(M) induced by the one on N.
Special cases of the equation was also studied in [5, 30].

Theorem 1.11 (Generalized Huisken’s monotonicity formula). Assume that the sectional curvature of the un-
derlying compact Riemannian manifold N is non-negative and the Ricci curvature is parallel. Let U: M — R be
a smooth function satisfying the following condition for some positive constant k:

_ 1
V2 (—AU + 5VUZ) < k21,

where V? is the Hessian operator on N. Let p; be a solution of (1.10) and let p; be a positive solution of the
equation - o -
,bt = A,Dt + <VU, th> + ,OtAU

on N. Then

d . n=m
— [ sinh™ =2 (k(T — 1)) / pr—t At
d e (M)

1 v+
PT—t <§A#U + ‘ e

Ut

< —sinh™ = (k(T — t))/

(M)

— 5

2
) dﬂtv

where AU is defined by AfU =3, <vnk(t)U, nk(t)>.
As an immediate consequence, we have

Corollary 1.12. Assume that the sectional curvature of the underlying compact Riemannian manifold N is
non-negative and the Ricci curvature is parallel. Let U: M — R be a smooth function satisfying the following
condition for some constants K and k with k > 0:

_ 1 _
V2 (—AU + §VU2) <kl and V*U>KI.
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Let ¢y be a solution of (1.10) and let p; be a positive solution of equation

pr = Apy + (VU,Vpi) + pt AU

on N. Then
d n—m —t n—m
I sinh" 2 (k(T — t))/ pr—t dpt
dt @t (M)
n—m —t n—m V J— 2
< _e_K( n)(T—t) sinh ™= (k(T — t))/ Tt ‘tiut — 9, dpse.
we (M) Ut
. _Kn-—m)(T—-t) n—m .
In particular, e z sinh 2 (k(T —1t)) f%(M) pr—t dp is monotone.

Remarkably, Corollary 1.12 is also sharp. In this case, we set M = R"™, U = —§|w|2, and K = —k. Then

[ 2m(exp(2tk) — 1)\ ? — k|2
pt(gﬁ)_( s exp (2F) ) oxp (2(exp(2tk)—1)>eXp(lmt)

is a solution of the equation
pr = Ape + (VU,Vp) + p AU = Apy — k (@, Vp) — knp,.

It follows from the proof of Corollary 1.12 that all inequalities in the corollary are equalities in this case.

Assuming that the underlying manifold M is compact, Theorem 1.1 can be proved using the Bochner formula
and the maximum principle. However, instead of the Bochner formula, we will prove a general result (Thms. 2.1
and 2.3) using a moving frame argument motivated by the theory of optimal transportation (see [32]). This
allows a more unified treatment for Theorems 1.1 and 1.8 under the compactness assumption. In Sections 3
and 4, we show that the above generalization of the Li—Yau estimate and its matrix analogue are simple
consequences of Theorems 2.1 and 2.3. In Section 5, we give the proof of the generalized Huisken’s monotonicity
formula.

The Aronzon—Bénilan estimate is a differential Harnack inequality for the porous medium equation

pr = A(pi").

In Section 5, we will prove a generalization of Aronzon—Bénilan estimate using Theorem 2.1 and 2.3. We will
prove sharp Laplace and Hessian type comparison theorems for the cost function (7.1) in Section 6. In Section 7,
a semigroup proof, in the spirit of [4], of the generalized Li—Yau estimates will be discussed (again assuming
M is compact). In Section 8, we give a proof of Theorem 1.1 without any compactness assumption.

2. PRELIMINARIES

In this section, we state and prove general results which will be used in the next few sections. For this, we
will introduce some notations. Let M be a n-dimensional compact manifold without boundary equipped with a
Riemannian metric denoted by (-, ) or g. The corresponding Riemann curvature tensor is denoted by Rm. Let
F be a function on the space of all n x n matrices. We assume that F' is invariant under orthogonal changes
of variables (i.e. F(OTAO) = F(A) for each orthogonal matrix O). For each linear map W: T,M — T, M
of the tangent space T, M at a point z, we set F'(W) = F(W), where W is the matrix with ijth entry equal
to (W(v;),v;) and {vi,...,v,} is an orthonormal frame at x. This is well-defined since F is invariant under
orthogonal changes of variables. Note that this condition is not needed or can be relaxed when the tangent
bundle TM of M is parallelizable. For instance, when the manifold is the flat torus, this condition can be
completely removed. Finally, if u, v, and w are tangent vectors, then u ® v denotes the linear map defined by
u®v(w) = (v, w) u.

The following is a generalization of the Li—Yau estimate [24].
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Theorem 2.1. Assume that there is a non-negative function by : M — R, a time dependent vector field Y; on a
compact manifold M, and a fibre-preserving bundle homomorphism Wy: TM — TM of the tangent bundle T M
such that

(1) F'(A)(B?) > k1 F(B)? for some non-negative constant ki ;

(2) F'(VXy) (W + Rm(-, X;)X;) > k3 for some constant ks;

(3) FI(VX)(V(Xi + Vx, X¢) + Wi) + k2 F(VX,)? < F/(VX,)(0:V2(F(VXy)) + V(F(VXy) @ V);
(4) ki1 + ko > 0.

Then )
FIVX,) < — t
( t) < k1 + kQG(k1+k2)k3( )s

where
VK cot(VE t) if K >0
ag(t) =41 if K=0

vV—Kcoth(v/—Kt) if K<O.

Remark 2.2. Note that the above theorem can be further generalized to include situation considered in [4] if
F is allowed to depend on X;, not just VX;. However, we will not pursue this here.

A matrix version of Li—Yau estimate was done by Hamilton [18]. The following is the corresponding matrix
version of Theorem 2.1.

Theorem 2.3. Assume that there is a non-negative function by : M — R, a time dependent vector field Y; on a
compact manifold M, and a fibre-preserving bundle homomorphism Wy: TM — T'M of the tangent bundle T'M
such that

(1) wr— (Xy,w) is a closed 1-form;

(2) Wi+ BRm(-, X)X > ksl for some constant ks;

(3) <Vv(Xt + VXt(Xt)),v>+k2 (VX (VX (v),0)+(Wiv,v) < b (AV X (v),0)+(Vy, VX, v) for each eigen-
vector of the linear map w — V,, Xy with the largest eigenvalue;

(4) 1+ ke > 0.
Then

1
VXt S 1 T k‘g a(1+k2)k3(t)I.

As a consequence, we obtain the following estimate on the volume growth of a set under the flow of the vector
field X, if F' = tr.

Corollary 2.4. Under the assumptions of Theorem 2.1 with F = tr,
1
(b(kl-‘rkz)ks(t)) F1tka 'UOI(QOt(D))
1s a decreasing function of time t, where

# sin(vKt) if K >0
br(t) = { t ifK =0
\/iT sinh(v—Kt) if K <O0.

The rest of this section is devoted to the proof of the above mentioned results.
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Proof of Theorem 2.1. Let ¢, be the one-parameter family of diffeomorphisms defined by the vector field X;:
ot = Xi(pr) and @o(z) = x. Let y(s) be a curve which start from z with initial velocity v: v(0) = = and
~'(0) = v. Then

D D D

R = - = X
—dgi(v) = = e1(9)| = Vagw X

Let v1(0),...,v,(0) be an orthonormal frame at a point z and let vy (¢),...,v,(¢t) be the parallel transport
of v1(0),...,v,(0) along the path ¢.(x). Let A(t) be the matrix defined by

dee (v; (0 ZAU v, (t

It follows that

> Aii(ty(t) =Y A (V0 X

j=1 j=1

Therefore, if Si;(t) = (V) Xt,v;(t)), then S(t) = A(t)~1A(t) and we have

S(t) = —A(t) AR A(t)TTA() + A(t) A1)
= —S(t)2+ A(t)TA(L). (2.1)

On the other hand, if we differentiate the equation ¢ = X;(p), then we get

dt Xt(%@t) + Vx, Xe(pr)

and
D D

ds dt

By the definition of the Riemann curvature tensor Rm, it follows that

(1| _ = Vagu) (X + Vi X ) -

2

() + Rm(dgr(0), Xo(90))Xi(0r) = Vi, (Ko + Ve X1

Therefore, by the definition of the matrix A(t), the following holds
A(t) + A(t)(R(t) — M(t)) =0,

where
Rij(t) = (Rm(v;(1), Xe (e (2))) Xe (01 (2)), v; (1))
and
0 (S (04 9 )

By combining this with (2.1), we obtain
S(t) 4+ S(t)? + R(t) = M(t). (2.2)
It follows that

%F(S(t)) +F(S)(S(1)* + R(t) = F'(S())(M(t)). (2.3)
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Let to be the first time where F(VXy, (¢t (2))) = kax(to) for some point =, where &k > 0. By assumption,
we have

F'(VX4,)(V(Xto + Vi, Xio) + Wi) + k2 F(VX,)? <0 (2.4)

at @, ().
In the matrix notation, we have

F'(S(t0)) (M (to) + W(to)) + k2 F(S(t9))* < 0,

where W(to) be the matrix with ijth entry equal to (W;(v;(t)),v;(2)).
By combining this with (2.3) and using the assumptions, we obtain

S0+ PS4 ks £ GF(S(0) + R F(S(0) + P (S (Rik) + W)
S% (S(to)) + F'(S(t0)?) + F'(S(to)) (R(to) + W(to))
= F'(S(t0))(M(to) + W(to))
< _kQF(S(to))z.

By the definition of ty, we have kax(to) = F(S(to)) and kag(to) < SLF(S(ty)). Therefore, the above
inequality becomes
de(to) + (kl + kg)k2a[((to)2 + k3 <O0.

Since a satisfies
arg +a3 + K =0, (2.5)

it follows that
E((k1 + ko)k — 1)a(to)® + k3 — kK < 0.

1k2 and K < (k1 + ko)ks. Hence

Therefore, we obtain a contradiction if k = P

1

FVXy) < ——
( ) k1 + ko

ak(t)
for all K < (k1 + k2)ks. By letting K — (k1 + ko2)ks, we obtain

1
FVX) < — t). U
( t) =k + kza(k1+k2)k3( )

Proof of Theorem 2.3. Here, we use the same notations as in the proof of Theorem 2.1. By assumption the
one-form v — (X4, v) is closed. This is equivalent to (V, X, w) = (v, V,, X¢). It follows that the matrices S(¢)
are all symmetric. Let ty be the first time such that there is a point x and a unit tangent vector v in the tangent
space Ty, ()M at ¢¢(z) such that (V, X, v) = (S(to)v,v) = kax(to). Here v denotes both the vector v and
its matrix representation with respect to the orthonormal frame vy (¢),...,v,(t). In particular, kax (t9) is the
largest eigenvalue of S(to) with eigenvector v. By parallel translating along geodesics, we extend v to a vector
field still denoted by v. It follows that Vv = 0 and Av = 0. Therefore, the following holds by assumption

(Vg + VX1 (X30)), ) + bz (VX e (VX (0)),0) + (Wi ,0)

< bto <AVXto (U)7U> + <VYt0 VUXtoa U>
S btoA <VXto (’U),’U> + tho <vat07U> S 0.
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In terms of the matrix notations, the above inequality becomes

((M(to) + k2S(t0)* + W(to))v,v) <O0.

This, together with (2.2) and (2.5), gives

2)
d

0< T ((S(t)v,v) — kak(t)) s

—(S(to)?v,v) + ((M(to) — R(to))v,v) + kax (to)* + kK

< —(1+ ko) (S(to)*v,v) — (W(to) + R(to))v,v) + kag (to)* + kK.

By assumption, W(t) + R(t) > ksI. It follows that

k(1 — (1 + ka)k)ax (to)? + kK > k.

Therefore, we obtain a contradiction if k = ﬁ and K < k3(1 + kz2). It follows that

Aoy (14k2) (1)
VX, < —— =7 "] O
t 1+ ks

Proof of Corollary 2.4. If F(VX) > tr(VX), then

%log det A(t) < F (VXSDt(w)) :

It follows that

1
det(d t b2 L ()
detlden) _ oy (/ F(VXW))dt) < 7(’“1“”)'“( .
b

det(d T ’
et(dey,) to 2 1 (o)
where
\/% sin(vVKt) it K>0
br(t)=<t ifK=0 O

ﬁ—x sinh(v/—-Kt) if K <0.
3. A GENERALIZATION OF THE LI—YAU ESTIMATE: THE CASE ON COMPACT MANIFOLDS
In this section, we prove the following generalization of the Li—Yau estimate.

Theorem 3.1. Assume that the Ricci curvature of the underlying compact Riemannian manifold M is non-
negative. Let Uy and Us be two functions on M satisfying

1
A (-AUl — §|VU1|2 +2U2> > k3.
Then any positive solution p; of the equation

p't :Apt—k(th,VUl)—kngt (31)
satisfies

2Alog pr + AUy > —naks (t).

E3
n
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By integrating the above generalization of Li—Yau estimate, one obtains a Harnack inequality. For this, we
need to consider the following functional

[ 3HEr + Vi@

where v : [sg, 1] — M and V = AU; + %|VU1|2 — 205,
Let c5,,s, be the corresponding cost function defined by

Cunen () = it [ 2R + V), (3.2

S0

where the infimum is taken over all paths v satisfying vy(so) = « and v(s1) = y.
Corollary 3.2. Under the assumptions of Theorem 3.1, the following holds
big (s1)\ 2
Ps, (y) = 1
> n —— U -U .
Dso (x) = (bk_S (50) exp ( 2 (630731 ('T’ y) + 1(y) 1(1')))

If we let p: be the fundamental solution p.(z,y) of equation (3.1) and let s — 0 in Corollary 3.2, then we
obtain the following generalization of Cheeger—Yau estimate [11].

Corollary 3.3. Let p; be the fundamental solution of equation (3.1). Under the assumptions of Theorem 3.1,
the following holds

ez, y) > (47rb%3(t)> ? exp (_% (co(z,y) + U (y) — Ul(x))> .

Finally, we will show that the equality case in Corollary 3.3 is achieved by (1.3). More precisely,

Theorem 3.4. Let p; be defined by (1.3), Uy(z) = —%|z|?, and U = 0. Then

w3

p¢(0, ) = exp (—% (c0,t(0,2) + Ui () — Ul(o))> (4mb_p2(t))

Proof of Theorem 3.1. If we specialize Theorem 2.1 to the case where F' = tr and X; = Vh;, then the assump-
tions of Theorem 2.1 are satisfied if k1 = %, tr(W;) + Re(Xy, X¢) > ks, and

.1
A <ht + §Vht|2> + ko (Ahy)? + tr(Wy) < by AAh + (VAR Y:) . (3.3)
Let hy = —2log p; — U;. Then the following holds
hy + 5|vm\2 = Ahy + AU, + 5|sz1|2 — 20,

Therefore, under the assumptions of the theorem, (3.3) holds with k2 = 0 and b; = 1. Hence, the result
follows from Theorem 2.1. O

Proof of Corollary 3.2. Let v be a minimizer of (3.2) which satisfies v(sg) = o and v(s;) = 1. Using the
notations in the proof of Theorem 3.1, we have

d

Ehlr(0) = 5HOF < Sh((B) ~ (Th(y(0), 50 + 51Vhl

—dt
= AR(() + AUL (1)) + 5 (V0P ) — 20a(3(1)
< nas () + V().

In the last inequality above, we have used Theorem 3.1.
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By integrating the above inequality and noting that bi = brak, we obtain

hs, (21) = sy (20) < Cs,5, (0, 71) + nlog(brs (s1)) — nlog(bes (so))-

By taking exponential of the above inequality, the result follows. O
Proof of Corollary 3.3. By Corollary 3.2, we have
brg (1) 2
Pt ('Ta y) 1 3
> —= U U . .
PUEI > oxp (5 (cnnlo) + ) ~ Uala)) ( - (S)>
Since lim_o(47s)" ?ps(2,2) = 1 (see [16,31]), the above inequality gives
1 -3
pile,y) = exp (—5 (co.lw,y) + Un(y) - U1<w>>) (4mbes (1))
as claimed. O
Proof of Theorem 3.4. In this special case, the cost function (3.2) is given by
(3.4)

cor0.) = inf [ S +V ()

where V(z) = —kn + $k*|z|* and the infimum is taken over all paths v satisfying v(0) = 0 and y(t) = y.
If 2(-) is a minimizer of the above infimum, then it satisfies the following equations (see [15])

T =p, p = k’z.

Since x(0) = 0 and z(t) =y, it follows that
sinh(ks)

x(s) = S (k) x(t).

If we substitute this back into (3.4), then we obtain

kly|? coth(kt
co4(0,y) = % — knt.

A computation shows that

(0 = exp (=3 (cnel0.0) = 5hi?) ) (ambosafe)”

- (st ) ()

n
2

as claimed.
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4. A GENERALIZATION OF HAMILTON’S MATRIX LI—YAU ESTIMATE

In this section, we show that the following generalization of Hamilton—Li—Yau estimate is a consequence of
Theorem 2.3.

Theorem 4.1. Assume that the sectional curvature of the underlying compact Riemannian manifold M is
non-negative and the Ricci curvature is parallel. Let Uy and Us be two functions on M satisfying

1
-V (AU1 + 5\VU1|2 - 2U2) > ksl

Then any solution p; of Equation (3.1) satisfies
—2V2log p; — V2U; < ap, (t)1.

Proof. We need the following lemma.

Lemma 4.2. Assume that the sectional curvature of a Riemannian manifold is non-negative at a point x and
the Ricci curvature Re satisfies VRe, = 0. Then, for any smooth function f, the following holds

A(V,df(v))(@) = (V,VAL,v), .

Here we consider the Hessian VAf of f as a self-adjoint operator on T, M. The vector field v is defined as an
eigenvector of the operator VA f at x corresponding to the largest eigenvalue and it is extended to a neighborhood
of x by parallel translation along geodesics.

Proof. Let eq,...,e, be an orthonormal frame at x and let us extend them to vector fields defined locally near
x by parallel translation along geodesics. It follows that Vo(z) = 0 and V., V.,v(xz) = 0 (throughout this proof
we sum over repeated indices without mentioning). Therefore,

A(Vydf(v)) = Ve, Ve, Vodf(v).
Let « be a (0, 1)-tensor and 3 be a (0, 2)-tensor. By Ricci identity, we have

(1) Vo, Vy,a(vs) = Vi, Vi, avs) — a(Rm(vy, v2)vs);
(2) VU4 v'Ul VU204(U3)
=V, Vi, Vo, a(v3) — Vy,a(Rm(vy, v2)vs) — (Ve Rm(vy, va)vs);

(3) vv1vv2ﬁ(v?’av4)
- Vv2vvlﬁ(v3a U4) - ﬁ(Rm(Ula U2)U37 U4) - ﬁ(v3a Rm('Ul, UQ)’U4)~

Here, for instance, V,,V,, V,,a(vs) denotes

V(V(Va))(va,v1,v2,v3).
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It follows that
A(V,df(v)) = Ve, (Vo Ve, df (v) — df (Rm(e;, v)v))
=V, V,Vydf(e;) — Ve, df (Rm(e;, v)v)
—df(Ve,Rm(e;, v)v)
=V,V,, Vydf(e;) — Ve, df (Rm(e;, v)v)
— V,df(Rm(e;,v)e;) — Ve, df (Rm(e;, v)v)
—df(Ve,Rm(e;, v)v)
=V,V,V,df(e;) — Vodf(Rm(e;,v)e;)
—df(V,Rm(e;,v)e;) — Ve, df (Rm(e;, v)v)
— V,df(Rm(e;,v)e;) — Ve, df (Rm(e;, v)v)
—df(Ve,Rm(e;, v)v)
= (V,VAf,v) —2V,df(Rm(e;,v)e;)
—df(V,Rm(e;,v)e;) — 2V, df (Rm(e;, v)v)
—df(Ve,Rm(e;,v)v).
Since the Ricci curvature is parallel, we have, by the contracted Bianchi identity,
A(Vydf(v)) = (V,VAf,v) —2V,df(Rm(e;,v)e;) — 2V, df (Rm(e;, v)v).
If e; is an eigenvector of the hessian of f with eigenvalue \; and v is an eigenvector of the hessian of f with
the largest eigenvalue )\, then
A(V,df(v)) = (V,VAS, v) + 2ARe(v,v) — 2); (e;, Rm(e;, v)v)
> (V,VAf,v).

Here we use the assumption that the sectional curvature is non-negative.

When X; = Vhy, the conditions become W(t) + R(t) > ksI and
. 1
<VUV (ht + §Vht|2> ,U> + ko ((V2he)?0,0) + (Wiv,v) < by (AVZhy(v),v) + (Vy, VZhe (v), v)

for each eigenvector v of the symmetric operator V2h; with the largest eigenvalue.
Recall that if p; is a positive solution of the equation

pr = Apt + (Vpi, VU1) + Uapy,
then hy = —2log p; — Uy satisfies
. 1 1
hy + §|Vht\2 = Ah; + AUy + §|VU1|2 —2U,.
It follows that )
v? (ht + 5|vm2> + W, = V2 Ahy,

where W; = —=V?2 (AU; + 3|VUL|* — 2Us).
Therefore, if we assume that the Ricci curvature is parallel, the sectional curvature is non-negative, and
W; > ksl, then

<v2 (ht + %wht?) (v),v> + (Wi(0),0) < (AV?hy(0), ).

It follows that
V2hy = —2V2log py — VU1 < ay, (t)1. =
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5. A GENERALIZATION OF HUISKEN’S MONOTONICITY FORMULA

This section is devoted to the proof of Theorem 1.1. First, let us recall the notations used. Let M be a
submanifold of dimension m in a Riemannian manifold N of dimension n. The mean curvature flow is a family
of immersions ¢ : M — N which satisfy

= 9¢(e) + ViU (pr),

where $); is the mean curvature vector of M; := (M )_, VU denotes the gradient of U with respect to the
Riemannian metric on N, and V;-U is the projection of V;U onto the normal bundle of M;. We also introduce
the following notation for the part of the Laplacian in the normal bundle A}U = ok <VnkVU, nk>.

Theorem 5.1. Assume that the sectional curvature of the underlying compact Riemannian manifold N is non-
negative and the Ricci curvature is parallel. Let U : M — R be a smooth function satisfying the following
condition for some positive constant k:

1
\%& (AU - §|VU|2> > ksl,

Let ¢y be a solution of (1.10) and let py be a positive solution of the equation

Pt = Apt + <vU, vpt> + ,OtAU
on N. Then

d e e 1 Vi ?
e, (T t)T/ wedpe | < —biy (T — 1) / ” —A§U+‘ 2 gl ) .
dt e(M) ey \ 2 Uy

The rest of this section is devoted to the proof of the above theorem. Next, we pick a convenient moving
frame along ;.

Lemma 5.2. Let o(-) be a path in N such that o(t) is contained in My := @i(M). Then there is a family of
orthonormal frames

nl(d)t), cee nn*m(wt)’ ’U1(t), s 7Um(t)
defined along o(-) such that

(1) vi(t),...,vm(t) are contained in the tangent bundle T My of M;;

(2) ni(t ) co oy M (t) are in the normal bundle TM;- of My;

(3) 01(t),..., 0m(t) are in TM;;

(4) m(t), ...,hn m(t) are in TM;.

Here ;(t) denotes the covariant derivative of v;(t) with respect to the Riemannian metric (-,-) of N.

Moreover, if iy (t), ..., fp—m(t),01(t),...,0m(t) is another such family, then there are orthogonal matrices
OW and O® (independent of time) of size (n —m) x (n —m) and m x m, respectively, such that

i i (t) and v;(t i O
j=1 j=1

The proof of Lemma 5.2 and that of ([23], Lem. 3.1) is completely analogous and is therefore omitted. From
now on, we call any orthonormal moving frame which satisfies the conditions in Lemma 5.2 a parallel adapted
frame along o(-).
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Let n; be a normal vector in TMtJ- and let &} : TM; — T M; be the shape operator of the submanifold M,
defined by

<6;1f (Ul)?v2> = - <v’01nta’u2> .

Here V denotes the Levi—Civita connection on N.
Recall that the mean curvature vector $; of M; is given by

9= (&7 (0 (1).0,(0) ma).

i’j
Lemma 5.3. Let nq(t), ..., p_m(t),v1(t),...,vm(t) be a parallel adapted frame along o.(x), where ¢, satisfies
the following equation
P = ZFz’(ﬁ P)ni(t)
i
Let A(t) and G*(t) be families of matrices defined by

dpe(vi(0 ZAU Jus(t) and Gl (1) = (&7 (wi (1), v;(1))

respectively. Then

= Fi(t, o) A(t)GF (1),
2
where Vi is the gradient with respect to the induced metric on M.

Proof. Let v(s) be a curve in M such that <Lvy(s) = v;(0). Then

s=0

Zagu(wi0) = Y (A u () + Ay 0is)

J
On the other hand, we have

D D

et (vi(0)) = ey Zk: (VeFi(t, @), e (0:(0))) ni(t) + Fio(t, 00) Ve, (s 0k (1)) -
It follows that
=3 Aa® Bt o) (85 (), ;) O
1,k
Proof of Theorem 5.1. Let p; be the density of ¢fu; with respect to po: pto = @fpe. Let

ni(t),...,ny_m(t),v1(t),..., v, (t) be a parallel adapted frame along the path ¢;(x) and let A(t) be the family
of matrices defined by

de (v; (0 ZAU v, (t
Then p; = det A(t) and we have
d d . 1
— updpr = — | u(pr) det A(t) dpg = / [ut(@t) + g (@ )tr(A(L) THA(L)) + <Vut,<pt> } det A(t) dug
dt Jo. dt Jus M

:/ " (ut + ZFk <Vut,nk - utZFktr Gk( ))) dyiy.
pe(M
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) = tr(GF(t) + (VU,ni(t)) and @ = —Au; —

Let uy = pr—¢. Then we have, by assumptions, Fi(t
(VU,Vuy) — (AU)Uf Then the above equation becomes
wp dpy = / ( Ay — (YU, V) — (AU Yup — w947 + (ViEue, $0) — wy (ViU ;) )d,ut, (5.1)

e (M)

where Vi u is the projection of Vu onto the normal bundle of M,

A simble calculation shows that

z": <V (Vu — Z <nk,vu> ng),v;
Au

k
Z Vi, Vu,ni) + Z (ny,, Vu) tr(G*(t))
k k

= Au— Af‘u + <5’J, thu> .

Therefore, we have
d n
- utdut: (—Aut—At ut—utAt U
dt o, (an) (M)

(VU, Vur) = AUwy — | 90l +2 (Vi e, 90) ) dp

/ (—A#‘ut—utﬂf‘[]—utbﬁt\z
e (M)

1 vi 2 1, 12
+2Ut<tht75>—Ut e +Ut‘tht )th
Ut Ut Ut
Viu 2
_/ )ut<Af‘logut+Aj-U+‘ ;tt_ﬁt )d,ut.
Pt

n—m
akS(T — t).

1
—Af log pr—t — iﬂf‘Ul <

By Theorem 4.1,
d -m 1 Viu ?
a/ Utd/it— akS(T—t)/ utdutg/ Ut (—EA#U—’ ; t—ﬁt )d,ut
@ (M) (M) @i (M) t
O

Since by, = axby, the result follows.
6. A GENERALIZATION OF THE ARONZON—BENILAN ESTIMATE

The Aronzon—Bénilan estimate [3] is a differential Harnack inequality for the porous medium equation
pr = A(py").
In this section, we apply Theorem 2.1 and prove the following generalization of the Aronzon—Bénilan estimate
Theorem 6.1. Assume that the Ricci curvature of the underlying compact Riemannian manifold M is non-

k3

AU > —
—2m

negative. Let U be a function on M satisfying
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where m > 1. Then any smooth positive solution p; of the equation

pr = A(pf") +UpF™

satisfies
2m 2n
S AP < — ket (D).
m—1 (i) < 2+n(m— 1)a7k3(2+2i o (*)
Proof. A computation shows that h; = i—mm p?’fl satisfies

| 1
hy + 5|vm\2 = 5 (1= m)h Ahy = 2mU.

It follows that

(m — 1)(Ahy)? + 2mAU = (1 —m) (Vhy, VAR +mp" ' AAh,.

. 1 1
A - 2)+ =
(ht-i- 2|Vht‘ ) + 5

The rest follows from the assumptions and Theorem 2.1. O

7. ON LAPLACIAN AND HESSIAN COMPARISON TYPE THEOREMS

In this section, we prove versions of Laplacian and Hessian type comparison theorems for the following cost
function

. 1 2
Co,t(2,y) = —y(s):lacr,l'fy‘(t):y/s S[1(1) = VUL(y())” = Ua(5(7))d7. (7.1)

More precisely,

Theorem 7.1. Assume that

(1) the Ricci curvature of the underlying manifold M is non-negative;
(2) A(Uz — £|VUL|?) > k3 for some negative constant k.

Then the cost function cot defined by (1.6) satisfies

Agco (o, x) < \/—ksn coth (\/Et> ’
n

wherever cg +(xo, ) is twice differentiable.

Theorem 7.2. Assume that

(1) the sectional curvature of the underlying manifold M is non-negative;
(2) V2 (Uz — 3|VUL|?) > ksl for some negative constant ks.

Then the cost function co+ defined by (1.6) satisfies

Vico’t(xo,x) < v/ —kscoth ( —k3 t) I

wherever co +(xo, ) is twice differentiable.

Remark 7.3. The function x — c¢o (2o, ) is locally semi-concave. In particular, it is twice differentiable
Lebesgue almost everywhere by Alexandrov’s theorem. Therefore, the conclusions in Theorems 7.1 and 7.2 hold
Lebesgue almost everywhere (see [32] for the definitions and the results).
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Remark 7.24. We can see that the above theorems are sharp by looking at the case M = R", U; = 0, and
Us(z) = —% |z[2. We have

V2 (U2 - %VUﬂ) =K, A <U2 - %|VU12> =—k’n
which is the equality case in the second conditions of Theorems 7.1 and 7.2. We also have
V2¢0.4(0,2) = kcoth(kt)I, Ayco+(0,2) = kn coth(kt)
which gives the equality case in the conclusions of Theorems 7.1 and 7.2.
Remark 7.5. A Bishop-Gromov type volume comparison theorem follows from Corollary 2.4.

The proof of Theorem 7.2 is similar to that of Theorem 7.1 and will be omitted.

Proof of Theorem 7.1. If ¢y ¢(xo, ) is smooth, then the result follows from Theorems 2.1 and 2.3. Indeed, the
Legendre transform of the Lagrangian

L(z,v) = %gij(fﬂ)(vi = 9" (@) (U1)z, (2)) (7 = g”*(2)Us, (2)) — Ua(2)

is given by

H(z,p) = vesgpM[p(v) — L(z,v)]

= S0 @pip; + 9 @Pi(U)e, (2) + V().

Here we sum over repeated indices.
The corresponding Hamilton—Jacobi equation is given by

ft+%‘vft‘2+<VUlvvft>+U2:O (7.2)

and co ¢(zo,x) is a particular solution (see [1]).
If we set X; = V (co¢(x0,-) + Ur), then

. 1
tr (V (Xt + VXtXt) + V2 (U2 - 5VU1|2)) =0.

(t) = v/ —ksncoth (\ / —% t>
by Theorem 2.1.

In general, if x is a point where ¢y +(xo,-) is twice differentiable, then there is a unique minimizer 7 to the
infimum (1.6) joining z¢ and x. Moreover, ¢y s(xo, ) is smooth at v(s) for each s in (0,¢) (see [7]). Therefore,
the proof of Theorem 2.1 still applies. Note that, in this case, (2.4) is an equality. O

Therefore,

Agcot(xo, ) < nak,

oo

!
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8. ON THE SEMIGROUP APPROACH

In this section, we give a semigroup proof of Theorems 3.1 and 6.1 which does not require any use of maximum
principle. Such a proof was first given by [4], assuming that the equation

pt = Lpt (8.1)

is given by an operator L without constant term which is self-adjoint with respect to a weighted L? inner-product.
In the case of the heat equation, the key idea is to consider expressions of the form

Pr_i(p|Vpe|*) and  Pr_py,

where P; is the heat semigroup.
Since the heat semi-group is symmetric, it is equivalent to consider the followings instead

/ p¢|Vpi|2or_tdvol  and / pror—_sdvol, (8.2)
M M

where g; ranges over all solutions of (8.1).
When L is not self-adjoint but still linear, we also consider the expressions in (8.2). However, in this case, o
ranges over solutions of the equation
ot = L"0¢

instead, where L* is the adjoint of L.
Proof of Theorem 3.1. Let g; be a positive solution of the equation
0t = Aoy — (VU1, Vo) + (U2 — AUr) o

Let k; be a one-parameter family of smooth functions. A computation shows that

d

N pi k¢ or—¢ dvol = / prke or—t + pt kt or—+ — pt ke 07—+ dvol
tJm M

= / Pt (kit — Akﬁt —2 <Vft, Vkit>) oT—¢ dVOl,
M
where f; = log p: + %Ul.
It follows that ¢ := [ v pror—¢ dvol is independent of ¢. By Bochner formula, we also have

d

1
d_ pf(Aff) QT_thOI = / Pt <2V2ft|2 + 2RC(Vft, Vft) — —AV) QT_thOI

2 k2
Z/ Pt <_(Aft)2_—n or—_dvol
M n 2
da(t)A 2a(t)? 2
Z/ Pt( a(t)Afe  2a(t) _k_n) or_ydvol.
M

n n 2

So b(t) := [, pe(Ahy) 07— ¢dvol satisfies

If a(t) = — &2 coth(kt), then

b(t) > —2kb(t) coth(kt) — k2n(coth22(kt) + e
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It follows that
kn
/ pt(Af) or—idvol = b(t) > —5 coth(kt)c
M
k
- coth(k;t)/ pror—t dvol.
2 M
By setting ¢t = T', we obtain
kn
pr(Afr) opdvol = —— coth(kt) pr 00 dvol.
M 2 M
Since gg is arbitrary, we must have
: 1 k
Jo= IVIP +5V = Af, 2 —7” coth(kt).

9. THE GENERALIZED LI1—YAU ESTIMATE WITHOUT COMPACTNESS ASSUMPTION

847

In this section, we give another prove of Theorem 1.1 without making any compactness assumption. The

proof uses the standard localization argument as in [24].

Proof of Theorem 1.1. Let p; be a positive solution of the equation p; = Ap; + (VU1 Vps) + Uzpy and let
ft = logp: + %Ul. Then fi = |Vfi]*> + Uy — %\VU1|2 — %AUl + Afy = |Vfil> + Afy — %V, where V =

—2U3 + §|VUL[?* + AU Tt follows that

Jo=Afi=2(V$i.V i) =0
and
d 2 2 2 2 (. 9 1 ?
E|Vft| — AV =2(V [, VIV fi >§—<Vft,VV>—E Je — IV fi +§V .
Let F; = alft + az|Vfi|? + azV + a4, where

ex —1)2

a; = —aag, a3 = —5az, a > 1. ay is a function of time ¢ to be determined.
Then

. 9 : 1.\?
By = AF, = 2(Vfi, VF) < —az (Vf;, VV) = =2 (ft VA + 5V)

— a3 AV —2a3 (V f, VV) — adn fr + ao|V f1|> + asV + a4

2
2a 1 1 as 1 a
(o e (2 )y )
n aas a aay 2 aas

— a3 AV — (az + 2a3) (V,, VV) + %Ft + (ag - “Z‘”’) V 4y —
2

Let Gy = nFy, where 1 is a cut off function. Let us fix a time ¢. At a maximum point of G, we have

F; 2F; F; .
VFt = —#Vn, AFt S n—;\Vn\z - #A’I?, Ft Z 0.
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Therefore,

2F, B F, 2 1 1 1 2
AU (—Ft (1 - —) VA~ (ﬁ + —) V- "—4)
n o aas 2 aas

n aa

— a3 AV — (az + 2a3) (Vfo, VV) + 2 F, + (ds B azas) Vot — 204,
a9 a9 as

Let r: [0,00) — [0, 1] be a function such that r(z) =1if x < R, r(z) = 0if x > 2R, v’ <0, TT((?) <<,

where C' > 0 is a constant. Let us fix a point zg and let us denote the ball of radius R centered at

and

] <

R2 I
xo by Br. Let n = r(d(zg, z)), where d(xq, z) is the distance from zq to z. It follows that
2
Val® _ €
U 32
Since the Ricci curvature is non-negative, we have
C
An > R

by the Laplacian comparison theorem.
Then

TuR T iR VR
k2 . .
+0”; a2+a2(a—1)\Vft\|VV‘+%Ft+d4_a2a4.

2

3CF, 2VCFY?|\v 2a9 [ 1 1 as \2
WO (L (o g )

az

Let H; = Wf’ and assume that [VV| < C, then

3/2 2 2
_3CF,  2VOVHF - 2a2F (aa +< ) > | dasFy (L+ (1_ é) Ht>
2

na aas

nR2 ViR

oy 2(1?1 ank?
+ a2C(a— 1)/ F, —|— F + a4 — - + as.
2 e+ as a’nas 9 2

o 2k coth ( kt . Note that a—; satisfies the following Riccati equation

Let us choose a4 such that &2 = —

i 2 omk;2 _ 0
dt 2n, o
2 2
o= G (1)) < 2 g (-2
n aas aag @

3CG, | 2 \/ G2
+asCla—1)\/GHy + —77Gt 2 : ve

EI

Then

Since a4 < 0, it follows that

2 2 .
0<—%<L+(1—E>Ht> +(%+ 424 )nGt
n a9 « as no

30G, 2VOVH,G?
+GQC(O[—1)\/Gth+ R2t+ \/_ Rt t .
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Since a > 1, a computation shows that

dg 4a4

as  nolag

2k kt
= 2k coth(kt) — —=coth | —= | > 0.
7 ()

Therefore,

2 2 .
0< 2020t (i+<1—l>Ht> +(%+ 4‘;4 >Gt
n aas o as nacasg
30G, 2VOVH,GY*?
+CL20(O(- 1)\/ Gth—|— th + \/_ Rt t .

It follows that G; and hence the restriction of F; to the ball Bg are less than or equal to the largest zero of
the function

2a9x2 a 4a
P — +(—2+ 24 >Bx
n ag nacas

3BCx n 24/ Cx3/?

+ CLQAC(Oé - 1)\/-% + R2 R )

whereA:%andB: 1

7 . T N..N\NZ2
(s +(1-%)m) (s +(1-2)m)
Since B < a?a? and A < C are bounded independent of R, we can let R — oo. Therefore, F; is less than or
equal to the largest zero of the function

20912

Xr —

4
+ (a2a2d2 + a;cm) T+ a2 AC(a — 1)y/x. (9.1)
Now let @ — 1 in (9.1). Then we have F; < 0. The result follows. U
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