ESAIM: COCV 23 (2017) 1217-1252 ESAIM: Control, Optimisation and Calculus of Variations
DOI: 10.1051/cocv/2016044 WWW.esallm-cocv.org

ZERO-SUM AND NONZERO-SUM DIFFERENTIAL GAMES WITHOUT ISAACS
CONDITION *

JuaN Li* AND WENQIANG L1h?

Abstract. In this paper we study differential games without Isaacs condition. The objective is to
investigate on one hand zero-sum games with asymmetric information on the pay-off, and on the other
hand, for the case of symmetric information but now for a non-zero sum differential game, the existence
of a Nash equilibrium pay-off. Our results extend those by Buckdahn, Cardaliaguet and Rainer [STAM
J. Control Optim. 43 (2004) 624-642], to the case without Isaacs condition. To overcome the absence
of Isaacs condition, randomization of the non-anticipative strategies with delay of the both players are
considered. They differ from those in Buckdahn, Quincampoix, Rainer and Xu [Int. J. Game Theory 45
(2016) 795-816]. Unlike in [Int. J. Game Theory 45 (2016) 795-816], our definition of NAD strategies
for a game over the time interval [¢,T] (0 < t < T') guarantees that a randomized strategy along a
partition 7 of [0, T'] remains a randomized NAD strategy with respect to any finer partition 7’ (r C 7').
This allows to study the limit behavior of upper and lower value functions defined for games in which
the both players use also different partitions.
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1. INTRODUCTION
In our paper we study two-player differential games which dynamics is given by

dX,
ds

and driven by two controls u € Uy 7 := L([t,T] — U) and v € V; 7 := L°([t,T] — V') used by the players I and
II, respectively. The control state spaces U and V' are compact metric spaces.

Our objective is to study for such differential games two different problems, firstly that of asymmetric in-
formation, and secondly -but now in the frame of symmetric information- that of the existence of an e-Nash
equilibrium pay-off in the sense of [1].
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The first to study differential games without Isaacs condition were Krasovskii and Subbotin [13]; in order to
get a value of the game they considered relaxed controls. Interested in the use of classical controls, Buckdahn, Li
and Quincampoix [4] considered differential games without Isaacs condition, in which each of the both players
randomizes his control independently along a common partition of the time interval. However, as the players in
differential games with Isaacs condition use non-anticipative strategies with delay (for short, NAD strategies),
in order to guarantee the existence of a value (see, e.g., [2,7]), and the corresponding couple of controls is rather
the result of the interaction of the NAD strategies chosen by the players, it seems more natural to consider NAD
strategies randomized independently by the both players along a common partition, in order to close the gap of
absence of Isaacs condition. This was the basic idea in [6], in order to study differential games without Isaacs
condition, but here for the more general frame of asymmetric information. Let us mention that [6] generalized
Cardaliaguet’s work [7] on differential games with asymmetric information to the case without Isaacs condition.

In our approach we adapt this idea of randomization of the NAD strategies along partitions m = {0 =19 <
th<...<ty = T} of the time interval [0, 7] introduced in [6]. Letting ¢ € [tx_1,tx), for some 0 < k < N, we
consider randomized NAD strategies o : {2 X V; r — U, r which, for instance, for Player I, are of the form

a(w,v) (8) = ((Cl,kw . '7<1,l) (w) 71)) (8), well se [t vtl*lat\/tl)a

k <1 < N, where o : RIZFH1 x Vi, +— U7 is Borel measurable and non-anticipating with delay in v.
The randomization in [6] is made through a given sequence of independent, on [0,1] uniformly distributed
random variables (;¢, £ > 1,7 = 1,2, used by the ith player on the /th subinterval of the partition. This
has the inconvenience that randomized NAD strategies a € A™(¢,T) along a partition m are, in general, not
randomized NAD strategies along a finer partition 7/(D w). However, as we want to have in our approach
A™(t,T) C A™ (t,T) for the randomized NAD strategies of Player I (and, of course, also for the NAD strategies
of Player II: B™(¢,T) C B’T'(t, T)), whenever the partitions m and 7’ satisfy 7 C #’, we prefer a randomization
based on two independent Brownian motions (see Def. 2.1). Such a property also suggests to consider the spaces
of NAD strategies A(t,T) := U, A™(t,T), B(t,T) :=J, B™(t,T) and to study what happens, when one player
fixes his partition 7 for the randomization, while the other player prefers another partition #’: The definition
of our randomized NAD strategies a € A™(t,T), § € B”/(t, T') makes that both are compatible and belong to
A7 (. T) and B™™ (t,T), respectively.

The first part of our work revisits the paper by Buckdahn, Quincampoix, Rainer and Xu [6] on differential
games with asymmetric information with the absence of Isaacs condition, but now with the new kind of ran-
domization of the NAD strategies we described above. Given a partition = and denoting by W™ the upper value
function and by V7 the lower value function of the differential game with randomization of the NAD strategies
along the partition 7 (see (2.6) and (2.8)), we show that also in this new frame we have for |7| — 0 (]| denotes
the maximal distance between two neighbor points of 7) the uniform convergence on compacts of W™ and of V™
to the value function U of the game, characterized as the unique dual viscosity solution (see Def. 3.1) of the
Hamilton—Jacobi—Isaacs equation (3.51).

Related with these studies is the question about the behavior of the upper value function W and the lower
value function V, defined for the game with asymmetric information, when Player I disposes of all NAD strategies
a € A(t,T) and Player II of all NAD strategies 5 € B(t,T) (see (2.7) and (2.9)). It is shown in Theorem 5.3
that W = V = U is the value of the game, if Isaacs condition is satisfied, and Example 5.1 shows that, if
Isaacs condition doesn’t hold, W and V don’t, in general, coincide, in spite of all randomization of the NAD
strategies by the players. As a byproduct a corresponding result is obtained for the upper value function W7
and the lower value function V7 of the game with asymmetric information, where Player I uses the partition
7 for the randomization of his NAD strategies, while Player IT has all randomized strategies from B(t,T) at
his disposal. It is shown that under condition (5.6) which is a bit weaker than Isaacs condition-both functions
W™ and V™ converge uniformly on compacts to the value function U, as |r| — 0. This result allows Player I
to choose a sufficiently fine partition 7 for his randomization and to be sure that, as fine Player II may choose
his partition for the randomization, the obtained upper and lower value functions are near to the value of the
game. Our results not only generalize those by Buckdahn, Li, Quincampoix [4], to the case with asymmetric
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information on the pay-off, but also give the representation of the limit value (Thm. 5.3), which can be used
for the numerical approach.

While the problem described above is studied for asymmetric zero-sum differential games, the existence of a
Nash equilibrium pay-off is studied for non-zero symmetric differential games, but still without Isaacs condition.
We consider the same dynamics of the game as above, the same type of randomization of the NAD strategies
along partitions as introduced above, but we have now for every player his own pay-off functional. To each of
the both cost functionals we associate a zero-sum differential game with value functions U; and Us. These value
functions are used to construct a Nash equilibrium pay-off (e1,e2) and the associated e-optimal randomized
NAD strategies a® € A™(¢,T), 55 € B™(t,T), for |7| > 0 small enough (see Def. 4.1 and Thms. 4.1 and 4.2).

Our paper is organized as follows: In Section 2 we introduce the setting of our differential games with
asymmetric information and without Isaacs condition, and we give our definition of the randomized NAD
strategies. Section 3 is devoted to the study of differential games with asymmetric information and without
Isaacs condition. In Section 4, for non-zero sum differential games with symmetric information but still without
Isaacs condition, the existence of a Nash equilibrium is investigated. Last but not least, Section 5 considers
zero-sum differential games in which both players can choose different partitions for the randomization of the
NAD strategies, and the convergence behavior of the associated upper and lower value functions is studied.

2. PRELIMINARIES

Let (£2,F,P) be the canonical Wiener space, that is, £2 is the set of continuous functions from [0,7] to
R?, F is the completed o-algebra on (2, P is the Wiener measure. We define the canonical process B;(w) =
(B} (w), B (w)) = (w1(t),wa(t)), t € [0,T], w = (w1,w2) € 2. Then B is a 2-dimensional Brownian motion on
(2, F,P) and B! is independent of B2 We denote by {F;s,s > t} the filtration generated by the increments
of the Brownian motion B over time interval [t,T'), where F; s = o{B, — B, r € [t,s]} VN, and N is the set of
null-set of P.

For any given partition 7 = {0 =tp < t; < ... <ty = T} of the interval [0, T], we define random variables

i i

B —B!
;= 45071(%), i=1,2,7=1,2,...,N, where $y1(x) = \/% ffoo eXp{—y;}dy, r € R. Obviously, ([},
J J—

1 <j<N,i=1,2,is a family of independent random variables with uniform distribution on [0,1]. Let U
and V' be compact metric spaces which are the control state spaces used by Player I and II, respectively. By
P(U) and P(V) we denote the space of all probability measures over U and V', respectively. From Skorohod’s
Representation Theorem we know that P(U) (resp., P(V)) coincides with the set of the distributions of all
U-valued (resp., V-valued) random variables.

Now we introduce the admissible controls for both players.

For any t € [0,T7], the U-valued Lebesgue measurable functions (us)se[s, ) form the set of admissible controls
for Player I, the V-valued Lebesgue measurable functions (vs)sep,r) those for Player II. We denote by U r
the set of admissible controls (us)sc(s, ) for Player I and by Vi r the set of admissible controls (vs)sep, 7] for
Player II. Both spaces U 7 and V; r are endowed with the topology of the convergence in Lebesgue measure;
by B(U,r) and B(Vy,r) we denote the corresponding Borel o-fields.

For any given t € [0,T], x € R™, we consider the following ordinary differential equation

X, = x+/ f( Xy up,vp)dr, s € [t,TY, (2.1)
t

where v € Uy 7 and v € V; 7, and the coefficient f : R" xU xV +— R"™ is supposed to be bounded, continuous with
respect to (u,v) and Lipschitz continuous in z, uniformly with respect to u and v. Therefore, equation (2.1) has
a unique solution and we denote it by X*% %, From standard estimates we obtain that there exists a constant
C' > 0 such that, for all (¢,2), (t',2’) € [0,T] x R”, for all s € [t V', T],

(1) [Xo™" — 2] < C(s — 1),

(2) | X7y — XU 0] < Ot - ¢] + o — o). (2.2)
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The cost functionals of the zero-sum differential game are defined by the I x J functionals gij(X;’I’u’”),
i=1,2,...,1,5=1,2,...,J, where the mappings g;; : R” — R are Lipschitz continuous and bounded. Player
I wants to minimize g;; (X;’x’“’v), i.e., it is a cost functional for him/her, while Player II wants to maximize
9i; (X 55™") being a payoff for him/her. The cost functionals of nonzero-sum differential games are defined in
Section 4.

The rules for our zero-sum differential game with asymmetric information are as follows:

(1) At the beginning of the game, a pair (¢,7) is chosen randomly with the probability (p,q) € A(I) x A(J),
where A(I) is the set of probabilities p = (p;)i=1,....ron {1,..., I} (i.e., p; > 0,1 <i < I, and Zle pi = 1);
A(J) is defined similarly. Both players know the probability (p, q).

(2) The choice of i is only communicated to Player I, while the choice of j is only communicated to Player II.
But both players observe their opponent’s controls.

Generally speaking, differential games with “control against control” don’t admit a dynamic programming
principle and the value does, in general, not exist. Thus, we study the game of the type “nonanticipative
strategy with delay against nonanticipative strategy with delay”. Considering the asymmetry of the information,
the players want to hide a part of their private information. For this they randomize their strategies, and the
kind of randomization we choose is the key to obtain a value for our zero-sum game in a framework without
Isaacs condition.

Let us consider an arbitrarily given partition 7 = {0 =ty < t; < ... <ty = T} and assume ¢ € [t_1,tx).
We give the definition of random non-anticipative strategies with delay for a game over the time interval [t, T7].

Definition 2.1. A random non-anticipative strategy with delay (NAD, for short) along the partition 7 for
Player I is a mapping o : 2 X [t,T] x Vi p — Uy 1 of the form

N
o, 0)(5) = (@, T @) ) ) () + 3 s (G r s )@ ) (5, (23)
I=k+1
where (" = ((7;,¢3;), k—1 <1 < N—2,and for k <1 < N, the mappings o : QxRAURH [ty g 4] x Vi —
Uy are Foy,, @ BR2DHY) @ B([t V11, 1]) @ B(V; r)-measurable and satisfy: For all v,v’ € V1, it holds
that, whenever v = v’ a.e. on [t,;_1], we have for all w € 2 and all z € R2U=F+1 oy (w, 2,0)(s) = a;(w, z,v")(s),
ae.on [tVi_1,t], k+1<I<N.
Similarly, a random NAD strategy along the partition 7 for Player II is a mapping 8 : 2 x [t,T] XUy p — Vi1
of the form

Blw, u)(s) = Br(w, (G 1 (w), 0) ()14, (s Z Bi(w, (GErs 5 G260 1) (@), 0) () ey ey (5), (2:4)
I=k+1

where (" = ((7;,¢3;), k—1 <1l < N—2,and for k <1 < N, the mappings /3 : QxRAURF [ty g 4] XUy p

Vi are Fop,_, @ BR2FH) @ B([t V 11, 1)) ® BUs r)-measurable and satisfy: For all u,u’ € Uy 7, it holds

that, whenever u = u’ a.e. on [t,;_1], we have for allw € 2 and all 2 € R2MFL 3 (w2, u)(s) = B (w, z,u')(s),
ae.on [tVi_1,t], k+1<I<N.

The set of all such random NAD strategies for Player I along the partition 7 is denoted by A”(¢,T), and

similarly B™(¢,T') is that for Player II, AJ(¢,T) and Bf(t,T) are the sets of pure (i.e. deterministic non ran-

domized) strategies for player I and II. Then we know, for any partitions 7, 7’ of interval [¢t,T] with = C #’, it
holds A™(¢,T) C A™ (t,T). Moreover we define

)= JA™(t,T), B(t.T) UB” t,7). (2.5)
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Definition 2.2. We say that a € AT(¢,T), it a € A™(¢t,T) and the o;’s in (2.3) don’t depend on w, i.e.,
for all k <1 < N, oy : REERFL S [t v 1)1, 4] x Vep — Upr, is a BR2FTY) @ B[tV t_1,1]) @ BV, 1)-
measurable function satisfying: For all v,v" € V, , it holds that, whenever v = v’ a.e. on [¢, {;_1], we have for all
€ R2UFHL o) (2, 0)(s) = g, v')(s), a.e. on [tV H_1,t], k41 <1< N. Similarly, we define 3 € BJ (¢, T).

Obviously, from the Definitions 2.1 and 2.2 we know Aj(t,T) C AT(¢t,T) C A™(t,T), B§(t,T) C Bf(t,T) C
B (t,T).

From the definition of an NAD strategy we get the following lemma which is crucial throughout the paper.
Such a result was established the first time by Buckdahn, Cardaliaguet and Rainer ([1], Lem. 2.4).

Lemma 2.3. For any o € A(t,T) and B € B(t,T), there exists a unique measurable mapping 2 > w
(U, Vo) € Uy X Vi1, such that, for allw € (2,

a(w,vy,) = Uy, Blw,uy) =0y, ae. onlt,T].

A proof of Lemma 2.3 for a similar context can be found in [6]. However, since our framework is slightly more
general, for the reader’s convenience we prefer to give it here.

Proof. For any o € A(t,T), from (2.5) we know there exists a partition 71 of interval [0, 7], such that o €
A™ (¢, T). Similarly, there is a partition my of interval [0,T], such that 8 € B™(¢,T). We define 7 = m; U mo
which combines 7, and 73, and we notice that then o € A™(¢,T) and 8 € B™(¢,T).

Indeed, if, for example, 7 = {0 = tg < t; < ... < ty = T} and t;_1,t;41 € 71, but ¢; ¢ 1, then for

B  _pgi
[ti—1,ti+1] as jth subinterval of the partition 7y, (ZT; = @0,1(%) = @0,1<ﬁ(\/tl —tl,ldﬂﬁ

(Do, 1(%)) + Vi1 — 0P, Lo ( \;11;;7]21 ))), i.e., (/3 is a measurable function of (¢, (7, q), i = 1,2.
The above situation can be extended in an obvious manner to the general case m; C 7 and allows to show that
A™(t,T) C A™(¢,T). Analogously, B™(t,T) C B™(¢,T).

Assume m = {0 = t) < t; < ... <ty =T}, and t € [tg—1,tk), 0 < k < N. For each w € 2, a(w,v)
(respectively, B(w, u)) restricted to [t,t;] depends only on v € V; 1 (respectively, u € Uy 1) restricted to [t, ti—1].
Since [t,tr—1] is empty or a singleton, from the property of delay we know a(w,v), B(w,u) restricted to [t, tx]

do not depend on v and u. Then we can define ul, = a(w,v°), v}, = B(w,u?), for any v° € V; 1 and u° € U 7,

1

and the mapping 2 3 w — (u}, vw) € Uy X Vi1 is measurable. Then we have

afw,vh) =ut, Blw,u') =o' a.e. on [t t;].

Now we assume that for j > 2, a(w, v/ 1) =it Bw,ul1) = vl ae. on [t,tj15-2], and w — (uf; 1, vi1)
is measurable. Then we define u/, = a(w,vi 1), v/, = B(w,uit). Obviously, uf, = uf~!, vl = vi~! ae. on
[t,tj+k—2]. From the property of delay, we have a(w,v?) = a(w,vi ) = uf,, B(w,ul) = Bw,ul!) =i, ae.
on [t,tj1r-1], and w — (uf,,v7) is measurable. Consequently, we get the existence of the measurable mapping
235w — (Uuy,vy) € U7X Ve satisfying this lemma. Its uniqueness is obvious from the above construction. [

Remark 2.4. This lemma implies that, for any partition 7 of [0, 7], for any o € A™(¢,T), 5 € B™(¢,T), but
also for any a € A(t,T), 8 € B™(t,T), and for any a € A™(t,T), 5 € B(t,T), there exists the unique mapping
235w (Uy,vy) € U7 X Vi, such that for all w € £2,

a(w, vy) = Uy, Blw,uy) =1v,, a.e. on [t,T].

Remark 2.5. The control processes u and v along the partition 7 satisfying Lemma 2.3 have the following
form:

N
u(w,s) = uF (W, (T 15 8) - T, (5) +l %j 1 W W, Gy G G 10 8) iy ) (),
+

'U(w, 8) = Uk(w, C%T,k;fp 8) ’ I[t,tk)( ) + ; L (wv CI:;LP ) CZTLQa Cg’lfp 3) ’ I[tlfl,tz)(s)a
=k+
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where u!,v! are Fo;, , @ B(R?=R+1) @ B([t V ;_1,1;])-measurable functions, k < I < N. We denote by Uy
and Vi, the set of the processes u and v, respectively, which have the above form. The corresponding set of

control constructed with the help of strategies from AT (¢, T) and BT (¢, T) is denoted by Z/Itﬂq} and VZTI} The only
difference between U/, and Utﬂq} is that, if u € Utﬂi}, then u;, k <1< N, is just BR2FY) @ B[tV t;_1,t])-
measurable, i.e., u; is deterministic.

Remark 2.6. We write & € (A", T))!, if & = (a1,...,a7) and o € A™(t,T), i = 1,...,1, and
g€ (B™(t,T)),if 8 = (B1,...,0s) and B; € B*(t,T), j = 1,...,J. Similarly, we have & € (A(t,T))’,
B e (B(t,T))’.

For (p,q) € A(I) x A(J), (t,z) € [0,T]|xR*", mn={0=ty<t;1 <...<ty =T} and t € [ty_1,tx), we define
the payoff functional

J(t,x,a,ﬁ,p,q)zii pig; E [gm( ”“’“ﬁ])].

Let us now introduce the following upper value functions:

Wﬂ.(t? x?p7 q) f up J(t7 -T’ d7/37p7 q)7 (26)
BTN ey

W(t,z,p,q) =  inf sup  J(t, 2,4 5,p,q), (2.7)
(-A(t T))! Be(B(t,T))7

and the lower value functions:

V7 (t,z,p,q sup inf J t,x,d,ﬁ,p,q , 2.8
rpg= s et ) (2.5)

V(t,z,p,q) =  sup inf J(t,x,4,0,p,9), 2.9
( ) Be(g(t7T))Jd€(A(t,T))I( ) (2.9)

respectively, which will be studied in what follows.

Definition 2.7. Given ¢ > 0, we say that & € (A™(¢,T))! is an e-optimal randomized strategy for W™ (¢, z,p, q),
if for all (¢,2,p,q) € [0,T] x R™ x A(I) x A(J),

W™ (t,2,p,q) = sup Iz, 4, 5,p,q) <e. (2.10)
Be(Br(t.1)

In the same sense, 3 € (B™(t,T))” is to be an e-optimal randomized strategy for V™(t,z,p,q), if for all
(t,x,p,q) € [0, T] x R™ x A(I) x A(J),

\V™(t,z,p,q) —  inf J(t,x,&,0,p,q)] <e. (2.11)

Similarly, we define e-optimal strategies for the upper value function W (t, z, p, q¢) and the lower value function
V(t,z,p,q).
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3. THE FUNCTIONS W™(t,z,p,q) AND V™(t,2,p,q) WITHOUT ISAACS CONDITION

In this section we mainly prove that, when the mesh of the partition 7 tends to 0, the functions W™ and V™
converge uniformly to the same function which is the unique dual solution of some Hamilton—Jacobi—Isaacs
(HJI, for short) equation. For this, we introduce the following auxiliary functions:

Witzpq)=__ if sup  J(t,w,&,8,p,49), 3.1)
GE(AT(ET)! e (B (4,1))7
Vi'(t,x,p,q) = sup inf J(t,x,d,@,p, q). (3.2)

Be(Br(t,1))7 AEAT(ET)!

Theorem 3.1. For any (t,z,p,q) € [0,T] x R™ x A(I) x A(J), it holds V™ (t,x,p,q) = V{(t,z,p,q),
Wr(t,x,p,q) = Wi'(t,z,p,q).

We only give the proof for V™ (t,z,p,q) = V[ (t,z,p,q), the proof for W™ (t,z,p,q) = WT (t,x,p,q) is similar.
In order to show this, we need the following auxiliary lower value function:

v t,z,p,q) = esssup essinf Pigi [gz ( ettt 57> Fou }’ 23
( ) Be (B (t,T))7 *€ (A7 (t, T))I ZZ J J | F0,t1—2 (3.3)

t € [tg—1,tr), for m = {0 =ty < t1 < ... <ty = T}. Note this V”(t,x,p, q) is a prior Fy 4, _,-measurable.
However, we have the following lemma.

Lemma 3.2. For all (t,x,p,q) € [0,T] x R" x A(I) x A(J), the function V7 (t,x,p,q) is deterministic, i.e.,
independent of Fot,_,. As a consequence we have V™ (t,x,p,q) = E[V™(t,z,p,q)], P-a.s.

Proof. Recall £2 = C([0,T]; R?) and put
H= {h € £ : 3 Radon-Nikodym derivative i € L2([0, T};R2), h(s) = h(s A ty_a), s € [O,T}}

(H is the Cameron—Martin Space). For any h € H, we define the mapping 75, : £2 — {2 by setting 7, (w) := w+h,
w € 2. Obviously, 7, is a bijection and ’7',:1 =T_p.
Recall that « € A™(¢,T') has the form

N

w, ) () = lw, (T o1 (@), ) () i) (5) + D lw, (Grs -, Gy o) (@), 0) () sy ()

I=k+1

(see Def. 2.1). Hence, for any h € H, its Girsanov transform takes the form
o (w,v)(s) := afmh(w),v)(s)
N

= an(mn (W), (T @) 0) () ) () + D (@), (GEogs -, Glay (o) (@), 0) (8 ey ) (9)-

l=k+1

Obviously, o € A™(t,T), and the mapping a +— a” is a bijection on A”(t,T). For any h € H, 3 € B™(t,T),
(" is defined similarly and also 3 + (" is a bijection on B (t,T). Moreover, we can check easily that, for all
heH,

00,85 t,x CY7 ’ﬁ
E {gw (Xt B ) \fo,tm] or, =E |:gw (X ) fo,m] . P-as. (3.4)



1224 J. LI AND W. LI

We now set

I(t,x,p,q,3) ;== essinf Zszqj [gw ( Xhmen 57) \fo,tkﬁ} , Be (B (t,T)).

ae(A™(¢,T)) — =

) I J
Since I(t,z,p,q,0) < > Z [g”(Xm a“ﬁ’)|f0 te_o], P-a.s., from (3.4) we get

i=1

I(t,,p,q,B) 0 < Zszqg {gm ( XL ) |f0,tk_2] , P-as., for all & € (A™(t,T))". (3.5)

i=1 j=1

tacoz [3"

I
On the other hand, for any random variable £, such that £ < Z Z piq; Egi; (X7 NFo.tr ], P-as., we

have that
Corp < Zszqj {gw ( X5 ““"J) \fo,tH} , P-as., for all & € (A™(t,T)).
i=1 j=1

Consequently, £ o 7_p, < I(t, z,p, q,B)7 P-a.s., which implies that £ < I(t, z,p, q, ﬁ) o1, P-a.s., as the law of 7,
is equivalent to P. Thus, we have

. [N ,,@
I(t,z,p,q,B) o1, = essinf ZZquj {g” < ) |f0,tk_2] , P-as. (3.6)
ae(AT(8T) = =
Using the same method, we obtain
( esssup I(t,x,p,q,ﬁ)) oTp, = esssup (I(t,:mp,q,ﬁ) o Th) , P-as. (3.7)
Be(B~(t,1))7 Be(B™(t,1))7

Therefore, for all h € H, from (3.7) and (3.6) we get, P-a.s.,

f/ﬂ-(t,l',p, Q) OTh = < €SSsup I(tvxvpaQ7B)> o

BE(B”(t T))J

ta,al,BY
= esssup essinf ZZquj {gm ( = > fo’tkﬂ}

Be(B(t,1))7 VEATT)T = 1j 1

= esssup _essinf Zszqg [gz; ( X5" Q“’GJ) |.7:0,tk,2} = V™(t,z,p,q), (3.8)
ﬁe(Bw(tT))JQE(A (t,7)) P

where, for the latter equality, we have used that {ala € A™(t,T)} = A™(¢,T) and {3"|3 € B™(t,T)} = B™(t,T).

Then, combining this invariance of V7 (¢, z,p,q) under Girsanov transformation 7,, h € H, with Lemma 4.1

in [3] we obtain the stated result. U

Now we give the proof of Theorem 3.1.

Proof.
Step 1. We prove V’T(t,:up, q) = Vi (t,z,p,q), for all (t,z,p,q) € [0,T] x R™ x A(I) x A(J).
For any 8 € (BT (¢,T))” (independent of Fo+, ,), as BT (t,T) C B™(¢,T), we have

R
V™ (t,z,p,q) > aeejgtgg))lzgjz;pzqg {gm( oo )\fo,tk_z},P-a-s-
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Moreover, for any € > 0, there exists & € (.ATr (t,7))! (depending on &, @), such that

T(t,x,p,q) > ZZPZ% [g” ( Xh® mﬂ]) |~7:O,tk,_2} — ¢, P-as. (3.9)

i=1 j=1

(For the method of the construction of such &, see, e.g. [3], Lem. 4.4). Then, from Lemmas 3.2 and (3.9), we
have

~
<

V™ (t,x,p,q) = B[V (t,,p,q) ZZ [923< twa’m)}—s

> £ [ ( t“‘“ﬁJ)} _e. 3.10
- O/E(.AIPt T))I Zzpzq] gz] ( )

i=1 j=1
Since (3.10) holds for all 5 € (BT (t,T))”, we get
Ve(te,pa) = sup S g (X570 P) | e =Wt —e. (31D)
e By (1,T))7 %€ (A7 (t M= =

Finally, from the arbitrariness of &, we obtain ‘{” (t,z,p,q) > VI (t,x,p,q).
On the other hand, for any € > 0, there exists [ € (B’T( T))’, buch that, P-a.s.,

V7 (t,x,p,q) < _essinf Zszqg |:gw ( X7" a“ﬁ’) \fo,tm] +e

ae(A™(t,T))

tma“ﬁj
< Ll 2 S [ (5 ] o @1

t,@,0q,85

Notice that, for & € (AT(t, 7)), 3 € (B™(t,T))’, E[gi;(X 2" Q“'HJ)|.7:0 tr_o)(w) = Elgij (X7
where 0(s) = w(s Atg_2), s € [0 T1, and, for §; of form (2.4)

)], P(dw)-a.s.,

35 (w, u)(s) = Br(@, (G p—1 (), 0) ()t (5 Z Bi(@, (oo 5 G2 G201) (@), V) () 1ty ) ()

I=k+1
belongs to BJ (¢,T), for all @ = w(~ A tk,g). Thus, from (3.12), taking the expectation on both sides, we have

- t,z,00,87
Vit pa) < Al;lftT))IZszqj g (257 2

RUNTNGY s
< sup inf Diqi [g ( X! J)} +e=V"(t,z,p,q) +¢. 3.13
L T)),zz aiE [ Ft.pa) .13)

Therefore, from the arbitrariness of &, we obtain V7 (¢, z,p, q) < V{© (t,z,p,q).

Step 2. We now prove V™ (t,z,p,q) = V™ (t,z,p,q), for all (t,z,p,q) € [0,T] x R* x A(I) x A(J).
For any ¢ > 0 and 3 € (B™(¢,T))” there exists & € (.A”(t T))!, such that, P-a.s.,

f/”(t,:up, q) >  essinf Zszqj [gm ( Xhmes ﬂ7> \fo,tk_z}

GE(A™(t, T))I

= ii s (g (X570 ) |Fou ] —e. (3.14)
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From Lemma 3.2 and (3.14) we have

VT (t,2,p,q) = EVT(t,2,p,q Zzpz% [gu ( tm“ﬁj)] —c

i=1 j=1

- ae(AW tT ;szqj [g” ( xz" a“ﬁ])} -5 (3.15)

for all 3 € (B™(t,T))”. From the arbitrariness of ¢ and 3 € (B”(t 7)), we have V7 (t,x,p,q) > V™ (t,z,p,q).
On the other hand, for any & > 0, there exists 3 € (B™(t,T))”, such that P-a.s.,

V™(t,z,p,q) < essinf Zszqj [gm ( XL 57) \fo,tk_z} +e

ae(A™( tT))I

<ii P B 93 (X757 ) |Fos] +2, (3.16)

for all & € (A™(¢,T))!. Thus, from Lemma 3.2 we get
I

) = BV ) < 5t fas (3577
1ot

and taking into account the arbitrariness of & € (A™(¢,T))!, this yields

Vet pa) < B ZZ% [g”( tw,,ﬁj)}ﬂ

t z,0,0 .
S sup Piq; |:gz ( 7>:| +e= %4 t’1'7p’q +e. 3.17
Be(B~(¢,T))7 aE(A"(t T))IZZ J J ( ) ( )

Thus, we obtain V7™ (t,z,p,q) < VT(t,x,p,q). Finally, from Steps 1 and 2, we have V™ (¢, z,p, q) = VT (t,z,p,q) =
Vi'(t, z,p, q). O

We now prove that, when the mesh of the partition 7 tends to 0, the functions W{" and VJ* converge uniformly
to the same function which is the unique dual solution of some HJI equation.

Lemma 3.3. The functions W{ and V™ are Lipschitz continuous with respect to (t,x,p,q), uniformly with
respect to .

Proof. We just give the proof for V", the proof of W is similar. Since the cost functionals g;; are bounded,
from the definition of V{™, we obviously have that Vi is Lipschitz with respect to p and ¢. For any ¢t € [0, 77,
(u,v) € Uy x Vir, from (2.2) it follows that the functional g;;(X5"™") is uniformly Lipschitz continuous
with respect to x. Thus, for all (&, 3) € (AT(t,T))! x (B (t,T))’, we have that J(t,z,d, 3, p,q) is Lipschitz
continuous with respect to x. Moreover, the Lipschitz constant only depends on the Lipschitz constants of g;;
and the bound of f. Thus we have V|™ is Lipschitz with respect to x.

Now we only need to show Vi is Lipschitz with respect to ¢. Let © € R™, (p,q) € A(I) x A(J), and t <t < T
be arbitrarily fixed. Let ¢ > 0 and 3 = (Bj)j=1,2....1 € (BF(t,T))” be an e-optimal strategy for V" (¢, z,p, q).
We define a strategy ) € B (t',T) associated with ;. For this end, we put for all u € Uy r,

a, sEtt),

Bj(w,u) = Bj(w, @), where u(s) = {u(s), selt,T],

and u € U is an arbitrarily given constant control.
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If t/ < tg, then @ € B (¢',T) and we define 3} = Bj. Otherwise, we let [ > k + 1 be such that t;_1 < t' <,
and we consider 2(I — k) + 1 random variables n}._,,...,n/_5,ml_1, i = 1,2, defined on ([0, 1], B([0, 1]), dz) with
nt,(x) =z, x € [0,1], which are mutually independent, 1ndependent of ([, (z J) # (2,1 — 1), and uniformly
distributed on [0, 1]. Then also the composed random variables 7;,_; o ¢J 1 ni_,0(F FEEERRES Nty o (3, are
mutually independent, independent of all ¢, (i,7) # (2,/ — 1), and umformly distributed over [0,1]. For any
w €Uy T, s €t',T], we define

N
ﬁ;(w,u)(s) = Z ﬁj,m((mi_1 o Cg,l—la 771%—1 o Cg,l—la )

m=l
771171 0C31-1,CT1—1,G/ 5 - - ~»Cg%2aC§,mf1)(w)»U)(s) X I[t'vtm_l,tm)(s)~

where 3 m(w,u)(s) = 3 (W, w)(8) L1yt t0)(8). Obviously, 37 € B (t',T). Notice that for all u € Uy T, 3] (u)
and (j(u) obey the same law knowing ¢ |,...,C% ;. Therefore, Elgi; (Xt i (u))} = FElg;j (X;’x’u’ﬂj(u))].
Consequently, for all & € (AT (¢, T))?,

J(t 2, 6,(8),p.q) = J(', 2,6, (5;),p, ). (3.18)
Now for any o € AT (¥, T), we define a strategy o € AT (¢,T) associated with « as follows: For all v € V, 7, we
put

’ _ Ja(s), s€[tt),
)6 = { o, 1 € 21

Through the above construction and from Lemma 2.3 we see that the couples of admissible controls related to
the couples of strategies (¢, ;) and (o, ;) coincide on the interval [t/, T'|. Hence, using standard estimates and
Gronwall’s inequality, we have

t,x,a’,8; t' @0,
FE HXS j— Xs J

} <MY —t|, se[t,T], (3.19)

where the constant M only depends on the bound of f as well as the Lipschitz constant of f. Thus, for any
a € (AT, 7)), from (3.18), (3.19) and (2.11) we obtain

J(t/,:L',OA[, (ﬂ;),pa q) = J(t/,:L',OA[, (Bj),pa q) > J(taxad/aﬁapa q) - C|t/ - t|

> inf J(t,z, 6", B,p,q) — C|t' —t| > Vi (t,2,p,q) —e — C|t' — 1.
&" (AT (,T)T

Therefore,

VT (' z,p,q) > Vi (t,x,p,q) —e — Ot —t]. (3.20)
Similarly, if we assume that 3 € (BF(t',T))” is e-optimal for V" (¥, z,p, q), we get

Vi (t,2,p.q) 2 V(' 2, p,q) —e = Clt' — 1. (3.21)
Finally, from the arbitrariness of € > 0 we obtain V{™ is Lipschitz continuous in ¢. g

Lemma 3.4. For any (t,z) € [0,T] x R™, the functions W (t,z,p,q) and V" (t,x,p,q) are convex in p € A(I)
and concave in q € A(J).

Proof. We just give the proof for V™, the proof of W is similar.

As it is obvious that
I

Vi (t,x,p,q) = sup Z . inf qu [g” ( xh a,ﬁj)} ’ (3.22)

(85)€(BT (t,T))7 ;= aeA”(t T)

the convexity of p — V" (¢, x, p, q) is immediate.
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Now we prove that Vi"(,z,p, q) is concave in g. Let (t,w,p) €[0,T] x R* x A1), ¢°,¢* € A(J), A (0, 1),
and let 3° = (89)j=1.....7 € (BT (t,T))’ and B = (B])j=1.....7 € (BT (t, 7))’ be e- optlmal for V" (t,x,p,q") and
Vi (t,z,p,qb), respectlvely. For ¢° = (¢?,...,4%) and q1 = (q1,...,q}), we define ¢} = (1 — )¢} + Ag}, and
obviously ¢* = (q7,...,q}) € A(J). Without loss of generality we assume q;.‘ >0,j=1,...,J, and we put

N0 .
j = (1(1#’ j=1,....,J. Forw € 2, u € Uy, s € [t,T), we introduce the strategy 3 = (5]4\)j:1,,,,,J by
putting ’
1
B, - Yav—ry+1,w)(8) = B (Y1, Y2, -, Yan—k)» o 2N b1 u)(8) - Ljo,c;1(Y2(N k) +1)
1
+ﬁ]1'(y17 Y2, Y2(N—k)» m(yz(ka)H - Cj)’ u)(s) - I[cj,l] (yz(ka)H),
J

. N ) .
where ﬁ;‘((cilp o G Cg,N—l)(W)a u)(s) = lgk ﬁlzj((clg—l? s Gl C;,lfl)(w)? “)I[tvtthtz](s)a i = 0,1, respec-
tively. Then (ﬁ;‘) € (BT (t,T))”, and we have

I
inf  J(t,z,a B p,q) = f Peaac
o (AT (1,T))7 (t.2,6,0%p.q) ;p ac (e T>Zq {gw (

J 0
t,x,o ﬁ ((Cz k—1> gl k— 17<k7 7<N 275 yz(N k)+1)(w) -)
. A
= p; inf q; / E {g (X )} dyo(n—
S i 20 (/. 2l o
2,085 (65— 1,CT k_1:CE +-CR = - (Y2 (N —k)+1—¢5)) (w),")
+/ E {gzj (XT 2,k—1°51,k—1'5k N—-2"T—c, dyz(Nik)Jrl
[e;,1]
I J 0
. (1 - t,2,0,08) /\q t,@,0,0)
SO TS o0 [— [ ()] 2oy (i
o ecATT) q; q]
I e I by
T, T,
=003 .aeﬂfﬂ)zq] s (2577 Al ij i (7))

> (L= NV (t,2,p,¢°) + AV (8, 2,p,¢") — e,
since 3° and 3! are e-optimal strategies for VI (t,z,p,q°) and V" (t, z, p, q*), respectively. Thus,

V (t z,p,q ) inf J (t,l’,OAZ,BA,p, qA) Z (1 - A)Vlﬂ(tvxvpa qO) + )\Vlﬂ(t,x,p,ql) —&. (323)
a€(AT(t,T))!

Thanks to the arbitrariness of €, we obtain the stated result. O

Now we introduce the Fenchel transforms (we refer to [7]). Let ¢ : [0, T] x R™ x A(I) x A(J) — R be convex
in p and concave in ¢ on A(I) and A(J), respectively. Then we define its convex conjugate (with respect to
variable p) ¥* by

Vv (t,z,p,q) = StAu(DI){ﬁp —P(t,z,p,q)}, (a,5,q) € [0,T] x R x RT x A(J), (3:24)
pe

and its concave conjugate (with respect to variable ¢) ¥# by

V7 (ta,p,q) = HAlf ){q q—¥(t.x,p,q)}, (ta,p,q) € [0,T] x R" x A(I) x R”. (3.25)

Using these notations we denote by Vi™*(respectively, W #) the convex (respectively, concave) conjugate of Vi"
(respectively, W) with respect to p (respectively, ¢).
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Lemma 3.5. For all (t,z,p,q) € [0,T] x R" x R x A(J), we have
z,a,fB;
Vi (t, 2, p,q) = inf sup - max_ 4 [g ( X7 )] . 3.26)
S (8)e(BT (1,77 a€ AT (8,T) 1€{1, ] Z e (
Proof. We define

F(t,xz,p,q) = inf sup max q; [gl ( tzaﬁ’)} . 3.27
( ) (BHEBT (6T acar(t,1) i€ 1T} Z N (3.27)

We claim that F'(¢, x,p, q) is convex with respect to p.

Indeed, for any ¢ > 0 and (¢,z,¢) € [0,7] x R™ x A(J ) O pt e RE, A 6 (0,1), let (89) € (BT (t,T))” and
(ﬂjl) € (BT (t,T))” be the e-optimal strategies for F(¢,z,p°, q) and F(t,z,p', q), respectively. We assume that
PN = (1= N)p° + A\p', and for w € 2, u € Uy 7, s € [t,T), we define the strategy g = (ﬁ’\)] 1,7 and

ﬁj W15+ Yo(N—k) 41, w)(5)

1
= B} (W1,Y2, - - Y2(N 1) NU2(N-R)+1s u)(s) - Lo n (Y2(N—k)+1)

1
B9 (1,2, - Ya(v—k)» m(QQ(ka)Jrl = A u)(8) - Ia gy (Yo(N—r)+1),

where F5((¢F_y,- -, CR 9, GG v 1) (W), u)(s) = Z Bl ((CEors 5 s G (@) uve,y ) (5), @ = 0,1, respec-
tively. Then we have (5;‘) € (BT (t,T))’. For all a € AT (t,T), we have

Z twaﬁ
ze{l qj Yij

twaﬁ ta:ozﬁ
= ety 4 S0 o (3 7)] ) o ot - S o ()

1
<(1-2) max qu {92J< txaﬁ)] +)\_max qu [gm( twaﬁ)}
i€{1,....I} €{l,....T
0
<(1-X) sup max Z(b |:gm ( txaﬁ)]

OcE.AW(t T) ZE{], v
4+ sup max Zq {g ( twaﬁ)}
OcE.AW(t T) 26{17 ST ! g
< (1 - )‘)F(taxaﬁ vQ) +>‘F(t71’vﬁ aq) +e€.
Therefore,
_ t,x,x B
F(t,z,p*,q) < sup  max a [gz ( ﬂ
( ) ac AT (,T) t€{1l,....1 Z ! !
S(l_)\)F(taxap aQ)J’_AF(tvxvpaQ)—i_ga

from the arbitrariness of ¢, we know F(t, z,p, q) is convex with respect to p.
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We also see that F(¢,z,p,q) = V™ (t,x,p, q).
Indeed, from (3.24) and (3.27) we have

F*(t,x,p,q) = sup { p-p— inf max 1nf q; [g ( tzaﬁjﬂ
( ) pERT (B;)ie{1,....I Z J ij

J
_ _ . t,x,o, 3, (328)
=sup sup min p-p— p; +inf q; F [g (X J)}
(8;) per? i€{L,-..1} Ce ; Y
= sup sup mln {p D—pi+hi},
(8;) per! 1€{L,--

J
where we have put h; :=inf ) ¢, [gzj(Xt e 57)], 1<i<I.
o i0
On the other hand,

sup mln {p D—Pi+hi} = sup {p-p—l—l min {hi—pi}}:sup {p-p—i—inf (h—p)ﬁ}
ief{l,....1} CA(I)

pER! ZE{l pERT pERI
=sup inf {(h—p)p+p -p}= 1nf sup {(p—p)p+h-p} (3.29)
pERT pEA(I) A(T) HERT
=h-p.
From (3.28), (3.29) and (3.22), we get
F*(t,x,p,q) = SIlp sz lanq] |:923 ( txa,ﬁj)} =Vi"(t, 2, p,q). (3.30)
Bi) i=1
Finally, since F is convex in p, we have V™ = (F*)* = F. O

Using the definition of V™ and W7 # from Lemma 3.3 we have the following statement.

Lemma 3.6. For all partition m of the interval [0,T], the convex conjugate function Vi"*(t,z,p,q) is Lips-
chitz with respect to (t,x,p,q), and the concave conjugate function Wf#(t,x,p, q) is Lipschitz with respect to
(t,z,p,q). The Lipschitz constants are independent of .

Generally speaking, the game with asymmetric information does not have the dynamic programming principle,
but it satisfies a sub-dynamic programming principle.

Lemma 3.7. For all (t,7,p,q) € [tx_1,tx) x R" x RT x A(J), and for all 1 (k <1< N), we have

Vi (t,z,p,q) < inf sup {Vfr*(tl,Xt el p q)} ) (3.31)
BEBT (t,t1) ac AT (t,t;)

Proof. We define

Gt to,p,0) = _inf  swp B[V (0, X5 50)] (3.32)
BEBT (t,t1) ac AT (t,t;)

For any given ¢ > 0, let 3° € BT (t,t;) be an e-optimal strategy for G(t,t;, x,p, q), i.e.,

|G(t, t;, ,p,q) —  sup E[Vf*(tl,X””‘ﬁ 09l <e. (3.33)
QEAT (t,t;)
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For all y € R™, there exists an e-optimal strategy 3Y = (ﬁ;’)j:L...,J € (Bf(t;,T))” for Vi (t;,y,p, q) for Player II,
1.€.,

— tz,y 06’5
Vi (ti,y,0,q) —  sup max q [g ( )} <e. 3.34
! € AT (t;,T) {1, Z / v | ( )

Because V™ (t;,y, P, q) is Lipschitz continuous with respect to y (with some Lipschitz constant C), ¥ is a

(2e)-optimal strategies for V™ (t;, z,p, q), if 2 € B,(y), where B,(y) is the ball with diameter r := &.

Since the coefficient f is bounded, there exists some R > 0 large enough such that all values of
belong to the ball Br(0). Let O,,, n =1,...,n9, be a finite Borel partition of Bg(0) with diam(O,,) <. Fixing
arbitrarily z,, € Op, we put 7 = ;:", n =1,...,n9. Then the strategy B} is (2¢)-optimal for Vi"™*(t, 2, p, q),
for all z € O,,. For w € 2 and u € U, 7, we define

t,x,o. 0
Xy,

ﬁo(w u)(s), s € [t, 1),
Bj(w,u)(s) = Z ﬁ (W, ulpm) - 1 Xt sW e, }, € [t,T).

Obviously, 8; € Bf (¢, T). The strategies o € AT (¢,T') have the following form (see, Def. 2.2):

a(w, ) Z Qi ( Cl k— 1aC2k 1?'"7Cimfl)(w)?,U)(S)I[t\/tm—l,tm)(s)

m=k
N

+ Z am((cﬂkfl ’ C;,kfl’ IR C{r,lfl’ 45,1717 Gr,lv C;,lv ClTrJrlv [EES C:nf% Cﬂmfl)(w)v U)(S)I[tnL—l7t7n) (5)

m=Il+1

For s € [tlv T]a we define &(wv Q, U)(S) = qu\[@:lJr] am(Qa (Cfla Cg’lv B Cim—l)(w)a U)(S)I[tm,l,tm)(s)a where @Q is

0
a 2(1 — k) + 2-dimensional constant vector. Obviously, &(Q) € AT (t;,T). Then, for any o € AT (¢,T), as Xfl’z’o"ﬁ
and Qo = ((T 4 1,C5 g 15-++5CT 1 1,C5; 1) are Fy,_, 1, ,-measurable, and 3} as well as & are Fy,_, p-measurable,
we have

e 0,057 8(Qo). Ay
B [gza (Xt ,ﬁj)} Zglﬂ ( 12Xt 0):8; 'I{X*‘m‘“*ﬁoeo }
ty n

,6(Q),B7
E |: 7, ( tl o )] I t,x, o . .
Z Yij y:Xﬁl’m’a’BO,Q:Qo {Xt’,,'”' ’[*OEO,L} (3.35)

From (3.35) and (3.33), we have

=F

J
W [g (X577)]
X z::] 9ij

J no
> t1,y,6(Q),85
SRR U o) A T
et | ;q] ; - y=Xmm gy (X4 E0n
<E (30 o Zq [ (x5 I .
= et j ij {X;l,z,a,ﬁ eOn}

0
y=X3;""".Q=Qo
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no J
_ ti,y,e’ 87
<FE sup max Di — ¢;E [g»' (X ’ )] S (PR
;oﬂEAT(tl,T) e P Jzz:l j ij T , , (xpmeeo,y
i =X
no 0
T t,x,a,3" —
SE nz_:l‘/l (tlath apvq) 'I{X:l‘m‘(XﬁOEOn} +2e
< G(ta tlv waﬁa q) + 357
which means that V™ (¢, x,p, q) < G(L, 1, 2,D,q)- O

We consider a sequence partitions (m,),>1 of the interval [0, 7] satisfying that, when n — oo, the mesh of
the partition 7, tends to zero. From Lemma 3.6 and Arzela—Ascoli Theorem applied to V™" (¢, z,p, ¢) and
Wfr"#(t, x,p, ), we have the following result.

Lemma 3.8. There exists a subsequence of (m,)n>1, still denoted by (7,)n>1, and two functions V : [0,T] x
R x RY x A(J) — R and W : [0,T] x R™ x A(I) x R — R such that (V;*, W#) — (V, W) uniformly on
compacts in [0,T] x R x A(I) x A(J) x R x R”.

Remark 3.9. Notice that from Lemma 3.6, the limit functions V and W are Lipschitz continuous with respect
to all their variables.

Now we prove that the limit functions V and W are a viscosity subsolution and a viscosity supersolution of
some HJI equation, respectively. For more details on viscosity solutions, the reader is referred to [9].

Lemma 3.10. For all (p,q) € RIxA(J), the limit function V(t, x, P, q) is a viscosity subsolution of the following
HJI equation

—88‘; (t,x) + H*(z, DV (t,z)) = 0, (t,z) € [0,T] x R™,
) J (3.36)
V T, = _i — iGii , c Rn’

= s, (- St} o

where

H'(2,6) = —H(z,—€) = inf  sup ( / va(x,u,v)u(du)V(dv)f)

veP(V) neP(U)

= sup inf ( /U B f(x,u,v)u(du)z/(dv)f),

MEP(U) VEP(V)
and, for shortness, V(t,x) = V(t,z,p,q).

Proof. For any fixed (t,x) € [0,T] x R", since the coefficient f is bounded, there is some M > 0 such that,
By (z) D {X2v*P (s,y) € [0,T] x Bi(2),(a, B) € AT (s,T) x BF(s,T),r € [s,T]}, where Bys(x) is the
closed ball with the center x and the radius M. From Lemma 3.8 we know V™" converges to 1% uniformly on
[0,T] x Ba(z). Let ¢ € CH([0,T] x R™) (the set of bounded continuous functions with bounded, continuous
first order partial derivative) be a test function such that

(f/ —@)(t,x) > (V= ¢)(s,y), for all (s,y) € [0,T] x By(x) \ {(t,z)}. (3.37)

Let (sp,7n) € [0,T] x Bp(z) be the maximum point of V™ — ¢ over [0,T] x Bp(z). Then there exists a
subsequence of (s, x,) still denoted by (s, ), such that (s,,x,) converges to (¢, x).
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Indeed, since [0, T x Bys(x) is a compact set, there exists a subsequence (s, z,) and (3,z) € [0,T] x By (z)
such that (sn,z,) — (5,2). Due to (V™" — ©)(sn, zn) = (V" — @) (¢, x), for n > 1, we have

(V= @)5.2) 2 (V= 9)(t2), (3.38)
and from (3.37) and (3.38) we conclude (§ z) = (t,z).
For the partition 7, = {0 =t < ... <t} =T}, we assume th . < sp <tg ,and for simplicity we write

ty_y < s, <ty. Since z,, — z, there is a poutlve integer N such that for all n > N, we have |z, —z| < 1. On
the other hand from Lemma 3.7 we get

T % Tk (in 3 SnsTn,a,0
O(Sny ) = VI (s, 2p) < inf sup [V (t , X )]
! BEBT™ (sn,t) @€ AT (s,t7) ! o
< inf sup E [ (tk,XS”’I"’O"ﬁ)} (3.39)
BEBI™ (sn:ti)ac AT™ (s,,t7)
Thus,
0< inf sup E {ap ( ",Xs;i“x”’a”@> —o(sn,x )}
BEBT™ (sn:t}) ag AT™ (s,,t7) b e
— lnf sup E / (_(7«’ Xﬁn7xn7aaﬁ) + f (Xﬁ’naz’naawﬁ7 ., ﬁr) . D(p (7«’ Xﬁnamnaoﬁﬁ)) d"" .
BEBT™ (sn,t}: )ozE.AW"(Gﬂ ) Sn or
(3.40)
For (u,v) € Uy x Vi1, we introduce the following continuity modulus,
Op do . _ _ _
m(é) = sup —(7“, y) -I—f(y,u,v) D()O(Tvy) - _(va) +f(.T,U,U) D(,O(S,l') . (341)
Ir— sl +ly — 3| <35, or or

uweU,v€eV,Z,y€ Bp(zx)

Obviously, m(d) is nondecreasing in § and m(5) — 0, as 6 | 0. From (2.2), considering that |X @ — g, | <
Clr — sp| < C|t} — sy, T € [sn,t}], and from (3.41) we obtain that

0
‘( o (n Xt Py g f(X 0 B) - D (r,Xﬁ"’“”“ﬁ))

_ (g—f(Sml‘n) + f(-Tn,Oémﬁr) . D@(Sml'n)) ’ < m(C\tZ — 3n|), re [3n7t2]~ (3_42)

Tt follows from (3.40) and (3.42) that

0
—(t} — sn) (ﬁ(sn,xn) +m(C|ty — sn|)) inf sup / f (@, ar, Br) - Do(sp, Ty )dr
or BEBT™ (5n,}) a€ AT™ (50,47
ty -
< sup E f(xn, o, Br) - Dp(Sp, xn)dr| (3.43)
a€AT™ (sp,t}) Sn

where we take (3, = (¢35 1), v € [sn,t}], and ¥ is a V-valued measurable function. Define p,, = (¢} — s,,)%.

From (3.43) we see that there exists a p,-optimal strategy o™ (depending on B) such that

0
= (87 = ) (G ) (Ol = 5a) + (6 = 5.)) <

Sn

’ f(xn,a?,ﬁr) . D@(sn,mn)drl
(3.44)

= /:Z E [f (xn,a?(q’;;_l,f)),f)( ;2—1)) ‘Dw(sn,wn)} dr.

n
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Notice that on the interval [s,, 7], " does not depend on the control ¥ due to the delay property. Then, thanks
to the independence between (7% ; and (3}, from (3.44) we get

— (t5 = sn) (g—f(sn,wn) +m(C|t} — sn|) + (17 — sn)>
< /stz sup / B [f (w00 (G5 ) - Diplsns )| m(du)ar. (3.45)

n HEPWU)JU

From the arbitrariness of o, it follows that

— (t} — sn) (Z—f(sn,xn) + (Ol — sp) + (£ — sn))

< (-5 inf swp [ f(onue) Dl mn)a(du(do), (3.46)
VEP(V);LEP(U) UxV

which means that

—(aﬁ<sn,xn>+m<0|tz—sn|>+<tz—sn>)s< it sup [ fn) Dol ana(duy(do)
or veP(V) uer(U) Juxv

(3.47)
Recalling that (s,,z,) — (t,x) and 0 < (¢} — s,) < (tf —t}_,) <|m,|, taking the limit we get
d¢ .
—(t,z) + inf  sup f(z,u,v) - Do(t, x)p(du)v(dv) > 0. (3.48)
ot veP(V) uep () Juxv
O
Now we want to prove W is a viscosity supersolution of the HJI equation (3.36). Notice that
™ B
—Wi(t,z,p,q sup Piqj [ Gij (Xt e 7)} . 3.49
i )= (@) €(AT (1)) (B5)E( B"(t )7 22_:1 ! ! (3.49)

Then —WT(t,z,p, q) has the same form as V{™, the only change concerns the role of players. Thus, the convex
conjugate of —W7T (t,z,p,q) with respect to ¢, i.e., —(Wf#(t,up, —q)) satisfies a sub-dynamic programming
principle. Then similar to Lemma 3.7 and Theorem 3.10 we have the following result.

Lemma 3.11. For any (t,7,p,q) € [0,T] x R" x A(I) x R?, and for all | (k <1< n), we have

Wi#(t,z,p,q) > sup inf F [W (tl,th B p, q)] , (3.50)
€ AT (t,t,) BEBT (t:t1)

and W (Recall Lem. 3.8) is a supersolution of the HJI equation (3.36).

We now give the definition of dual solutions for the following HJI equation

ov .
5 —(t,z) + H(x, DV (t,z)) =0, (t,x) € [0,T] x R™, (350)
V(T,z) =3, ;pid;9ii(2), x € R,

where H(z,{) = inf,ep(v) SUPyep(v) (fov f(z,u,v)p(du)v(dv) '5)-
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Definition 3.12. A function w : [0,7] x R™ x A(I) x A(J) — R is called a dual viscosity subsolution of the
equation (3.51) if, firstly, w is Lipschitz continuous with all its variables, convex with respect to p and concave
with respect to ¢, and secondly, for any (p, q) € A(I) x R7, w# (¢, z,p, q) is a viscosity supersolution of the dual

HJI equation

oV

W(t,w) + H*(z, DV (t,x)) =0, (t,z) € [0,T] x R, (3.52)
where H*(z,§) = —H (z, —=§).

A function w : [0, T] x R™ x A(I) x A(J) — R is called a dual viscosity supersolution of the equation (3.51) if,
firstly, w is Lipschitz continuous with all its variables, convex with respect to p and concave with respect to g,
and secondly, for any (p, q) € R x A(J), w*(t,x,p,q) is a viscosity subsolution of the dual HJI equation (3.52).

The function w is called the dual viscosity solution of the equation (3.51) if w is a dual viscosity subsolution
and a dual viscosity supersolution of the equation (3.51).

Lemma 3.13. Let wy, w2 : [0,T] x R™ x A(I) x A(J) — R be a dual viscosity subsolution and a dual viscosity
supersolution of the HJI equation (3.51), respectively. If, for all (xz,p,q) € R™ x A(I) x A(J), wi(T,z,p,q) <
wa (T, x,p,q), then we have wy < wq on [0,T] x R™ x A(I) x A(J).

For the proof of Lemma 3.13 the reader is referred to Theorem 5.1 in [7].

Theorem 3.14. The functions (V") and (W{™) converge uniformly on compacts to the same Lipschitz func-
tion U when the mesh of the partition m, tends to 0. Moreover, the function U is the unique dual viscosity
solution of the HJI equation (3.51).

To prove this statement we first consider the following proposition, then we get Theorem 3.14 directly.

Proposition 3.15. For any sequence of partitions m, with |m,| — 0, there exists a subsequence still denoted by
(Tn)n>1, such that (V™) and (W{™) converge uniformly on compacts to the same function U, and the function
U is the unique dual viscosity solution of the HJI equation (3.51).

Remark 3.16. If Proposition 3.15 holds, then for all subsequence (m,) with |m,| — 0, there exists a sub-
subsequence (m,,) such that (V,""', W, ") converges uniformly to the function (U,U), and the limit U is the
unique dual solution of the HJI equation (3.51). Therefore, the limits of all converging sub-subsequences are the
same, then Theorem 3.14 holds.

Now we prove (of Prop. 3.15).

Proof. From Lemma 3.3, using the Arzela—Ascoli Theorem we know there exist two bounded Lipschitz functions
Vi and W1 : [0,T] x R™ x A(I) x A(J) — R such that (V™ , W™) — (Vi, W) uniformly on compacts in
[0,7] x R™ x A(I) x A(J), and Vi, W, are convex in p, concave in gq.

From Lemma 3.8, we have W = lim W%, V = lim V{*, and due to Lemmas 3.10 and 3.11 V* and W#

n—oo n—oo
is a dual viscosity supersolution and a dual viscosity subsolution of HJI equation (3.51), respectively, with the

terminal value V*(T,z,p, q) = W# (T, z,p, q) = 2 _i; Pig;9ij(x). Then from Lemma 3.13, it follows
V*>W# on[0,T] x R" x A(I) x A(J). (3.53)

Let p > 0. Since, for any M > 0, Vi(t,z,p,q) = lim V™ (t,2,p,q), uniformly in (¢,z,p,q) € [0,T] x Bp(0) x
n—oo

A(I) x A(J), there exists a positive integer N, s such that, for all (t,x,p,q) € [0,T] x Bp(0) x A(I) x A(J),
it holds V™ (¢t,z,p,q) — Vi(t,x,p,q)| < p. Thus, from the definition of convex conjugate we have

|V1ﬂn*(tv$vﬁaq)_‘/vl*(taxaﬁaq)‘: sup {ﬁ'p_‘/lﬂ-n(taxapvq)}_ sup {ﬁ'P_Vl(taxaP&)}
pEA(I) peA(I)

< sup V™ (t,x,p,q) — Vi(t,z,p,q)| < p.
pEA(I)
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Hence, Vi*(t,z, p, q) = nl;rr;o Vi*(t, x, P, ¢) uniformly on compacts, and V = lim Vi = Vi*. Since V) is convex

n—oo

in p, we have Vi = (V;*)* = V*. Similarly, we obtain W, = W#. Thus, from (3.53) we have

W1 < Vi, on [0,T] x R" x A(T) x A(J). (3.54)
On the other hand, as W™ > V™" for all n > 1, it follows that

Wi > Vi, on [0,T] x R x A(I) x A(J). (3.55)

Finally, (3.54) and (3.55) imply that U := Vi = Wi(= V* = W#) on [0,T] x R" x A(I) x A(J), and as U = V*
is a dual viscosity supersolution and U = W# a dual viscosity subsolution, U is a dual viscosity solution of HJI
equation (3.51). Its uniqueness follows from Lemma 3.13. O

From Theorems 3.1 and 3.14 we obtain immediately the following result.

Theorem 3.17. The functions (V™) and (W™) converge uniformly on compacts to the same Lipschitz con-
tinuous function U, when the mesh of the partition m, tends to 0. Moreover, the function U is the unique dual
viscosity solution of the HJI equation (3.51).

Remark 3.18. Note that usually differential games with asymmetric information don’t admit the dynamic
programming principle (See Lem. 3.7). To solve this problem, we adopt the dual approach introduced by
Cardaliaguet [7] to prove the existence of the value for our differential games. Another way to deal with the
absence of the dynamic programming principle is to study the associated partial differential equation (PDE, for
short) with obstacle. Cardaliaguet [8] proved that a mapping w is a dual viscosity solution of PDE (3.51) if and
only if w is a viscosity solution of the related PDE with obstacle.

4. NASH EQUILIBRIUM PAYOFFS FOR NONZERO-SUM DIFFERENTIAL GAMES WITH
SYMMETRIC INFORMATION AND WITHOUT ISAACS CONDITION

In this section, in the same framework as before, we consider the existence of Nash equilibrium payoffs for
nonzero-sum differential games, but with symmetric information (i.e., I = J = 1) and without Isaacs condition.
Due to Theorem 3.1 we only need to consider strategies a € A7(¢,T) and § € B (¢,T) for our nonzero-sum
games. Let g1 : R” — R and g2 : R™ — R be two bounded Lipschitz continuous functions. For (¢,z) € [0, T] x R™,
(u,v) € L{tﬂTl X Vtﬂq} (For the definition of Z/{tﬂq} and Vtﬂq} we refer to Rem. 2.5), we define

Ji(t,x,u,v) = E [gl(X;’x’“’”)] and Jo(t,z,u,v) = E [gQ(X;’"”’“’")] ; (4.1)

where X»*%? is the solution of equation (2.1). From Remark 2.4 we know that, for all (a, 3) € AT(t,T) x
BT (t,T), there exists (u,v) € Z/ltﬂ; X VZ,F’;, such that a(v) = u, B(u) = v. This allows to define J,, (¢, z, o, ) =
I (t,zu,v), m=1,2.

Here, in our nonzero-sum differential game Player I wants to maximize Ji (¢, x, i, §), while Player IT aims to
maximize Jy(t, x, a, 3). A Nash equilibrium point is a couple of strategies (@, 3) such that for any other couples
of strategies («, 3), it holds

J1(t,35,5¥,5) Z Jl(t,w,a,B), and JQ(taxade) Z JQ(tvva_‘aﬁ)a (42)

and the pair (J1(t,z, &, 3), Jo(t, 2, &, 3)) is called a Nash equilibrium payoff. However, working without Isaacs
condition, we cannot expect to find (&,3) € A™(t,T) x B™(t,T) for a suitable partition 7, such that (4.2)
holds. For this reason, in our paper, we only investigate the existence of a Nash equilibrium payoff which can be
approximated by pairs of payoff functionals (J; (¢, z,a¢, 3°), Jo(t, z,ac, 3°)), when € tends to 0. Let us be more
precise and give the definition of a Nash equilibrium payoff for our nonzero-sum differential game.
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Definition 4.1. A couple (e1,e2) € R? is called a Nash equilibrium payoff (NEP, for short) at the position
(t,x), if for any € > 0, there exists J. small enough satisfying that, for any partition 7 of the interval [0, 7] with
|| < 4, there exist (af, 8¢) € AT(¢t,T) x B (t,T) such that for all (o, ) € AT(t,T) x BF(¢,T)

Jl(taxaasaﬁs) > Jl(t,ﬂj,()[,ﬂe) — € and J2(taxaa6aﬁs) > J2(t7x704€7ﬁ) -6 (43)

and
| T (t, 06, 5%) —ep] <€, m=1,2. (4.4)

The following lemma gives an equivalent condition of assumption (4.3) which will be frequently used in this
section.

Lemma 4.2. Let ¢ > 0 and (a,5°) € AT(t,T) x BT (t,T). Assumption (4.3) holds if and only if, for any
(u,v) € Z/ltﬂ; X VZ’;,

Ji(t,z,af, 5% > Ji(t, x,u, f9(u)) — € and Jo(t,x,af, 5°) > Ja(t, z,af(v),v) — €. (4.5)

Proof. We assume (4.3) holds. For any fixed u € UZ’I}, we put a(v) = wu, forallv € Vtﬂ]} Obviously, @ € AT (¢,T).
Then, from condition (4.3) we have Jy(t, x, ac, 5¢) > Jy(t, z,u, B°(u)) — €. Similarly, for any v € VZ’I}, we obtain
Jao(t,x, af, 5¢) > Ja(t, z, a(v),v) — e. Thus, condition (4.5) holds true.

Conversely, suppose now that (4.5) holds. For all a € AT (¢,T), there exists (u,v) € L{tﬂq} X Vtﬂj} such that,
a(v) = u, f(u) = v. Then,

Ji(t,x, o, 0°) —e = Ji(t,z,u, B (u)) — e < J1(t, z, af, ),
and the symmetric argument applied to Jy yields (4.3). O

Due to Theorem 3.14, the upper value function Wi and the lower value function V" associated with a terminal
cost function g converge to the same function as the mesh |7| of partition 7 tends to 0. Thus, we can introduce
the following functions U (¢, ) and Us(t, x), associated with g1 and g, respectively.

Uy(t,x) = lim inf sup Ji(t,z,,0) = lim  sup inf  Ji(t,x,«, 3), 4.6

1(t,2) |7| =0 BEBT (t.T) ac AT (¢,T) i ) [7|—=0 aeAr (¢,T) BEBT (¢,T) i ) (4.6)
and

Us(t,z) = lim  sup inf  Jo(t,x,a,0) = lim inf sup Jo(t,x, o, ). 4.7

2(t,) [7|—=0 geBr (t,1) AT (t,T) 2( ) || =0 ac AT (t,T) geBr (t,T) 2 ) (4.7)

Now we state the following both main results for our nonzero-sum differential game.

Theorem 4.3 (Characterization). A couple (e1,e2) € R? is an NEP at the position (t,x) if and only if, for all
e > 0, there exists 6 > 0 satisfying that for any partition 7 = {0 =to < t1 < ... <ty =T} with |7| < é. and

t =tp_1, there exists (u®,v°) € thﬂ]} X VZT; such that, fori=Fk,...,N and m = 1,2, respectively,
P {E [gm(X;W’”E)|ft,€72,ti_2} > U, (ti_l,Xf;f;“ev”E) - e} >1—e (4.8)
and
‘E {gm (X%’m’“"v )} - em‘ <e. (4.9)

Theorem 4.4. For any initial position (t,x) € [0,T] x R™, there exists an NEP at the position (t,x).

The rest of this section is devoted to the proof of the above theorems. We first prove Theorem 4.3 and then,
with the help of Theorem 4.3 we show the existence result (Thm. 4.4). First of all, let us give the following
lemma which will be used in the proofs of the Theorems 4.3 and 4.4.
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Lemma 4.5. a) Let (t,z) € [0,T] x R" and € > 0. Then for any partztzon T={0=ty<ti <...<ty=T}
with |w| < dc (6 > 0 small enough) t = ty_1, and for any given u' € U T, there exist stmtegzes al € AT (t,T),

i=k,...,N, such that for all v € Vtﬂq},
o'(v) =/, P-as., onl[t,t; 1], E [gg (th o (v), U) | Ftr ot 2} < Us(ti— 1,th a'(v), Y +e€ P-as.  (4.10)
b) Let (t,x) € [0,T] x R™ and € > 0. Then for any partition 7 = {0 =tg < t1 < ... <ty =T} with |7] < I

(d¢ > 0 small enough) t = ti_1, and for any given v’ € L{Z}l, there exist strategies o' € AT (t,T), i =k,..., N,
such that for all v € VZ’I},

a'(v) =/, P-as., on[t,t; 1], F gl(th @' (v), N F ot 2] > Uy (ti,hXtt,’f’lai(v)’U) —¢, P-as.  (4.11)

i

Proof. We just give the proof for a), the proof of b) is analogous.
For any € > 0, y € R", and i (1 <4 < N), it follows from the definition of the value function Us that there

exists a strategy a; € AT (t;—1,T) such that, for |7| < d,, d¢ > 0 small enough,

i—1,Y,0,0
Us(ti—1,y) = lim inf sup E [gg (X vy )}
( ! ) || =0 a€ AT (ti-1,T) BeBT (t;—1,T)
€
> inf sup E {gg (X i-vy aﬁ)] -
a€ AT (ti—1,T) BEBT (ti—1,T) 4 (412)
> inf sup E [92 (X‘ Lwew)y )} <> sup E |go XtTFl,y,%(v)’v — 5
a€AT (ti—1,T) ’UEV 4 vey™! 2
ti—1,T ti—1,T

Since the coefficient f is bounded, there exists a constant R > 0 such that_\Xt"”*“’”| < R, for all (u,v) €
Utﬂ]} X Vtﬂ]} Let us choose a finite Borel partition (O;);=1,2.... » of the closed ball Bg(0), with diam(0;) < ¢,/ (4C),
1 <1 < n,andlet y; denote an arbitrarily chosen element in O;. Then it follows from the fact that Ux(¢,_1, 2) and

ti—1,z,a, U . . . . . . .
SUp,cpmt Elga(Xp vy, (0 )] are Lipschitz continuous with respect to z, with some Lipschitz constant C:
i—1>

sup E {gg <Xt7 B2y (), U)] < Us(ti—1,2) +¢€ z€ 0. (4.13)
UGV,H T

Recall that all v € V[ i+ is of the following form (We refer to Rem. 2.5)

N

v(w,s) = ”k(S, Cg,k—l)j[t,tk)(s) + Z UZ(S, Ch1re -G, C;r,l—l)—r[tl,l,tl)(s), (4.14)

I=k+1
where the v"’s are Borel functions over suitable spaces and with values in V. For kK <i < N and s € [t;—1,T],
we put

N

UU(% Q, 3) = Z Ul(sv Q, Cg,i—lv q,z’—lv C;,iv s C;,l—l)l[tz_l,tz)(s)v (4-15)

=1

where Q € R2(—%), Obviously, v € VZZ_’}LT, and we define the following strategy of (k+1<i < N),

i) = u’, on [t,t; 1], ) v eyl (4.16)
T e}, (0"(Qo.8)), on (i1, T) < {X7" " € Onl, v '
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where Qo = ((Z 41, p_15---C5i 2,CTi o). Then, o' € Af(t,T). Notice that Qo and Xtti’f’lul’v are all
Fi_oti_,-measurable, v(Q, s) and of (v"(Q,s)) are all F;,_, p-measurable. Hence, for all v € Vtﬂ]} (of the
form (4.14)) from (4.13) we have, P-a.s.,

,z,o (v ti—1, y( "(Q,8)),0"(Q,5)
E |:g2 (Xt RORY ) |~7:tk,2,ti—2:| ZE |:92 ( 1zay, (v v s ):|

t,x, /7 t,z,oci v),v
< ZUz(ti—hthlu BE I{Xf?w,lu/,ueol} +e=Us (tz’—hXti,l ®) ) + €.
=1 "
(4.17)
O

- Xf,,m,u e }
Q:QO,Z:Xfi,Iu/ v { i

Now with the help of Lemma 4.5, we can prove Theorem 4.3.

Proof. Sufficient condition.

Let us assume that (e1,e2) satisfies condition (4.8) and (4.9) of Theorem 4.3, namely, for all € > 0, there
exists 0. > 0 small enough satisfying that for any partition 7 = {0 =tg < t; < ... <ty =T} with |7| < d. and
for ¢ = ty_1, there exists (u¢,v¢) € L{tﬂTl X VZTI} such that fori =k,...,N and m = 1,2,

P{E |gm (X5 ) WFouatia] 2 Un (ti, X5 ) = p 21—, (4.18)

and
’E [gm (X;””)] - em’ < e/2. (4.19)

We prove that (e, e2) is an NEP for the initial position (¢, z). For this, we construct (af, 8¢) € AT (¢, T)x BT (¢, T)
satisfying (4.3) and (4.4).

Since g, m = 1,2, is bounded, we can assume without loss of generality that g,, > 0, which has as conse-
quence that Wy, > 0. Let € > 0, €0 = g5z and (4, ) = (u,v*), and observe that (4.18) and (4.19) also hold
for € = €p. From Lemma 4.5 a), putting u’ := @, we see that there exist strategies o; € AT(¢,T), i =k,..., N,
such that, for all v € Vtﬁ},

Oéi(’U) = ﬂ,P—a.s., on [t,ti_l],E |:gg (th ai(v),v ) ‘]:tk outi— 2j| < U2( i— 1,th (V). )—|- %, P-a.s. (420)

1

Given any v € Vz’;, we introduce the stopping times SV = inf{s|vs # v, t < s < T} AT, 7% = inf{t;_1|ti—1 >
SYk+1<i<N}AT, and we define o as follows:

ey )4, on [[t, 7], -
)= {O‘i(v)a on (ti—1,T) x {r? =t;_1}, ve Vt,;’ (4.21)

Obviously, a¢ € AT(t,T). Observe that, as 7% = T, we have, in particular a(v) = 4. Furthermore, for any
v eV,

. Xbtauv on [[t,7]], P-
tz,a(v),v _ ) )
X { ZZ . Xtwei(v)v, I{T“—t .}, on [[Tva T“ P—a S, (4-22)
Then, since {7% =t;_1} € Ft,_,.t,_,, from (4.20) we get
E [92 (X;I’“‘(”)’”) Fors Tv} < Up(r?, XE2 0wy é, P-as. (4.23)

Taking the expectation on both sides, we obtain

Jo(t,z, 0 (v),v) < E [U2 (r”,ijf’“‘(”)’”)] + é- (4.24)



1240 J. LI AND W. LI
On the other hand, as X;’f’ae(v)’v = Xg’f’a’ﬁ and the dynamics coefficient f is bounded, we have, for p := |7| > 0,

t,z,af(v),v t,x,u,v
E | sup ‘X Y - X vy
0<r<p Sv4r)AT (Sv+r)AT

}<Cp.

Moreover, since Uz (s, x) is Lipschitz in x, uniformly with respect to s and S¥ < 7¥ < S¥ + p, we obtain

E HU2 (T XLmat), ) — Uy (77, X550 ] <Cp< g (4.25)
for p = |r| <€/(8C). Then, combining (4.24) and (4.25), we see that
Jo(t, z, 0 (v),v) < E[Us (1, X25")] + i (4.26)
Putting
2= { B [go(XE" ") Foyaia] 2 Usltin, XI5 = 6o}, (4.27)
we have from (4.18) that P(£2;) > 1 — €. From (4.26), (4.27) and (4.19), we deduce
Jo(t, z, a(v),v)
al €
< Z Ua(tio1, Xt ) - Irpoey,_\y - Lo + Z ElUs (tim1, Xe,_,) - Igroey,_yy - L] + 1
i=k+1 i=k+1
N N
< Z E [(E [92(XT)|~7:tk,2,t7‘,_2] +60) 'I{T“:ti71} : 191] + Z CP(“QZC N {TU = ti—l}) + -
i=k+1 i=k+1
N
o € € €
< Elga(Xr) +e0+ >, CP(2)+ 1S +@+NCeo+=e+tg, (4.28)
i=k+1

where X := X»*%V (Recall also that go > 0). Finally, combining (4.28) and (4.21), we obtain that, for all
v eV,

Jo(t, x, af(v), )<€2+ 5 and a(7) = 1. (4.29)
Similarly, we can construct 5¢ € BJ (¢, T) such that, for all u € UZ’I},
Ji(t, @, u, B (1) < ey + % and 3°(a) = v. (4.30)
From (4.29), (4.30) and (4.19) we obtain, for m = 1,2,
| T (t, a6, B¢) — em| = | T (t, 2,0, D) — €| < 5 (4.31)
which is just (4.4). Moreover, from (4.31), for m = 1,2,
em < Jm(t,z, 0, 5) + % (4.32)

Consequently, (4.29), (4.30) and (4.32) yield
Ja(t, x,af(v),v) < ex+ = < Jaot, z, 05, %) + €,
Jit,w,u, B%(u) < er+ 5 < Nt @0, 59 +e

Finally, Lemma 4.2 gives (4.3) and allows to conclude.
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Necessary condition.

We assume there exists an NEP (e, e2) € R? at the position (¢, ), i.e., for any € > 0, there exists 6. > 0
small enough, satisfying that, for any partition 7 = {0 =to < ... < ty = T} with |7| < e and with ¢ = ¢4,
there exists (af, 5¢) € AT (¢, T) x BT (t,T) such that, for all (u,v) € L{tﬂq} X Vz’j}, the following inequalities hold:

2 2
Jl(t’x’ae’ﬂe) > J1(t,:c,u,ﬂ6(u)) - % and JQ(t’waaeaﬁE) > JQ(taxaae(v)av) - %v (433)
and )
[T (t, 2, 05, B°) — em] < % m=1,2. (4.34)

Due to Remark 2.4 there exists (uf,v¢) € Z/Itﬂj} X Vtﬂ]} such that a(v¢) = u® and 3¢(u€) = v¢. Then, obvi-
ously, (4.9) holds. Let us suppose that (4.8) does not hold. This means that there exists ¢ > 0 arbitrarily small
such that, for all 6 > 0, there is a partition 7 = {0 = tp < ... <t = tx—1 < ... < txy = T} such that for all
(u,v) € L{tﬂTl X Vtﬂq} and, thus, in particular, for (uf,v¢), there is some j € {k,..., N}, for which, without loss
of generality, for m = 1,

PLE g0 (X5 Y 1By a] < Urt0, X7 ) =) > (4.35)

Let us put
A= {E |:gl (X%x,u v ) |ftk72,tj—2:| < U (tj_l,XttJ’f’lu v ) — 6} € ftk727tj_2. (436)
Applying Lemma 4.5 b) to v’ = u € Z/IZ}l, we see that there exists a strategy a € AT(¢,T) such that, for all

ve VZT’I}’ a(v) =u, on [t,t;_1], P-a.s., and

xTr,a(v),v r,x(v),v €
E [gl (X;* alv), )|ft,¢72,tj_2] > U (tj_l,Xt’ (), ) -5 Pas. (4.37)

tj—1

For (o, 3¢) € AT(t,T) x B (t,T), there exists a pair (u,v) € Utﬂq} X Vtﬂq} such that a(v) = v and °(u) = v.
Notice that v = uf,v = v, on [t,t;_1]. We put

i — u®, on ([t,tjfl] x 2)U ((tjfl,T} X Ac),
u, on (tj—1,T] x A.

Obviously, u € Uy, and 3°(a) = v, on [t,t;—1), while for s € [t;—1,T], B°(u)s = vsla + v§lac. This implies
that X 6= w8 (@) = xtou'v® on [t ¢, 4], and Xb®®O°(W) = xtmae@)vy, 4 xtew v 1, Consequently,

Ji (t,z,a,°(0) = E :gl (X%z’“‘”f) -IAc] +E [gl(X?m(v)’v) : IA}
—-F :gl(X;Jw’“E’UE) .IAC} +E [E {gﬂX}’m’aw)’v)|}'tk_2,tj72} -IA]

= ti—1

> Blgi (XE5 ) Iae] + B [Ul (tj_l,Xt’z’“(”)’”) -JA] - %P(A) (from (4.37))

> E g1 (X57)| + SP(A) (from (4.36))

2
2
> Ji(t,z, a5, %) + % (from (4.35) and (4.36)) (4.38)
which is in contradiction with (4.33). Therefore, (4.8) holds true. O

To prove Theorem 4.4 we only need to prove that, for any € > 0, there exists d. > 0 small enough satisfying
that, for any partition 7 = {0 =ty < t; < ... < ty = T} with |7| < 0. and ¢ = t;_1, there is a pair (u,v°)
satisfying (4.8) and (4.9) in Theorem 4.3. For this we show the following stronger result.
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Proposition 4.6. For any € > 0, there exists 6. > 0 small enough satisfying that, for any partition m# = {0 =
to <ty <...<ty =T} with |r| <. and t = ty_1, there exists a pair (uf,v°) € Z/Itﬂq} X Vtﬂq} such that, for all
k<i<I<N,andm=1,2,

E[Um(tl,th)|ftk727ti_2] Z Um(ti—laXti_l) — €, P-CL.S., (439)
where X = Xb@utvt

Remark 4.7. Proposition 4.6 implies Theorem 4.3. Indeed, setting | = N, we have U,,(T,z) = g, (x) and
Up (T, X550 = g, (XE™""). Consequently, the pair (uf,v¢) satisfies (4.8) in Theorem 4.3. In order to
get (4.9), it suffices to observe that the sequence {(E[gm(X;’w’“E’”E)])mzl,g, e > 0} is bounded and, consequently,
converges along a subsequence, as € | 0, to a limit (e1, e2) € R2. The relations (4.8) and (4.9) are obvious now.

We first give the following lemma.

Lemma 4.8. For any € > 0, there exists 6. > 0 small enough satisfying that, for any partition = = {0 =ty <
t1 <...<ty =T} with |1| < . and t = ty_1, there exists a pair (u®,v°) € Utﬂq} X Vtﬂq} such that, for m = 1,2,

B [Un (10, X170 )] 2 Uit 2) — (4.40)

Proof. From the definition of Uy (t,z) and Us(t,z) (See (4.6) and (4.7)), it follows that there is some J, > 0
such that, for || < de,

€

Ui(t,z) = lim sup inf  Ji(t,r,a,08) < sup inf  Ji(t,z,a,0) + —,
1( ) |7|—0 Q€ AT (t,T) BEBT (t,T) 1( ) Q€ AT (t,T) BEBT (t,T) 1( ) 4

€

Us(t,z) = lim  sup inf  J(t,z,a,0) < sup inf  Jo(t,x,a,0) + -
(t.2) I7|—=0 geBr (t,T) € AT (£,T) ( ) BeBT (t,T) *€AT (8,T) ® )+ 4

Then we choose o € AT(t,T) and ¢ € BJ(t,T) such that

Ui(t,z) < ﬁelg}(ft - Ji(t,x, 0, B) + 5 < ve]gth Ji(t,x, o (v),v) + %,
Uator) < i ol 57) + = < nt ot () + = (4.41)

Let (uf,v°) € Utﬂj} X VZTT} be such that, a(v¢) = u® and 5°(u) = v° (see, Rem. 2.4). We prove that (u€,v®)
satisfies (4.40). For this, we suppose (4.40) does not hold, i.e., for m = 2 (or, similarly, for m = 1) we have

E {Ug(tk,Xttf’“e’”E)} < Us(t,z) — . (4.42)

From Lemma 4.5 a), we see that, for u’ := u®, there exists an NAD strategy o € AT (¢,T) such that for all
v E VZ’I}, a(v) = uf, P-a.s., on [t,tx], and

E [gz(Xtaca(v) U)|~7:tk i 1} < U2< tma(v) v) _'_%’ Poas. (4.43)

Let now (u,v) € Utﬂq} X VZTI} be such that, a(v) = @ and §¢(u) = v. Since @ = v and v = v°, on [t, ], we have
Xpomt = Xxhme®v Xtt;x’“e’ve, P-a.s., and from (4.43) and (4.42) it follows that

23

Ja(t @, @, B(w) = Ja(t, 2, a(0),0) = B [ [g2(X5" D) o]
<E [Uz (tk, xhme®), ”)] n % < Us(t,z) — %

which contradicts (4.41). Hence, (4.40) holds true. O

(4.44)

Finally, we give the proof of Proposition 4.6.
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Proof. First, we show that when [ = i, Proposition 4.6 holds true.

Similarly to Lemma 4.8, we see that for any € > 0, there exists J. > 0 small enough satisfying that, for any
partition 7 = {0 =ty < t1 < ... < ty = T} with |7] < 6. and t = t_1, and for all y € R™, there exists
(u$¥,v3Y) € Ule X ij”lT, j=k—1,...,N —1, such that, for m = 1,2,

VARRY
B [Un (552, X022 )] 2 Unlt) — e (4.45)

We now construct (u€,v¢) € Z/Itﬂq} X Vtﬂq} by induction over 4, in order to have, for all i =k, ..., N,
E {Um(ti,Xf;w’ue’ve)\ftk,z,ti_Q} >Upn, (ti_l,Xttf’lue’ve> —¢, P-as. (4.46)

For i = k, it follows from (4.45) that there is (uf®,,v0") € U . x VZ;’L’T satisfying (4.46). We define

th—1,
€. 6T € .__ 67T
u- = ukfl‘[tk—l,tk) and v€ := /Uktfl‘[tk—htk)'

For i = k + 1, (4.45) yields that, for any y € R", there is (uy?,v;?) € Z/Iﬂ’lT X VZ;lT such that,

th,

E |:Um (tk-klvxf:i?i,u;,y’vz,y)} > Um(tka y) - %7 m=12 (447)
Since the dynamics coefficient f is bounded, there is some R > 0 such that |Xtthu”| < R. Then there exists
a finite Borel partition (O;)]_, of Br(0) with diam(O;) < d, for é. > 0 small enough, such that, for all z € Oy,

€Yy, €Y]

E {Um (tkH,Xtt:jj’u’“ )} > Upn(te, 2) — €. (4.48)

€,y
tr,2,u,,

tet1

€y
7vk

Indeed, use (4.47) for y = y; and the uniform Lipschitz property of U,,(¢;,-) and z — X . Now

n
we extend uf and v¢ from [tg_1,tx) to [tg,tk+1) by putting, on [tg, trr1), u€ = Y uZ’yZI{Xt,w,ue,veeol}, Ve =
=1 ‘k '

> vZ’y’I{Xt,z,ue,veeol}. Then from (4.48) we obtain
=1 ke

n
t,x,uc,v° t ,z,uey‘yl ,vey‘yl
E [Um(thrl, thf.lu ! )‘ftk—27tk—1:| = E[Um(thrl, Xt:+1 k k )}ZzX::‘u‘,u‘ I{th,);m,ue,ueeol}
=1 ’ d
> S W I =U Xt P 4.49
— Z[ m(tk’z) - E}z:Xf;’ue’”e {Xf’;’”’“e""e EOL} = Um tk, th — €, -a.s. ( . )

=1

€

Repeating the above step, we construct (u€,v¢) € L{tﬂTl X VZTI} satisfying (4.46).

€

Next for [ > i, from (4.46) with using € := & we get

> B Ut X050 Foy ) =

ti—1

> Upn(tim1, XE7) — ¢, P-as. (4.50)

5. CHARACTERIZATION FOR THE FUNCTIONS W (t,x,p,q) AND V (¢, z,p,q)

In this section we devote again to zero-sum games with asymmetric information, we characterize the functions
W(t,z,p,q) and V(t,z,p,q) defined by (2.7) and (2.9). Under the Isaacs condition we prove that W (¢, z,p,q) =
V(t,x,p,q) = U(t,z,p,q), the value function (see, Thm. 3.17). This characterization guarantees that combined
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with the Definitions (5.2)-(5.5) and the proof that these functions converge all to W (= V) is the key for
numerical approaches. It allows, e.g., that Player I makes his computations along a partition 7 and guarantees
him that, whatever the partition 7’ is Player II chooses for his strategies (Player II, knowing that Player I
chooses 7, may prefer to take a finer partition, in order to get after shorter time intervals, the information
about the randomization chosen by Player II), the value function W7 (¢, x) along 7 (see (5.2)) always converges
to the value of the game (see the Thms. 5.12 and 5.13).

Let us slightly change the definition of the strategies along a partition 7 = {0 =ty < t; < ... <ty =T}.
We suppose that the both Players I and II do not randomize their strategies over the first small time interval
[t,tr). With this change the strategies o € A™(¢,T) take the form (see, Def. 2.1)

N

a(w,v)(s) = ar(W)($ e (5) + D al((Tas Gs T+ i) @) (), s € 1T), (5.1

l=k+1

where oy, @ [t,15) X Vo — U T, al R20U=R)—1 « [ti—1,t) X Ver — U, B+ 1 <1 < N, are Borel measurable
functions satisfying: For all v,v’ € Vy p, it holds that, whenever v = v’ a.e. on [t,¢;_1], we have for all z €
R2(U=R)=1 ") (2, v)(s) = al(ac,v’)(s), a.e.on [t_1,t], k+1<I<N.

Obviously, the strategy « such defined is a special case of Definition 2.1. We continue to write A™(¢,T) for
the set of the strategies « of the above form. In the same manner we redefine B™(¢,T). Obviously, for 7’ C 7,
we have A™ (t,T) € A™(t,T). A(t,T) and B(t, T) are again defined as the union of A™(t,T) and B™(t,T) over
all partitions m, respectively. The other definitions are the same with that defined in Section 2.

For our approach we introduce the following upper and lower value functions, respectively:

W™ (t,x,p,q) =  inf sup  J(t,x,4,5,p,q), (5.2)
GE(AT (TN seB(t,1))

V™(t,z,p,q sup inf J(t, 2 &, 0pq), 5.3
( )= o T))me(m(t - ( ) (5.3)

W™(t,x,p,q) =  inf sup  J(t,x,4,5,p,q), (5.4)
(-A(t T)) BG(B‘N (t T))J

VT t,x,p,q sup inf J t,x,d,ﬁ,p,q . 5.5
opa= s ) (5.5)

We begin our approach with proving that (W™ (¢, z,p, q), V™ (t,z,p, q)) as well as (W™ (t,z,p,q), V™(t,z,p,q))
converge uniformly on compacts to the same couple (U(t,z,p,q),U(t,z,p,q)), as |r| — 0. For this we have to
assume the condition

inf sup f(z,u,v)-&= sup inf f(x,u,v)-&, (5.6)

vl pep(v) veP (V) uel

sup inf T, [, = inf sup f(z,y, , 5.7

Ue‘gﬂep( [l pv)- € 67)(U)vegf( 1,v) - § (5.7)
respectively, where f(z, u,v) :== [, f(z,u,v)p(du), f(z,u,v) = [;, f(x,u,v)v(dv), and the function U(t, z, p, q)

is the unique solution of the HJI equation (3 51). In a second step we will show that, under the conditions (5.6)
and (5.7), the functions W (¢, z,p,q) = U(t,x,p,q) = V(t,2,p,q) all coincide.

Remark 5.1. The assumptions (5.6) and (5.7) hold both, if and only if the (classical) Isaacs condition holds:

inf sup f(z,u,v) & = sup mf flz,u,v) - & (5.8)
uwel ey veV UE
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Indeed, as

it feop) €= inf [ ) du) > it )62 nf o) €

REP(U) re€PW) Ju HEP(U)

we have inf f(x,p,v) &= inf f(z,u,v)- & and analogously, sup f(z,u,v) &= sup f(x,u,v)-&.
pEP(U) u€U veP(V) veV
If (5.6) and (5.7) hold, we have

inf sup f(z,u,v = inf su T, U,V = sup inf f(x,u,v = su inf x, V)&,
uEU,Ue‘I;f( ) § UEUVEPFV)f( ) g Vefp%))uEUf( ) f Ve'p%)v)ue'P(U)f( s ) g

sup inf f(z,u,v =sup inf T, [, = inf sup f(z,y, = inf  sup x, [, .
veV uel f( ) ¢ veV HEP(U f( e ) f MGP(U)UEVf( o ) ¢ “ep(U)VGP(V)f( o ) ¢

Assup,cpvy infuep ) f(@, p,v)-€ = infiep ) Sup,ep(v) f(, 1, v)-€, we get the classical Isaacs condition (5.8).
On the other hand, if (5.8) holds, then

inf sup f(z,u,v) &= mf sup f(x,u,v) - & =sup inf f(x,u,v)-&= sup inf f(z,u,v)-§,
eV Lep(Vv) Uwev vev uel vep (V) uel

i.e., (5.6) is satisfied. Similarly, we get (5.7).

A consequence of the redefinition of A™(¢,T) and B™(¢,T') is that now Isaacs condition is needed for the
following result.

Proposition 5.2. Under the condition (5.6) and (5.7) the functions (V™) and (W™ ) converge uniformly on
compacts to a same Lipschitz continuous function U, when the mesh of the partition m, tends to 0. Moreover,
the function U is the unique dual viscosity solution of the HJI equation (3.51).

The proof follows that of Theorem 3.14, but the redefinition of A™(¢,T) and B™(t,T) makes that the argument
used for (3.45)—(3.46) does not apply any more, now Isaacs condition has to be used. -

Let us now investigate the convergence of (W™ (¢, x,p, q), V™ (t,z,p,q)); that of (W7 (t,z,p,q), V™(t,z,p,q))
can be studied similarly. Notice that, for all 3 € B(t,T), there exists a partition 7 such that 3 € B™(¢,T'). This
allows to apply arguments used in Section 3, to prove the following assertions.

Lemma 5.3. The functions W™ and V™ are Lipschitz in (t,x,p,q), uniformly with respect to .

Lemma 5.4. For all (t,x) € [0,T] x R™, the functions W™ (t,z,p,q) and V™ (t,z,p,q) are conver in p € A(I)
and concave in q € A(J).

Lemma 5.5. For all (t,x,p,q) € [0,T] x R™ x RT x A(J), we have
J

V™ (¢ 2P i @08,
Vit x,p,q) = inf sup max G E [9 ( X7 ' ] : 5.9
( ) (B))EBT))” ae Az (t,T) i€{L,....T Z Jj ij ) (5.9)

Proof. Let us denote by V™ (¢, z,p, q) the right hand side of (5.9). Similarly to the proof of Lemma 3.5 we have
V™ (t 2, P 20,6,
V™ (t, 2, p,q inf sup max 4 [ ( xb J)} 510
( ) (Bj)e(B(t,T))” aC A7 (t,T) i€{l,....I Z J Gij ( )

(Note that, unlike in (5.9), we have here A™(¢,T') instead of Af(¢,T)). Since Af(¢,T) C A™(¢,T), we have
Vi (t,x,p,q) < V™(t,x,p,q). We have still to show that V™ (t,x,p,q) > V™(t,x,p,q). Recall that o €
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A™(t,T) is of the form (5.1) and notice that for y = (y1,v2,...,Y2(N—k)—1) € R2(N=k)=1"it holds a(y,-) €
AZ(t,T). Thus, for any (3;) € (B(¢,T))”,

sup max Z q; |:gzy ( t B ﬁj>:|

ac A~ (t,T) 1€{1,..

J
< sup / ' max 5i— Z o F {gij (X;,z,oc((yl,yz,---7y2(N—k)—1)a'),ﬁj>:l dys - dya(n—r)—1
a€ A (t,T) J[0,1]2(N —k)—1 i€{1,....I} =
(5.11)
J t,x a(( ) )58
S sup sup max ’ qu |:gij (XT’ ) Y1,Y25--0Y2(N—k)—1 )5 )s J>:|
Q€A™ (t,T) ye[0,1]2(N k) —1 ie{l,....1} =
t z,o,0
< sup max q; [g ( 7)}
acAg (t,T) 1€{1;... Z ! v
Finally, taking infimum over (3;) € (B(¢,T))” on both sides we get the stated result. O

Following the scheme of Section 3, we can state now the following lemmas.
Lemma 5.6. For all partition 7 of the interval [0,T)], the convex conjugate function V™*(t,x,p,q) is Lipschitz

in (t,z,p,q), the concave conjugate function W™# (t,z,p,q) is Lipschitz in (t,x,p,q).

Lemma 5.7. For all (t,7,p,q) € [tp—1,tx) x R" x R x A(J), and all I (k <1 < N), we have the following
sub-dynamic programming principle:

VTt pg) < inf o sup {Vﬂ*(tl’Xm e qﬂ
BEB(tt) e AT (t,t1)

< if  su E[V“*t,X”“"H,, ] 5.12
BEBULM) wear(r.t) (t P.q) (5:12)

Proof. The proof of the first inequality, using Lemma 5.5, is analogous to the proof of Lemma 3.7. Finally, the
second inequality is obvious, since Af (¢, ;) C A (¢, ;). O

Lemma 5.8. For any sequence of partitions m,, n > 1, with |m,| — 0 (n — 00), there exists a subsequence, still
denoted by (mn)n>1, and two functions V:[0,T] xR xRT x A(J) — R and W : [0, T] x R" x A(I) x R — R
such, that (V™ W #) — — (V, W) uniformly on compacts on [0, T] x R" x A(I) x A(J) xR xR”. Furthermore,
the functions V and W are Lipschitz in all their variables.

Lemma 5.9. The limit function f/(t,az,ﬁ, q) s a viscosity subsolution of the HJI equation (3.36).
On the other hand we observe that, since

" e
-W t,xapvq Ppiqy |: Gii (tha 7)i| ’ 513
( )= (o )E(Aw(t )1 (B5)€( B(t T))J ZZ J j ( )

also the convex conjugate —(W™# (¢, x,p, —q)) of (—W™) with respect to ¢, satisfies a sub-dynamic programming
principle. Consequently, we can formulate the following result.
Corollary 5.10. For all (t,z,p,q) € [tk—1,tx) X R" x A(I) x R”, and all | (k <1< N), we have the following

super-dynamic programming principle:

W tep > s i BTG X0p ) (5.14)
a€A™(t,t,) BEB(L,11)
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Proposition 5.11. Under the condition (5.6), the limit function W(t, x,p,q) is a viscosity supersolution of the
HJI equation (3.36).

Proof. We fix arbitrarily (p,q) € A(I) x R7, and for simplicity, we write W(t,x) for W(t,up, q). As the
coefficient f of the dynamics is bounded, for any fixed (¢,z) € [0,7] x R™, there is some M > 0 such that,
Buy(z) D {X2vB (s,y) € [0,T] x Bi(z), (o, B) € A™(5,T) x B(s,T),r € [s,T]}, where Bys(x) denotes the
closed ball with the center z and the radius M. By Lemma 5.8 we know that W™ # converges uniformly to W
on [0,7] x Byry1(z). Let ¢ € CE([0,T] x R™) be a test function such that

(=W = (=))(t,2) > (=W = (=¢))(5,9), for all (s,y) € [0,T] x Bar(x) \ {(t,2)}, (5.15)

and let (s,,2,) € [0,7] x Ba(x) be the maximum point of —W™# — (—¢) over [0,T] x Bys(z). Then it is
standard that there exists a subsequence of (s, x,) still denoted by (s, xy), such that (s,,x,) converges to
(t,x) (See also the proof of Lem. 3.10).

For the partition m, we assume t;;  <'s, <t , and for simplicity we write ¢y _, < s, <{}. Since z,, — ,
there is a positive integer N such that, for all n > N, we have |z,, — 2| < 1. From Lemma 5.10 we get

_80(57171'71) = _Wﬂ—n#(snaxn) < inf sup E |:—V_V7T"# ( Z7X:7?/733n70475>j|
QEAT (8, t7) BEB(sn,t}) k
/ 5 (5.16)
< inf sup E [_ ( n’XSy’;LaIn,OQ )] )
Q€A™ (50,17) BEB (5,17 LN
Thus,
0% 8 gt e (B X))

aEA™n (sn,tg) ﬁeB(Sn,tZ)

t;’ a
_ inf sup E _/ (_('O(T7 Xﬁn,zn,a,ﬁ> + f(Xf”’I"“a’ﬁ,Oér,ﬁr) - Dy (7“, an,xma,ﬁ))dr .

€A™ (5,,t7) BEB(sn,t7) ar
(5.17)
For 6 > 0 let us introduce the following continuity modulus,
Op do . _ _ _
m(é) = sup —(T,y)—l—f(y,u,v)~D<p(r,y) - —(s,x)—l—f(x,u,v) D(,O(S,l') . (518)
Ir— sl +]v—a| <& or or

weU eV, ye By(x)

Obviously, m(§) is nondecreasing in § and m(8) — 0, as § | 0. From (2.2) we have | X @n®f —g | < Clr—s,| <
Clty — snls 1 € [sn,t}]. Hence,

0
‘ (a_f(r’ X;fmxmaﬂ) + f(X:n,7xﬂ,7avﬁ7ar7ﬁT) -D(p(r, X’;?Tuxrmo‘vﬁ))

- (g_f(sn,l'n) + f(l'naa’rvﬁ’r) ’ D@(Snaxn)> < m(C|t2 - S”D’ re [Sn,tm. (519)

Thus, it follows from (5.17) and (5.19) that

/ ) (_f)(xna amﬁr) : D@(Snvxn)drl

n

Oy )
—(t} — s ———(8p,xn) + m(C|t} — s < inf sup FE
(6 = on) ( 57"( mn) (Ot = sn) €A™ (50,t) BEB (s t7)

< sup F

BEB(5n,t7)

/k(_f)(xna&mﬁr)'DW(Sn,xn)dT] ; (5.20)

Sn
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where we have taken &, = g, r € [t,t7], G € U. Let p, = (t} — s,)?. From (5.20) we see that there exists a
prn-optimal strategy 3" € B(sy,t}) (depending on &) such that

/tk,(_f(ﬂﬁnv&r,ﬁ?) - Do(sp,xn)dr| . (5.21)

n

0
(8t = 5u) (= G s+ m(CIE = 5+ (6 = 50) ) < B

Since 8" € B(sn,t}) there is some partition 7° such that g" € B“O(sn,tZ), and without loss of generality we
can assume that 7° O 7,. Supposing that {s,, =0y < 61 < ... < 6,,, =7} C 7, we obtain

tg m 0,
E / (=) @n, ar, BY) -Dw(sml‘n)drl = Z/H E[(=f)(@n, &, B2) - Dp(sn, xn)| dr, (5.22)
Sn =1 -1
where (3” depends on (g;ﬁ, ceey C{?,l,ﬂk) on [0;_1,0;]. Then for r € [0;_1, 0], we have,

E{(—f)(@ns a7 B7) - Dip(snsw)] = B [ (=F) (s LG 1+ Giogvn) ) - Diplsns )|
= /V(_f)(xna ak,’l}) : D‘P(Snvl'n)Pﬁg(cgyol74@4;‘3_17@,‘,)(dv) < Vgg?v) /V(_f)(xnvak’ U) -D@(sn,xn)l/(dv).
(5.23)

Putting I(ay) := sup,ep(vy [y (—f)(@n, Uk, v) - Dp(sn, xn)v(dv), from the arbitrariness of @, and the continuity
of I in @y, allow to choose @y := u* such that I(u*) = gnérllj I(ty). Then, from (5.23), we have for all u € U,
i,

/91 I(ug)dr = /9z I(u")dr < /91 sup /V(—f)(xn,u,v)~Dg0(sn,xn)du(v)dr. (5.24)

011 011 0,1 veEP(V)

Hence, (5.24) and condition (5.6) yield

0,
[ t@ar <@—0-1) ing. sup /V (= ) (&ns 1,0) - Dp(50, ) (v)

0,1 u€l L ep(V)
=0, —6,—1) sup inf / (=) (@n,u,v) - Dp(sn, xn)dv(v) (5.25)
veP(V)uel Jy
=0, —0,—1) sup inf (=) (@n,u,v) - Do(8p, 2y )dp(uw)dr(v).

veP(V)HePWU) Juxv

Consequently, combining (5.21)—(5.23) and (5.25), we have

(81 = 5u) (= G50 m) + m(CI = 5+ (6 =) ) <

(tg —sp) sup  inf (=) (zn,u,v) - Dp(sp, xn)p(du)r(dv), (5.26)
veP(V)yrePWU) Juxv
1.€.,
8—('0(3”,1‘”) —m(C|t} — sn|) — (t} —s,)) < sup inf / (=) (@n,u,v) - Dp(sp, xn)p(du)v(dv). (5.27)
or veP(V)HEPW) Juxv

Finally, recalling that (s, z,) — (t,z) and 0 < (£} — s,) < (¢t} —t7_,) < |m|, and taking the limit as n — oo,
we get

3_90(t,$) + inf  sup / f(z,u,v) - Do(t, x)p(du)v(dv) < 0. (5.28)
ot veP(V) uer(v) Juxv

Therefore, V~V(t7 x,p,q) is a viscosity supersolution of the HJT equation (3.36). O
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Similar to Section 3 (Thm. 3.14), we have the following result.

Theorem 5.12. Suppose condition (5.6) holds. Then, for all sequences of partitions (m,) with |m,| — 0, the
sequences (V™) and (W™ ) converge uniformly on compacts to the same Lipschitz continuous function U.
Moreover, the function U is the unique dual solution of the HJI equation (3.51).

Similarly to (W™, V™), we obtain the following result for (V™ W™) (Recall its Def. (5.4) and (5.5)).

Theorem 5.13. Suppose condition (5.7) holds. Then, for all sequences of partitions (m,) with |m,| — 0, the
sequences (V™) and (W™) converge uniformly on compacts to the unique dual solution U of the HJI equa-
tion (3.51).

Finally, combining the Theorems 5.12 and 5.13 with Proposition 5.2, we get the main result of this section.
Theorem 5.14. Under Isaacs condition, the functions W (t,z,p,q) and V(t,x,p,q) coincide, for all (t,x,p,q)
€10, 7] x R™ x A(I) x A(J).

Proof. We have shown that the value functions W™ (t,x,p,q), V™ (t,z,p,q), W™ (t,x,p,q), V™ (t,z,p,q), W (t,
x,p,q) and V™(t,z,p,q) converge uniformly on compacts to the function U(t,x,p,q), as |r| — 0. For this we
have used the assumptions (5.6) and (5.7) which, both together, are equivalent to Isaacs condition.

Then, due to the definition of W (¢, z,p, q), for any ¢ > 0, there exists &° € (A(¢,T))! such that

e+ Wi(t,z,p,q) > sup  J(t,z, 45, ﬁ,p, q). (5.29)
Be(B(t,T))

For &° € (A(t,T))!, there exists a partition 7° such that &° € (A™ (t,T))’. Thus for all 7 D 7° (Recall that
7€ C m implies A™ (t,T) C A™(t,T)), it holds that

e+Wi(t,z,p,q) > sup  J(t,x 6%, 0,p,q) > W (t,z,p,q). (5.30)
Be(B(+,1))”

From the arbitrariness of € > 0, we have W (¢, z,p,q) > W™ (¢, x,p, q), and letting || — 0, we obtain
W(t,x,p,q) > U(t,z,p,q). (5.31)
With a symmetric argument we prove
Ul(t,z,p,q) > V(t,x,p,q). (5.32)

sup J(t,x,d,ﬁ,p, q) = W™(t,z,p,q), taking the

On the other hand, since W (t,z,p,q) < inf
GEATTN! fe(B(t,1))

limit |7] — 0, yields

W(t,x,p,q) <U(t, z,p,q). (5.33)

Analogously, as V (¢, z,p,q) > 1:/”(25, x,p,q), passing to the limit |7| — 0 gives
V(t,x,p,q) > U(t,z,p,q). (5.34)
Finally, combining the above results (5.31)—(5.33) and (5.34), we get W(t,z,p,q) = U(t,x,p,q) =
V(t,x,p,q). O

Remark 5.15. Theorems 5.12-5.14 have without doubt their own importance also for numerical approaches.
They guarantee that the value function W (= U) can be numerically computed, for instance, by Player 1: He
can choose due to the definition of W™ (t,z,p,q) a sufficiently fine partition 7 and an e-optimal randomized
strategy, well knowing that this e-optimality holds for all possible partition chosen by Player 2. Without such a
result, if one used only the definitions (2.1) and (2.2) for the value functions, the choice of a partition = and a
randomized strategy & by Player 1 would, due to (2.1) morally oblige Player 2 to use the same partition, but,
of course, Player 2 is not interested in; he is more interested in an optimal choice of the partition given that
chosen by Player 1.
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Let us conclude by giving an example which shows that the conditions (5.6) and (5.7) (or, equivalently, Isaacs
condition) are necessary for Theorem 5.14, even for the games with symmetric information.

Example 5.16. We assume U = V = [-1,1], [ = J = 1, g(x) = z, f(z,u,v) = |u — v|?. For any given
(t,x) € [0,T] x R, the dynamic is of the form

S
XDowr = g —l—/ lus — vs|?ds, s € [t,T], x € R, (u,v) € Uy X Vi1,
t

and the pay-off is given by
Hsm0, ) = B [g (x57] = B [xgmed].

Let (u,v) € Up,r X Vi1 be such that a(v) = u and B(u) = v. Then,

T
/ |, — vr|2dr1 : (5.35)
t

For x € R, (u,v) € U x V and p € R, the Hamiltonian function is of the form H(x,u,v,p) = |u — v|*p. Let us
put

J(t,2,0,8) =x+ E

H*(x,p) £ inf sup H(z,u,v,p) = inf (14 |ul)’p* =p*;
v

H™ (x,p) = sup inf H(x,u,v,p) = sup (— (1+ |’U|)2p_) =—p.
veV uel veV

Obviously, for any p # 0, H (z,p) = —p~ < pT = HT(x,p), i.e., Isaacs condition does not hold. For
the measure-valued controls u € P(U),v € P(V) and (x,p) € R?, the Hamiltonian function takes the form
H(x,p,v,p) = [;; [, lu—v[*pr(dv)p(du), and we put again

HY(z,p)= inf sup H(z,p,v,p); H (z,p)= sup inf H(x,p,v,p).
(.7) rePU) veP(V) (. p ) (=) vep (V) nePU) (=, )

Then obviously H(z,p) := H"(z,p) = H™ (x,p). Now we compute H ™~ (x,p), first for p > 0, since

H(x,pu,v,p) //|u—v\ pp(du)r(dv) // |v—/ vl/(dv)\z—l—\u—/vvl/(dvﬂ )pp(du)v(dv)
/ v —/ vv(dv) Ppr(dv) = H(x, 07 vu(dv) VD), (5.36)

we have inf,epy H(z, p,v,p) = H(2, 0 w(av): Vs P) = (Jy lv = [, vv(dv)[*v(dv))p. Therefore, H™ (z,p) =
sup,epvy ( [y [v = [, vv(dv)[Pr(dv))p = sup,cp(v (fv v?v(dv) — (f,, vv dv)) )p < p, and for v = (& +0_1)

it attains the maximum value p.

For the case p < 0, H™ (z,p) = _(infyep(v) sup.ep) Ju Jv \u—v|2,u(du)u(dv)(—p)> = —(—p)T = p. Thus,
we get H(z,p) = H™ (2,p) = p.

The corresponding HJI equation is as follows:

V(T,z) = g(x) = x. (5.37)

Notice that V(¢t,z) =x+T —t, ¢t € [0,T],x € R is the solution of this equation.
If both players use the same partition 7, as || — 0, we have due to Theorem 3.14 that W7 (¢,x) and V™ (¢, x)
converge to the value function V (¢, x). Let us now compute

Wt~ 2o (xge ]
( 1.) aeaéllal(t,T)ﬁesl;th) g T
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For Player I we consider the partition 7 = {0 =1ty < t; < ... <ty =T}, t € [txy—1,1r), and we suppose without
loss of generality that t = tx_1 and o, = ag(r), © € [tg—1,tx] (o is independent of (T, _,, but, notice that even
if a; depends on (T, from the first definition of A™(¢,T'), the argument still WOTES).
For Player II, we consider the partition m, = {0 = (tg =)So < S1 < ... < Son(= t1) < Sony1 <
v < Songqon(= ta) < ... < S(l_l)Q'rL+j < ... < S(N_1)2n+2n(: ty) = T}, where S(l_1)2n+j = {1 +
jti —t-1)27™, 0 < j < 27,1 < 1 < N. On the subinterval AL := [S_1)2n4m—1,S1—1)271+m], Player II
uses the strategy 3, = ﬁs(l_1)2n+m((;,’Elfl)zn+mfl,a|[t73(171)2n+m71])r, 1 <m < 2" k <1 < N. Obviously,
Br(u) = o(r, Up_|x,|) is such a strategy, where ¢ : [0,7] x [-1,1] — [~1,1] is a Borel function. Choosing
—8gn(Uy_|r, (), T € [t + |mal, T1,

A .
Br(u) = 0, r€[t.t4 |mnll, we have from equation (5.35)

t4|mn |
J(t, x, o, ) =x+/ EHar\z}dr—l—E
t

T
/ la + sgn(ar_ﬂn)er]
t

+|7Tn‘
T
/ (1+ |ap|)2dr
t

where Ry, = [ Bay 2ldr— 17! Bllay -+sgn(a, - m, ) Pdr+ B, (Ja +sgn(a, —jr, )2 -l +-sgn(ar) [2)dr]
< |7rn|—|—4|7rn\+4E[ftT | sgn(a,.)—sgn(a, |, |)|dr]. Using the well-known result that lim. ¢ fOT |us—us_c|?ds =0,
for all u € L*([0, 7)), we see that R,, — 0, as n — oo. Thus, with our special choice of 3 € B™ (¢, T) we have

T
=z+FE / | +sgn(a,)*dr| + R, =z + F + Ry, (5.38)
t

T
J(t,z,0,0) =x + E[/ (1+ |ay|)?dr] + Ry, R, — 0,as n — oc. (5.39)
t
On the other hand, for all 8 € B(t,T) £ Up~-B™ (t,T),

J(t,x,a,ﬁ) =z+FE

T
/ |y —ﬁrzdr] <z+FE
¢

T
/ (1+ |ar)2dr] . (5.40)

From (5.39) and (5.40), we see that SUPgeB(t,T) Jt,x,0,0) =+ E [ftT(l + \ar|)2dr} . Consequently,

W7™(t,z) = inf sup  Elg(XE" ) =24 (T —t) = V(t,z). (5.41)
acA™(t,T) BEB(,T)

We assume 7 and 7, are as before. Changing the roles between « and 8 and considering now o« € A™ (¢, T)
and € B™(t,T), we choose a, = B, Ijt4x,|,1)- Then, J(t,z,c, §) = x—i—E[fttHﬂ”l |8, |2dr] —Q—E[ftilm‘ 18- —
Br—r, |2dr], and taking the limit as n — oo, we see that
inf B g (xp77)] =
ae.lAn(t,T) g T *
Consequently,
V™(t,z) = sup inf F {g (Xt’z’o"ﬁﬂ = . 5.42
(t,2) BeB™(t,T) «€A(L,T) r ( )

Let now € > 0. Then, from the definition of A(¢, T) it follows that there is a partition 7 and o € A™(¢,T), s.t.,

W™ (t,x) +e>W(t,z)+e> sup FE {g (X;’I’O"Bﬂ > W™ (t,x) =x+ (T —t). (5.43)
BEB(t,T)
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Hence, W (t,z) = infoc (. 1) SUPsen(,1) E[g(X;’I’O"B)] =2+ (T —t). Asymmetric argument shows

V(tz)= sup inf El|g(X3"")| =2 5.44
() BeB(t,T) € A(t,T) [(T )} (5.44)

This prove that the upper value function W (¢, x) is not necessarily equal to the lower value function V (¢, x) if
we do not consider the conditions (5.6) and (5.7), or equivalently, Isaacs condition.

Acknowledgements. The authors thank the associate editor and the referees for their helpful comments.
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