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UNIFORM OBSERVABILITY ESTIMATES FOR LINEAR WAVES * **

CAMILLE LAURENT! AND MATTHIEU LEAUTAUD?

Abstract. In this article, we give a completely constructive proof of the observability /controllability
of the wave equation on a compact manifold under optimal geometric conditions. This contrasts with
the original proof of Bardos-Lebeau—-Rauch [C. Bardos, G. Lebeau and J. Rauch, SIAM J. Control
Optim. 30 (1992) 1024-1065], which contains two non-constructive arguments. Our method is based
on the Dehman-Lebeau [B. Dehman and G. Lebeau, SIAM J. Control Optim. 48 (2009) 521-550]
Egorov approach to treat the high-frequencies, and the optimal unique continuation stability result of
the authors [C. Laurent and M. Léautaud. Preprint arXiv:1506.04254 (2015)] for the low-frequencies.
As an application, we first give estimates of the blowup of the observability constant when the time
tends to the limit geometric control time (for wave equations with possibly lower order terms). Second,
we provide (on manifolds with or without boundary) with an explicit dependence of the observability
constant with respect to the addition of a bounded potential to the equation.
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1. INTRODUCTION

1.1. Motivation

This article is devoted to control and observation issues for the wave equation on a n-dimensional compact
Riemannian manifold (M, g) with or without boundary dM. Denoting by A the nonpositive Laplace-Beltrami
operator on M and by L the selfadjoint operator —A on L?(M) with Dirichlet boundary conditions, the general
controllability problem in time 7" > 0 is whether, for each data (up,u1) one can find a control function f such
that the solution u to

O?u+ Lu = b, f

(1.1)
(u(0), 9u(0)) = (uo, u1)

Keywords and phrases. Wave equation, observability, controllability, geometric control conditions, uniform estimates.

* The first author is partially supported by the Agence Nationale de la Recherche under grants EMAQS ANR-2011-BS01-017-0
and IPROBLEMS ANR-13-J501-0006.

** The second author is partially supported by the Agence Nationale de la Recherche under grant GERASIC ANR-13-BS01-
0007-01.

LI CNRS UMR 7598 and UPMC Univ Paris 06, Laboratoire Jacques-Louis Lions, 75005 Paris, France. laurent@ann. jussieu.fr

2 Université Paris Diderot, Institut de Mathématiques de Jussieu-Paris Rive Gauche, UMR 7586, Batiment Sophie Germain,
75205 Paris cedex 13, France. leautaud@math.univ-paris-diderot.fr

Article published by EDP Sciences © EDP Sciences, SMAI 2016


http://dx.doi.org/10.1051/cocv/2016046
http://www.esaim-cocv.org
http://arxiv.org/abs/1506.04254
http://www.edpsciences.org

1098 C. LAURENT AND M. LEAUTAUD

satisfies (u(T),0u(T)) = (0,0) (or, equivalently, any given state). In this equation the control f acts on the
state u only in the set w := {b, # 0} where b, is, say, a continuous function. A classical functional analysis
argument [12] reduces this existence problem to that of finding (for the same time 7' > 0) a constant Cops > 0,
such that all solutions to

v+ L*v =0
(1.2)

(v(0), 9¢v(0)) = (vo,v1)

with (vg,v1) € HY(M) x L?(M) satisfy the so called observability inequality

T
1
Cobs / 1000 (®) s ayt = E1vo,01) = 5 (Ilvollrs oy + o3z ) - (1.3)

Such an estimate translates that the full energy of the state v (which is preserved through time) may be recovered
from the sole observation on the (possibly small) set w during the time interval (0,T).
Not only the controllability problem and the observability problem are equivalent, but also, in case (1.3)

holds, the constant Cfbs bounds the norm of the control operator (ug,u;) — f mapping to the data to be
controlled the associated optimal control function f (in appropriate spaces).

A first natural attempt at proving the energy inequality (1.3) in dimension n > 2 consists in multiplying (1.2)
by 9w, where 91 is an appropriate first order differential operator, and perform integrations by parts. Such
“multiplier methods” have been developed in a large number of situations, leading to (1.3) under strong geomet-
ric conditions on (w,T) (see Refs. [22,28]): basically, in the case where M is an open subset of R™, given a point
xo € R", it is required that w contains a neighborhood of the points x of the boundary where (z —x¢)-n(z) > 0,
n being the outgoing normal to OM and that T' > 2sup,¢,, |€ — zo| (the multiplier is 9 = (z — x¢) - 0z).

Another constructive proof uses global Carleman estimates (see e.g. [3,13], which amount to prove positivity
properties for PPy, where Py = e™¥ (02 + L*)e” ™ is a conjugated operator. Here, 7 is a large parameter and v
an appropriately chosen weight function. Unfortunately, global weights ¢ that give rise to positivity of P} Py
require that (w,T’) satisfy similar conditions as those coming from multiplier methods.

The advantage of these two direct computational methods is that the proofs are constructive and provide with
effective bounds, that are uniform with respect to parameters. However, though very effective, they present an
important drawback: they require very strong and inappropriate geometric conditions (see [32] for a geometric
discussion on multiplier methods). Indeed, they do not capture the main features of wave propagation, stating
roughly that most of the energy should travel along rays of geometric optics.

The complete characterization of (w, T') for which the observability inequality (1.3) holds was achieved in [1,2]:
observability holds if and only if the Geometric Control Condition (GCC) does: every ray of geometric optics
enters w in the time interval (0,7") (see also [5] for the “only if” part). The proof of [1,2] is based on a
compactness-uniqueness argument and splits into two parts:

(1) Proving a relaxed observability inequality
T
Q:/ wa’l}(t)||§{1(M)dt Z 51(’00,1)1) - Q:/(gﬂ()(’vo,l)l), (14)
0

where &(vg,v1) = % (”’U()H%Q(M) + HU1||§{,1(M)) is a weaker energy of the data (or, equivalently, of the
state). This estimate translates the high-frequency behavior, and relies on the propagation of singularities
for the wave equation (see Cor. 2.6 and Lem. 2.7 for a justification of the terminology “high-frequency”).
That (w,T) should satisfy GCC is used in this step.

(2) Getting rid of the additional term &y(vo, v1) in (1.4). This step relies on unique continuation properties and
requires less on (w,T).
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Both parts of the proof rely on the understanding of two fondamental properties of the wave equation: (1) propa-
gation of high-frequencies along the rays of geometric optics, and (2) “propagation” of low-frequencies according
to the tunnel effect.

In the original proof [1,2], Step (1) relies on a closed graph theorem and the propagation of wave front sets. A
variant of this proof, proposed by Lebeau [25], relies instead on a contradiction argument and the propagation
of microlocal defect measures of Gérard and Tartar [16,47].

After reductio ad absurdum, Step (2) is then equivalent to proving that any solution of (1.2) vanishing on
the set (0,7) X w vanishes everywhere. This step can be performed using a global unique continuation results
for waves: the global version of the Holmgren theorem, as proved by John [21] in the analytic setting, or by
Tataru, Robbiano-Zuily and Hérmander in [20,42,48] in the general case. At the time [1,2] were written, this
general unique continuation theorem for waves (under optimal geometric conditions) was not known in the
non-analytic case. Bardos—Lebeau—Rauch managed to bypass this argument by using strongly estimate (1.4)
and studying the set of invisible solutions, which then reduces the problem to a classical unique continuation
result for eigenfunctions of L*.

It is clear from this brief discussion that both steps are highly non constructive, so that the full proof may
not seem well-suited for tracking the dependence/robustness of the observability constant €5 with respect to
parameters (e.g. w.r.t. the observation time T, lower order terms added in the operator L, ...).

The aim of this paper is to provide with a constructive proof under optimal geometric conditions. For this,
we explain:

e how to replace Step (2) above by the optimal unique continuation estimates obtained by the authors in [23];
e on a compact manifold without boundary, how to replace step (1) using the analysis of Dehman and
Lebeau [10].

We illustrate the interest of this approach by keeping track of some parameters in the analysis. Firstly, we
give bounds on the blowup of the observability constant €,,s as a function of the observation time 7" when it
goes to the limit control time associated to the open set w, namely T — Tgcc(w)™. Secondly, we provide with
an explicit bound of the dependence of the observability constant €,,s when adding to the equation a potential,
i.e. taking L = —A+ ¢(x) in (1.1)—(1.2).

We also hope that the method we develop here might be used for other purposes (e.g. inverse problems, data
assimilation, big data, ...) where getting uniform estimates might be of importance.

1.2. Main results

Before stating our results, let us recall some geometric definitions needed to formulate them (see also
Appendix B). For B C M, we define “the largest distance from E to a point in M” by

L(M, E) := sup dist(z, E). (1.5)
reM
We shall also use the notation
Tuvc(E) =2L(M, E), (1.6)

which, in case E is open, is the minimal time of unique continuation for the wave equation from the set F
(see [21] in the analytic setting or [20,42,48] in the general case). In turn, it also provides the optimal time of
approximate controllability from the open set E.

Assume for a while that M = (). According to [2,38], given an open set w and a time T > 0, we say (w,T)
satisfies GCC if

for any p € S*M, there exists ¢t € (0,7T) so that w(v:(p)) € w,
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where, ¢, is the geodesic flow on S*M and 7 the canonical projection S*M — M (see Appendix B). We also
say that w satisfies GCC if there is a time 7' > 0 such that (w,T’) does. If w satisfies GCC, then we may define
the minimal control time associated to w by

Tecc(w) = nf{T > 0, (w,T) satisfies GCC}. (1.7)
We also have

Teoo(w) = sup{length(I"), I geodesic curve on M with I'Nw = 0}
= inf{T > 0 such that any geodesic curve I" with length(I") > T satisfies I' Nw # 0}.

It can be proved that Taoc(w) > Tyc(w) (a proof is given in Appendix B Lemma B.4). Given a continuous
function b,,, we also define the constant

T
— 3 2
8= win, [ omoipa, (L8)

which is the smallest average of the function b along geodesics of length 7. With this definition, we also have
Teoo(w) =nf{T > 0,R(T) > 0} = sup{T > 0, &(T) = 0}, with w := {b, # 0}.

In the case M # (), one may also define a (continuous) “broken” geodesic flow on the appropriate phase
space (see [2]), and the above definitions still allow to express that (w,T) satisfies GCC. When considering the
boundary observation/control problem, we need the following definition [2]: given I' C M and T > 0, we say
that (I, T) satisfy the Geometric Control Condition GCCy if every generalized geodesic (i.e. ray of geometric
optics) traveling at speed one in M meets I" on a non-diffractive point in a time ¢ € (0, 7).

As already mentioned, we present here two different types of results: first, we estimate €, as a function
of time T when T — Tgcc(w), and second, we estimate €,s as a function of the potential ¢(x), when taking
L=—-A+c¢(z)in (1.1) and (1.2).

Our first results concern, in the case M = (), the behaviour of the constant €,5(7T) as a function of the
observation time T when the latter is close to Taoo(w). We first prove that the observability estimate (1.3)
always fails for the critical time T' = Tgoc(w), and give an explicit blowup rate when T — Tgeoc(w)™. In all
what follows, we assume that b, € €°°(M) (or, at least €*(M) for some large k).

Theorem 1.1. Assume that OM = () and (1.3) holds for all solutions of (1.2) with L = —A+1. Then, K(T) > 0
(i.e. (w,T) satisfies GCC) and we have Cops(T) > RK(T) L, where K(T) is defined in (1.8).

That is to say that the observability constant €,ps(7") blows up at least like &(T)~! as T — Tgeco(w) ™.
We also obtain an upper bound on this blowup rate. Namely, we shall prove the following uniform observability
estimate.

Theorem 1.2 (Uniform observation theorem). Assume that OM = (), w = {b, # 0} satisfies GCC and that
Tvc(w) < Taee(w). Then, for any Ty > Taoc(w), there exist C,k > 0 such that for any T € (Taoc(w), Th],
any (vo,v1) € HY(M) x L2(M) and v associated solution of (1.2) with L = —A + 1, we have

T
81 (v0, 01) < Ce(T)” / 1Bu0(8) 1201 arydt,
0

where R(T) is defined in (1.8).
Summing up Theorems 1.1 and 1.2, we have proved that, for T' > Tgoc(w), we have

-1

R(T) ™" < Cop(T) < Ce N
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where the upper bound requires the assumption Ty ¢ (w) < Taoco(w). Note also that, as an intermediate step of
the proof of Theorem 1.2, we obtain the following high frequency estimate:

T
/ 10t (127 arydt > R(T)E (09, 01) — Coh oo, 01),
0

uniformly for 7" bounded, where 2& j5(vo, v1) = [[vol|31/> + [[v1l|3,_1/>. See Proposition 2.5. This is very close

to estimate (1.4) with an explicit constant in front of the energy norm. This, together with Theorem 1.1,
stresses the fact that £(T)~! is the optimal observability constant for high frequency data. See Corollary 2.6
and Lemma 2.7 for a discussion on this topic.

Using the classical duality argument [8,12,28], we deduce from Theorem 1.2 the following uniform control
result.

Corollary 1.3 (Uniform control theorem). Under the assumptions of Theorem 1.2, for any Ty > Taoc(w),
there exist C,k > 0 such that for any T € (Tgoc(w),Th], any (ug,u1) € L?*(M) x H=Y(M), there eists
feL?0,T; H-Y(M)) with
-1
117 200,7, -2 (aryy < €™ G (wo, w),
(where R(T') is defined in (1.8)) such that the associated solution u of (1.1) satisfies (u(T), Opu(T')) = (0,0).

Note that from this result and a commutator argument (see [10,14]) one may deduce a similar bound on the
norm of the control in L?(0,T; H*~Y(M)) for data in H*(M) x H*~Y(M).

In dimension n > 2, the condition Tyc(w) < Teoc(w) is not very restrictive (and, in particular, is certainly
generic with respect to the set w or the metric g). Indeed, we prove in Section B.2 that Tyc(w) = Taeoco(w)
implies a very specific geometric situation. Roughly speaking, it shows that close to the points where the
maximum of dist(z,w) is reached, M \ w is a closed geodesic ball of radius Tyc(w)/2. A precise statement is
given in Lemma B.6.

The estimation of the cost of fast control has already been investigated in several situations: in finite dimen-
sion [45], in different situations for the Schrodinger equation [30, 34, 35], for the heat equation [30,33], for the
Stokes equation [6].

In all these cases, the equations under study are controllable in any time 7" > 0 and the question is about
to estimating how the observability constant blows up as 7' — 07. We are not aware of any such results in the
case of the wave equation in dimension n > 2, for which a minimal time is required to have observability. The
case n = 1 (to which Thm. 1.2 above does not apply) has been recently investigated in [17]. The authors give an
explicit expression of the observability constant with respect to several parameters. In turn, they provide with
upper bounds of the cost as a power of T — T (which, in this context, is closely related to &(T)). This power
seems different from —1, but rather —6 (using [17], Thm. 2 with v = (T — Tecc)/8 and n = (T — Taec)/32).

Note that short time estimates of the control cost for the heat equation are also known to imply uniform
estimates of the control for a transport-diffusion equation in the vanishing viscosity limit, see [29]. This problem
was originally studied by Coron and Guerrero in [7]. In this context, a minimal time also appears to obtain
uniform observability. The question of getting uniform observability in the natural time related to the transport
equation remains open.

The above results are particularly simple to write and prove in the case of the Klein—-Gordon equation
L = —A + 1. However, they generalize (with some technicalities, but no additional conceptual difficulty) to
wave equations with lower order terms. In that context, we wish to consider the control problem (1.1) in case
the operator L is a general time-dependent perturbation of —A, defined by

Lu(t,z) = —Au(t,x) + bo(t, ) Opu(t, x) + (du(t, x), b1 (t, z))s + c(t, v)u(t, z), (1.9)

where by and ¢ are smooth functions on R x M and by is a smooth time dependent vector field on M. Note that
we may equivalently rewrite (du(z),b1(x))s = g-(Vu(z),b1(x)) (see Appendix B for notations).
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The adjoint observation problem is (1.2) with
L*v(t,x) = —Av(t,x) — bo(t, x)0pv(t, z) — (dv(t, x), b1 (t, x))s + (¢ — 4o — div(by)) v(t, z), (1.10)

and if u is a smooth solution to (1.1)—(1.9) and v a smooth solution to (1.2)—(1.10), we have the duality identity

T
T
[(@U’U)L?(M) - (uvatU)LQ(M) + (bouvv)L"’(M)]o = / (fs bwU)LQ(M)dt
0

In this general setting, we obtain the same results as in the case L = L* = —A + 1, with an analyticity
assumption with respect to time on the coefficients, and where £(T") has to be appropriately modified.

Theorem 1.4. Assume that the coefficients of by, ¢ and by are smooth and depend analytically on the variable t.
Then, the analogues of Theorems 1.1 and 1.2 hold for equation (1.2) with L* given by (1.10) and

— min ot
R(T) = pé%IPMgT(p)v (1.11)

where, denoting by (x(s),£(s)) = ps(xo0,&0), we have

T t
g4 (w0, &0) = /0 b2 (x(t)) exp (/0 Re(bo)(, z(T)) + <ﬁ,f{e(b1)(7,x(7))> dT) dt.
x\(T I(T)

In fact, the analogue of Theorem 1.1 (lower bound) does not require the analyticity in time of the coefficients.
Analyticity in time (on the time interval [0,T}], where T is given in the statement of Thm. 1.2) is however
strongly used in the proof of the analogue of Theorem 1.2 (upper bound) which relies on the unique continuation
argument of [20, 23,42, 48]. Note that this result would be the same if we replaced the observation equation
O?v + L*v = 0 by 0?v + Lv = 0. Indeed, the symbol g} (x, &) (and thus the constant &(7')) only depends on
Re(bg) and Re(b1). Remark that the damped wave equation corresponds to the case ¢ = 0,b; = 0 and by real
valued (see also Rem. 2.13 below).

Let us now consider the problem of obtaining a uniform observability constant €5 for perturbations of —A
by a potential ¢ € L*°(M). Here, we no longer assume that M has no boundary, and our result work for
boundary observation as well. In this setting, Dehman-Ervedoza [9] proved that the constant €,,s remains
uniformly bounded for ||¢||~ bounded. The purpose of the following results is to establish an explicit bound.
We have a rough result for general potentials, and a refined one in case ¢ € L (M), where

LY (M) = {c € L=(M;R), 0llullZ2ap < / |Vu|? + clul?, for all u € H&(M)} , ford>0. (1.12)
M

Remark that functions in L§°(M) are real-valued. In case OM = (), H} (M) stands for H'(M).

Theorem 1.5. Assume that (w,T) satisfies GCC, resp. that (I, T) satisfies GCCy. Then, for any ¢ € L>® (M),
any Vo = (vo,v1) € HY (M) x L3(M), and associated solution v of

020 — Av + c(x)v = 0,
vlop =0, if OM # 0D (1.13)
(v(0),9¢v(0)) = (vo, v1),

we have the estimates

T
Cone / o) 0y dt > & (Va), (1.14)
0
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resp.,

T
Cone [ 10003yt > 51(V0) (1.15)
0

with Cops = Cops(||c]| L) where €ops(r) = C explexp(C/T)).
Ifc € L°(M), 6 > 0, then Cops = Cops (3, ||c]|poe) with €ops(5,7) = Cexp(C(1 4+ 67/2)r) (where the constant
C > 0 does not depend on 0,7).

Even the refined estimate in the case ¢ € L§°(M) does not reach the general conjecture of Duyckaerts—Zhang-
Zuazua [13], being that €u,(r) should be of the form Cexp(Cr3) for all ¢ € L*(M) in dimension n > 2.
However, whereas the C'exp(Cr3) bound is proved (even for time dependent potentials ¢ € L°((0,T) x M))
in [13] in case (w,T) satisfy a mutliplier-type condition, to our knowledge, Theorem 1.5 is the first explicit
bound under the sole GCC condition. We also refer to [53] for the dependence w.r.t. potentials in dimension
one.

As can be seen in the proof, the loss with respect to the expected exponent is probably due to the rough
energy estimates we perform and the use of the high and low-frequency results as black boxes.

Note finally that the uniform observability estimate (without explicit bounds) for potentials lying in bounded
set of LP(M), p > d is proved in [14]. A modification of the rough argument in the general case should probably
allow to give an explicit bound for potentials ¢ € LY(M), for the unique continuation estimate of [23] also holds
for such potentials (using the rough Sobolev estimate ||cul|p2 < ||c||pa||w]/ g1 in the proofs of that reference).

1.3. Idea of the proof and plan of the article

All proofs of the present paper rely on the optimal quantitative unique continuation results proved by the
authors in [23]. To explain the spirit of the proof, let us formulate a typical instance of this result (see [23],
Thm. 1.1) in the case OM = () and L = L* = —A + 1 (the case of Dirichlet boundary conditions may also be
considered).

Theorem 1.6 (Quantitative unique continuation for waves). For any nonempty open subset wy of M and any
T > Tyc(wo), there exist C,k,po > 0 such that for any (vo,v1) € HY(M) x L?*(M) and associated solution
v € CY0,T; HY(M)) of (1.2), for any pu > po, we have

p 1
1o, vllaanyxr-1any < €™ 0l Lao i wayy + 7 1005 vl a2y - (1.16)

In the analytic setting, this result is a global quantitative version of the Holmgren theorem and can be proved
with the theory developed by Lebeau in [24]. In the C'* case, the qualitative unique continuation result in
optimal time was proved by Tataru [48] (see also [20,42,50] for more general operators). This followed a series
of papers: [26,37] in infinite time, and then [19,39]. Concerning quantitative results, Robbiano [40] first proved
inequality (1.6) for T sufficiently large and Ce"* replaced by Ce"*”. This was improved by Phung [36] to
Cge”“HE, still in large time. In [49], Tataru suggested a strategy to obtain Cge“”HE in optimal time (in domains
without boundaries). At the same time we proved the above Theorem 1.6 (in a more general framework than
the above statement, see [23], Thm. 1.1), Bosi, Kurylev and Lassas [4] obtained C’Ee’“‘HE, still in domains
without boundaries (but with constants uniform with respect to the operators involved, for applications to
inverse problems). We refer to the introduction of [23] for a more detailed discussion on this issue. One of the
motivations for Theorem 1.6 is that it provides the cost of approximate controls for waves (see [23,40]).

One of the advantages of this result is that it is proved via Carleman estimates and hence furnishes computable
constants. In particular, a uniform version with respect to lower order terms is also furnished in [23], which we
shall use for the proof of Theorem 1.5.
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With this in hand, the starting point of this paper is a proof of the full observability estimate (1.3) from the
high-frequency one (1.4) and (1.16). This is the following very basic observation: plugging (1.16) in (1.4) yields,
for all u > po,

2¢/
(1— M_> &1(vo,v1) < €/ [[bov( )||H1(1\/[)dt""2¢/02 %H/ lo(t )”Hl )dt'

Taking also & > v/2¢/, this eventually proves (1.3) with €ops =~ € + @/026%\/@’ provided that Wy C w and
Tuc(wo) < Teoo(w) (which we may always assume, see Appendix B.2). This directly provides a quantita-
tive treatment of Step (2): passing from the relaxed observability inequality (1.4) to the full observability
inequality (1.3).

On a compact manifold without boundary, we also explain how to prove (1.4) in a constructive way. This
follows the spirit of the paper by Dehman and Lebeau [10]. We write the observation as

T
/0 10w (®) 2yt = G2V, Vo), Vo = (v, 1),

where ¢ is the Gramian operator of the control problem. As in [10] we prove essentially that ¥r is a pseudod-
ifferential operator of order zero with principal symbol oo(¥r) = fo b2 o7 o p(p)dt. We have oo(%r) > K(T)
uniformly on S*M; the use of the Sharp Garding inequality then proves that (GrVo, Vo) > ﬁ( )61(Vp), modulo
lower order terms CéEO(VO) which (if R(T") > 0) is exactly (1.4) with € = m and ¢/ = T)

The plan of the paper is the following. Section 2 is devoted to the study of the limit T — Tgeo(w)™. In
Section 2.1, we introduce some notation used throughout the paper. Then, in Section 2.2 we perform the high-
frequency analysis of a model case, namely the Klein—Gordon equation, corresponding to L = L* = —A+1 (and
prove in particular Thm. 1.1). In this case, the proofs are simpler to write, so we chose to expose it separately.
Then, we conclude in this case the proof of Theorem 1.2 in Section 2.3. Finally, we consider the general case
of Theorem 1.4 in Section 2.4. Only the high-frequency analysis needs care, for the low-frequency analysis is
exactly that of Section 2.3.

Then, in Section 3, we consider the problem of uniform observation with respect to potentials. We first prove
the refined low-frequency estimates in this case in Section 3.1. Second, we conclude the proof of Theorem 1.5
in Section 3.2, using as a black box the high-frequency estimates of [1,2].

The article ends with two appendices. Appendix A concerns general facts on pseudodifferential calculus. It
contains in particular a proof of a non-autonomous non-selfadjoint Egorov theorem (Appendix A.2), of some
smoothing properties of operators (Appendix A.3) and some uniform calculus estimates on compact manifolds
(Appendix A.4). The second Appendix B is devoted to geometry and contains some elementary properties of
Teco(w) and Tye(w) (Appendix B.2).

2. THE OBSERVABILITY CONSTANT AS T — Tgoco(w)™t

In all this section, OM = . In Sections 2.2 and 2.3, we first prove Theorems 1.1 and 1.2: in these two sections,
the operator L is —A+1. In Section 2.4, we then prove their generalization, namely Theorem 1.4: in that section,
L has the general form given in (1.10). The reason why the analysis is simpler in the Klein-Gordon case is that
we have the exact factorization formula, for A = (—A 4 1)2,

0 — A+ 1=0}+ A% = (0, —iN)(0; +iA). (2.1)

Of course, this formula is not needed (as shown in Sect. 2.4) but it gives rise to several simplifications. We refer
to Remark 2.11 concerning the use of an exact square root of —A + 1.
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2.1. Preliminaries

We denote by (e;);en a Hilbert basis of eigenfunctions of the Laplace-Beltrami operator, associated to the
eigenvalues (#;)jen. In particular, we have e; € €°°(M), —Ae; = kjej, k; > 0, and (ej, ex) L2(ar) = -
For s € R, we shall often use the operator A° = (—A +1)2 : €°°(M) — €°>°(M), defined spectrally by

Asf:Z(lﬂ?j—|—1)%(f,€j)L2(M)€j, s € R.
JEN

By duality, it may be extended as an operator A* : Z'(M) — 2'(M). We define the Sobolev spaces
H¥(M)={f€2' (M), A°f € L* (M)}, s€ER,
and associated inner products
(F,9m=n = (A, A°9) 2y, ((f1, f2), (91792)))H5(M)XH0(M) = (f1,90) 5 (ar) + (f2, 92) 5o (015

and norms

10 ary = 1A% 1 2arys (RS P 0 (ary e ary = 1l oy + 12l T - (2.2)

We also sometimes write H*(M;C?) = H*(M) x H*(M). On any H?(M), o € R, the operator A° is an
unbounded selfadjoint operator with domain H+*(M). In particular, A* is an isomorphism from H°**(M)
onto H? (M).

Let us also recall that, given an open set £2 C M, we may define the local H'-norm on {2 by

lolZ ) = /Q Vo2 + [v2de,  with [Vol*(x) = g.(Vo(a), Vo(a)),

which, in case 2 = M, is equal to the global H'-norm defined by (2.2).
We shall also use the energy-spaces H*(M) = H*(M) x H*~1(M) associated to the energy norms

1
1o, vOFes (ary = lvollzrs + llorllFremas  Eslvo,v1) := §||(U07U1)H$-LS(M)'
According to [44] (or [46], Thm. 11.2), we have

A% e W;hg(M)’ with US(AS)('Tag) = /\@(%5) - ‘§|;c’ (l‘,f) eT*M \ 0,
where all notations are defined in Appendix B. We denote by (eiim)
generated by +iA.

We denote by ¢; = ¢ (both notations will be used) the hamiltonian flow of A(x,&) = ||, on T*M \ 0,
and ¢, that of —A. They are linked by ¢, = goft, according to Lemma B.2, but is is convenient to keep two
different notations.

We conclude this notation section with the following definition.

ter the group of operators acting on H*(M)

Definition 2.1. Assume we are given I =77 x ... xZy a product of intervals of R (possibly reduced to a single
interval) and S an application from I with value in the set of bounded linear operators acting from a Banach
space By to another one By. We shall say that S € B(I; L(By; Ba)) if

(1) there exists C' > 0 such that [|S(t)ul|z, < C ||lufp, for any u € By and t € I;
(2) for any j € {1,,...,N} and any (t1,‘..,tjfl,tj+1,‘..,tN) €Iy X ... ><ij1 XIj+1 X ... X Ipn, the map
t; — S(t1,...,tn)uis in €°(Z;; By) for any u € Bj.

Similarly, we write S € Bioc(I; L(B1; Ba)) if this estimate is satisfied on any compact set of I.
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In the applications, we always have I C R or [ = Z x 7 with Z an interval of R, in particular when studying
the solution operator associated to a strictly hyperbolic Cauchy problem, see Appendix A.1.

Note that if S € B(I; L(By; B2)) and T € B(I; L(Bz; Bs)), then we have T'S € B(I; L(By; B3)).

Note also that the space B(I; L(B1; B2)) is not included in L*°(I; £L(By; Bz)), for mapsin S € B(I; L(B1; Ba))
are not a priori measurable in the Bochner sense. However, for all w € By and (¢1,...,t5-1,tj4+1,...,tN) €
Ty x...xTj—1 xTj1 x...x Iy fixed, the partial map t; — S(t1,...,tx)u is in €°(Z;; B2) and hence (Bochner)
integrable. With a usual abuse of notation, for T; € Z; (and assume 0 € Z;), we shall write fOTj S(t1,...,tn)dt;
the linear map

T;
un—>/ (S(tl,‘..,tN)u)dtj.
0

Remark then that (t1,...,¢j-1,Tj, tjs1,...,tn) — fOTj S(t1,...,tn)dt; belongs to Bioc(I; L(By; B2)) if S does.
Also, we have €°(I; Uihe(M)) C Bioc(I; L(HT (M); H7~™(M))), according to Corollary A.10.
These facts will be used throughout the section.

2.2. The high-frequency estimate for the Klein—-Gordon equation

In the present case of the Klein—-Gordon equation, that is (1.2) with L* = —A + 1, and in view of the
factorization formula (2.1), we use the following splitting:
Vy =

(vo — i/l_lvl), v_ = (vo + i/l_lvl), (2.3)

N —
N —

so that
vo = U4 + v_, vy = iA(vy — o).

we denote by X' the isomorphism corresponding to the splitting (2.3):
X :H3(M)x H"Y(M) — H*(M) x H*(M)

('UO’UI) = ('UJra'U*)'

1 /1 —iA™?! 1 1
Y= , yl= . (2.4)
2\1 4A71 iAd —iA

Notice that the operator X is (almost) an isometry H*(M) x H*"Y(M) — H*(M) x H*(M). Indeed, if
(v4,v-) = X(vg,v1), we have

that is

||(U07U1)H§{5(M)XH5—1(M) = [Jvy + U—”%IS(M) + v+ — U—”%IS(M) =2 (”U-"-H%{S(M) + ”’U—”%IS(M)) ) (2.5)

that is
047 (ary + 0= ar) = Esvo, v1) = E(E (v, 0-)). (2.6)

According to (2.1), the expression of the solution of System (1.2) is simply
o(t) = ey +e My, (2.7)

We can now recall a result of [10] (in a slightly different context), providing a characterization of the Gramian
operator (in the wave splitting (2.3)).
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Proposition 2.2. Denoting by Vo = (vo,v1) € H¥(M) x H*~Y(M) the initial data for System (1.2), we have

T
It Ol = @V 50) . sy (2.8
where
T efitABeitA efitABefitA ) )
gT:/O itA Boitd  gitA go—itA dt, B = A""buA%bo. (2.9)

Moreover, the operator Gr can be decomposed as Gy = G + R with
Ry € Bioo(RT; L(HT (M;C?); H*TY(M;C?)),  for all 0 € R,

and G € € (RT; o

ong (M C?*2)) has principal symbol

fOT b2 o @, dt 0

€ S0 (T*M,C**?). (2.10)
0 fOT b2 o o dt

phg

oo(Gr) =

Note that the Gramian operator Gy actually depends on the space H*(M) (even not written in the notation).
An interesting fact is that its principal symbol does not depend on s. The result of Proposition 2.2 is essentially
proved in ([10], Sect. 4.1) and we reproduce a proof below for the sake of completeness.

Remark 2.3. Note that the operator B = A~2%b,,A%%b,, is symmetric on H*(M) since

(Bga h)HS(M) = (AS(AilgbwAstw)gaAsh)L2(M) = (bwga bwh)HS(M)a 9, h € HS(M)

Proof of Proposition 2.2. We write XV = (vy,v_), v(t) = e v, +e "4 _ the associated solution, and develop
the inner product

T T
/0 wav(t)qus(M)dt = /O (/1Sbw(em1mr + e My ), A%D, (e vy + e*”Av,))Lz(M) dt (2.11)

T
— / (A72b, A%y, (" vy + e Hy_), (e vy + e_itAv_))HS(M) dt. (2.12)
0

This directly yields the sought form for the operator Gr given by (2.9). The Egorov Theorem A.3 (see also
Rem. A.5) in the Appendix then implies that

fOT e~ A Beitddy 0

_ } = Gr + RY, (2.13)
0 fOT eztABefztAdt

with Gr € <5"0(]RT;![/l‘))hg(M;(C2X2)) has principal symbol given by (2.10) and RS €

Bioc(RT; L(H? (M;C?); HTHL(M;C?)) for all o € R. Finally, Lemma A.6 implies that

T . .
0 e—ztABe—ztAdt
Rp=| . 4 s , (2.14)
fO eztABeztAdt 0
is also in Bioe(RT; L(H(M); H7TH(M)) for all o € R, which concludes the proof with Ry = R%. + RL. 0

As a first consequence of Proposition 2.2, we deduce a proof of Theorem 1.1.
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Proof of Theorem 1.1. Let pg = (z0, &) € S*M that realizes the minimum in (1.8), that is,

= min / b2 omop(p)dt = /b o7 o ¢(pg)dt. (2.15)

peS*M

Take a local chart (U,, k) of M such that zy € U,. We denote by (yo,n0) the coordinates of pg in this chart.
We choose ¢ € €2°(R™) such that supp(¢)) C x(Uy), and ¢ = 1 in a neighborhoodof yg. Next we define

wk(y) = Cok%eik“"(y)w(y), with o(y) =y -no+i(y — y0)2 and Cy > 0.
Setting now
of = A" € €2°(M), (2.16)

we have vﬁ — 0 in H5(M), limy— HUiHHS(M) = 1 for an appropriate choice of Cy. Moreover, a classical

computation on (w”)zen shows that (v%)yen satisfies

(Av%, U‘]T‘)HS(M) — 09(A)(po), forall Aew, (M). (2.17)

phg

Next, we set v* =0 for all k € N, and V*¥ = X1 (v% v%) € H¥(M) x H*~1(M), so that &(V*) — 1 as k — oo.
Applying now (2.8) to V¥, we have

T
k 2 k k
/O 10ut* )3yt = (GrZVE EVE) e any

where v¥(t) is the solution to System (1.2) with initial data V*. Proposition 2.2 and (2.17) also imply

. k k T k k
kli,n;o (Grzv*, 2V )Hs(M)st(M) = klfgo ((Gr + Rr)XVE, 2V )Hs(M)st(M)

T k k
—khj;o (GrXvh, 2V )Hs(M)st(M)

T
= [ #omoma=S()
0

where we used that Rp is 1-smoothing, that G € ![/ghg(M ) has principal symbol given by (2.10), and the choice
of po in (2.15). Finally using the assumed observability estimate (1.3) with V¥, and taking the limit k¥ — oo
yields

T
Cops (T)R(T) Col)S(T)/ ||bka(t)”%ls(M)dt > £S(Vk) —1
0
This implies €ops(T) > A(T) !, and concludes the proof of Theorem 1.1. O

Remark 2.4. Note that (2.17) translates the fact that the sequence (vff_) keN 1S a pure sequence admitting the
H?-microlocal defect measure 6,—,, in the sense of [16,47]. Similarly, the H°-microlocal defect measure of the

sequence (VF)en is
dpo 0
"“\oo)

As a second consequence of Proposition 2.2, we also obtain the following high-frequency observability
inequality.
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Proposition 2.5. For any Ty > 0, there exists a constant Cy > 0 such that for all T € [0,To], for all Vi =
(vo,v1) € H*(M) x H*"Y(M) and associated solution v of (1.2), we have

T
| Itl0) > ROV = Cotiaja (V) (2.18)

where R(T) is defined by (1.8) and L* = —A+ 1.
Proof of Proposition 2.5. We first write XV = (v4,v_) =V, and use (2.8). We have

(GrV, V)Hs(M;C?) = (GzV, V)HS(M;(C2) + (RrV, V)Hs(M;(C?)' (2.19)
Using that Ry € Bioo(R; L(H*~Y/2(M;C?); H+1/2(M;C?)), we have
(RV.V) yoapieny < IR0V izosnqaren IVl mesisaren) < CrlIVIZoseqarcsy (2.20)

where Cp is bounded on compact time intervals.

Next, according to (2.10), the principal symbol of the operator G — &(T) Id € ¥°, (M;C?*?) is

phg
I 02 0 oy dt — A(T) 0

oo(Gr — R(T)1d) =
o(Gr — R(T)1d) ; 4o st 5D

which is diagonal with nonnegative components since, according to Corollary B.3, we have

= min b o = min b o
pES* M/ wilp pES* M/ wr

Using the Garding inequality of Theorem A.9 gives the existence of C' > 0 such that, for all V € H*(M;C?) all
T € [0, Ty),

(Gr = &) IOV, V) e arsezy = =ClV 3172 (aric2)- (2.21)
Combining (2.19), (2.20) and (2.21) now yields the existence of C' > 0 such that, for all V € H*(M;C?) all

T €10, Ty),
(GrV, V)Hs(M)XHS(M) > R(T)”V”%IS(M;(CZ’) - O”V“?LIS—UQ(M;(C?)'

Recalling (2.6) that ”V”%I”(M;(CQ) = &, (Vo) concludes the proof of (2.18). O

To conclude this section, we explain the terminology “high-frequency observability estimates”. Let first T >
Teoo(w) be fixed and denote by Cp > 0 the associated constant given by Proposition 2.5. We define the
following T-dependent subset of H® by

Hiyp(T) = {Vo e, & (Vo) < %?&(VO)}.

Note that this space is nonlinear. It is however homogeneous in the sense that Vy € H$;n(T) = RV, €
H3p(T). Remark also that H;p(T) = {0} if T < Teeoco(w), since R(T') = 0 in this case. We may now formulate
an immediate corollary of Proposition 2.5, only consisting in a rewriting of that statement for data in H$; - (T),
yielding a full observability inequality.

Corollary 2.6. For all Vo = (vg,v1) € H3p(T) and associated solution v of (1.2), we have

T
[ Wt = S0 (22)
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Finally, the following Lemma states that data spectrally supported at high-frequency (in terms of the spectral
theory of —A) are in H35, z(T). As such, they satisfy the full observability inequality (2.22).

Lemma 2.7. Denoting by

Fp={Vo e M, I1,Vy =0}, with Ic(vo,v1) = | Y (vo.€;)2an€5, Y (v1,€j)r2an€5 | »

Kj<K Kj<K

we have

4Co \?
> —1 F? 3 (T).
K_(ﬁ(T)) = NCHHF( )

When doing this, notice that we compare the typical frequency k% to the blow up of the observation &(T)7!.

2
We recall that (é(%)) — +00.
T—Teee(w)

Proof. If (u,v) € F}, then we have II.(u,v) = 0 so that, with u; = (u,e;)r2(a) and v; = (v,€;)r2(ar), We
obtain

26, 1 (u,v) = D (K +1)*72 |us|* + (5 + 1) 2 oy
Kj>K
< (+1)7F Y (kg + 1) ug? + (5 + 1) oy 2
Kj>K

< (k+1)"228,(u, v).

2
If now Kk +1 > (ég?)) , this directly implies (u,v) € H$ g (T). O

2.3. The full observability estimate

Once the high-frequency observability estimate is proved, it remains to say something on the low-frequencies,
i.e. remove the term &,_1/5(Vp) in the right hand-side of (2.18) for general data (as opposed to the result in
Cor. 2.6). This is based on [23]. We only use the case s = 1 in (2.18) to which [23] is more adapted. As a
corollary of Theorem 1.6 (i.e. [23], Thm. 1.1), we have the following intermediate estimates.

Corollary 2.8. Let wy be an open set of M and fix Ty > Tuc(wo). Then, there exist K, g > 0 such that for
any s € [0,1) there is C > 0 such that for all (vo,v1) € H*(M) and associated solution v € €°(0,T; H*(M))
of (1.2), for any T > Ty and p > /L(l)is, we have

c
H(Uovvl)HHs(M) < CCs(p) ||UHL2(0,T;H1(WO)) + ; ”(UOavl)HHl(M) )

/2

1
with Cy(p) = pT==e**' =" . In particular, for any T > Ty and p > ué , we have

" c
||(”0»UI)||H1/2(M) < Cpe™ ||”||L2(0,T;H1(wo)) + ; H(”O»UI)Hﬁl(M) : (2.23)

Proof. We denote by Vi = (vg,v1) all along the proof. Using an interpolation estimate and Young inequality,
with > 0, we obtain for C' > 0 (depending on s)

Wollseeiany < CIVollbmtnn Vol ary < € = )10~ [Vallyoany + Con™* [Vllyes ar, -
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Then using (1.16) for T'= Ty > Tyc(wo) yields, for p > o,
Z1/(1—s 1 s
[Vollys(ary < Cn VA=) Co () 1oll 220,017 (o)) T m 1Vollyrary | + Cnt/ Vollper ary

Now, we take 1 such that 775<11*S> = %, implying, for g > po,

R C
”VOHHS(M) < Cpu®Co(p) H””L?(O,To;Hl(wo)) + F ||VOHH1(M) .

Finally, writing ji = =%, there is C > 0 (depending on s) such that for any ji > /L(l)is, we have

_ s 1 C
1Vollysary < CT7 Co(™) [vll 20,70 11 (wo)) T+ 7 Vol cary -

Using that [|v]| 120 711 (wo)) < 101l 220,781 (g)) for all T > To concludes the proof of the corollary. O

We can now conclude the proof of the main theorem in the model case of the Klein-Gordon equation by
combining the high-frequency estimate (2.18) and the low-frequency estimate (2.23).

Proof of the observability Theorem 1.2. First, according to Lemma B.8 and the assumption Ty (w) < Taoo(w),
there is an open subset wy of M such that

Wo Cw, and Tyc(wo) < Taoco(w).
We now choose Tj, so that we have
0 < Tyc(w) < Tvc(wo) < To < Tooc(w) < Ty
(note that the assumption Tye(w) < Taeeo(w) implies Taeeo(w) > 0 and hence w # M and hence Ty (wo) >
Tyc(w) > 0).

The high-frequency estimate (2.18) for s = 1, yields the existence of Cy > 0 such that for all T € [0,T1],
Vo = (vo,v1), and associated solution v € €°(0,T; H*(M)) of (1.2), we have

T
/O b ()11 (arydt > R(T)EL(Vo) — Coé1ya (Vo). (2.24)

The low-frequency estimate (2.23) (squared) gives the existence of C, k, o > 0, such that one has
2 2kp? g 2 c
612(0) < Ot [ ol dt+ 5 60V0), (225)
0

1
for all u > pé and all T > Tp. Changing p? into u, these last two estimates yield, for any p > po and T' € [Tp, T1]
(the constant C' > 0 may change from line to line, but remains uniform with respect to the parameters 7' and u),

T

T
- 1
/0 1)1 apydt > RT)E (Vo) — C ( / ol o+ ;@Ww) ,

that is

T T
e C
/0 100 (8) 2 ap i + O / |v|§p(w0)dtz(ﬁ(T)—;)mo).
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Assuming now that T > Tgoo(w), we have &(T') > 0, and may choose u = max{;(—%, ,uo} to obtain, for some
k*>0,C>0

A(T)

T T
/ ||bw1}(t)||§{1(M)dt + Ce* max{&(T) ™", p0} / H’UHiIl(wo) dt > & (V). (2.26)
0 0
Note that until this point, we did not use the assumptions on the relative location of the sets wy and w = {b,, # 0}
(except that Ty (wo) < Teoo(w)).
Finally, using that Ty C w = {b,, # 0}, we have |b,| > c;* >0 on wy and 1 = Z—Z on this set, so that

||v\|§,1(w0) = / |V 4 [o|?dz = [ |V(b, buv)|* + |5 buv|?de
wo wo

< [ VB Pl 4 [ (9 0u0)P + ol
wo

wo

<C | V(b)) + bovPde < Cllbuv] T a) -

wo

As a consequence, coming back to (2.26), there is C, ' > 0 such that for all T € (Tgcoc(w), T1], we have
’ -1 T
Ce SO [ Ol andt > 6(V).

which concludes the proof of Theorem 1.2. O

2.4. The high-frequency estimate in the general case

We now consider the general case of the observability problem (1.2)-(1.10) (dual to the controllability prob-
lem (1.1)—(1.9)), and give a proof of Theorem 1.4. We only provide below the high-frequency part of the analysis.
The analogue of Theorem 1.1 (the lower bound) directly follows (and does not require the analyticity of the
coefficients). Concerning the analogue of Theorem 1.2 (the upper bound), its low-frequency part uses ([23],
Thm. 6.1) (instead of Theorem 1.6 which only deals with L* = —A), which requires the coefficients to be ana-
lytic in time. The proof of the full observability estimate from the high-frequency one then follows Section 2.3,
without any modification.

The main purpose of the following subsection is therefore the proof of Proposition 2.14 below, which is the
generalization of Proposition 2.5. As in the Klein—Gordon case, the proof proceeds in several steps:

e Writing the equation as a 2 x 2 system.

e Using a trick due to Taylor to eliminate the anti-diagonal lower order terms, this is the object of
Proposition 2.9.

e Applying an Egorov theorem to get a nice pseudodifferential representation. This is Proposition 2.12.

e Concluding by the Garding inequality.

When performing the high-frequency analysis of this observation problem, it is convenient to recast it in a more
general framework. More precisely, given a fixed time Ty > 0, we shall study the HUM control operator for the
problem

0?0 — Av+v+ AgDw + Ajv =0, on [0,Tp] x M
(2.27)

(v(0), 81v(0)) = (vo, v1)

(M)), Dy = 2 and Ay € (0, Tp; ¥

where Ag € (0, Ty; ¥, o

phg (M)) have symbols

ag = UO(AO) € %Oo(oaTm Sghg(M))7 ap = Ul(Al) € %00(07710’ Spl)hg(M))
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The main additional difficulty with respect to the model case of Section 2.2 is that we do not have the simple
representation formula (2.7) for the solution.
The equation (1.2)—(1.10) under interest is a particular case of (2.27) with

Ay = —ibg, with ag(t,x, &) = —iby(t, x), (2.28)
Al = _<d ! E>x + (E - at% - le(E)) ) with al(taxag) = —’L<§,E(t,x)>x, (229)

and all (high-frequency) results proved for (2.27) yield a counterpart for (1.2)—(1.10).
We now focus on equation (2.27). For (vo,v1) € H*® x H*™! we recall that there exists a unique solution
v € €00, To; HS(M)) N €0, To; HS~1(M)) to (2.27). We set

v (t) = (Dy + A)v(t), v (t) = (Dy — A)v(t) (2.30)

so that v € €°(0, Ty; HS~1(M)) for (vo,v1) € H® x H*~1. We have

v(t) = %A—l(w(t) — v (1)), Dy(t) = = (v () + v (t)). (2.31)

DN | =

This corresponds to the splitting (vF, v™) = £(v, d,v) with

- (A < 1fAateat
s (A, s () v

Note that this is not exactly the splitting X' introduced in (2.4) but we have

1 10 ~
Yy =-A"" 3.
2 0-1

We could also have performed the analysis in Section 2.2 with b)) , but in the case of the Klein—-Gordon equation,
2] was more convenient to work with in H® x H?.

Then, writing 92 — A+ 1= — (Dt + /1) (Dt — A), equation (2.27) can be recast as a system of two first order
hyperbolic equation in terms of v+, namely

T WY o)
—(Dy+ Ao~ + Ao (v 4 v7) + A (pF ) = 0, '

This is a striclty hyperbolic Cauchy problem ([52], Chap. 7.7) with solution operator . (¢, s). As in the scalar
case (see Cor. A.2), it enjoys the regularity
S (t,s) € B((0,To)* L(H? (M;C?))),
0. (t,8),0:.7(t,s) € B((0,To)% L(H (M;C?); H* ' (M;C?))),

for all o € R. The definition of the operators 0;.7(t, s), 057 (t, s) is given in Corollary A.2 (in the scalar case).
It can be rewritten as

(Dy — Aot — Apot — A_v™ =0,
(2.34)
(Dt + A)’U_ — A+U+ —A_ v = 0,
with L )
A+ - 5(140 + AlA_l), A_ == 5(140 - Al/l_l)7
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both belonging to (0, Tp; Wghg(M)). Note that the equations are only coupled by zero order terms. Again,

this is PV = 0 with V = #(v™,v7) and

—A0 Ay A
P=D,+M—-A, M= . A= . (2.35)
0 A A A

With this splitting in hand, we first have the following high-frequency representation formula for solutions
of (2.27) or (2.34).

Proposition 2.9. We denote by Sy (t,s) the solution operator associated to (0y £ iA — iAy), that is y(s') =
Si(s',s)y(s) if and only if

(0 £iA —iAL(t)y(t) =0, forallte [s,s]. (2.36)
We also define
S+(t, S) 0
S(t, s) = ( . S_(t’8)> . (2.37)

Then the solution operator .7 (t,s) of (2.34) satisfies
L(t,s) =St s)+R(t,s),  (ts)€[0,Tp),
where, for all 0 € R,
Rt,s) € B((0,To)* L(H" (M;C?); HTH(M; C?))), (2.38)
O R(t,s),0,R(t,s) € B((0,Ty)%; L(H (M;C?))). (2.39)

Proof of Proposition 2.9. We use a trick (due to Taylor [51], Sect. 2) to decouple the equations. More precisely,

we look for K € ¢°°(0, To; erhlg(M; C?)) so that the function W = (Id —K)V solves a diagonal system, up to

appropriate remainders (on the variable V). We have on the one hand
(Id+K)W =V — K%V,

and hence

(Id —K)P(Id + K)W = (Id = K)P(V — K*V) = —(Id = K)PK?V = RV, (2.40)
since PV = 0. Moreover, the remainder satisfies R € %!, where

A~ = C(0, To; Wy, (M; C?)) + 60, To; W2 (M;C?)) Dy
is the admissible class of remainders in the present context. On the other hand, we have
(Id-K)PId+K)W = PW + [P, K|W — KPKW, (2.41)

with KPK € #~1. We then remark that [D;, K|W = (D;K)W so that [Dy, K] € €°°(0,To; ¥,

g (M3C2)) C
Z~, and as well [A, K| € Z~'. Hence, if we can find K such that

0 A M,Kle %" 2.42
_A+o+[’]€’ (2.42)
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we will then obtain from (2.40) and (2.41) that W solves
PyW = RiW + RV = RV, (2.43)
with Ry, Ry, R € Z~ ! and, with M defined in (2.35),

Ay 0
Pd:Dt-l-M—Ad, Ay = 0 A .

Now taking (for instance)

ong(M;C?))

Ko 1 0 _A_1A+
A_ATT 0

> € €0, Ty; ¥

realizes (2.42), and we are left to study PyW = RV, R € #~ !, with W = (Id —K)V
With S(t, s) defined in (2.37), equation (2.43) is now solved by

Wit =8 /Stt W (t)dt, Rez™'.

Recalling that W = (Id —K)V and that V(t) = (¢, s)V (s), this yields

V() = S(t,s)V(s) + K(t).S(t,s)V(s) — S(t, s)K (/ St tRE)S (', s)dt) V(s).

This can be rewritten as

with
R(t,s) = K(1).#(1,5) — S(t, ( / SHEVRW)Z (Y, s)dt)
satisfying

R(t,s) € B((0,To)*; L(H? (M;C?); HT(M; C?))),
OR(t,s),0sR(t,s) € B((0,To)* L(H (M;C?))),

for all o € R, according to the respective regularity properties of .7 (t, s), S(t,s) and K(s) (see Appendix A.1
for the regularity properties of S(t, s), .7 (¢, s)). O

Remark 2.10. Note that the decoupling of the two equations is permitted since the difference of the two
eigenvalues of the principal part of the system, namely £, is elliptic. Moreover, we do no have the choice of
the principal symbol of K in this procedure. Also, we could choose K by a classical iterative procedure so that
all remainders are infinitely smoothing, which is not needed here.

Remark 2.11. Note here that we do not need to use that A (the square root of the Laplace operator defined
via spectral theory) is a pseudodifferential operator. Indeed, we could in place of A use any operator E such
that

o B €W, (M) with 01(E)(z,&) = Mz, &) = [¢].
e F is selfadjoint on L?(M),
e F is positive, in the sense that (Eu,u)r>(ar) > CHuH%Q(M
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Then notice that we have —A — E? € &Dlhg(M)7 with principal symbol o;(—A — E?) real since —A — E? is
selfadjoint on L?(M). As a consequence writing equation (2.27) with E? instead of 42 = —A+1 only amounts to
add to A7 a term with real principal symbol. Then, we conclude by remarking that the result of Proposition 2.12
only depends on Im(a1).

Such an operator E is easy to construct using only basic pseudodifferential calculus on M: Start with some A €
![/;hg(M) with o1(A4)(z,£) = A(z,€) (given by any quantification of the symbol A), and set E := 1(A+ A*) + Co
with Cj large enough so that E is positive (use for that the Garding inequality). Then it is clear that E fulfills
all above conditions.

In Section 2.2, it was convenient to take an exact square root A, so that to have the nice exact formula (2.7).
The analysis of the present section shows this is not needed.

The representation formula of Proposition 2.9 together with an appropriate Egorov theorem (Thm. A.3)
allows to express the Gramian control operator as follows.

Proposition 2.12. Denoting by Vo = (vo,v1) € H*(M) x H*"Y(M) the initial data for System (2.27), and
Vo=t (”71 + Avg, 2 — Avo), we have

T
[ IOt = (G050, 56) 1 s s (249

where Gr = Gr + R with Ry € B(O,TO;E(H"(M),H"+1(M;C2))) for all 0 € R, and Gpr €

¢>(0, To,lpghg(M;CQXQ)) has principal symbol
+
1 (97 0
oo(Gr) == i ( T _> € S (T M, C*?),
0 g7
with

T
gr(p) = /0 b2 om0 pF (pe Jo m(eoEaX D(mer (pdrqy,

Remark 2.13. Note that the proof of Proposition 2.12 also allows to recover an analogue of ([25], Lem. 3.1)
which is the crucial step towards the estimate of the optimal exponential decay rate for the damped wave
equation. Namely, for all T > 0, there is a constant C' > 0 such that we have, for all solutions of 92v— Av+bydyv =
0 with real valued by, the following estimates:

&1 (v, 0:0)(T) < exp ( inf / bo(s, z(s > &1 (v, 04v)(0) + Cép(v, 0pv)(0),

(z,£)eS*M

&1(v,0v)(T) > exp ( sup / bo (s, x(s > &1(v, 04v)(0) — Cép(v, 0¢v)(0),

(z.8)esS*M

where z(s) = mo ps(x,£). The proof is very close to that of Proposition 2.12: it follows from the representation
formula of Proposition 2.9, the Egorov Theorem A.3, and the sharp Garding estimate.

Proof of Proposition 2.12. According to (2.31), the unique solution to (2.27) is given by

o(t) = %A—l(zﬁ(t) — o () = LV(8),

where
V() =t (), 0" (), and L::%A‘l(l,—l).
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According to Proposition 2.9, V(t) = (v (¢), v~ (t)) satisfies
V(t) =20V  Z(t,0)=8(t0) +R(t,0), tel0,Ty,

with
Vo= (vg,v5) = X(vo,v1) = (1;—1 + Avg, Ul—l - Avo) € H*71(M;C?),

for (vo,v1) € H*(M) x H*~1(M). Now, we compute

T
/ 1B (0)
0

T
%{s(M)dt :A ||bwLy(taO)VO‘ %IS(M)dt

T
- /0 (L (1.0)" Lhu b LA (1, 0)VO.V0) o

where all adjoints are taken in L2. This implies

T T
/ bt (D) (andt = (GO, V) s gy 97 = / AP0 2(£,0)* Lb, A**b, L (,0)dt.
0 ’ 0

Recalling now the form of .7 (¢,0) = S(¢,0) + R(¢,0) given by Proposition 2.9, we set

T
Gr = / A20=98(t,0)* Lb,A*b, LS(t,0)dt, and Rr = Gr — Gr (2.45)
0

The regularity properties of A20=) .7 (t,0), L, and that of R(t,0) given in (2.38)-(2.39) yield that
Ry € B((0,To); L(H? (M;C?); HTT (M;C?))).

Next, recalling the definition of S(¢,0) in (2.37), we can compute

Si(t,0)*BS4(¢,0) —S4+(t,0)*BS_(t,0
S(t,0)* L, A%b,LS(t,0) = +(607BS(1,0) —85+(5,0)"BS-(t,0) (2.46)
—S_(t,0)*BS4+(t,0) S_(t,0)*BS_(t,0)
with 1
B= Z/rlbw/l%bw/l* e W A (M).
Let us first study the diagonal terms in (2.46). With S (¢,0) defined in (2.36), the Egorov Theorem A.3 yields

the existence of Q+(t) € €>°((0,Tp), !Plf;g_z(M)) and

Re(t) € B((0,Ty), L(H (M), HTH 72070 (M),
dcR(t) € B((0,To), L(H" (M), H7 =1 (M),
for all o € R, such that we have
S4(t,0)*BS+(t,0) — Q+(t) = R.(t), t € (0,Tp).
and the principal symbol of Q4 (¢) is given by

1

T oo g (p)e? IR (R T o2 ((0, 1), S35 (T M),

q:l:(tvp) = » Pphg

where ay = 0g(AL).
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Concerning the anti-diagonal terms in (2.46) when integrated on (0,7"), Lemma A.7 yields
T
/ S4(t,0)*BS%(t,0)dt € B((0,Ty), L(HT (M), H7 1721 (r))).
0

With all these properties in hand, when coming back to (2.45), we may now write Gr = Gr + RY. where
RY. € B((0,Ty), L(H? (M;C?), H7*1(M;C?))) for all 0 € R, and Gr is given by

A20-9 [T Q. (5t 0
Gr = 0 o1 T S (O’T07!pghg(M))7
0 2209 [T Q ()t
and has principal symbol
1 (T2 o7 o) (p)e=2Jo mlan)(mer (p)drqy 0
o0(Gr) = 7 T p2 —(e—2 S Im(a) (7 (M)dr gy |
0 Jo b2 omopy (p)e= o dt
This, together with (2.45) concludes the proof of the proposition. O

As a consequence of Proposition 2.12, we obtain the following high-frequency observability estimate. We use
for this the definition of the constant &(T") associated to (2.27):

T) := mi in gt in gr . 2.4
A(r) = win { min of (o). min 07 7) (2.47)

Proposition 2.14. For any Ty > 0, there exists a constant Co > 0 such that for oll T € [0,To], for all
Vo = (vo,v1) € H¥(M) x H*~Y(M) and associated solution v of (2.27), we have

T
| 10ty > STV = Co 112V, (2.48)
0

where R(T) is defined by (2.47).

Note that in the case of equation (1.2)-(1.10) above, the symbols ag, a; are given by (2.28) and (2.29), so
that in this case, denoting by (x%(s),£%(s)) = pT (20, &), we have

T t +

.

% (w0, &) = / b2 (2% (1)) exp / Re(bo) (7, 2 (7)) £ <f#,Re(b1)(T, xi(T))> dr | dt. (2.49)
0 0 ‘5 (T)|wi(7) £ (1)

The two functions g, and g; in (2.49) are linked by the following lemma, proved in Appendix B.

Lemma 2.15. With g7 and gt given by (2.49) we have g5 o o = gf., where o(x,&) = (x, —£).

According to Lemma 2.15 (together with the fact that o is an involution), we have in this situation
min,e s« a gy (p) = minpes-ar g7 (p). This justifies the definition (1.11) in Theorem 1.4.

Proof of Proposition 2.14. We follow the proof of Proposition 2.5. From Proposition 2.12 and the use of the
uniform Garding estimate of Theorem A.9 (or its corollary), we obtain, uniformly for T' € [0, Ty],

T
| Ittt = (G £6. EV8) s s

> CRDEVolZ s ey — CollEVol 3o aricor-

e

To conclude, we just notice that
=~ U1 U1
IZVollfre—s (aric2) = ||7 + Aol|7e—1 (ary + ||7 — Aol Fre= (ay

= 2|villFe=1 ary + 2lv0llFre (ary = 465(Vo). O
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3. UNIFORM DEPENDENCE WITH RESPECT TO POTENTIALS

In this section, we allow M to have a nonempty boundary M. In fact, we do not perform a high-frequency
analysis but rather use as a black box a known result, for which we refer, e.g., to [2] or [25]. We hence now use
the notation: H! = HE(M) x L?>(M), H* = L?*(M) x H=Y(M) (H~! being the usual dual space of H}), and

8u(u, 0yu) = + (10, Vull? 7
1(u, Opu) 5 10l 220ar) + IVUllZ20ar) + lullZ2ear) ) -

In Section 3.1, we first focus on obaining (from [23]) an explicit dependence of the low frequency estimates
with respect to potentials. We then conclude the proof in Section 3.2.

3.1. The low-frequency estimate

Our starting point is the following result, which is a particular case of ([23], Thm. 6.3) (in which the operator
considered may also contain first order terms).

Theorem 3.1. For any nonempty open subset w of M and any T > L(M,w), there exist ,C, k, ug > 0 such
2
that for any ¢ € L=(M), any u € H'((—=T,T) x M) solving (1.13), we have, for any p > po max{1, ||c|3 .},
C

lell2qeepxnn < O Nl pa i oy + 7 Tl (- rmyxan -
IfOM # 0 and I" s a non empty open subset of OM, for any T > L(M,I), there exist €,C, K, po > 0 such that
for any w € HY((=T,T) x M) solving (1.13), we have
KL C
HuHLQ((—e,s)xM) <Ce Havu||L2((—T,T)><F) + ; HUHHl((—T,T)xM) :

From this result, we may deduce, in case there is no first order terms, the following corollary which is a refined
version of ([23], Thm. 6.1) (in which we replace C' = CoeCollcllz= by € = CheCoVlelli=>)

Corollary 3.2. Under the same assumptions as Theorem 3.1, there exist Cy, Kk, o > 0 such that for any
2
c€ L>®(M), anyu € H'((=T,T) x M) solving (1.13), we have, for any pu > po max{1,||c||?}.
. C
[[(uo, ur)llpgo < Ce™ Null Lo —r )i )y + m [[(uo, u1) [l

resp., in the boundary observation case,
KL c
[[(uo, ur)llpgo < Ce™ |Opul| 2 (g, 1yxry + m [[(uo, u1) [l

with C = CyeCoV el

These estimates will eventually lead to the general bound of the form €,s = Cexp(exp(C HcHlL/j( M))). This
result is a direct consequence of the following energy estimates.

Lemma 3.3. There exists C' > 0 such for any u solution of (1.13), we have
(u(t), Du(t)) |y < CeTl VI (u(s), Bru(s))ll (3.1)
I (t), Oult)) |30 < CeM =V (u(s), Bru(s))ll o - (32)
For any T > 0 there exists C > 0 such that for any u solution of (1.13), we have
CtemCVlielee HU”Hl((_T,T)xM) < [[(uo, u1)|[3n < CeV el ||“HH1((_T,T)XM)> (3:3)

Crem VI Yl o Cpryeary < w0, un) e < CeVINE= Yl oy ay - (3.4)
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The nontrivial part of this Lemma is in the power 1/2 for the size of the potential. Estimates (3.1) and (3.2) are
proved in [13] using a modified energy method (see estimate (2.50) and (2.44) in that reference, see also [53]).
Both estimates in (3.3) and the first part of (3.4) are obtained by integration on (=7, T"). The second estimate
of (3.4) is obtained from (3.3) by a duality argument (see the proof of Theorem 6.1 in [23]). A similar argument
will be performed in the proof of Lemma 3.5.

In the case when c belongs to L§°, the exponential dependence with respect to ¢ in the constant €., can in
fact be improved. We stress the fact that potentials in L$° are real-valued so that —A + ¢ is selfadjoint on L.
If c € L§°, the operator —A + ¢ is nonnegative.

Setting

1
6t 000 = 5 (100l + 190l + [ lul?)
we always have
6. 0,000) = (1-+ )4 (0, 00),

and, if ¢ € L§® with 6 > 0 we also obtain
&1, ) = = (0wu Vull3 7
1(u, Opu) = 5 [0cullz2ary + IVl Z2(ary + el 220y

1 _
< 5 (10, + IVl +07 ([ 190+ clu?) )

< (14071 (u, Opu). (3.5)

A

We have the following elementary Lemma which applies for any ¢ € L§® C L§°, 6 > 0.

Lemma 3.4. Let T > 0. Then, there exists Cr > 0 such that for all ¢ € LS, all (ug,u1) € Hi(M) x L?*(M),
g € LY(0,T; L*(M)) and u associated solution of

O2u — Au+cu = g,
won =0, if OM #0), (3.6)
(u, Opu)i=0 = (uo,u1),

we have the estimate

sup (£(u, 0w) < Cr (Euluo,u) + 913 02,05 0n) ) -
te[0,T

If moreover g =0, then we have &.(u,0pu) = &x(ug,ur) on (0,7).

Proof. Note first that ¢ € L§® ensures that &, is nonnegative. Multiply the equation by 0;@, take real part and
integrate on M to obtain (at least for smooth solutions)

d _
3 (Gelu, Opu)) = /M g9(t, x)0u(t, x) < [|g(t)llL2an 10wt L2(ar)
< lg®llL2(ar) V28w, Opu).
An appropriate Gronwall inequality gives the expected estimate. The case ¢ = 0 comes from the first
identity. O

Now, we prove the following bound by duality.
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Lemma 3.5. For all T,e > 0 there is Ce.r > 0 such that for all § >0, ¢ € L, all (ug,u1) € HY (M) x L?(M),
and all associated solution u € C°(0,T; Hi(M)) N CH(0,T; L?>(M)) of (3.6) with g =0, we have,

1

lull 2~ yxary < (1 + 5 1)zCer lull L2 ((—e ey xa) -
Proof. Define v to be the unique (backward) solution to

02 — A+c)v
VoM
(U,aﬂ])‘t:T = (0,0)

=Uu
=0

By integration by parts, we have

/OT /M fuf? = /OT /M u(@? — A+ c)p = /M 8ru(0)T(0) — /M u(0)9,5(0). (3.7)

But now, take x € C°°([0,T]) with x =1 close to 0 and x = 0 for ¢ € [¢,T]. Define w = x(t)v solution of

(0F — A+ c)w = xu+2x(t)dv + X(t)v =: g =: g1 + g2
wignr =0
(W,atw)\tzo = (Uaatv)|t:07
(wvatw)lt:T = (0,0).

with g1 = yu. We have the estimate

T
2 2
H92||L2((0,T)XM) <C H(”a3tv)||L2([o,T],H1(M)) = 26/0 é1(v, Opv)dt.

Moreover, (3.5) then yields & (v, 9v) < C(1 + 6~ 1)&.(v, Opv) so that

T
923 oy ) < 0/0 (0, 000)dt < OT(+671) sup £(0.00)(0).
€10,

Then, the equation satisfied by v together with Lemma 3.4 give

921172 0.7y xary < CT(L+671) tES[%PT] Eo(0,0p0)(t) < Cr (146" [ullZ2 0.1y xar) -

Since g1 = yu trivially satisfies this estimate, we finally obtain, with g = g1 + g2 (we drop the dependence with
respect to T or €)

2 — 2
191 2¢0,myx 2y £ C(1+6 Y lwllz2(0, 75 a) - (3-8)

The same computation as in (3.7) for w, noticing that the boundary value of w are the same as v, yields the

identity
/OT /M ug = /OT /M w0} — A+ co)w = /M Ay (0)5(0) — /M u(0)8;5(0).

Identifying this right hand-side with that of (3.7), we therefore obtain

[ L[ Lo
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Moreover, since g is supported in [0, €], and using (3.8) we have

/ / fuf? = / / 47 < ull o 0.yan 190 22(0.0rxar)

<C(1+671)3 el L2 jo,e1x 2y 1wl 20,7y 50 -

and therefore [[ullz2 )y = C(1 + §1)2 lullp2((0,eyxar)- Changing u(t) into u(—t) also leads to

lull 2 —r0)xar) < CA+ 612 [wll £2((~c,0)% ary» Which concludes the proof of the lemma. O

With this refined energy estimates (with respect to those of the proof of [23], Thm. 6.2) and using the quantitative
unique continuation result of Theorem 3.1 above, we can then prove the following result.

Corollary 3.6. Let T > L(M,w) (resp.T > L(M,I")). There exist C,k, o > 0 such that for any (uo,u1) €
HY(M) x L3(M), for any § > 0, any ¢ € L§°, and associated solution u of (1.13), we have, with Cs =
C(1+467Y/2), the estimate

. Cs
lollza—zycany < Coo™ o rayeem oy + (o, un)llyes ary + el o -myean) - (39)

resp., the estimate
o Cs
HUHLz((_T,T)xM) < Cse Hal/u||L2 —rryxr) T T 1 (H(uovul)H?—{l(M) + ||CUHL2(( TT)><M)) : (3.10)

2
for all p = po max{1, ||c[| 2}

2
Proof. We start again from the above Theorem 3.1, namely, for all p > pomax{1, ||c||} }, we have

. C
||U\|L2((75,s)xM) < Ce™ ”uHLQ((fT,T);Hl(w)) + ; Hu”Hl((—T,T)xM) :

Lemma 3.5 then gives

Cs
||u||L2((—T,T)><M) < Cse™ HUHL2 —TrTyH (W) T T ||U||H1(( T TYx M) *
Then, using classical hyperbolic energy estimates, viewing cu as a source term, we have
HU||H1((,T’T)XM) < C(||(u07u1)HH1(M) + HCUHL’L’((fT,T)xM))'
Plugging this last estimate into the previous one yields the sought result. O

3.2. The full observability estimate

We now combine the quantitative unique continuation result of Corollary 3.2 (general case) or 3.6 (case
¢ € L§°) with an observability estimate (or a relaxed observability estimate) for the wave equation without
potential (used here as a black box) to prove Theorem 1.5. The following is e.g. given in [1,2].

Theorem 3.7 ([2]). Assumes that (w,T) satisfies GCC, resp.that (I, T) satisfies GCCy. Then, there exist
Co,Cy > 0 such that for any (wo,w1) € HY (M) x L?(M), and associated solution w of

2w — Aw = 0,
wlopr =0,  if OM # 0, (3.11)
(w(0), dw(0)) = (wo, wr),
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we have

T
/ o (8) 2 o dt > Cr i (o wn), (3.12)
0

resp.,

T
/ Hayw(t)H%z(mdt Z C1£1(’U)0,U)1). (313)
0

Remark 3.8. Note that we only need (3.12) and (3.13) under the relaxed form (1.4) (i.e. with a remainder
term of the form Cé&y(wp,wy)). Here, it is stated as in [1,2].

Proof of Theorem 1.5. Both estimates (boundary and internal observation) are proved the same way, so we only
detail e.g. the internal case. We shall however stress when the proof of the boundary observation differs.
With w solution of (3.11) and v solution of (1.13), starting from the same initial data Vo = (vo, v1) = (wo, w1),
we have, setting z = w — v,
02z — Az = c(z)v,

zlopr =0, if OM #£ 0 (3.14)
(Z, 8t2)|t:0 = (0, 0)
Then, the hyperbolic energy estimates for z yield

T
/o 12O 71 )t < Cllzl 0,081 aryy < CllevliTao,my:n2(an)-

In the case of boundary observation, we use instead the so-called “hidden regularity” of the boundary normal
trace for solutions to the wave equation (see for instance [28], Thm. 4.1, p. 44 in the flat case), given by

T
/0 1002012t < CllevlZaomyime (o

Hence, from the observability estimate (3.12), we obtain

T T T
2 / 12(0) 2 oyl + 2 / Jo(t) 2 oyt > / [0 oyt > Cue (Vo).

and hence

T
/0 ||U(t)\|§11(w)dt > Coé1(Vo) — C||CUH%2((0,T);L2(M))~ (3.15)

Next, in the general case ¢ € L*°, we write

1
levllZzo.m)z2an) < llellZellol 2o myz2an) < Cexp(Cllel|Z=)é0(Vo),

according to (3.4). Note then that (w,T') satisfies GCC implies that T > Tyc(w) (resp., that (I,T) satisfies
GCCp implies that T > Ty (I')) as in the boundaryless case (see Rem. B.5). Hence, this estimate, together
with (3.15) and Corollary 3.2, yields

1
Cexp(Cllefl
2

1 T T
C exp(Clle] 2 )e™ / o)1 0t + ) (o) + / IOl oyt > Coi (Vo). (3.16)
0 0
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2
for any p > pomax{l,||c[|7}. This yields the sought result in the general case ¢ € L>, after having taken
1
2 > 22 exp(Cllel| 7 )-
From now on, we consider the case ¢ € L§°. The strategy is slightly different. Considering w the solution
of (3.11) coinciding with v at time ¢t = T'/2 (instead of t = 0), we obtain similarly

T
/0 [0()1 11 (o)At = Cobr(v, 00)(T/2) — Cllevl|Z2 0.2 (ar))- (3.17)

This uses the observability estimate (3.12) together with the fact that w satisfies &1 (w, dyw)(t) < C&1 (w, Opw)(0).
We may now use the quantitative unique continuation result of Corollary 3.6 to get rid of the term
Hcv||2L2((0’T);L2(M)). Corollary 3.6 (applied on the time interval (0,7") instead of (=T, 7)) yields the existence of

2
C, K, o > 0 such that for any ¢ € L*°(M), any v solution of (1.13), and any p > pomax{1, ||c||3}, we have,
with V(T'/2) = (v, 0yv)(T/2),

levlleo,myxan < llellnellvlizzo,1) xa)

Csllefl =
o (

< Csllel[oe™ (vl 20,7y 1 (@) IV(T/2) 31 0y + HC”HL?((O,T)xM)) :

So, for p > 2Cj||¢|| <, we obtain

Csllell=
1

levlLz(o,1)xar) < Csllcl|L-e™ ||UHL2((O,T);H1(w)) + ||V(T/2)||H1(M) :

Plugging this into (3.17) yields
r 1
(V(T/2)) < CFA+ le]lp=)? 62””/ [o() |7 (oydt + F(o‘”i(V(T/?)) :
0

2
We now take p = max{uo, po||c||? w, 2C5¢|| oo, vV2C5(1 + ||c| =)} so that to absorb the last term in the right
handside, and finally obtain

T
£(V(T)2)) < CeCollelli / 0()]20 o -
0

1
Using now e.g. (3.1) implies & (V(0)) < Cel“lZ= & (V(T/2)), which concludes the proof of the theorem. O

APPENDIX A. PSEUDODIFFERENTIAL CALCULUS

A.1. Remainder of classical facts

We define Sg}lg
in the class ST}, (T"R™) behave well with respect to changes of variables, up to symbols in S;'flgl (T*R™) (see [18],
Thm. 18.1.17 and Lem. 18.1.18).

We denote by ![/gflg(M ), the space of polyhomogeneous pseudodifferential operators of order m on M: one

says that A € Wiy (M) if
(1) its kernel K4 € 2'(M x M) is smooth away from the diagonal Ay = {(z,z); x € M};

(2) for every coordinate patch M, C M with coordinates M, > z +— r(z) € M, C R”™ and all ¢y, ¢ € €°(M,)
the map

(T*M), as the set of polyhomogeneous symbols of order m € R on M. We recall that symbols

u— ¢1 (k1) AR (Gou)

is in Op(S™;

phg(T*Rn))'
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For A € ¥, (M), we denote by oy, (A) € ST}, (T M) the principal symbol of A (see [18], Chap. 18.1). Note
that the principal symbol is uniquely defined in S;’}lg(T*M ) because of the polyhomogeneous structure (see
the remark following Def. 18.1.20 in [18]). Also, the map oy, : ¥}, (M) — S5 (T M) is onto (it suffices to
construct a quantization on T*M by means of local charts, see for instance the discussion after Def. 18.1.20
n [18]).

In the main part of the paper, we need to consider pseudodifferential operators acting on M yet depending
upon the parameter ¢ € (0,T) with some smoothness with respect to ¢. Here, we follow [11] for the definitions
and notation. Let k& € N U {oo}, we say that A, € €*((0,T),Op( The (R™ X R™))) if Ay = Op(a;) with

a; € €((0,T),8™ (R™ x R™)). Next we say that A; € €*((0,T),¥™ (M)) if

phg phg
(1) its kernel K4, (x,y) is in €% ((0,T); €“(M x M \ Axr)) for all £ € N;
(2) for every coordinate patch M,, C M with coordinates M, 5 z — k(x) € M,. C R™ and all oo, p1 € €° (Z\NJK)
the map
U — @1 (mfl)*At/{*(gbou)
is in ‘5’“((0, T),0p(S™

ohg (T*R™))).

Let us now recall some basic facts concerning the first order hyperbolic Cauchy problem. The following result
can be adapted from ([18], Chap. XXIII).

Theorem A.1. Let T C R be a compact interval and take o € R. Assume H(t) € €°(Z; y'/ghg( )) has real

principal symbol. Then, there exists C > 0 such that for all f € LY(Z; H°(M)), all s € T and all ug € H° (M),
the Cauchy problem

{&u(t) —iH (t)u(t) = f(t), teZ, A1)

u|t=s = Ug-
has a unique (distribution) solution u € €°(Z; H°(M)), that satisfies

lull L z;7 (1)) < Clluoll e oy + Cllf |2y @ () -
If moreover f =0, then u € €Y (Z; H°~Y(M)).

The constant C' essentially depends on a uniform bound on [|H(t) — H*(t)|| o (z;c(m- (M) and commutator
estimates. The fact that C' does not depend on the initial time s follows from the proof of ([18], Lem. 23.1.1).

Note also that, in case f = 0, the regularity ¢*(Z; H°~'(M)) of the solution u implies that (A.1) is in fact
an equality of functions in €°(Z; H7~1(M)).

As a consequence of this theorem, for all ¢, s € Z, there is a bounded linear solution map S(t,s) € L(H?(M))
(for any o € R), given by ug — u(t), where u is the unique solution to (A.1) with f = 0. We recall that
the space B(I; L(B1; Bz)) is defined in Definition 2.1. As a consequence of Theorem A.1, the solution operator
S(t, s) enjoys in particular the following regularity properties.

Corollary A.2. With the notations and assumptions of Theorem A.1, we have

(1) S(t,s) € B(Z xZ; LIH?(M))) for all o0 € R;

(2) the linear operator 9,S(t,s) : ug — 0y (S(t, s)uo) satisfies 0,S(t,s) € B(Z x I; L(H (M); H°~1(M))) for all
o € R together with 0:S(t,s) —iH(t)S(t,s) =0, S(s,s) =1d;

(3) we have S(t,s)S(s,t) =1d for all (s,t) €T x I;

(4) for all ug € H°(M) and t € I, the application s — S( s)ug is in €°(Z; HO(M)) N € (ZT; HO1(M))
and, defining the linear operator 95S(t,s) : wug +— Os(S(t,s)ug), it satisfies sS(t,s) € B(T x
T; L(H? (M); H°=Y(M))) for all o € R together with 95S(t, s) +iS(t,s)H(s) = 0.
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Points (1), (2) and (3) are direct consequences of Theorem A.1. Beware that 0;S(t, s) is not a derivative in
the Banach space L(H? (M); H°~1(M)). Point (4) follows from point (3) and the regularity properties of S(t, s)
with respect to ¢ (given in points (1) and (2)). The equation satisfied by 0s5(¢,s) comes from the fact that
D S(t,8)S(s,t) = —S(t,8)015(s,t) (where 0; and 9 stand for derivatives with respect to the first and second
variables respectively).

Note also that we have, for any v € €°(Z; H° (M)) N € (Z; H°~1(M)) the formula:

O (S(t, s)v(t)) = OLS(t, s)v(t) + S(t, s)0pv(t).

A.2. A non-autonomous non-selfadjoint Egorov theorem

In the main part of the paper, we use the following non-selfadjoint non-autonomous version of the Egorov
theorem. A semiclassical version of such a result in the autonomous case can be found in [41,43].
Theorem A.3. Let T > 0 and H(t) € %W(O,T;Wghg(M)) having real principal symbol. Denote by A1 (t) =
L(H(t)+H(t)*) € (0, T; y'/;hg( ) and Ao(t) :== L (H(t) — H(t)*) € €°°(0, T; ![/Shg( )) (the adjoints being
taken in L2(M)), with (real-valued) principal symbols a1 = o1(A1) = o1(H) € €>(0,T; S;hg( *M)), and
ap = oo(Ao) € €=(0,T, Sghg(T*M)), Denote by S(t,s) the solution operator associated to 0y — iH(t), that is
S(s', s)ug = u(s’) where

Opu(t) —iH (t)u(t) =0, Ult=s = Ug.

Then, for any Pp(s) € €>((0,T), ![/gflg(M)), m € R, there exist Q(t,s) € €>°((0,T)? y'/g’flg(M)) and

R(t,s) € B((0,T)* L(H°(M),H" =™ (M)))
OR(t,s),0.R(t,s) € B((0,T)% L(H (M), H* "™ (M)))
for all o € R, such that we have
S(s,t)" Pn(s)S(s,t) — Q(t,s) = R(t, s), (t,s) € (0,T)2.

Moreover, the principal symbol of Q(t,s) is given by

4t 5,p) = P (8, Xt (p) )22 0rxreONAT @20, T)2, Sp (T M), (A.2)

where ppm (8, ) = om (Pn()), and xs.t(po) = p(s,t) is given by the flow of the Hamiltonian vector field associated
with —aq(s):

d
Ep(sat) =H_ 4,5 (p(s, 1)), p(t,t) = po € T*M.

Note that both operators A; and Ag are selfadjoint on L?(M) for all t € [0, T] and satisfy H(t) = Ay (t)+iAo(t).
The proof is inspired from ([52], Chap. 7.8 and [41], Thm. 3.43).

Remark A.4. In this result, the error term R(¢, s) is 1-smoothing. Of course, a classical inductive construction
(see [18], Sect. 18.1) allows to replace this by an infinitely smoothing operator. This is not needed in the present
paper since we only carry an analysis at first order.

Remark A.5. In the simplest case H = A, we have

a; = A= [¢]z;

ag = 0 because A is selfadjoint;

S(t,s) = e*=)4 and hence S(s,t) = ¢4 and S(s,t)* = (e!(s=OA)* = eilt=5)4,
p(s,t) = ¢y (po) = ¢, (po)-
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The conclusion of the Theorem (written with s = 0 and P, independent on s) is therefore the classical result
that €4 P,,e "4 is (modulo a 1-smoothing operator) a pseudodifferential operator of order m with principal

symbol q(t, p) = pm (] (p))-

Proof. First notice that S(¢,s) (solution operator at time ¢, issued from s) satisfies
0¢S(t,s) —iH(t)S(t,s) =0, S(s,s)=1Id.

As a consequence, since S(t, $)S(s,t) = Id, we also have, with H(t)* = Ay (t) — iAo(t),

OpS(s,t) +1S(s, t)H(t)
O S(t,s)* +1iS(t,s) H(t)"
S (s, t)* —iH(t)*S(s,t)"

0,
0,
0.

Corollary A.2 yields the following regularity properties
S(t,s) € B(T x T; L(H? (M))), 0:S(t,s),0:S(t,s) € B(T x T; L(H? (M); H*(M)))
as well as for S(t, s)*, for all o € R.
Now, setting
and using the above equations, we have P(s,s) = P,,(s) with
O P(t,s) =1H(t)*P(t,s) —iP(t,s)H(t) = i[A1(t), P(t, s)] + Ao(t)P(t,s) + P(t,s)Ap(t). (A.3)

We now construct an approximate pseudodifferential solution Q(t, s) for (A.3): its principal symbol q(¢, s, z, )
should satisfy

Orq(t,s,-) ={ai(t, ), q(t,s,-)} +2a0(t,)q(t,s,-), and q(s,s,p) =pm(s,p), (A.4)

where {-,-} stands for the Poisson bracket in the (z, ) variables.
We first check that the function ¢(¢,s,z,§) defined in (A.2) satisfies (A.4). From (A.2), and using X o
Xt,s(P) = XT,s(p), we have:

q(t, SvXt,s(p)) — pm(57p)e2 fst ao(T,XT,s(l)))dr.

This yields ¢(s, s, p) = pm(s, p) and
8t (q(t’ S, Xtvs(p))ef2f‘: U«O('ﬂX‘r,s(P))dr) — 07

which, according to the definition of the flow x¢ s, is

((atq)(ta S, ) + {_al(t’ ')a q(tv S, )} - 20,0(t, )Q(ta 5, )) (Xt,s(p))eizf: a0(7Xr,a(P)AT 03
for all (t,s) € (0,7)? and p € S* M, which proves (A.4).
Note that we use the homogeneity of a; of order 1 allows to keep the homogeneity of ¢(¢, p). This allows to
select one Q(t, s), so that

Q(t,s) € ‘gm((O,T)Q, g{lg(M)) satisfies o, (Q(t, $)) = q(t, s, -). (A.5)
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From (A.4) and pseudodifferential calculus, we now have
atQ(tv 8) = 'L[Al (t)a Q(t7 8)] + AO(t)Q(ta 5) + Q(ta S)AO(t) + R(t7 8)
=iH(t)"Q(t,s) —iQ(t,s)H(t) + R(t, s), (A.6)

with R € €°°((0,T)% ¥ (M)). We now estimate the remainder Q(t,s) — P(t,s). We set

>~ phg
T(t,s) = 5(t,s)" (Q(t,s) — P(t,s))S(t,s) = S(t,s)*Q(t, 5)S(t,s) — Pr(s),
so that we have
KT (t,s) = 0, (S(t,5)"Q(t, 5)S(t,s))
= S(t,s)" (—iH ()" Q(t, s) + 0:Q(t,s) +iQ(t,s)H(t))S(t, s)
= S(t,s)*R(t,s)S(t,s),

after having used (A.6). This yields
t
Q(t,s) — P(t,s) = S(s,t)* (Q(s, s) — Pn(s) —I—/ S(t',s)*R(t',s)S(t, s)dt’) S(s,t),

where R € €°°((0,T)%; W;ﬁgl(M)) and Q(s,s) — Pp(s) € €°°((0,T); W;ﬁgl(M)) This now implies

Q(t,s) — P(t,s) € B((0,T)% L(H" (M), H**'=™(M))),
9:(Q(t,s) — P(t,s)),0s(Q(t,s) — P(t,s)) € B((0,T)% L(H (M), H "™ (M))),
for any o € R. This, together with the expression of @ in (A.5) concludes the proof of the theorem. O
A.3. Smoothing properties of some operators
The following lemma is taken from ([11], Lem. A.1) and inspired by [10].

Lemma A.6. Let v € R* and By € Wghg(M), Then, the operator defined by

T
B(T) = /O e BpettrAdt,

satisfies B € Bioc(R; L(H (M), H*Y1(M))) for all o € R.

This lemma suffices for the study of the Klein—Gordon equation in Section 2.2 (in which it is only used for
~v = =£1). In the general case of Section 2.4 however, we need the following non-autonomous version of this
result.

Lemma A.7. Let T C R be an interval containing 0, and let Ho,H_ € (I, W;hg(M)) such that A =
o1(Hy) = —o1(H-) € R is time independant and elliptic. Then for any By € y'/;’flg(M), m € R, the operator
defined by

T
B = [ 84(0,0)" BaS-(t,0)dt,
0
where S+ (t,0) is the solution operator for the evolution equation 0y — iHy(t), satisfies for all 0 € R, B €

BIOC(I; ‘C(HJ(M)a HU+1_m(M)))'

We refer to Corollary A.2 for the properties of Sy (¢,0). We shall need the following lemma.
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Lemma A.8. LetZ C R be an interval containing 0, and let H(t) € € (Z,; &Déhg(M)) with real principal symbol

and denote by S(t, s) the solution operator for the evolution equation Oy —iH (t) with initial data at time s. Then,
for any A € &Dg}‘lg(M), we have

(A, S(t,0)] = /O S(t, s)[A,iH(s)]S(s, 0)ds. (A7)

In particular if A= A and H(t) = A+ iR(t), with R € €>(Z; ¥, (M)), we have
[A,5(t,0)],[A,S(t,0)"] € Bioe(Z; L(H®(M)))
for all s € R.
Proof of Lemma A.8. The function u(t) = [A, S(t,0)Jug = AS(t,0)ug — S(t,0)Aug satisfies u(0) = 0 and solves
Opu(t) = AiH (¢)S(t, 0)ug — iH (t)S(t,0)Aug = [A,iH (t)]S (¢, 0)uo + i H (t)u(t),

so that the Duhamel formula directly yields (A.7). O

Proof of Lemma A.7. We first notice that B(T) € Bioc(Z; L(H* (M), H*~™(M))) since Sy (¢,0) preserve regu-
larity. We recall also that

8tS:|:(t, 0) — iHi(t)Si (t,0) =0, OS+(t,0)* +iSL(¢,0)"He(t)* =0, (A.8)

To prove the result, it suffices to prove that AB(T) € Bioc(Z; LIH®* (M), H>~™(M))). We thus compute
T T
iAB(T) = / 1S1(t,0)" AByS_(t,0)dt +/ i[S+(¢,0)*, A]BoS—_(t,0)dt.
0 0

The second term belongs to Bioc(Z; L(H®*(M), H*~™(M))) according to Lemma A.8. The first term may be
rewritten as

T T T
/ iS4 (1, 0)* ABoS_ (1, 0)dt = / iS4 (£, 0) Ho (£)* BoS_ (¢, 0)dt + / i(A— Ho (£)*)S4 (£, 0)" BoS-(t, 0)dL.
0 0 0

The second term belongs to Bioe(Z; L(H® (M), H*~™(M))) since A — H,(t)* € € (Z; y'/ghg(M)), and it remains
only to examine the first one. Using (A.8), we now have, for some R € B (Z; L(H* (M), H>~™(M))),

T
iAB(T) = / 0,84 (£,0)* BoS_ (£, 0)dt + R
0
T
_ / S (t,0) BodyS_(t, 0)dt — [Sy.(t,0)7 BoS_(t,0))7 + R,
0

after an integration by parts (note that this is done in the weak sense, i.e. when applied to a function). Using
again (A.8), we obtain, for other remainders R € Bioo(Z; L(H* (M), H*~™(M))),

T
iAB(T) = /O S, (t,0)* Boi H_(t)S_(t,0)dt + R,

T
- / S, (£ 0)" Boi(—A)S_ (£, 0)dt + R,
0
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where we used that —A — H_(t) € €°°(Z; ¥

ong(M)). Using [Bo, A] € ¥t (M), we now have

phg
T

iAB(T) = / S4(t,0)*(—iA)ByS_(t,0)dt + R,
0

that is, using again Lemma A.8,
iAB(T) = —iAB(T) + R,
with R € Bioc(Z; L(H®* (M), H>~™(M))). This concludes the proof of the lemma. O

A.4. Uniform estimates on compact manifolds

We give here for the sake of completeness a version of the sharp Garding inequality (and also boundedness
estimates for pseudodifferential operators) on a compact manifold, with a uniform dependence of the constant
w.r.t. the operator involved. Its counterpart on R™ (of which the result presented here is a consequence) is given
in Theorem 2.5.4 of [27] for instance.

We use the notation M. = {(z,y) € M x M, dist(z,y) > €}.

Theorem A.9. Let (Uj,k;)j=1..n be o fized atlas of M and (v;)j=1..n a subordinated partition of unity. Let

P; € €>(U;) be such that 1; = 1 on supp(v;). Then, for all s € R, there exists v a seminorm on SPhg (T*R™),
there exist e > 0, £ > 0 and C > 0 such that, for all A € Wghg(M) and all w € H?(M), we have
[Au]| s (ary < C( sup _(a’) + ”KA”W’@OO(ME)) ull = any, (A.9)
je{1..N}
and, if moreover oo(A) >0 on T*M,
Re(Au, w) e ary > —C ( () + ||KA||W«,00<M€>) I (A.10)
Jeil...

where a’ € Sghg(T*R") is the (full) symbol of the operator (/{j_l)*ij’(ZJj/{; € Wghg(R").
As a direct consequence, we have the following corollary.

Corollary A.10. Let s € R, T} < Ty and assume A; € %O([Tl,Tg};Wghg
C > 0 such that

(M)). Then, there exists a constant
| Asul s (ary < Cllullgsary,  for all t € [Ty, Ts], and u € H*(M),
and, if moreover oo(A) >0 on [T1,T>] x T*M,
Re(Asu, u) gs(ar) = —CHquqS_UQ(M), for allt € [Ty, Ts], and u € H*(M).

Proof of Theorem A.9. We only prove the uniform Garding inequality (A.10). The proof of the uniform bound-
edness estimate (A.9) is the same (using e.g. [27], proof of Thm. 1.1.4).

Notice first that the result in H*(M) is a consequence of the result in L?(M) and (A.9): For u € € (M),
applying (A.10) to A%u yields

(AA*u, A*u)p2ary) = =Coll A*ullf-1/2(ap) = —Collullzre=1/2(ar):
with Co = sup;cq1...n} Y(a?) 4+ | K allwe.o(ar.y- Writing now
|(AASU,ASU)L2(M) — (ASAU,ASU)Lz(M)‘ = ‘(/11/2[14, As]u,A3_1/2u)Lz(M)| S OAH’U”%{S_UQ(M),

where the constant C4 has the same form as Cy according to (A.9), yields the result in H*(M).



UNIFORM OBSERVABILITY ESTIMATES FOR LINEAR WAVES 1131

Let us now prove the case s = 0. We have

A= ) wiA= Y A+ A —1y). (A.11)
Jj=1..N j=1..N
The kernel of each operator 1, A(1 — 1;3) is given by K7 (z,y) 1= v (z)Ka(x,y)(1— sz (y))- Since v; (1 — 1;]) =0,
it is supported in the set M_,; for some €/ > 0. As a consequence, this operator is infinitely smoothing and we
have in particular

03 AL = D) | £ ar-1/2aryerrirz ary) < CillKallwes ;)

so that

(85 AQ = $)u,u) o < 15 AQ = D)ull gz an Il =172y
< CjHKAHWLx(MEj)HuHi]—l/z(M)~ (A12)

Next, concerning the terms of the form ijz/;j in (A.11), we write
(¢jA1/~’j“v“)L2(M) = (((“;1)*7#3“4%“;)(”;1)*“’ (Kgl)*u)L2(R“/,\/MdL)’

'A’LZJJ‘I{; is (n;l)*(z/)jao(a)) > 0 on T*R™. Using the sharp

where the principal symbol of the operator (nj_l 1
5.4), we obtain, for smooth compactly supported functions v,

Garding inequality in R™ as stated in ([27], Thm. 2.
(((Hj_l)*%A&j’i;)U»U)Lz(Rn,\/mdL) > —Civ(@) o)1} @ny- (A.13)

Note that we have used here that the sharp Garding inequality remains unchanged under the addition of an
operator in !Pp_hlg (R™).

Finally, combining (A.12), (A.13), with (A.11), and recalling that there is a finite number of coordinate
patches Uj, we obtain the result of Theorem A.9. O

APPENDIX B. GEOMETRIC FACTS

B.1. Definitions and notations

Recall that M is a compact manifold without boundary, that for € M, T, M denotes the tangent space
to M at the point x, and T M its dual space, the cotangent space to M at x. We also denote 7 : TM — M
and m : T"M — M the canonical projections to the manifold, the duality bracket at = being denoted by
(y)e = (-, )7rm,1, - The manifold M is endowed with a Riemannian metric g, that is: for any x € M, g, is
a positive definite quadratic form on 7T, M, depending smoothly on . The Riemannian metric g furnishes an
isomorphism T, M — T} M, v — v* := g,(v,-), with inverse v = (v”)f. The metric g on TM induces a metric g*
on T* M, canonically defined by g*(¢,1) = g, (¢, n%) for x € M, and &,n € T, M. We denote by SM (resp.S*M)
the Riemannian sphere (resp.cosphere) bundle over M, with fiber over x € M given by {v € TM, g,(v,v) =1}
(resp.{€ € T*M, g2 (£,€) = 1}).

We define the Hamiltonian A\(x,&) = |£|, = /9:(£,§) € €°(T*M \ 0), which is a homogeneous function of
degree one in the variable & € T M. We denote by Hy and ¢; = ¢, the associated Hamiltonian vector field
and flow, that is

d *
a@t(ﬁ) = Hi(p:(p)), wolp) =peT*M,
with, in local charts, Hy = 0¢A - 0, — Oz A - O¢. Writing ¢ (p) = (2(¢), £(¢)), we have, still in local charts,

i(t) = OeN(x(t),€(t),  and  £(t) = =0 A(x(t), £(1)). (B.1)
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This flow is globally defined, for it preserves the function A. In particular (x(¢),£(t)) € S*M = {(z,§) €
T*M,\(z,&) = 1} for all t € R if (2(0),£(0)) € S*M. The following lemma gives the link between geodesics
and projections on M of the curves of ¢; (see for instance [15], Thm. 2.124 in the case of Hy2/o = AH), which
gives the same result up to a reparametrization of the curve x(t)).

Lemma B.1. Let I = [a,b] C R. A curve (x(t),£(t))ter on T*M \ 0 is a Hamiltonian curve of A (i.e.
satisfies (B.1)) in T*M \ 0 if and only if the curve (x(t))ier on M is a geodesic curve of the metric g on M

(parametrized by arclength) such that (z(t),(t)) € SM, t € 1. Moreover, we have &(t) \5€t()t|ln(t) € SymyM,
tel.

In the main part of the article, we also use the Hamiltonian flow ¢, associated to the Hamiltonian —\ (which,
as well, is global and preserves S*M). Of course, it is linked with that of A according to the following lemma.

Lemma B.2. For allt € R and p € T*M, we have ¢, (p) = v_+(p). Moreover, denoting by o : T*M — T*M
the involution (x,&) — (x,—&), we have o o pi(p) = p_y oo(p).

This is classical. The first fact is e.g. a consequence of ([11], Lem. B.1), and the second of ([11], Lem. B.3).
In the main part of the paper, we use the Riemannian distance to a subset £ C M, defined by
dist(x1, F) = inf dist(xo,z1),
ToEE
with

dist(zg, 1) = length(y),

inf
YECL([0,1];M),y(0)=z0,v(1) =121

where the Riemannian length of a path v € C1([0,1]; M) is given by length(y) = fol Vv (F(1),¥(t)) dt.

Given a smooth function v on M, we define the vector field Vu by Vu(z) = (du(ar;))ﬁ As well, the Laplace—
Beltrami operator may be defined by the identity

/ (Au) ()v(z)dz = — / 4 (Vu(a), Vo(z))da,
M M

where dz is the Riemannian volume element (given by +/det(g)dL(x) in local charts, where dL(x) is the Lebesgue
measure).
As a corollary of Lemma B.2, we may now give a Proof of Lemma 2.15.

Proof of Lemma 2.15. Recalling that ¢ (p) = ¢ ,(p) = ¢_s(p) according to Lemma B.2, (2.49) can be rewrit-
ten, using (x(s),£(s)) = ps(zo, &) for s € R as

§(£7)

T t
g%(xo,io)=/o b2 (x (1)) exp (/O Re(bo)(T,w(iT))i<m

,Re(by)(T, ac(:l:7’))> d7'> dt.
z(£T)

According to Lemma B.2, we also have o o ps = ¢_, o 0 (where o(z,§) = (z,—§)), that is, denoting

(.T(S,l‘o,fo),g(s,l‘o,fo)) = 908(1'0750)’

l’(-S,l’O, _50) = ‘T(57$07£0))7 5(_3ax07 _50) = _5(3,.%‘0,50)), s € R? (‘TOago) € T*M
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Plugging this into the expression of g, we obtain

T ¢
g7 (w0, —&0) = /o (x(—t,wo,—fo))exp</o Re(bo) (7, 2(—7, 20, —&0))

_< §(=7, 20, —0) ,Re(bl)(T,x(—T,xo,—ﬁo))> dr | dt
|£( z(—T,20,—€0)

—T,%0, _50) |m(7‘r,w0,*§o)

T t
Z/ b2 (x(t, w0, &) exp (/ Re(bo) (7, x(7, z0,&0))
0 0

_< —&(7, 20, 0)
&

,Re(b1)(7',1'(7',$0,§0))> dr |dt

T, 1'0750)‘1(7,10,50) (7,20,€0)

This is g, oazg;. O
Note that Lemma 2.15 contains in particular the following result.

Corollary B.3. For any function f € €°(M), for any T > 0, we have

mln/f07r0g0t = mln/fowocpt (p)dt

pES*M pES* M

B.2. Comparing Tyc(w) and Taoco(w)

In this section, we briefly prove that 2L(M,w) = Tyc(w) < Teeco(w) (where these quantities are defined
n (1.5), (1.6) and (1.7) respectively) in general and study the case of equality.
Lemma B.4. We always have Taoc(E) > 2L(M, E).

Proof. Let € > 0, we prove that for any € M, 2dist(x, E) < Tgoc(E) + 2¢.
Fix x € M. By definition, there exists 1 € E so that

dist(z, E) < dy := dist(z, 1) < dist(z, E) + ¢. (B.2)

Take any & € S:M and define the geodesic path (t) = m o ¢ ((z,§)) for t € [0,d1]. According to Lemma B.1,
we have

length (7 0 ¢ ((2,€))jjo,r)) =T, for all T > 0.

Hence, we have v(t) ¢ E for t € [0, d; —¢], otherwise we would have dist(z, E') < dy —e, which contradicts (B.2).
The same arguments proves that if we define 5(t) = 7o ¢ ((x, —&)) defined on [0, d; — €], we have ¥(t) ¢ E for
t € [0,d; — ¢]. Using Lemma B.2, we also have () = mo ¢_;((2,£)) on [0,d; —¢].

The curve t +— o @ ((2,€)) for t € [—dy + &,dy — €] is thus the concatenation of the two geodesics v and 7.
This is still a geodesic of length 2d; — 2¢ that does not intersect E. Therefore, we have Tgoco(F) > 2d; — 2¢.
The first part of (B.2) gives Tgoc(E) > 2dist(z, E) — 2e. This gives the result. O

Remark B.5. In the case OM # 0, we also have Tyc(w) < Teeco(w) for w open subsets of M, as well as
Tuc(I') < Teeo(IN) for I' open subsets of M. The proof is similar, replacing ¢; by the appropriate broken
bicharacteristic flow (see [31] or [18], Chap. XXIV).

In what follows, we assume M = 0.
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Lemma B.6 (Equality case). Assume Tgoc(E) = 2L(M,E) = 2Ry > 0, then, there is g € M such that
dist(zo, E) = Ro and for every £ € S; M

mow((20,8)) ¢ £ V|t| < Ro
7.‘-()LAKJt((l'va)) EE V‘t| :Ro.

Moreover, these properties are also satisfied by any xo € M such that dist(zo, E) = Ry.
Finally, for any x € M, we have the following alternative:

e cither dist(z, E) < Ry, o
e ordist(z, E) = Ry and the connected component of M \ E containing x is the open ball B(xz, Ry).

Proof. The function z +— dist(z, E) is a continuous function on the compact manifold M. Consider zy one of
the points where it takes its maximum Ry = dist(zo, E) = L(M, E).

For any { € S; M, we have necessarily 7 o ¢;((w0,§)) ¢ E V[t| < Ro, otherwise, we would have
dist(zo, E) < Ryp.

Moreover, assume that there exists & € Si M so that m o g, ((z0,%)) ¢ E. By continuity of ¢ — o
¢1((w0,&o)) and the fact that the complementary of E is open, there exists ¢ > 0 so that 7o ¢;((z0,&0)) ¢ E for
t €]Ry — €, Ry + ¢[. In particular, by combining with the previous result, we have that 7 o ;((x,&0)) ¢ E for
t €] — Ro, Ry + ¢[. We have constructed a geodesic path of length at least 2Rg + ¢/2 that does not intersect E.
This implies, in particular, that Tecc(E) > 2Ry + €/2, which is a contradiction.

We now prove the last statement. According to the definition of Ry = L(M, E), the situation dist(x, E) > Ry
does not happen, so that we only have to consider points x¢ with dist(zq, F) = Ry. For such a point xg, let U be
the connected component of M \ E containing x¢. We first prove that U C B(zg, Rg). The set M \ E is open so
that U is connected and open, an hence pathwise connected. Given x € U, there exists v:[0,1] = U C M\ E a
continuous path so that v(0) = xg and (1) = z. In particular, y(t) ¢ E for t € [0, 1]. Assume dist(zg,z) > Ro.
By continuity, there exists to € [0,1] so that dist(zo,(t9)) = Ro. There is a geodesic miminizing the distance
between 7(to) and xo. That is, there exists { € S; M so that 7 o pr,((20,80)) = Y(to). In particular, by
the previous statement, v(ty) € E. This is a contradiction. So, we have proved U C B(zg, Ro). Now, we
check that dist(zg, F) = Ro implies B(zo, Rg) C M \ E. Indeed, let z € M with dist(zg,z) < Ro. Then,
x ¢ E since otherwise we would have dist(zq, F) < Ro which contradicts dist(zg, F) = dist(zg, E) = Rp. So
B(zo,Ro) € M\ E. But since B(z¢, Ry) is connected and contains xq, we have B(zq, Ryg) C U by definition
of U. This gives finally B(xzq, Rg) = U. O

Remark B.7. Note that we have the two equivalences Tgoc(E) = 0 <= (£ satisties GCC and E = M), and
TUc(E) =0« EF =M.

The following result is used in Section 2.3.

Lemma B.8. Let w be an open subset of M satisfying GCC and such that Tyc(w) < Taoc(w). Then, there
exists an open subset wy of M such that

Wo Cw, and Tyc(wo) < Taoo(w).
Proof. We prove the more general fact for an open set w C M:
For any e > 0, there exists an open set wy with Wy C w so that L(M,wy) < L(M,w) +¢. (B.3)
By compactness of M, we can find a finite family of points (z;)icr, ; € M, with I finite, so that

M = Uie[B(l'i,€/2),
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where B(y,r) = {z € M,dist(z,y) < r}. By definition of L(M,w), for any z;, we have dist(z;,w) < L(M,w)
and there exists y; € w so that dist(z;,v;) < L(M,w) 4+ &/2.
Now, since w is an open set, there exists r; > 0 so that B(y;, ;) C w. Now, we take

wo = Uier B(yi, 15).

For any x € M, we can pick ¢ € I so that x € B(x;,e/2). In particular, dist(z,y;) < dist(z, z;) + dist(z;, y;) <
L(M,w) + ¢. Therefore, for any « € M, we have dist(x,wy) < L(M,w) + €. This gives L(M,wy) < L(M,w) +e.
That Wy C w comes from B(y;,r;) C w for all i € I and the finiteness of I. This concludes the proof of (B.3),
and hence of the lemma. O
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