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CONTROL OF BIOLOGICAL RESOURCES ON GRAPHS

RINALDO M. CoLOMBO! AND MAURO GARAVELLO?

Abstract. A biological resource is a population characterized by birth, aging and death, grown in
order to produce a profit. The evolution of this system is described by a structured population model,
modified to take into account the selection for reproduction or for the market. This selection is the
control that has to be optimized in order to maximize the profit. First we prove the well posedness
of the descriptive model. Then, the profit is shown to be Gateaux differentiable with respect to the
controls. Finally, we ensure that the maximal profit can be reached by means of Bang—Bang controls.
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1. INTRODUCTION

In biological resource management, one typically rears/breeds a species up to a suitable stage, then part of
the population is kept for reproduction, while the rest goes to the market. Call J = J(t,a) the density of the
juveniles at time t of age or size a. Then, according to the standard modeling of a biological population with
age structure, see e.g. [1,2,19,20], J solves

O + 0a (9s(t,a) J) =dy(t,a)J. (1.1)

Here, g is the usual growth function and —d; the mortality rate. When juveniles reach a given age/size a,
they are selected: a portion is directed to the market, while the others are kept for reproduction purposes. By
S = S(t,a) we denote the density of the individuals that are going to be sold, while R = R(t, a) stands for the
density of those reserved for reproduction. Similarly to above, we obtain the equations

0S4 0, (gs(t,a) S) = dg(t,a) S
{ O:R + 0, ((ggfz(t, a) R)) = dSR(t, a) R. (1.2)

A key role is played by the control parameter n = 7(t) specifying the ratio of the juveniles sent to the market
at time ¢. Clearly, 1 — n(¢) then stands for the fraction kept for reproduction. Hence, (1.2) needs to be coupled
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FIGURE 1. A graph representing a possible framework for the exploitation of biological re-
sources: at the age/size a, juveniles reach the adult stage, they are split into a part R used for
reproduction and a part S which is sold at the ages/sizes a1, ag, . . .

to (1.1) through the inflows at a

{ gs (t’ d) S(t7 &+) = U(t) 97 (t’ d) J(t7 ZL_)
gR(t’ d) R(tv &+) = (1 - U(t)) gJ(tv a) ‘](t’ EL—).

In turn, the inflow to (1.1) is provided by the fertility of the R population, so that

(1.3)

+oo
42(£,0) J(t,04) = / w(a) R(t, o) da,

where the function w = w(a) describes the fertility of the adults R at age a.

We introduce now the selling procedure. It is reasonable to assume that the adults S can be sold at the
predetermined ages/sizes a1, ...,an, with @ < a1 < a2 < --- < ay, see Figure 1. The percentage of individuals
sold at the age a; is ¥; = ¥;(t), with ¢; € [0,1] for ¢ = 1,..., N. Therefore, the evolution of S needs to be
modified inserting the conditions

S(t,ai+) = (1-9;(t)) S(t,ai—)  for  i=1,...,N. (1.4)

Without any lack of generality, we may impose that ¥y = 1, so that all individuals in the S population are
sold within age/size ay. Remark that condition (1.4) at a; prescribes that from the total salable individuals
S(t,a;—), the amount (1 —;(t)) S(t,a;—) continues to be grown, while the amount 9;(¢) S(¢,a;—) is sold and
disappears from the future evolution of S as solution to (1.2).

The graph representing the above framework is in Figure 1.

The above description of the populations’ evolution has to be completed with the economic part, specifying
the cost, income and profit functions. A natural shape for the breeding cost is

T a T an
C(n,%;T) :/ / Cy (t,a,J(t, a)) dadt+/ / Cs (t,a,S(t,a)) dadt
0 0 0 a

T +oo
+/ / Cr (t, a, R(t, a)) dadt.
0o Ja

The quantity C, (¢, a,u), for u = J, S, R, is the breeding cost of the population u, of age/size a, at time t.
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The income 7 is due to the amount of individuals sold at the various ages/sizes a;. Call P;(t) the price at
which an individual of age/size a; is sold at time ¢. Therefore,

N T
T.0:7) = 3 [ P 90 S(t.ai-) ar. (16)
i=1

Note that setting Py < 0 allows to comprehend the situation of unsold individuals causing an increase in the
cost.

A particular role is played by the time horizon T'. Clearly, as long as the profit Z — C does not depend on
what happens after time 7', an optimal strategy is likely to consist in selling all individuals before time T'. This
choice is not always reasonable and to avoid it we consider also a smooth penalization ¢ whenever the total
amount of juveniles at time T falls below, say, the initial value an Jo(a) da, such as for instance

¥

B(n, 0:T) = (/0 (o(a) — J(T,a)) da> (1.7)

for a suitable smooth function p: R — RT.

The question that naturally arises is to find the strategies 7, and ¥, that maximize the net profit P, i.e., the
difference of the income Z minus the costs C and @:

P(n,0;T) =Z(n,;T) = C(n,0; T) — (0, 0; T). (1.8)
In mathematical terms, we are lead to the optimization problem

ang 7€ BV ([0, T1;[0,1]) imize  Pln. 9T Lo
n 9 € BV(0.7]:0, 1) to maximize (n,9;T) (1.9)

for given T' > 0 and for a fixed initial datum (J,, S,, R,). The choice of the space BV is motivated, a posteriori,
by Theorem 2.1 which ensures the well posedness of (1.1)—(1.4) under the condition that the total variation of
7 and 9 be bounded.

Thanks to Theorem 2.1, suitable regularity conditions on the costs (1.5), (1.7) and on the income (1.6), a
Weierstrafl type argument can be used to ensure the existence of the optimal controls 7, and ¥,. We then
proceed seeking information that may ease the actual search for these optimal controls.

Remark that the dependence of P from the 1 and ¥ is highly nonlinear, differently from [6]. The standard
situation when dealing with conservation or balance laws is that solutions depend from data and parameters in
a merely Lipschitz continuous way, see ([10], Thms. 2.4 and 2.5) as well as Theorem 2.1 below. Here, we prove
that the income P is Gateaux differentiable with respect to the controls, see Theorem 2.5. This result fully
justifies gradient methods in the search for 7, and ¥,. The case with n and ¥ both constant in time is settled
in [15], where it is shown that the net profit is differentiable with respect to both (fixed) control parameters.

However, since explicit analytic forms for the directional derivatives of P are in general practically useless,
we proceed considering Bang-Bang controls, i.e., controls that are piecewise constant on intervals and attain
only the values 0 and 1. In optimal control theory, the notion of Bang—Bang controls is widely used, since
optimal controls for several problems, such as minimum time problems, are indeed Bang—Bang; see [7,21]. In
our case, Theorem 2.8 ensures that, in the search for 7, and ¥, considering Bang—Bang controls is sufficient.



1076 R.M. COLOMBO AND M. GARAVELLO

This information significantly shortens the numerical procedures that can be used to find the global minimum
of P.

The description of structured population models is a well established research area, refer for instance to
the classical textbook [19], to the more recent [4,13,17,20] and to the references therein. An introduction to
optimal control in structured population models is found, for instance, in [3], Chapter 3, [4], Chapter 4 or ([17],
Sect. 7.3). A different approach to natural resources modeling, based on viability theory, is in ([13], Chap. 5).
Control problems on renewable equations, through approximations based on ordinary differential equations, are
treated for instance in [9,11,16].

This paper is organized as follows: the next section deals with the analytic framework and presents the main
well posedness and differentiability results. Technical details are deferred to Section 4.

2. MAIN RESULTS

Let I be a real interval and u: I — R be measurable. The following norms are used in the sequel
s = [ 1Ot and Fulye sy = supessicr ul?)]
while in the case u: I x J — R, J being a real interval, we set
lullgo(rwr(smy) = Sup/ u(t, )| dz. (2.1)
tel J g

Throughout, we fix the following notation:

_ _ _ L= [Q’C:L]’ [0,T], or
NeN\{0}, O0<a=ap<a;<...<an, Is=]a,an], IT:[O o0 (2.2)
Ir = [a,+o0[, ’ ’

the cases where T needs to be finite are explicitly signaled. As in [10], we consider the following model describing
the evolution of the species J, S, R:

@J—I—@,;( )—th a)J (t,a)elIr x Iy
S + 0a (9s ,a S) =ds(t,a)S (t,a)elr x (Is\ {as,...,an})
R+ 0, ( ,(1 R)_dR( a)R (t,a)GITXIR
9s(t,0) J(t,04) = [ w(a) R(t, o) da telr
gs(t,a) S(t,a+) = n(t) g(t,a) J(t,a—) telr (2.3)
gr(t,a) R(t,a+) = (1 —n(t)) gs(t,a) J(t,a—) telr :
S(t,ai+) = (1 —9:(t)) S(¢,a;—) telr, i=1,....N—1
J(0,a) = Jy(a) acly
S(0,a) = S,(a) a€lg
R(0,a) = Ro(a) a€lp.
The following assumptions are required on (2.3):
(A) There exist positive g, § such that, for u = J, S, R,
1 e sup,ep+ TV (gu(t, 1)) < +o0;
gu € CH(I7 x 14319, 9]) and sup,cp+ TV (@:gu(t, ) < 400 (2.4)

dy € (CLNL®)(Ip x I,;R)  and

SUP¢er+ vV (du(ta )) < 4003

while the fertility function w satisfies w € Cl([a, +oo[; RT).
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(ID) J, € BV(Ij;R), S, € BV(Ig;R) and R, € (L' N BV)(Ig;R).
For later use, we introduce the following assumptions on the functions defining the net profit (1.8):

(P) P, e L(I;;R) fori=1,...,N.
(C) For u=J,S, R, the function C, : It x I, x R — R satisfies
(1) Cy is (L ® B)-measurable, where L, resp. B, is the Lebesgue c-algebra on It x I, resp. the Borel
o-algebra on RT;
(2) the function s — C,(t,a, s) is upper semicontinuous and concave for a.e. (t,a) € Iy x I;
(3) there exist ¢ € L' (I7 x I,;R) and b € R such that

|C’u(t,a, s)’ < c(t,a) + b|s|

for a.e. (t,a) € Ir x I, and s € RT.
() ¢ € CO(R;RY).
2.1. Well Posedness and Gateaux Differentiability
As a first step, we extend ([10], Thms. 2.4, 2.5, and Prop. 2.6) to the case of time dependent controls n = 7(t)
and ¥ = 9(t).

Theorem 2.1. Use the notation (2.2) and pose conditions (A), (ID). For any n € BV (Ir;[0,1]) and ¥ €
BV (Ir;[0,1]V), system (2.3) admits a unique solution. Moreover,

Jo >0 J(t)>0
if { So>0 then S(t) >0 foralltelr
R, >0 R(t) >0

and there exists a function K € CO(Ir;R™), with K(0) = 0, dependent only on gs, gs, gr, ds, ds, dg and w such
that for any initial data (J,S!, RL) and (JV,S!, R)) and for any controls n', n”", ¥ and 9", the corresponding
solutions (J',S',R") and (J",S"”, R") to (2.3) satisfy the following stability estimate:

17 = T Ol a1, ) + 150 = S"Oll s gy + IR O = B Ol 1,m
< K(t) (||J(’) o Jf/)/HLl(IJ;R) + HSrl) o Sf/D/HLl(Is;R) + HR:) o RZHLl(lR;R))

+EK(?) (HJ; - J;/HLOO(IJ;R) + HSL - S;/HLOC(IS;R) + HRIO - RIO/HLOO(IR;R)>

3

+K(t) (H”/ - ”//HLm([o,t] r) T [0" ~ 19”“Loo([o,t];RN)> :
The proof is deferred to Section 4.1. The following corollary is then immediate.
Corollary 2.2. Use (2.2) and pose conditions (A), (ID). Then, for bounded T, the map

S: BV(Ir;[0,1]) x BV(I7; [0,1]) — CO (IT; BV(I;;R") x BV(Is;RT) x BV(I: Rﬂ)

(2.5)
n ; v — J , S , R

where (J, S, R) is the solution to (2.3) with controls (n,1), is Lipschitz continuous with respect to the L> norm
in (n,9) and to the norm (2.1) in (J, S, R).

Clearly, under suitable regularity conditions on Cj,Cg, Cg, P;, ¢, the above result ensures the continuity of
the functionals defined in (1.5), (1.6), (1.7) and, consequently, in (1.8) as functions of the control parameters 7
and 9.



1078 R.M. COLOMBO AND M. GARAVELLO

a ay @

FIGURE 2. Times T,, and regions G, G%, G, defined in (2.7) and in (2.8). Left, with reference
to the J and S populations, right with reference to the J and R populations. These regions
identify the life span of the different generations, separately for the J, S and R populations.

We proceed proving the Gateaux differentiability of the profit (1.8). With reference to (2.3), for u = J, S, R,
introduce the following notation for the u-characteristic lines, with t € R™ and a, a, € I,:

t — Au(t;to,a,) is the solution to { (:)g u(t; a) and

t (2.6)
a — Ty(a;t,, a,) is its inverse, i.e., ( u(a, to,ao);to, ao) =a forallael,.
Define T, recursively for n € N by
To=0 and A;(Tn;Tn-1,0)=a or, equivalently, 7;(a;7,—1,0) =T,. (2.7)

If g5 satisfies (A), then the sequence T), is well defined and T}, — +00 as n — +oc. The interval [T},_1,T;,] is the
time period when the juveniles of the n-th generation are born. Correspondingly, introduce also the following
regions, representing the life span of the different generations, see Figure 2:

={(t,a) € It x I;: T;(a;t,a) € [T;-1,T;]} i€ N\ {0}
GO ={(t,a) € It x Is: a > As(t;0,a)}
={(t,a) € It x Is: a € [As(t; T}, a), As(t; T;—1,a)] } i€ N\ {0}
GO ={(t,a) € It x Ip: a > Ar(t;0,a)}
= {(t,a) € It x Ip: a € [Ap(t; T}, a), Ar(t; T;—1,a)] } i e N\ {0}. (2.8)

The analytic expression of the solution to (2.3) is in principle available, though essentially unusable. Therefore,
we provide below a representation of the variations AJ, AS, AR corresponding to variations An, A in the
controls 7, 9. To simplify the notation, fix

e the functions defining (2.3), i.e., 97,9s,9r,dj,ds,dr,w
e the initial datum (J,, S,, R,);
e the controls 7 and ¥,
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and, for u = J, S, R, denote by
Y. = Tu(T,t,a) with 71, € BVIOC(IT X I X I; R)

a map whose actual value is unimportant in the present context, but it depends only on g, gs, gr, ds, ds, dg,
w, Jo, So, Ry and 1 and 1, but does not depend on An or on Av.

The following propositions, rather technical, provide the form of the dependence of the variation of the
solution to (2.3) from the variation on the controls. The proofs are in Section 4.1.

Proposition 2.3. Use the notation (2.2) and pose conditions (A), (ID). Choose controls n € BV (Ir;[0,1])
and ¥ € BV (I7;[0,1]Y). Call (J, S, R), respectively (J + AJ, S+ AS, R+ AR), the solution to (2.3) with control
n, respectively n+ An, where

n+ An € BV(Ir;[0,1])  and  spt Anp C|Th_1,T4],

for a fired h € N such that Ty, <T. Then,

min{t, T} }
AT(t.a) = / An(r) Ty(r,t,a) dr (t,a) € /Ty, T[ x I

OTh‘l (t,a) € [0,Th_1] x I;
T
An(7) Ts(r,t,a) dr (t.a) € U5 Gs
AS(t,a) = AI;;_(lTS(d;t,a)) Ts (Ts(ast,a),t,a) (t,a) € G
0 (t.a) € Uiy G
Th 3
" - An(7) Yr(7,t,a)dr (t,a) € ;F:O;ﬂ G
(t,a) = An (Tr(@:t,a)) Tr (Ta(ait,a), t,a) (t,a) € Gl
0 (t.0) € Uiy Gy

where Ty, Ys,Tr are independent from An.

Proposition 2.4. Use the notation (2.2), (2.7), (2.8) and pose conditions (A), (ID). Choose n € BV (Ir; [0, 1])
and 9 € BV (Ir; [0, 1]V). Call (J, S, R), respectively (J+AJ, S+AS, R+AR), the solution to (2.3) with control ¥,
respectively ¥ + A9, where

9+ AY € BV (Ir; [0, 1Y)

Then,

AJ(t,a) =0 (t,a) € It x 15

o (t,a) € It x |a, a1
AS(ta) = {Tfé(t,a) My(ASy,..., A%) (t,5) € I x Jag,aim[  i=1,...,N
AR(t,a) =0  (t,a) € Ip x Ig

where TY is independent from ¥ and AV, the function M} is linear in each argument with coefficients dependent
on,..., %, fori=1,...,N.

Below, for simplicity, we choose, as time interval where the profit is maximized, an interval of the form [0, T;,]
for some n € N\ {0}.

Theorem 2.5. Use the notation (2.2) and pose conditions (A), (ID). Choose n € BV (Ir;[0,1]) and ¥ €
BV (Ir;[0,1]V). Moreover, with reference to (1.5)—(1.8),
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(C) CyeL>®(Ir x Iy xRT;R), Cs € L>®(Ip x I x RT™;R) and Cr € L>®(I7 x Igr x RT;R) admit a constant
C > 0 such that for allt € It and J, S, R, AJ, AS, AR € R,
‘CJ (tya,J + AJ) = [C(t,a,) + 0,C5(ta, J) AJ]| < C (AJ? (ta)elrx I,
Cs(t,0,5 + AS) ~ [Cs(t,a,5) + 0sCs(t,0,5) AS]| < C (A8)  (t,a) € Ir x I
‘CR t,a,R+ AR) — [Cr(t,a, R) + OpCr(t,a, R) AR]| < C (AR)*  (t,a) € Ir x I

[N

and there exists A € L*(Ip;R) such that |Cr(t,a, R)| < Ma) for all (t,a) € I x Ig.
(®) ¢ € CYR;R).
Then, the functionals C, @, T and P defined in (1.5), (1.6), (1.7), and (1.8) are Gateauzx differentiable in n and
Y in any directions An and AY such that n + An € BV (I1;[0,1]), spt Ay C |Th—1,Th] for some h > 1 and
9+ AY € BV(I7; [0, 1]V).

The proof is deferred to Section 4.1.

2.2. Bang—Bang controls

This paragraph is devoted to show that the supremum of the net profit P, defined in (1.8), can be arbitrarily
approximated by using the class of Bang—Bang controls; see [5,14]. Here, by a Bang-Bang control we mean a
step function, i.e., a finite sum of characteristic functions of intervals, taking values in the set {0, 1}. In classical
optimal control theory, various problems, especially minimum time problems, admit Bang—Bang controls as
optimal ones; see [21]. In this setting, instead, it is not clear if optimal controls are indeed Bang-Bang. However
they can be used in order to approximate the optimal cost.

To this aim, we first obtain further information on the regularity of the maps S defined in (2.5). Indeed,
Corollary 2.2 proves the continuity of S in the strong topology, whereas Bang—Bang controls may approximate
any control only in the weak* topology of L.

Proposition 2.6. Use the notation (2.2) and pose conditions (A), (ID). Fir 7 € BV(Ir;[0,1]), ¥ €
BV(I7;[0,1)V), i € {1,...,n}, ¢ € {1,...,N} and for any n; € BV([T;_1,T}];[0,1]), 9, € BV (Ir;[0,1])

fenete ) \[Tr. T ) L.V )
fortelp i1, 1], S )Y forje{l,....N L},

mi(t) = { i(t) forte[T,—1,T;], v, = 9, for j=ut. (2.9)
Then, using S as in (2.5), the maps

)
: BV([T;-1,T];[0,1]) — C° (II;BV(IJ;R+) x BV (Ig;RT) x BV(IR;R+))
i — 81, V)
Sy - BV(Ir;[0,1]) — C° (];’Z“;BV(IJ;R+) x BV(Ig;RT) x BV(Iz;RT))
9, — S(ﬁ,ﬁb)

are both sequentially continuous with respect to the weakx topology on n; € L ([T;—1, T;];R), on ¥, € L>°(Ip; R)
and to the weak topology on (J,S,R) € LY (It x I;;R) x LY (Ir x Is;R) x L(Ir x Ig;R).

The proof is in Section 4.2.
The next technical result ensures that Bang-Bang controls in A: I — {0,1} can approximate any (measur-
able) control \: It — [0, 1] with respect to the weaks* topology in L (Ir; 0, 1]).

Proposition 2.7. Fiz T > 0. Let A € L*>°(Ir;[0,1]). Then, there exists a sequence of Bang—Bang controls

Am:ZX[a,:mb,:n[ wzth0<a <b1 <a <b2 e <am <bn<T
k=1
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such that Ay, — X in L= (Ir; [0, 1]).

The proof is deferred to Section 4.2.
The following Theorem states that in the search for optimality, considering Bang—-Bang controls is sufficient.

Theorem 2.8. Use the notation (2.2) and pose conditions (A), (ID), (P), (C), and (¢). Define

M}

eBV ([ ;10,1
Pu(T) = sup {7’(77, 0;T): Ze BVEI;; {0, 1

For every € > 0 there exists a Bang—Bang control (n.,0:) such that
P(ne,9e;T) > Pu(T) —e.

3. AN OPTIMIZATION PROCEDURE

The numerical procedure developed to actually find optimal controls and profits consists of two parts: the
integration of the partial differential equations (2.3) and the maximization of the profit (1.8).

The former can be accomplished on the basis of any of the numerical methods for balance laws currently
available. In the general form (2.3), due to the dependence of the growth functions on ¢ and z, the classical
Lax—Friedrichs method ([18], Sect. 4.6) can be an effective choice. To deal with the source term, we use the
classical operator splitting method, see for instance ([18], Chap. 17). Whenever the growth functions g, gs, gr
and mortality functions d;, dg, dr are constant, the explicit expressions of the solutions to the partial differential
equations in (2.3) are available and, obviously, faster and more precise computations are possible.

Once the solution is available, the computations of the cost (1.5), of the income (1.6) and of the penaliza-
tion (1.7) are straightforward.

We use the following iterative procedure to find an optimal control and the corresponding maximal profit.
Fix a finite mesh M C [0, 1] for the control variable. Call At the time step used in the numerical solution of
the partial differential equations in (2.3). Fix a positive n € N and assume for simplicity that T' = kn At, with
k € N. Then, call PC(n At; M) the set of functions defined on [0, 7], attaining values in M and constant on
each of the intervals Iy = [0,n At], Iy = [n At,2n At], ..., I = [(k — 1)n At, T.

We seek controls n and ¥1,...,9xy_1 in PC(n At; M) that maximize P as defined in (1.8). To this aim, as
Step 1 fix an arbitrary first guess ', 91 = (91,...,9%_,) of the controls. We proceed iteratively as follows:
given a choice n’, 9" resulting from Step i, introduce a random permutation p’: {1,...,k} — {1,...,k}. Define

niﬂ’pi(l) € M and 191+1’pi(1) € MN=1 50 that

(77i+1,pi(1)7 191+1,pi(1)) _

argmax P (772 Xjo,T]\1 O Xorniy T XL T)

- i XI .
HEM, deMN-1 p* (1) p* (1)

A1 i+1,p"(1)

=nX + X
TN XN gy T Toiqay
;,\1 _ 192 X + 19“‘1717!(1)

0Ty — " Lyiqy
and, recursively for j =2,...,k,

~

= argmax P(7 + 7 0 +9 'T)
ﬁeM,%eMN,l (nX[O’T]\Ipl(l) nXIpm) X[OvT]\Ipl(l) lel(l)’

(niH’pi (j)’ §i+1,pi (j))

~ _ -1 i+1,p"(j)

pi(H) p*(5)

3 _ 3i— i+1,p° (1
V= 1X[O,T]\I + Oy

P (j) I

X )
" (3)
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‘ totalsofJ&S&R ‘ ‘ ‘ . totz?lsoflj&SI&R ‘

100 1.0}
0.8} 0.8}
< 0.6 ‘50.6—
5] n
%} %]
Ho.4, | = o4l
0.2+ 8 0.2
0.0 0.0
0.0 0:5 1.0 1:5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 10 A=5 2.0 25 3.0 35 4.0
t t

FIGURE 3. Graphs of the total amounts of the three populations: [ J in blue, [ S in green and
J R in red in the solution to (2.3) with parameters (3.1)—(3.3), after 4 optimization steps as in
Table 1, right. Left, with a bang-bang control and, right, with a general one. (Color online).

obtaining at Step (i + 1) the control parameters

’l7i+1 _ ﬁk and 192'-5—1 _ ,{9\/&
Remark that the present method applies to the search for both a bang—bang as well as a general control. Indeed,
in the former case it is sufficient to set M = {0, 1}. In the latter case, a natural choice is that M consists of a
number (80 in Tab. 1) of control values uniformly distributed in [0, 1].

As an example, consider problem (2.3) with

IJ:[O,l] gJ(t,a):15 dJ(t,a):() N=1 T —4
Is=[1,2]  gs(t,a)=1 ds(t,a) =0 =1 o) = 4 (3.1)
Ir = [1,2] gR(t,a) =2 dR(t,CL) =0.5 a; =2 ’
and initial datum
Jo(a) =1, So(a) =0, Ro(a)=0, (3.2)
while the cost and profit functions in (1.8) are defined through
CJ(taa/vj) = Oa
Cs(t,a,s) =0, Pi(t)=10 and ¢(a)=40 max{0,—a}. (3.3)
Cr(t,a,r) = br.

With the choices above, problem (2.3) can be explicitly integrated and the cost (1.8) can be computed. Nu-
merically, an optimal bang-bang control was obtained, see Figure 3. To compare the corresponding costs and
computation times, see Table 1.

A major reduction in the computational time is obtained thanks to the restriction of the search for the optimal
controls to bang-bang ones. Moreover, using a fine mesh for the control parameters (40 values between 0 and 1)
does not ensure a gain in the total income. Partly, this is also due to both the optimization procedure described
above and to the random choices of the optimization intervals.
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TABLE 1. Results and computational time of the optimization problem (1.9) with parame-
ters (3.1)—(3.3), using Bang-Bang or general controls, with 2 or 4 steps.

2 steps 4 steps
Bang-Bang No Bang-Bang Bang-Bang No Bang-Bang

Cin (1.5) 7.638 7.282 7.666 7.306

Z in (1.6) 17.602 17.191 17.675 17.219

@ in (1.7) 0.000 0.000 0.000 0.000

P in (1.8) 9.964 9.909 10.009 9.914

At x 10% 3.125 3.125 3.125 3.125

n° control switches 800 800 800 800

n° control values 2 40 2 40
Computation time 81 min 1753 min 160 min 3488 min

4. TECHNICAL DETAILS
To simplify the notation, for u = J, S, R we denote below
to
Uy (t1,t2,a) = exp/ (du (S,Au(s;tg,a)) — 0aGu (S,Au(s;tg,a))) ds (4.1)
t1

where the map t — A, (t,15, a,) is defined in (2.6). As in [10,20], we recall that the initial — boundary value
problem for the renewal equation

Oru + Oy (gu(t, a) u) =dy(t,a)u

>
(0, a) = ug(a) £20 (4.2)
a > ay
gu(t, ay) u(t, ay+) = b(t)
admits a unique solution that can be explicitly computed integrating along characteristics as
4 (05, a ¥, (0,t,a) a>Ayu(t;0,ay)
T,‘ (a“,t a)) (4.3)

oo (Tolamita.an) Yu(Tu(aust, a),t,a) a<Au(t;0,a,),

gu Ty (aust,a),a,

where the maps t — Ay (t, 10, a0) and a — 7,,(a; to, ao) are defined as in (2.6). By the standard theory of ordinary
differential equations (e.g. [7], Sect. 2.3), we also have:

0 Au(t;to, ao) = gu (t7 Au(t; to, ao)) (44)
t
O, Au(tito, ao) = —gulto, ao) exp/ Oau (Sa Au(sito, ao)) ds (4.5)
to
t
O, Au(t;to, a0) = exp/ Dagu (8, Aulsito, ao)) ds. (4.6)
to

4.1. Proofs related to Section 2.1

Lemma 4.1. Use the notation (2.2) and let gs,ds satisfy (A) for u = S. For every ¥ € BV (Ir;[0,1]V),
bs € BV(Ip;R) and for any initial datum S, € BV (Ig;R), the initial boundary value problem

S + 9. (9s(t,a) S) =ds(t,a)S  (t,a) € It x (Is\{a1,...,an})
gs(t,a+) S(t,a+) = bs(t) telr

S(t,ai+) = (1—9;(t)) S(t,a;—) telp, i=1,...,N
S5(0,a) = So(a) aclg
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admits a unique solution. If bs > 0 and S, > 0, then also S > 0. Moreover, if ¥ ,¢" € BV(Ir,[0,1]),
b, 0% € BV(Ir;R) and S), S € BV (Is;R), then the solutions S’ and S to

S + 04 (9s(t,a) S) =ds(t,a) S S + 04 (9s(t,a) S) = ds(t,a) S
gs(t,a+) S(t,a+) = bs(t) gs(t,a+) S(t,a+) = b(t)

S(t,ait) = (1 9.(t) S(t,ai-) and N St at) = (1 9(t) S(t, )
5(0,a) = Si(a) 5(0,a) = 57 (a)
satisfy for all t € Ip the estimates:
1) = ") lga sz < € (1Selgm rasmy + 195l ooz ) 19 =7 lea o e
(1185 = 82 sy + 5 195 = leaomy ) <
15°(t) = 8" ®)ll w1012y < € (1195l roimy + 185 ||Loo ) 17 =" e o.m e

! " / 1" Ct
+ (HS =87 ||~ (s T Hb bSHLoo([o,t];R)) €
where C' is a positive constant depending only on N, gs and dg.

Proof. Denote by S, the solution to (4.7) obtained setting ¥;(t) =0 for all ¢t € Ir and all i = 1,..., N. A direct
application of (4.3) allows to write the general solution to (4.7) as

S(t,a) = S«(t,a) H (1 —9:(T (as;t,a))) where
i€O(t,a)
a)={ie{l,...,N}: 3t, € [0,] with Ag(t;t.,a;) = a}.

To obtain the stability estimate, we use ([10], Lem. 2.2), so that

1
HS,’k(t)—S” HLl(IS]R) (HS/ SNHLl(IS]R) EHb/S_bg'HLl([O,t];R)) e

1
HS;(t) N S// HLoc(zs R) = <HS/ S//HLOO (Is;R) 5 Hb/S N bg“LOO([O,t];R)) o,
Therefore
HS/(t) o SH(t)HLl(IS;R)

|5 (t,a) — S"(t,a)| da

/ |SL(t,a)] H (1 — 95 (T (as; t, a))) - H (1 — 7 (T(&i;t,a))) da
1€O(t,a) 1€O(t,a)
/ |SL(t,a) — S (t,a)| H (1 — 97 (’T(di;t,a))) da
i€O(t,a)

V' (T (as;t,a)) — 0" (T (as; t,a) )‘da + ||55(t) S;’(t)HLl(IS;R)

<Ol rmy | 2

S i€O(t,a)
& (1t *+ 195 ) 197 = e gy ) <

1
+ <HS</) - SgHLl(zs;R) + = l0s — bgHLl([O,t];R)> eCt




CONTROL OF BIOLOGICAL RESOURCES ON GRAPHS 1085

Passing to the L*° norm:

8'(t0) = 8"t o) < St a)l| TT (V=00 (Tasta)) = TI (1- 0/ (Tlast,0))
i€O(t,a)

i€O(t,a)

+]SL(t.a) - S (ta)| ] (1—19;’(7@;15,@)))

1€6(t,a)

<C ||S:<(t)||L°°(IS; ||19’ o ’9N||Loc ([0.t]; + HS/ Si/(t)HLOC(Is;R)
< O (119l oo e + 19 HLx o) Hﬂ’ | 0.5
+ (HSQ - Sf/)/HL‘X’(Is;]R) "’ > g'HLOC([O,t];R)) ot
completing the proof. O

Proof of Theorem 2.1. The specific structure of (2.3) allows for a treatment simpler than the general one adopted
n ([10], Thm. 2.4). The positivity of the solution directly follows from ([10], Prop. 2.6).

Once (J, S, R) is known at time t = T, (for n > 0), the solution to (2.3) can then be constructed on |7}, T}, 41]
through the following three steps:

1. Define J for t € |T,,, Tp+1] and a € [A;(t;T,,0),a] through
J(t,a)=J (Tn,AJ(Tn;t,a)) (T, t,a).

2. Define S for (t,a) € |Ty, Th+1] X Is, by using Lemma 4.1, as the solution to

S+ 04 (9s(t,a) S) =ds(t,a) S (t, a) [T, Trs1] % (Is\ {a1,...,an})
9s(t,a+) S(t,a+) = n(t) g;(t,a)(t) J (¢, a—) € [T, Tt
S(t,ai+) = (1—94(t)) S(t,a:—) €T, Toy1], i=1,...,N
S(Tp+,a) =S(T,—,a) a€lg.
3. Define R for (t,a) € |Ty, Th+1] X Ir as solution to
R+ 84 (9r(t,a) R) = dr(t,a) R (t,a) € |10, Tyy1] x Ir
R(T,+,a) = R(T,,—,a) a € Ig.
4. Define J for t € |T,,, Ty,4+1] and a € [0, A;(t; Ty, 0)] through
1, w(@) R(T;(c; Ty, 0), @) dax

J(t,a) = wJ(TJ(a;Tn,O),t,a) .

9. (TJ(a; T,,0))

The proof is completed using the estimates ([10], Formulae (2.15) and (2.18)). O
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Lemma 4.2. Use the notation (2.2) and pose conditions (A), (ID). For any controls n € BV(R™;[0,1]) and
9 € BV(Ir; [0, 1]"),

(t,a) € G%, i >2

J(ta Cl) = ‘](T7 O) wJ(Ta L, CL) T = ']}(0’ t, Cl)
) (t,a) € G, i>1

S(t,0) = mi(r) 222 J(r,a) vs(r,t,a) " =Tyl 1)
’ a € [a,a]

(t,a) € Gis, i > 1
T ="T5(a;;t,a)
a e [&j,&ﬁ-l[
j=2,...,N—-1
a _ t,a) € Gh, i>1
R(taa) = (1 - 772(7-)) 3}12712)) J(T’ Cl) ,(/JR(T’t’a) {( 7)': ’Tlf(d;t,a).

S(t,a) = (1—19;(r)) S(r,a;) ¥s(r.t,a)

The proof is an immediate consequence of (2.3) and (4.3).

Proof of Proposition 2.3. Let t € |T,,_1,T,] and proceed by induction on h and n.
h=1andn=1:Ifa € [A;(¢0,0),a], then AJ(t,a) = 0. Otherwise, by Lemma 4.2, for a € [0,.4,(¢;0,0)],
AJ(t,a) = AT (’Z](O;t,a),O) Py (TJ(O;t,a),t,a)

_ “t.a).a) da ,l/}J (TJ(O;taa)vtaa)
_/IRw(a) AR (T5(0:1,a),0) da = )

/AR(TJ (05t,a);0,a)

Tr(a;7;(0;t,a),a),a

¥y (7;(0;t,a),t,a)
qJ (TJ(O, t, a), 0)

x J (TR(d;T;(O;t,a),a),d) Yr(Tr(a; 75(0;t,a), ), 77(0;t,a), o) da
min{t, T} }
= / An(r) TH(r,t,a)dr
0

where we used the change of variable 7 = 7Tg(a;7;(0;t,a),a) and 7} is a suitable function in (BV N
L) ([To, T1)? x I;;RT).

h =1 and n > 1: Proceed by induction on n. Let (¢,a) € |T,,—1,T5] x I; and consider first the case (¢, a) € G7.
Then,

AJ(t,a) = AJ (Tn_l,AJ(Tn_l;t,a)) Yy (Th-1,t,a)
T
= AU(T) T} (T7 Tn—la AJ(Tn—l; ta Cl)) dr ¢J (Tn—17 ta Cl)
T
7
= | (1) Tj(r.t,a)dr,
To

where the inductive assumption was used. In the case (t,a) € G, then,
AJ(t,a) = AJ (7;(0;t,a),0) ¥;(7;(0;t,a),t,a)

= | wla ) adJJ(TI(O;t,a),t,a)
_/IJ (@) AR(T5(0:1, ) 0) d 97 (T5(05¢, @), 0)
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AR(T1(05t,a);a,To) ¥y (T5(05t,a),t,a)
AR(7;(0; d
’LU(O() R( J(Ovtva’)’a) @ g7 (%(O’t’a),o)

I
o—

TJ(O;t,a) dO[
w (Ar(T;(0;t,a);7,a)) AR (7;(0;t,a), Ar(7;(0;t,a); 7,a)) — dr

dr
’l/]J (TJ(Oa tv a)a tv (l)
gJ (TJ(Ov t7 CL), 0) ’

where we use the substitution 7 = Tr(a; 7;(0;¢,a), «) or equivalently o = Ag (’TJ (0;t,a);, ZL). Therefore the
difference AJ(t,a) can be written as

n _ _da g (T5(05t,a), t,
AJ(t,a):/TO w(.AR(’TJ(O;t,a);T,a)) AR (TJ(O;t,a),AR(TJ(O;t,CL);T,a))d—idT ;J((;}(O;tfla),();)

. ) oy do ¥y (7;(0;t,a),t,a)
+Z/ (Ar(T3(0:t, @);7,0)) AR (T5(058, @), Ar(Ty (0 1,0); @) o dr = Som s

T i _da ¥y (T5(0;t,a),t,a)
+ /Tn_lw (AR(TJ(O, t,a); T, a)) AR (TJ(O,t,a),AR(’]}(O, t,a);T, a)) = dr Py (TJ(O; o), 0)

T i
= —/ w (AR(TJ(O;t,a);T, d)) An(T) 94(7, )J(T, a)

TD gR (T? d)

7,
x¢r (1,75(0;t,a), Ar(T;(0;t,a); 7, a)) dr S dr w;J((éJ(?Otta;) to?

+Z / w (Ap(T5(0:t a)ir >)n<7>j;§:: A (ra)

7_’1/)] (TJ(O t a) t a)
dr gqJ (TJ(O,t,CL),O)

X¢R (T T}(O t (1) AR(TJ(O t a) T, a))

T5(0st,a) 7.4
s [ (AT 005 ) OV D A (1, Ay (T

To s gr(7,a)
7_’1/)] (TJ(O t a) t a)
dr gqJ (TJ(O t CL) 0)

Xty (Tp-1,T, a)
Using the inductive hypothesis, we obtain that AJ(¢,a) can be written as

T _
AJ(t,a) = —/ w (Ar(T;(05t,a);7,a)) AU(T)MJ(T, a)

To gR(Tva)
ij (7;(0;t,a),t,a)
dr 97 (I](Oataa)70)

XUR (7' 75(0;t,a), Ar(7;(0;t,a); T, a))

_ T
+Z/ w (Ar(T;(05t,a);7,a)) n(T)M An(r)Yy (r,7,a) dr

gR(T, a) Jr,

wj (7}(0 t,a),t a)
dT gqJ (’TJ(O,t,a),O)

T (0st,a) gJ(T a) Ty
+/ w (AR(TJ(O; t,a); T, ZL)) n(T) T / An(r) Yy (T, To1,As (Ty—1; T, d)) dr
Tr_1 gr(T,a) To

X¢R (T T}(O t a) AR(TJ(O t a) T, a))
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_, da ¢J (TJ(Ov t, CL), t, CL)
Tn— P —d
xtpy (Tn-1,T,a) 4 07 (T/(0:,0),0)

T
= An(r) Yy (r,t,a)dr,
To
completing the case h = 1 and n > 1.
h > 1 and n < h: clearly, AJ(t,a) = 0.
h > 1 and n = h: this case can be treated exactly as the case h =n = 1.
h > 1 and n > h: the translation t — ¢ — T} along the time axis allows to reduce to the computations related

to the already considered case h =1 and n > 1.

Consider now the population S. If (¢,a) € G% with i < h, then AS(¢,a) = 0. Otherwise, if (t,a) € G%, then
by Lemma 4.2, in the case a € [a,a]

AS(t,a) = AS (Ts(a;t,a),a) vs (Ts(a;t, a),t, a)
J
s

J (Tg(d; t, a),&) Vs (Tg(d; t,a),t, a)

where Tg(a;t,a) € [Tr—1,Th]. In the case (t,a) € G with i > h and a € [a,a;[, by Lemma 4.2,
AS(ta a’) = AS (TS (a‘; t, (l), d) 'l/}S' (TS (a‘; t, (l), t, (l)

) A7 (T5(ast,0),a) s (To(at,a) t,a)

G10).8) [T pr) Ty (e ta) dris (T (a1, a), o)
,t,a),a) Ty

= An(r) Ys(r,t,a)dr.
Th-1

Whenever (t,a) € G% and a € I:a/j,aj_l,_l[ with j > 1, by Lemma 4.2,
AS(t,a) = (1 — 9, (’Zg(dj;t,a))) AS (Ts(ay;t, a), a;)
=75 (Ts(d;t,a),t,a) AS (Ts(&;t,a),d) .
The proof is completed treating the population R in a similar way. O

Proof of Proposition 2.4. Clearly, AJ = AR = 0 by construction, as also AS(t,a) = 0 for a € |a,a;[. In the
case a € |a;, ai+1[, apply (4.3) and (1.4). O

Proof of Theorem 2.5. Call (J, S, R), respectively (J + A°J, S + A°S, R+ A°R), the solution to (2.3) with the
control 7, respectively n + eAn, with e € ]0, 1[. Denote for u = J, S, R

Tn
Cu(n) :/o /1 Cy (t,a,u(t,a)) dadt.
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Using (C), with 7 as in Proposition 2.3 and by Theorem 2.1, compute:

n Th
‘(CJ(n—l-f-:An) —Cs(n)) —6/ /I / 0;Cy (t,a, J(t,a)) An(r) Yy(r,t,a)dr dadt

= /OT /1 {OJ (t,a,(J + A%J)(t,a)) = Cy (ta, I (t,a))

T
_g/ 9;Cy (t,a,J(t,a)) An(T)Ts(7,t,a) dT:l dadt
Th-1

T

IA

Ty
/ 9,Cy (t,a, J(t,a)) (AEJ(t,a) .
0 Iy

T,

An(T)Y (1, t,a) dT> dadt

Th-1

+C (A°J(t,a))* dadt

1y

0
T ’
oo L ([
Iy Th-1
Ty ’
(||A77HLN(T,1 1 Th]iR) / / (/T Yy(r,t,a) dT> da dt

proving that in the limit € — 04, we have

lim —(CJ(77—|—€A77 / n/ / aJCJ t,a, J(t, a)) An(t) Yy(r,t,a)drdadt.
1,

e—0+ €

which shows the Gateaux differentiability of Cj.

The computations for Cg are entirely similar. The computations for Cgr can be reduced to the ones above,
noting that a — A°R(t, a) vanishes outside the bounded interval [0, Ag(¢;a, 0)].

Finally, the Gateaux differentiability of the profit with respect to 9 directly follows from Proposition 2.4. [

4.2. Proofs related to Section 2.2

Lemma 4.3. Use the notation (2.2) and pose conditions (A), (ID). Fizx i € N. For all k € N, let
nt € BV([T;_1,Ti);[0,1]) be such that n¥ = n; in L=([Ti_1,Ti;R), as k — +oo. Call (J,S,R), respec-
tively (Jy, Sk, Ri), the solution to (2.3) corresponding to 7j;, respectively to 7)¥, as defined in (2.9). Then, for
j=t4i4+ 1,14+ 2,..., in the limit k — 400

Ji(t,a) — J(t,a)  for allte] j-1,T;] and for a.e. a € [0,al,
Sk(t) — S(t) weakly in L1(Is;R) for allt € |Tj—1,Tj]
Sk(,a—) = S(-,a—) weakly in L*([Tj_1,T;];R) for all a € Ig, (4.8)
Ri(t) — R(t) weakly in Ll(IR, R) for allt € |T;—1,Tj] '
S — 8 weakly in LY ([Tj-1,T;] x Is;R),
Ry — R weakly in LY ([Tj-1,T;] x Ir;R).

Proof. By construction,
(Ji, Sky Ri)(t) = (J, S, R)(t) for all t € [0,T;_4].
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We now prove by induction on j = 4,7+ 1,7+ 2,... that, as k — +o0, the convergences in (4.8) hold. To this
aim, fix
(s, 95:9m) € (LA (Ir x 15 R) x L¥(Ip x IssR) x LM (Ir x [ R))
= LOO(IT X IJ, ) X LOO(IT X IS, ) X LOO(IT X IR;R);
(81,05, 85,0r) € (LM(15iR) x L} (Isi R) x TM(I15R) x L (I R))
=L>®(I;;R) x L™ (Is;R) x L>=(Ir;R) x L™ (Ig; R).

Let j =4. If t € |T;_1,T;], then by (4.3) and with the notation (4.1),

nf (TS(&;t,a))gJ(TS (&;t,a),a) (Ts(a t,a a)

Sk(t,a) = 05 (Ts @) a) ¥s(Ts(@;t,a),t,0) a € [a, As(t; Tiva, 8)]
S(t,a) a>As(t;Ti-1,a)
[lfnf(TR(&;t,a))] gJ(TR(d;t,a),&)J(TR(&;t,a),&) _ _ ) _

Ry (t,a) = gr(Tr(ait,a),a) Vr(Tr(a;t,a),t,a) a € [a, Ar(t; Ti-1, )]
R(t,a) a>AR(t;Ti_1,fL)

and analogous expressions hold for S and R. Therefore, using (4.5),

/ (Sk(t,a) — S(t,a)) Ps(a) da

Is
B As(tTi1,a) (nf (Ts(d; t, a)) - (Tg(d; t, a))) qJ (Ts(&; t,a), d) J (Ts(&; t,a), d)
B /a gs (Ts(ast,a), a)

X1 (Tg(d; t,a),t, a) Dg(a)da

= [ (00 - m0) 910 (7.0 b (1,1, As(ti7. @) s (st 7,0)

Ti—1

t
X exp (/ Dags (s, As(s;7,a)) ds> dr
—0 ask— 4o

since the map
t
T —gy(r,a) J(1,a) ¥s(r,t, As(t;7,a)) D5 (As(t;7,a)) exp (/ Dags (s, As(s;T,a)) d5>

is in L([T;—1,T;);R) C LY([T;_1,Ti);R), proving that Si(t) — S(t) weakly in L!(Is;R). The convergence
Ri(t) — R(t) weakly in L*(Ig;R) is proved analogously.
Pass now to

T;
/ , (Sk(t,a) — S(t,a)) ¢s(t,a)dadt

B /T /As(t%Tmfl) (nf (Ts(@;t,a)) —n; (Ts(d;t,a)))gJ(Ts(d;t,a),é) J (Ts(a;t, a), a)
- i1 gs (’Zg(d;t,a),d)
X1 (Ts(&; t,a),t, a) ps(t,a)dadt
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T; t
= [ [ () =) 0sr,0) S (.0 s (1,8, At 0) s (1 As (i 0)
Ti—1 JTia
t
X exp / Dags (s, As(s;7,a)) ds | drdt

T; T;
= / (775(7') - m(T)) / gs(r,a) J (r,a) s (7., As(t;7,a)) s (t, As(t; 7, a))

Ti-1 T

t
X exp (/ Dags (s, As(s;T,a)) ds) dtdr

—0 ask— +oo,

since the map

T; t
T —>/ gs(r,a) J (1,a) s (7. t, As(t;7,a)) ¢s (t, As(t;7,a)) exp l/ dags (s, As(s;,a)) ds| dt
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is in L>°([T;—1, T;]; R) € LY([Ti—1, Ti); R), proving that S — S in L*(I7 x Is;R). The convergence Ry — R in

LY(Ir x Ig;R) is proved analogously.
Moreover, by (2.3) and (4.3),

f;roo w(a) Ry (TJ(O;t,a),a)da . L
Je(ta) = 02 (T (0:600) ¥ (T5(05t,a),t,0) a0, A;(t;Ti—1,0)]
JI(t,a) €Ay (t:Tiv,0),d]

so that, by the weak convergence Ry (t) — R(t) € L(Ig;R), as k — +o0,

Ji(t,a) — J(t,a) forall t € |T;_1,T;] and for a.e. a € [0,al.
Let j >i. If t € |T;_1,Tj],

o (To(@ta ) Vs (Ts(ast, a),t, a) ac€la, As(t; Tj—1,a)]
Sk (ijl, AS(ijl; t, a)) ’1/15'(ij1, t, a) a > .As(t; T 1, 5,)

7i(Ts (ait,a))gs(Ts (@st,a),a) Ju (Ts (@;t,a),a)
Sk (ta a’) =

o (Ta(ata) ) Vr(Tr(ast,a),t,a) a€la, Ar(t;Ti—1,a)]
Ry (Tj_l, AR(T]‘_l; t, CL)) wR(Tj—la t, CL) a > AR(t; Tj_l, a)

[1777(73(&;@@))] 9(Tr(ast,a),a) Jx(Tr(ast,a),a)
Ry (ta a’) =

Similarly to above, using (4.3) and (4.6)

/ (Sk(t,a) — S(t,a)) @5 (a) da

Is

/As(t;Tj—l,a) n (Ts(d; t, a)) qJ (Ts(&; t,a), &) (Jk (Ts(d; t,a), &) —J (Ts(d; t,a), &))

B gs (Ts(a;t, a),a)
xg(Ts(ast, a),t,a) Ps(a)da

“+oo
+/ |:Sk (Tj_l, As(Tj_l; t, a)) -5 (Tj_l, As(Tj_l; t, a))} ’(/Js(Tj_l, t, a)@s(a) da

As(t;T5-1,a)

/As(t?Tz‘—lva) 1(Ts(a:t,a)) g5 (Ts(ast,a),a) (Jp —J) (Tj—hAJ (Tj—léTS(a§t7a)aa))

gs (TS (a; t, a), a)
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xz/)J( -1, 7s(a;t, a), )ws(Ts(d;t,a),t,a) Ps(a)da

As (tTi_1,a)
+/a (Sk(al»)_s(ala )>¢S(gl,tu45(tTg 1,0 ))

t

X exp (/ dags (s, As(s;Tj_1,)) ds) s (As(t; Tj—1, ) dev
Tj71

—0 ask— +oo,

since by the inductive hypothesis Ji(Tj—1) — J(Tj—1) a.e. in [0,a] and the map

t
o — g (Tj—1,t, As(t; Tj—1, ) exp (/ Dags (s, As(s;Tj—1,0)) ds) g (As(t; Tj—1, )

Tj71

is in L>°(Is;R). The convergence Ry(t) — R(t) weakly in L*(Ig;R) is proved analogously.
Repeating computations similar to the latter ones, we have:

T;
[ ] (sutt.0) - ste.0) pstt.a)auc

/ /As(t T 7 (Ts(at, 0) gs (Ts(ait, a),0) (Ji (Ts(@st,a),a) = J (Ts(at,a),a) )
T, gs (Ts(a;t,a),a)
xz/JS(TS a;t,a),t, a) nps(t a)dadt

+/7 1/,45(tT7 . Sk (Tj-1, As(Tj-1;t,a)) = S (Tj-1, As(Tj-13t, a)))

xs(Tj-1,t,a) ps(t,a)dadt

/ /AstT7 v 7 (Ts(@; t, a)) g (Ts (@ t, a), )(Jk—J)< Ay (Tho13 Ts(ast ), ))
Tj-1/a gs (Ts(a;t,a), a)

xy (Tj-1,Ts(ast,a),a) s (Ts(a;t, a),t,a) ps(t,a)dadt

—F/T"_1 /aAs t;T;—1,a) (5k (Tjﬂ,a)—S( j—1, ¢ ))1/)5( To1,t As(t T, « ))

t
X exp (/ aagS (SaAS(S;ijla a)) dS) ¥s (taAS(t;T’jfla a)) dadt
T 1

i—

—0 ask— +oo,

by the inductive hypothesis. Indeed, the convergence J,(T;—-1) — J(Tj—1) a.e. in [0, a] ensures that the former
integral above vanishes by the Dominated Convergence Theorem. The weak convergence Si(Tj_1) — S(Tj-1)
in L1(Is;R) and the fact that the map

t
o — ¥s (Tj—1,t, As(t; Tj—1, @) exp (/ Dags (s, As(s;Tj_1,0)) dS) os(t, As(t; Tj—1, )

Tj71

is in L*°(Ig;R), proves that also the latter integral above vanishes, again by the Dominated Convergence
Theorem. This shows that Sy — S weakly in L?! (] j— 1,T~] x Is;R). The convergence R, — R weakly in
L(]Tj—1,T;] x Ig;R) is proved analogously.
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Moreover, by (2.3) and (4.3),

Jk(t,a) = gJ(TJ(Ota) O)

[l B (B Ot)0de (7 (034, 0),£,0) @ [0, As (6 Ty1,0)]
i (Tj=1, As(Ti—1:t,a)) s (Tj-1,t,a) ac[A;(t;Tj-1,0),al.

The inductive hypothesis ensures the weak convergence Ry(t) — R(t) € L'(Ig;R) for t < T;_; and the
a.e. convergence Ji(Tj_1) — J(Tj_1). Hence,

Ji(t,a) — J(t,a) forall t € |T;_1,T;] and for a.e. a € [0,al.
Finally fix a € Is and define the set of indices
J={je{l,...,N}: a; <a}.

Using again (4.5), we have

/ (Sk(t,a—) — S(t,a—)) Bs(t) dt

Ir

T
_ / (Su(t.a—) — S(t,a—)) s(t)dt

min{T,Ts (a;O,&)}

T
- / (17t [nk (Ts(a;t,a)) Jp (Ts(ast, a),a) —n (Ts(a;t,a)) J(Ts(a;t,a),a)}

gJ(TS a;t a),d)

11 ( — ¥ (TS (aj;t, a))> Vs (Ts(ast, ), t,a) bs(t) dt

gs(Tsata, je

gs(7,a)
gs (Ts (a;1,a), a)

xPg (7s (a; 7, a)) H (1 -V, (’Zg (aj;, d))) exp (/TTs(a;r,a) Duss (5 As(s: 7)) ds> "

JjeET

@) je
max{0,75(a;T,a) }
I [

n* (1) (r,a) — n(1)J (T, d)} Vs (T, Ts (a;7,a) ,a)

0

—0 ask— 4o
since, Ji(7,a) — J(7,a) pointwise and consequently strongly in L! ([0, max {0, Ts (a; T, a)}] ;R) by the Dom-

inated Convergence Theorem, n* — 7 in L' <[0, max {0, Ts (a; T, a)}} ;R) and the map

gs(7.a) ¥s (T;]: 24755((2 TTCZ))i)S (As(t;7,a)) exp ( / Dags (5, As(s:7,)) d5>
X H <1 —’l9j (Ts (djﬂ',d)))

JjET

T —

is in L ({O,max {O,Tg (@; T, a)}} ;R) c Lt ({O,max {O,TS (@; T, a)}} ;R), proving that the sequence
Sk(+,a—) weakly converges to S(-,a—) in L*(I7;R). This completes the proof. O

Proof of Proposition 2.6. The weak sequential continuity of Sf] follows from Lemma 4.3.
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To prove the weak sequential continuity of S§ with respect to 1J,, using the notation above, simply note that

sty = { (-7 (@) S (Ts(asta)a,—)  acla,As(t:0.a)
7 S(t,a) otherwise

while clearly Ji = J and Ry = R. Therefore,

otherwise

Sult.a) — S(t.a) = {(Lﬂf (Ts(au;t,a)) 0, (Tg(ab;t,a))}S (Ts(ast,a),a—)  ac [a, As(t0,a,)]

and the weak sequential continuity immediately follows. O

Proof of Proposition 2.7. For m € N\ {0}, partition I through the points %T, for k=0,1,2,...,m. Define

k+1T

k m
Th = T+/ Ar)drand A= X(kg (4.9)
k=0

so that 7% € [£7, L] X, (I7) C {0,1} and

k+1T k+1

/ Am(T)dT:/ "OAn)dr fork=0,...,m—1 (4.10)
k k

=T T

m m

We now check that for all ¢ € L' (I7;R), limp,— 400 [7,. (Am(7) = A(7)) () dr = 0.

Assume first that ¢ € C2(I7;R). Fix € > 0. By Heine-Cantor Theorem, ¢ is uniformly continuous and there
exists an m € N such that |¢(t') — ¢(t”)| < & whenever 7/, 7 € Iy and |7/ — 7”| < 1/m. Then, using (4.9)
and (4.10),

-1

3

/ (Am(7) = A(7)) () dr / " (1= A(7)) p(r) dr — / T A e(r) dr

Ir

I
. I

m—1 T:fL errrle
< max / 1—-X7))dr — min / A7) dr
k=0 n; ’k:—Ll ﬁT ( ( )) ( %T’ kj—nl T] SO) T ( )
m—1 7-,";
= — min ¢ 1—X(7))dr
k=0 < m ’k;tl :L T’ k'n+z1 T] > /%T ( ( ))
<e (1= X(r
It
<eT.

An entirely analogous procedure leads to

;\
—
>
3
)
|
<
-
s
2
o,
\1
WY
M
—
N
N
=
tIS
|
©
N—
»\ﬂ
N 3=
—~
=
|
>
=
oL
\‘
|
>
N
18
i%

S
N—
T~
= 3
>
2
o,

\1

V
o 1
~

completing the case of a continuous .
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Let now ¢ € L*(I7;R) and fix € > 0. Then, by ([8], Thm. 4.12) there exists a map . € C2(Ir;R) such that
o = ¢ellpi(rym) <e- Then, for a sufficiently large m, the computations above ensure that

/ (1) — A7) @(r)dr| < / (A7) = A(T)) @e(r)dr]| + / e (7) = AT |o(7) — ()] dr
Ir Ir Ir
<2eT
completing the proof. O

Proof of Theorem 2.8. Assume for simplicity that T = T, for some n € N. Fix 7 € BV (I;[0,1]), ¥ €
BV (Ir;[0,1]"), and, recalling the notation (2.9), define, for i € {1,...,n} and for ¢ € {1,..., N}, the maps
fpi .

i BV([Tio1,Ti];[0,1]) — R P BV(Ir;[0,1]) — R

i — P(ﬁuﬁ) 9, — ,P(,Flv/;’\b)

It is sufficient to prove that they are sequentially lower semicontinuous with respect to the weak* topology on
L°([Ti-1,T;];R) and on L™ (I7;R).

(1) Lower semicontinuity of 7). Consider a sequence nf = q in L ([T;_1, T;];R). By Proposition 2.6 and
by Lemma 4.3, we have that as k — 400,

Jg = J L' (I x I;;R) Ji(T,a) — J(T,a) pointwise
S — S L! (ITXI,s;R) Sk(~,&j—) AS(-,a—) L! (IT;R), a € Ig,
Rr. — R Ll(ITXIR;R)

where (Jy, Sk, Rx) = S(AF,9) and (J,S,R) = S (77,1?). Therefore, by (C) and ([12], Example 1.23), we have

that
lim inf / / t a, ug(t a)) dadt > Z —/ / Cy (t,a,u(t,a)) dadt
hteo —JSR Ir J I, u=J,8, Vv /1u
and, by (P),
kgrfooz (t)Sk(t,a;— Z (t)S(t,a;—)dt
and, by (¢),

kEToo@ (/IJ [Jo(a) — Ji(T, a)] da> = (/IJ [Jo(a) — J(T, a)] da)

proving that 77% is sequentially lower semicontinuous.

(2) Lower semicontinuity of P;. For ¢ € {1,..., N}, consider a sequence 9% 59, in L (I7;R). Denoting
with (J, Sk, R) = S(7F, ) and (J, S, R) = S (7,19), we have that J, = J, R, = R, and Si(t,a) = S(t,a)
for every t € Ir and every a € Ig with a < a,. Hence,

/ / utauta))dadt
Ir JI,

2 /1 /1 Cy (t,a,ug(t,a)) dadt =
Z (t)Sk(t,a;— Z (£)S(t,a;—) dt

u=J,R
14 </I [Jo(a) — Ji(T, a)] da) = </I [JO(G) = J(T, a)] da)

u=J,R
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for every k € N. Moreover, by (P),

lim P,(t)9% (t)Sk(t,a,—)dt = lim P,(t)0%(t)S(t,a,—) dt

k—+4o0 Ir k—4o00 I

/ P,(t)9,(t)S(t,a,—)dt.

Ir

By Proposition 2.6, we deduce that Sy — S in L™ (Iy x Is;R) as k — 400, and this convergence implies,
by (C) and by ([12], Example 1.23), that

liminf—/ / Cs (t,a,Sk(t,a)) dadt > —/ / Cs (t,a,5(t,a)) dadt.
I J1s I J1s

k—-4o00

Finally, noting as in the proof of Proposition 2.6, that

(1 s (Ts(db;t,a))) S (Ts(ait,a),a,—) a € [a,, As(t;0,a,)]

Sk(t,a) =
k(t.a) S(t,a) otherwise,

we have that Si(-,a;) — Sk(-,a;) in L (Ip;R) for every j € {¢t+1,..., N} and so, by (P),

N N
G Z ’ Pj(t)9;(t)Sk(t, a;—)dt = Z ’ P;(t)9;(t)S(t,a;—)dt,
j=v+1v4T j=t4+175T
proving that P} is sequentially lower semicontinuous.
This completes the proof. O
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