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OPTIMIZING THE FIRST EIGENVALUE OF SOME QUASILINEAR
OPERATORS WITH RESPECT TO BOUNDARY CONDITIONS

FRANCESCO DELLA PIETRA!, NUNZIA GAVITONE! AND HYNEK KOVARIK?

Abstract. We consider a class of quasilinear operators on a bounded domain 2 C R™ and address the
question of optimizing the first eigenvalue with respect to the boundary conditions, which are of the
Robin-type. We describe the optimizing boundary conditions and establish upper and lower bounds on
the respective maximal and minimal eigenvalue.
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1. INTRODUCTION

The problem of optimizing first eigenvalues of certain differential operators is well-known from the literature
mainly in connection with the so-called shape optimization. The latter means that one looks for a domain which
minimizes (or maximizes) the first eigenvalue under some geometrical constraint, typically keeping the volume
fixed. The answer in the case of the Laplace operator is that the minimum is achieved by a ball with the prescribed
volume. This was proved in [14,21] for Dirichlet boundary conditions and in [5] for Robin boundary conditions.
Various generalizations and improvements of these results appeared recently, see for example [7-11,15,16] and
references therein. Another type of shape optimization, concerning domains with holes, was studied in [17-19].

In this paper we analyze a different optimization problem; we keep a bounded domain 2 C R" fixed and
vary the boundary conditions. More precisely, we consider the variational problem

/|Vu|pdx+/ o|ulP dH" 1
inf {2 o8 p>1, (1.1)

pewhe) / julPdz
£

and ask which function o : 92 — [0, co] minimizes or maximizes (1.1) under the condition
/ ocdH" ' =m, (1.2)
o0
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where m is a positive constant. Variational problem (1.1) is related to the study of reinforcement problems; it
concerns determining the optimal distribution of an insulating material around a thermally conducting body {2,
see e.g. [6].

Under certain regularity conditions on (2 the infimum in (1.1) is a minimum and the corresponding minimizer
solves an eigenvalue equation for the p—Laplace operator with Robin-type boundary conditions, see Section 2
and equation (2.3) for details.

Our main results can be summarized as follows. We show that for sufficiently regular {2 the maximizing o
always exists and is unique. In fact we provide its explicit construction, see Theorem 3.4. For example if {2 is a
ball then it turns out that the maximizing o is constant, see Remark 3.5.

As for the minimum, we find that as soon as n > 1 there is no ¢ which minimizes (1.1) in the class of
nonnegative functions satisfying (1.2). Moreover, if p < n, then the infimum of (1.1) over o belonging to this
class is zero, see Proposition 4.1. However, if p > n, then this infimum is positive, see Theorem 4.2, and is
achieved in the class of Dirac measures on 942 of total mass m. In other words, it is achieved if ¢ in (1.1) is
replaced by a Dirac measure concentrated at a point of the boundary, see Theorem 4.3. The position of this
point, which might not be unique, depends of course on m, but it is possible to describe its asymptotic behavior
as m — oo. This is done in Proposition 4.4.

1.1. Some open questions

The choice of the constraint (1.2) is motivated by the fact that the functional (1.1) is sub-linear with respect
to 0. However, it would be reasonable to consider also other constraints, possibly including faﬂ oldH" !
with ¢ > 1.

Another open problem concerns the position of the concentration point x,, € 02, see Section 4.2 and in
particular Theorem 4.3.

1.2. Outline of the paper

Let us briefly describe the structure of the paper. In Section 2 we fix the necessary notation and provide some
preliminary results which will be needed later. Section 3 is devoted to the analysis of the o which maximizes (1.1).
The minimum, or more precisely, the infimum is treated in Section 4. It is of course natural to ask how big or
small the maximum and the minimum (or infimum) of (1.1) are. Obviously, this depends on m and on 2. In
Section 5 we provide upper and lower bounds on these quantities and study their limits for m — 0 and m — oco.

2. NOTATION AND PRELIMINARIES

Throughout the paper we will assume that £2 C R” is a bounded domain with C*¢ regular boundary, and
1 < p < +oo. We recall that under this assumption, the standard trace embedding theorem, see e.g. [1], assures
that there exists a constant C' = C(2,p, q) such that
= p—(::pl) if p<n,
ull Laay < Cllullwiv(a), for § ¢ < 400 if p=n (2.1)
q = +00 if p>n.

Let us assume that o € L'(92) is nonnegative, and consider the following Robin eigenvalue problem:

ly(0,02) = eV[i/rll’f;’(Q) Qlo, ul, (2.2)
u#0

/ VulPda + / o (@) |ulPd 11
Q[O’,U}: 2 a0
/|u\pdx
(9]

where

if the right-hand side is finite, otherwise Q[o, u] = +o0.
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If v € WHP(£2) is a minimizer of (2.2), then it is a weak solution of the following Robin boundary value
problem
—Apv = {1 (0, 2)|v[P~2v in 2,

ov (2.3)
\Vv|p_2$ = —o(z)[v|P~2v on 912,

where Apv = div (|[Vo[P~2Vv) is the p-Laplace operator. By a weak solution to (2.3) we mean a function
v € WHP(§2) such that o|v|P € L1(9£2) and

/ \Vv|p_2Vv-V<pdx—|—/ o(x)|v|P~2v e dH" ! = {1 (o, Q)/ |v]P~2v pdx (2.4)
Q Ele) Q

for any test function ¢ € WP ()N L>°(942). The following result holds.

Proposition 2.1. Let o € L'(912), and o > 0. Then there exists a positive minimizer u, € WHP(2) of (2.2),
which is a weak solution of (2.3) in §2. Moreover, if o is positive on I' C 02 such that the (n — 1)-Hausdorff
measure H" 1 (I") > 0, then £1(0, $2) > 0. Finally, (1(0, 2) is simple, that is u, is unique up to a multiplicative
constant.

Proof. Let ¢, € W'(£2) be a minimizing sequence of (2.2) such that [|¢x||1r(2) = 1. Then, being ¢; bounded
in W1P(§2) and using the Rellich Theorem, there exists a subsequence, still denoted by ¢y, which weakly
converges to a function u, € W'P(£2), with |lup|/zs(0) = 1. The quoted trace inequality (2.1) gives that, in
particular, ¢ converges almost everywhere on 02 to u,. By Fatou’s Lemma,

61(0—7 “Q) = kErJPoo Q[J’ (Pk} > Q[O’, ’pr].

Then wu, is a minimum. To compete the proof of the first part of the Lemma we observe that |u,| is still a
minimum, and then by the Harnack inequality |u,| > 0.

Finally, suppose by contradiction that there exists oy > 0 on I' C 942, with H"~}(I') > 0 such that
(1(01,92) = 0. Then there exists uy, € WP(£2) such that |ug, ||1r(2) = 1 and

O:El(al,()):/ \Vugl|pdac—|—/ o1|tg, [PAH™ L
o) o9

Hence u,, is constant in 2, and |u,, |P Jo0 o1dH™ ! = 0. The hypothesis on o; implies that u,, = 0 in 2,
and this is impossible. Hence ¢4 (o, §2) > 0. The simplicity of ¢ (o, 2) follows by standard arguments, see for
example [2,9] or [4,11]. O

To conclude this section, we point out that any nonnegative eigenfunction must be a first eigenfunction.
Proposition 2.2. Any nonnegative function v € WP (£2), v # 0, which satisfies

— Ay =noP! in §2,
{ e (2.5)

|[VolP=2Vv v = —o(x) vP~1 on 092,

in the weak sense, is a first eigenfunction of (2.5), that is n = l1(0,12) and v = u,, where wu, is given in
Proposition 2.1, up to a multiplicative constant.

Proof. The proof follows line by line the argument given in ([11], Thm. 3.3). O
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2.1. Notation

For a given m > 0, let us consider the set of functions

Y (00) = {a € LY092): 0 >0, / cdH" ! = m} : (2.6)
a2
Note that for every o € X, (012) we have
(o, 2) < min {A?(Q), %} , (2.7)

where

/\Vu\pdx
APy = inf 22

ueWy () / lu|Pdz
(9]

denotes the first Dirichlet eigenvalue of —A,, in (2. Upper bound (2.7) follows by choosing as a test function
in (2.2) the first Dirichlet eigenfuntion of —A, respectively a constant function. In view of (2.7) we can thus
define the quantities

Alm,2)= sup {i(o,12), (2.8)
0'62771(8-0)

) = inf ). 2.

/\(mv ) aeﬂlg(aﬂ)gl(a’ ) (9)

which are the main objects of our interest.

Remark 2.3. It follows directly from its definition that the functional ¢; (o, £2) is concave on Xy, (942). In fact
it will be shown below that the supremum in (2.8) is achieved.

3. OPTIMIZATION OF /;(0,{2) WITH RESPECT TO ¢: THE SUPREMUM

The purpose of this section is to analyze the optimization problem (2.8). We start by showing that it is
sufficient to study the supremum of ¢1 (o, {2) among the functions o € X,,(942) such that the corresponding
minimiser @ of Q[o, u] is constant on the boundary of (2.

Proposition 3.1. Letp > 1, m >0, 6 € X,,(002). If 4 € WHP(£2) is a function such that {1(5,2) = Q[6, 1]
and U is constant on OS2, then
A(m, £2) = 11(6, 02).

Proof. Let us suppose that @ is constant on 9f2. Then, for any o € X,,(9(2) we have:

/|Vﬂ\pdx+/ o(z)aPdH"
| = 2 o0

li(0,2) = min  Qlo,u] < Qlo, 1

uEWP(2) / Pde
u#0 o
/ \VaPdz +m alf,
= <4 = Ql5, 1] = £1(5, 12).

/ wPdx
Q

Alm, £2) < 11(6,02).
Being 6 € X,,,(942), the above inequality is an equality and the proof is completed. O

Hence
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In order to prove the existence and uniqueness of the maximizing o we consider, for any fixed ¢ €]0, AP (£2)],

the following problem:
p—1

—Ayv = (§ﬁv + 1) in (2,
v=0 on 0f2.

(3.1)

By ([12], Thms. 1 and 2), the condition ¢ < AP (§2) guarantees that there exists a unique nonnegative solution
ug of (3.1). The boundary regularity theory (see [24], Thm. 1), shows that ug € C1#(£2) for some 3 > 0.
Moreover, since Apue < 0, by ([27], Thm. 5) we then conclude that u¢ is positive in {2 and % < 0 on 0f2.
Hence

Z—j €L¥(Q)  Vé&,&e0,4P(0)]. (3.2)

Now let us define the function F : [0, AP (2)[ — [0, +oo] by
1 p-1
F© =¢ [ (¢FTue+1)" d
e

Lemma 3.2. The function F is strictly increasing, and F(£) — 400 as & — AP(£2).

Proof. To simplify the notation, we write AP (£2) = AP. We split the proof in three steps.

Claim 1. If 0 < & < & < AID, then ug, < ug, in £2. We employ a variation of the argument used in [12], see
also [4]. Let us define
(ug, —ug,)" (ug, —ug,)”

1= 1 ’ P2 = 1 ’

p— p—
Ue, Ug,

and
Ry ={z e : ug >ugt.

In view of (3.2) it is easy to see that the functions ¢; and @y are in Wy ?(£2). Hence we may use @; as test
function for problem (3.1) when § = &;, @ = 1,2. By subtracting and integrating by parts we get

/ <_Ap1i§1 + Apu?) (u? —ué’ ) da
u? ul ! 2
2 &1 &2

u2 p ’LL1 p
= / [VuflmVu52p+<p—1>|w&|p (—5) +(p—1)|Vug, |P (—5)
_Q+ U u,

1 2

we, \P ! ue. \ P!
Ve, - Vg, (i) Vugl|p2+(i) Vue, P2 || de. (3.3)
Ugy Ugy

We will show that the integrand on the right hand side of (3.3) is nonnegative. To this end consider the mapping
t — t? — pt + p — 1 defined on [0, co[. By minimising with respect to ¢ we find that t» — pt +p —1 > 0 for all

t > 0. Therefore
p P
<&> |vu§2‘ +p—1>1p <&> |vu§2"
ug, ) |Vug, [P ug, ) [Vug, |

which implies that

P p—1
u5 _ u§
Fuel? + 0= DIVuel” (52) > p[Tug P Vue (22

1 Ug,y
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provided Vug, # 0. In the same way it follows that

P p—1
u _ u
Fuel? + = DIVuel” (L) 2 p(Tue P vug (1)

2 2

whenever Vug, # 0. Since the positivity of (3.3) is trivial on the set where Vug, - Vue, = 0, we conclude with

—Apu Apu
/ ( up’ilfl + Zﬁr") (ug, — u§2)+dx > 0. (3.4)
° &1 &2

On the other hand, by (3.1)

Aju Au I 1\
(B -2 )t —ugyao= [ (7 D) - (g7 )
0\ U, Ug, 0 Ug, U,

This in combination with (3.4) shows that ug, < ug, in 2 and consequently F(&;) < F(&2).
In the rest of the proof we show that F(¢) diverges as & approaches AP,

(ug, — u§2)+daz <0.

Claim 2. ||ug|| () — +o0 as & — AP. It follows from Claim 1 that the function & — |Jug|| () is nonde-
creasing on |0, AP’[. Hence we only have to show that |lu¢| () is unbounded. By contradiction, we suppose
that [Jug||p= (o) < M for any 0 < & < AP and some M. Then ug is uniformly bounded in W, P(£2) and then it
converges weakly to a function ¢ € Wy ?(£2) N L°°(2) which is a weak nonnegative solution of (3.1) for &€ = AP,
Let us consider a constant C' > 1. We have:

—A,(0%) = — A = e (D)t 1) = (Pyitiow + o)

Y

1 p—1
[((Af)m + 5M(C)) C + 1} in D,
where 6)/(C) = &=+ Hence C is a positive supersolution of (3.1) for
¢ = ((AD)77 +0u(C)) > (AD)7T.

Being v = 0 a subsolution, then for such £ there exists a nonnegative weak solution w € Wol’p(Q) N L>(0).
This contradicts the necessary condition for the existence of a solution of (3.1) formulated in ([12], Thm. 2),
and Claim 2 is proved.

Claim 3. When & — AP then
U e W) N L (), (3.5)
[[uglloo
where v is the first positive Dirichlet eigenfunction of A, such that ||v||sc = 1. To prove the above claim, we
point out that the function
Ug

 lluell

’Uf :
satisfies

. 1o\t
_Ap1)£ = <§ﬁ1}5+—> in Q,
l|uello
0

vg = on 0f2.
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and maxgo ve = 1, hence v¢ are bounded in Wol’p(()) and then weakly converge in Wol’p((Z), as & — AP to a
function v > 0 such that

(3.6)

—App = APyP~Lin 2,
v=20 on 9f2.

Moreover, since v¢ are uniformly bounded in L°°(£2), they are also uniformly bounded in C%%(£2) for some
a €]0,1[ (see e.g [24], Thm. 1) or [22]. Hence v converges to v uniformly. This ensures that maxp v = 1, and
then v # 0. Actually, v is a first Dirichlet eigenfunction of A,. This proves (3.5) which in turn implies that

F
L)_l = A{?/ P~ de > 0. (3.7)
§=AP [lugllbs 2
Hence in view of Claim 2 we have F(£) — 400 as &€ — AP (£2) and the proof of the Lemma is complete. O

Remark 3.3. Claim 1 can be proved in a different way by using Picone’s identity, see [26]. We thank one of
the referees for this comment.

Lemma 3.2 allows us to define the function ¢ :]0, co[ — |0, AP (£2)[ by

For each m > 0 there exists a unique function u¢(,,) which solves problem (3.1) for £ = £{(m).
We are now in position to give an explicit formula for o which maximises ¢; (o, £2).

Theorem 3.4. The supremum A(m,§2) = sup {1(o,82) is attained for any m > 0, and satisfies
cEX,(0802)

A(m, £2) = li(om, £2) = £(m),

where
Qg (m)
ov '

and Ug () is the unique solution of (3.1) with £ = {(m). Moreover, the mazimiser o, is unique.

Om = —E(m) [Vug(m)[P >

Proof. We first prove that o, € X,,(0f2). Indeed by the divergence theorem contained in [3] and by the
definitions of o,,, F' and £(m), we have

Oug(m
/ O AHP = — £(m) / T e ) / — Apttg(m) dz
20 le) o 2

1 p—1
= elm) [ (77w +1)" do = Fig(m) = m.
We claim that u,, = f(m)ﬁug(m) + 1 is a solution to the problem (2.3) with ¢ = ,,,. Indeed

1 p-1 _
Ayt = —E(m) Aptigimy = Em) (67 Tugemy +1) = E(mut ™.
As regards the boundary condition, we have

Qugm) _
v

—Om.-

5 OUpm, _
‘vum|p 2 W = f(m)‘VUE(m)‘p 2
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Since u,, = 1 on 92, we have shown that u,, is a solution to the problem (2.3) with o = o,,. Moreover, by
Proposition 3.1 it follows that ¢1 (o, 2) = A(m, 2). On the other hand, being wu,, > 0 in (2, Proposition 2.2
implies that ¢1 (o, 2) = £(m).

To conclude the proof it remains to show the uniqueness of o,,. Let & € X,,(0f2) another maximiser.
Reasoning as in Proposition 3.1, and recalling that u,, = 1 on 92, then

Ui(om, 2) =11(5,02) < Q[F,um] = Qlom, um] = 1(om, 12).
Then u,, satisfies (2.3) with o = &. Hence 7 = —|Vum|p_2% = o, almost everywhere on 012. O
Let us notice that the problem of the maximizing ¢ in the linear case p = 2 was treated already in [20].

Remark 3.5. If (2 is a ball, then the unique positive solution of (3.1) is a radial function. Hence in this case
Theorem 3.4 implies that the maximizing o is constant;

m
Om = T/~ "
LNFTe]
4. OPTIMIZATION OF (y(0,{2) WITH RESPECT TO ¢: THE INFIMUM

The aim of this section is to describe the behavior of the infimum of ¢; (o, 2) when o > 0 has a fixed L' —norm.
Our purpose consists in the analysis of the problem (2.9) for a given m > 0. We will prove that \(m, {2) is never
achieved, unless n = 1. Moreover A(m, {2) is positive if and only if p > n.

4.1. The case p < n

Proposition 4.1. Let 1 <p <n,n>2, and m > 0. Then
A(m, 2)=0

and the infimum is not achieved.

Proof. Let us denote by B,.(z) the ball centered at x with radius r > 0. For z¢ € 91?2 fixed, and for any j € N

let
Q; if x € By—j (.T()) N oL,
oj(z) =

0 elsewhere,

where a; > 0 is a number such that ||o;|[11(90) = m.

Ifp <n,let
Jjlz — mo[ in Bi(zo) N 12,
w(T) =9 in 2\ B ().
Then
77 |Ba(@o)| + 7 277 m
0 < Qloj,uy] < ! —0as j — oo.
5 215,
If p=mn, let
“og i
%) gy Bi ()N £2,
u;(z) = log(lz —zol) /
1 in 2\ Bi(xzg).

As before, a direct computation shows that .liIJ'l_'l Qloj,u;j] = 0. Finally, Lemma 2.1 assures that the infimum
j—+o0

is not attained. O



QUASILINEAR OPERATORS WITH ROBIN BOUNDARY CONDITIONS 1389

4.2. The case p > n
4.2.1.  Positivity of the infimum

The substantial difference to the case p < n is that now A\(m, {2) is positive.

Theorem 4.2. If p > n, then
A(m, £2) > 0.

Moreover, if n > 1, then A(m, £2) is not achieved.

Proof. Let p > n. We first show, arguing by contradiction, that the infimum is positive. Let us suppose that
ok € Y (002) and uy, € WHP(82) are such that

by (oK, £2) = Qog, ur] — 0 as k — +oo.

Moreover, we assume that u, > 0 and |Jug||, = 1. Hence, we have that

/ |Vug|Pdz — 0, / opuf dH"! — 0. (4.1)
17 o0

Together with the Morrey inequality, see e.g. ([13], Thm. 5.6.5), and the condition |lug|l, = 1, we have that,
up to a subsequence, uy converges in C%%(£2) to a constant C' > 0. Hence, passing to the limit in (4.1), and
recalling that [, o) = m, we have

0= lim </ O'k(uz — C’P)d’}-[nfl + Cfp/ o.den1> = CPm
k—oo 20 90

that gives that C' = 0. This contradicts the condition ||ug||, = 1, and then the infimum A(m, §2) is positive.
Now we prove that if p > n > 1, the infimum is not achieved. If A(m, £2) were a minimum, then & € X,,,(02)
exists such that
)‘(ma 5) = 9[67 1_1,],

where 4 € W1P(£2), 4 > 0 and @ is not constant on 942, see Proposition 3.1. Being 4 € C%%(02), we take
xo € 082 such that @(zp) = mingp . Then

/ & |alP dH™ ™ — ma(xo)? > 0. (4.2)
a2

Let 0; € X,,(012) such that
/ ojlaP dH" ' — ma(zo)®. (4.3)
o0
For example, we can choose

(4.4)

a; if x € Bi(xg) N OS2,
j(x) = y
0 elsewhere,

where a; > 0 is a number such that ||o||z1a0) = m. The continuity of @ up to the boundary of {2 guarantees
that (4.3) holds. Hence, recalling (4.2) there exists k& € N which satisfies

/ ak\a|de”*1</ aluP dH" L.
a2 o

This implies that Qloy, @] < A(m, £2) which is a contradiction. O
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4.2.2. The relaxed problem and the concentration effect

In view of Theorem 4.2 it is natural, for p > n, to consider the relaxed variational problem

/|Vu|pdac—|—/ |ulP du
O (p, 2) = inf 2 082

I TR
2

e M(m), (4.5)

where
M(m) := {set of Radon measures on 92 such that p(0§2) =m}.

Moreover, we introduce the subset of M(m) consisting of Dirac measures concentrated at a boundary point
of (2.

D(m) := {,u e M(m) : Jx €0 : / |ulPdp =m |u(z)|P Y ue Wl’p((Z)} .
o0
Armed with this notation we can show that A(m, £2) is equal to the minimum of ¢;(p, £2) on D(m).

Theorem 4.3. Let p > n. Then for any m > 0 there exists x,, € 02 such that

Am, 2) =l (m, 2) = inf  £1(u, 2), (4.6)
pneED(m)

where i, € D(m) is the Dirac measure concentrated at X, .

Proof. Let u € D(m) and let u,, be the corresponding minimizer for ¢; (, £2). In view of the proof of Theorem 4.2,
see equations (4.3) and (4.4), there exists a sequence oy, € X,,(042) such that

/ ak|uﬂ\de”71 —>/ |l du,
20 20

as k — oo. This shows that

Am, 2) < bi(p,2)  VpeDm), (4.7)
and therefore
A(m, 2) < inf 41 (p, 02). (4.8)
neD(m)

To prove the opposite inequality let o; € X,,(9f2) be a minimizing sequence for A(m, §2). In other words,
l1(0j,92) — A(m, 2). We denote by u;,, € WIP(£2) the nonnegative functions such that ||u;m|L» = 1 and
51(0'3', Q) = Q[aj,ujm}. Then

/ |Vujm|P de —I—/ ojuf dH" " — X(m, Q). (4.9)
o 00

Being p > n and 92 of class C1¢, equation (4.9) and the Morrey inequality, assure that u;,, is a bounded
sequence in C%®(£2). Hence, up to a subsequence, uj,m converges uniformly to some nonnegative u,, € Coe ().
On the other hand, ¢; is uniformly bounded in L!(9£2). Hence it contains a subsequence, which we still denote
by o, converging weakly in the sense of measures to some p € M(m). Then, p(942) = m and

/\(m,Q):/ \Vﬂm|pdx+/ @ dp.
(% o0
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Now, let ,,, € 912 be such that u,,(x,,) = mingg @, and consider p,, = md,,, , where . is the Dirac measure
of unit mass concentrated at x,,. Then

)\(m,()):/ \Vﬂm\pdx—i—/ ab dp 2/ |V |P de + m b (zm)P
7 a9 Q

:/ |Vt P d:c+/ ab, dppm > 1 (fm, £2). (4.10)
7 a0
This in combination with (4.8) completes the proof. O

The point of concentration x,, introduced in Theorem 4.3 need not be unique, since the domain {2 might
possess some rotational symmetries. Indeed, in case of a ball it is obvious that ¢1(u, 2) = £1(v,§2) for all
w,v € D(m). In general, the position of z,, depends in a complicated way on m and (2.

However, it is possible to characterize the behavior of convergent subsequences of x,, in the limit m — oo. Note
that the existence of at least one convergent subsequence is guaranteed by the Bolzano—Weierstrass Theorem.
It turns out that the limiting behavior of these sequences is related to the following eigenvalue problem:

. ||qu1£P(Q) 1
Ai(x; 2) :=inf § ————=; ue W"P(2), u(x) =0,, xc I (4.11)
HuHLP(Q)
By Lemma 4.7, see Section 4.3, the function A;(-; (2) is continuous and therefore admits a minimum on 942:
A1(£2) == min {\ (z; 2); =z € 082}. (4.12)
We have

Proposition 4.4. Any convergent subsequence of x,, tends to a point of minimum of A\1(-;2) as m — oc.

Proof. Let @y, and x,, be as in the proof of Theorem 4.3 so that ||@y,||, = 1 and
/ |V, [P doe + m G (2m)P = Am, 2).
Q

By definition of A (z; £2), and equation (4.7) it follows that
A(m, £2) < Ai(z;0) V'm, Yx € 0f2. (4.13)
Hence
U (Tm) — 0, m — oo. (4.14)

Now let @ € WHP(£2) be a weak limit of (a weakly convergent subsequence of) . Then ||, = 1 by the
Rellich-Kondrachov Theorem (see e.g. [23], Thm. 8.9). Next consider a convergent subsequence of z,,. Let
Z € 02 be its limit. Then by (4.14) we have @(Z) = 0. Hence 4 is an admissible test function for A\ (Z; {2) and
from (4.10) and the weak lower-semicontinuity of [, |[VulP we infer that

liminf A(m, 2) > liminf/ Vi, |Pde > /|V12\pdas
2 2

> M(2502) > M ().
In view of (4.13) it thus follows that A\ (Z; £2) = A1 (£2). O

Remark 4.5. As in the linear case p = 2 (see [20], Prop. 3.5), it can be shown that in the one-dimensional
case, when 2 =la, b[, the minimum of ¢ (m, £2) is achieved and that
A(m, 2) = l1(04, 2) = l1(0p, 2) (4.15)

where 04,0, € X, ({a,b}) are such that o,(a) = m, 0,(b) = 0, and 04(b) = 0, 0,(b) = m. Note that here
o € LY(0£) means that o is a sum of two Dirac measures of total mass m. Hence equation (4.15) is in
agreement with Theorem 4.3.
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4.3. Auxiliary results concerning Aq(x, §2)
Lemma 4.6. Let p > n and let © € £2. Then A\ (xz;12) defined by (4.11) is a minimum.

Proof. Consider a minimising sequence u, € W1?(£2) such that

luellr(o) =1,  we(z)=0 VkeN.

Clearly uy, is bounded in WP (£2) and therefore contains a subsequence which converges weakly to a function
u € WHP(£2). The Morrey inequality then implies that [|u|z»(o) = 1 and u(z) = 0. Hence in view of the weak

lower semi-continuity of HVUH’gp (1) We have
M 2) = Hm ([Vurlpp g 2 [IVullzg) = Az 92).
This shows that u is a minimiser for the problem (4.11).
Lemma 4.7. Let p > n. Then there exists a constant C'(n,p, §2) such that
(@, 02) =My 2) < Clp Q) |z—y['"?  Va,yeon
Proof. By Lemma 4.6 there exist functions u,v € WP (£2) such that

lal iy = N0l = 1,

and

M@, 2) = [Vull?, g @) =0, Ay, 2) = [V, ), v(y) =0.

Using u(-) — u(y) as a test function for A (y, £2) we obtain

[Ju(-) — u(y)”[zp(g)

Ay, 2) <

By the Taylor expansion
u(z) —u()l” > [u@)[” = plu(y)| u(z)P~

holds for all « € (2. Hence by using the Holder inequality and (4.17) we obtain

/\U(w)—u(y)\pdw 2 1—p\U(y)l/ u(@)P~tde > 1—plu(y)||2]7.
2 2

Inserting this lower bound into (4.19) and taking into account (4.18) gives

A(x, 02
M @) < — B2
1—plu(y)| 927
Now, equation(4.18) and the Morrey inequality yields
|u(y)] SC\Z‘—y\l*%v o(@)| <cle—y|'7,

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

where ¢ depends only on n,p and 2. Since 15 < 142t for 0 < ¢ < 1/2, we conclude from (4.20) that for |z —y|

small enough
My, 2) < M, Q)+ 2pe|QfF o~y
In the same way, using v(-) — v(x) as a test function for Ay (z, £2) we get
(2, 2) < My, 2) +2pe| 27 [z —y[' 5.

This proves the claim.
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5. ESTIMATES ON A(m, {2) AND A(m, {2)
The aim of this section is to establish lower bounds for A(m, 2) and A(m, {2) in terms of m and |£2].
5.1. A lower bound for A(m, §2)
Proposition 5.1. For any p > 1 and m > 0 it holds that
m AP ()

A(m, 2) = o -
(121 4P(2)) /7Y 4 /-0

(5.1)

—1°
Proof. For the sake of simplicity, we denote again AP = AP (). From the proof of Theorem 3.4 it follows that
A(m, 2) =Ly (om, 2) = ugg__ Qlom, ul

where
F={uecW(Q2), |[ull, =1,u=kon 812, 0 < k}.

If u € F, recalling the variational characterisation of A we have that
Qlom,u] = / |Vu|Pdz + EPm = / |V (u—Ek)Pdx + kPm
Q 2
> AID/ lu — k|Pdx 4+ kPm
Q

D|q 1P P
> A7 |1 —k|Q2|7| + kPm, (5.2)

where the last line follows by the Minkowski inequality and the condition ||u1»() = 1. By minimising (5.2)
with respect to k we have that

Ol ] > Ay
[(1214P) 70 4 mao-1]”
and the thesis follows. O
5.2. A lower bound for A(m, §2)
Proposition 5.2. Let p > n. Then
A(m, 92) > mh () — (5.3)
2122V i

where A1 (£2) is defined in (4.12).
Proof. By Theorem 4.3 we have

Am, 2) = b1 (pm, 2) = /Q |V, |Pde + mab, (z,,), (5.4)

where ||t 1r(0) = 1. Then arguing as in the proof of Proposition 5.1 and recalling (4.11), by (5.4) we have
mA1 (zm; 2)

A(m, 2) = (i, £2) >
(4217 (s 20 o)

Maximizing the right hand side with respect to x,, gives the claim. O

Remark 5.3. Clearly, by Proposition 4.1, the inequality (5.3) is trivial if p < n, being all the quantities involved
equal to zero.
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5.3. Upper bounds and limiting behavior
In view of (4.13), for any = € 92 and any m > 0 it holds

This in combination with (2.7) gives

A(m, 2) < min {/\1((2), %} . A(m,2) < min {A?(Q), %} (5.5)

An immediate consequence of these estimates and Propositions 5.1 and 5.2 is the following
Corollary 5.4. We have
lim A(m, £2) = lim A(m, £2) =0,
m—0 m—0
lim  A(m, 2) = AP (1),

m—+00
hr«? A(m, £2) = X\ (92) if p>n.
Remark 5.5. We observe that it is possible to study the behavior of A(m, 2) = A(m, 2;p) as p — 1. It is well
known that as p — 1, the first Dirichlet eigenvalue AP (£2) = AP (£2;p) converges to the Cheeger constant h(2),
namely

(@) = jot, S

(see for example the survey paper [25] and the references therein). Hence, the bounds (5.1) and (2.7) give

lim A(m, £2;p) = min {ﬂ, h((Z)} .

b 7
Remark 5.6. We finally recall that if o(z) = o is a positive constant, and {2 is a bounded convex set, it is
possible to obtain a lower bound of ¢; (o, £2) in terms of the inradius Ry, of 2. Indeed, applying ([11], Prop. 3.1)
(see also [20], Thm. 4.5 for p = 2) then

a

o p
gl(a’ ‘Q) Z (p 1) 1
D 1 p
Ro (1 —|—UF—1RQ>

Acknowledgements. This work has been partially supported by Gruppo Nazionale per Analisi Matematica, la Probabilita
e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAAM). The support of FIRB 2013
project “Geometrical and qualitative aspects of PDE’s”, and of MIUR-PRIN2010-11 grant for the project “Calcolo delle
variazioni” (H.K.), is also gratefully acknowledged.

REFERENCES

[1] R. Adams, Sobolev Spaces. In vol. 65 of Pure and Applied Mathematics. Academic Press, New York, London (1975).

[2] A. Anane, Simplicity and isolation of the first eigenvalue of the p-Laplacian with weight. C.R. Acad. Sci. Paris Sér. I Math.
305 (1987) 725-728.

[3] G. Anzellotti, Pairings between measures and bounded functions and compensated compactness. Ann. Mat. Pura Appl. 135
(1983) 293-318.

[4] M. Belloni and B. Kawohl, A direct uniqueness proof for equations involving the p—Laplace operator. Manuscr. Math. 109
(2002) 229-231.

[5] M.-H. Bossel, Membranes élastiquement liées: extension du théoréme de Rayleigh-Faber-Krahn et de linégalité de Cheeger.
C.R. Acad. Sci. Paris Ser. I Math. 302 (1986) 47-50.



[6]

(10]
(11]

(12]
(13]
(14]
(15]

(16]
(17]

(18]
(19]

20]

(21]
(22]

23]
[24]
25]
(26]

27]
28]

QUASILINEAR OPERATORS WITH ROBIN BOUNDARY CONDITIONS 1395

D. Bucur, G. Buttazzo and C. Nitsch, Symmetry breaking for a problem in optimal insulation. J. Math. Pures Appl. 107
(2017) 451-463.

D. Bucur and A. Giacomini, A variational approach to the isoperimetric inequality for the Robin eigenvalue problem. Arch. Ra-
tion. Mech. Anal. 198 (2010) 927-961.

D. Bucur and A. Giacomini, Faber-Krahn inequalities for the Robin-Laplacian: a free discontinuity approach. Arch. Ra-
tion. Mech. Anal. 218 (2014) 757-824.

Q.-Y. Dai and Y.-X. Fu, Faber-Krahn inequality for Robin problems involving p-Laplacian. Acta Math. Appl. Sin., Engl. Ser.
27 (2011) 13-28.

D. Daners, A Faber-Krahn inequality for Robin problems in any space dimension. Math. Anal. 335 (2006) 767-785.

F. Della Pietra and N. Gavitone, Faber-Krahn inequality for anisotropic eigenvalue problems with Robin boundary conditions
Potential Anal. 41 (2014) 1147-1166.

J.I. Diaz and J.E. Saa, Existence et unicité de solutions positives pour certaines équations elliptiques quasilinéaires. C. R.
Acad. Sci. Paris Sér. 1305 (1987) 521-524.

L.C. Evans, Partial Differential Equations. In Vol. 19 of Graduate Studies in Mathematics. American Mathematical Society
(1998).

G. Faber, Beweiss das unter allen homogenen Membranen von Gleicher Flache und gleicher Spannung die kreistférmige den
Tiefsten Grundton gibt. Sitz. der math.-phys. Cl. der k bayer. Akad. d. Wiss. (1923) 169-172.

V. Ferone, C.Nitsch and C. Trombetti, On a conjectured reverse Faber-Krahn inequality for a Steklov-type Laplacian eigenvalue.
Commun. Pure Appl. Anal. 14 (2015) 63-82.

E. Harrell, P. Kroger and K. Kurata, On the placement of an obstacle or a well so as to optimize the fundamental eigenvalue.
SIAM J. Math. Anal. 33 (2001) 240-259.

A. Henrot, Minimization problems for eigenvalues of the Laplacian. J. Evol. Equ. 3 (2003) 443—46.

J. Hersch, The method of interior parallels applied to polygonal or multiply connected membranes. Pacific J. Math. 13 (1963)
1229-1238.

H. Kovaiik, On the Lowest Eigenvalue of Laplace Operators with Mixed Boundary Conditions. J. Geom. Anal. 24 (2014)
1509-1525.

E. Krahn, Uber eine von Rayleigh formulierte minimal Eigenschaft des Kreises. Ann. Math. 94 (1925) 97-100.

O.A. Ladyzhenskaya and N.N. Ural’tseva, Linear and quasilinear elliptic equations. Translated from the Russian by Scripta
Technica, Inc. Translation editor: Leon Ehrenpreis. Academic Press, New York (1968).

E.H. Lieb and M. Loss, Analysis, 2nd edition. In vol. 14 of Grad. Stud. Math. American Mathematical Society, Providence,
RI (2001).

G.M. Lieberman, Boundary regularity for solutions of degenerate elliptic equations. Nonlin. Anal. 12 (1988) 1203-1219.

E. Parini, An introduction to the Cheeger problem. Surv. Math. Appl. 6 (2011) 9-21.

M. Picone, Un teorema sulle soluzioni delle equazioni lineari ellittiche autoaggiunte alle derivate parziali del secondo-ordine.
Atti Accad. Naz. Lincei Rend. 20 (1911) 213-219.

J.L. Vazquez, A strong maximum principle for some quasilinear elliptic equations. Appl. Math. Optim. 12 (1984) 191-202.
X.-J. Wang, A class of fully nonlinear elliptic equations and related functionals. Ind. Univ. Math. J. 43 (1994) 25-54.



	Introduction
	Some open questions
	Outline of the paper

	Notation and preliminaries
	Notation

	 Optimization of 1(,) with respect to : The supremum
	 Optimization of 1(,) with respect to : The infimum
	The case pn
	The case p>n
	 Positivity of the infimum
	The relaxed problem and the concentration effect

	Auxiliary results concerning 1(x, )

	 Estimates on (m,) and (m,)
	A lower bound for (m,)
	A lower bound for (m,)
	Upper bounds and limiting behavior

	References

