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ESTIMATES FOR THE CONTROLS OF THE WAVE EQUATION
WITH A POTENTIAL

SORIN Mi1cul® AND LAURENTIU EMANUEL TEMEREANCA?

Abstract. This article studies the L?-norm of the boundary controls for the one dimensional linear
wave equation with a space variable potential a = a(z). It is known these controls depend on a and their
norms may increase exponentially with ||a||zec. Our aim is to make a deeper study of this dependence in
correlation with the properties of the initial data. The main result of the paper shows that the minimal
L?—norm controls are uniformly bounded with respect to the potential a, if the initial data have only
sufficiently high eigenmodes.
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1. INTRODUCTION

For T > 0, we consider the one-dimensional boundary controlled linear wave equation with a space variable
potential
U (8, ) — Uge (1, ) + a(z)u(t,z) =0 (t,z) € (0,T) x (0,1)

u(t,0) =0 te(0,7)
u(t,1) = v(t te(0,T) (1.1)
u(0,z) = u%(z) z € (0,1)
ug(0,2) = ul(x) z € (0,1),

where the potential a € L>°(0, 1) is a real-valued function such that a(x) > 0 a. e. in [0, 1]. Since we are mainly
interested in potentials a with large norms, it is convenient to suppose that ||a||z= > 1. Equation (1.1) is said

to be null-controllable in time T > 0 if, for every initial data (zl) € H = L?*(0,1) x H1(0,1), there exists a

control function v € L?(0,T) such that the corresponding solution of (1.1) verifies
w(T,z) = ug(T,z) =0 (z € (0,1)). (1.2)
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Equation (1.1) represents a potential perturbation of the linear wave equation and it is frequently encoun-
tered when studying the stability of stationary solutions for several important systems of partial differential
equations (wave-Schrodinger, Maxwell—Schrodinger, Maxwell—Dirac and many others). When a is a constant
function, (1.1) is also known as the Klein Gordon equation and plays a fundamental role in quantum field
theory. Also, it arises when separation of variables is considered in the multidimensional linear wave equation.
The controllability problem for the perturbed wave equation has been studied in the literature and has received
a positive answer even in more general contexts (see, for instance, [1,4,10,12,18,20,21]). Usually, the problem
is reduced to an observability inequality for the adjoint system, which is obtained using techniques based on
non harmonic spectral analysis, multipliers or Carleman type inequalities.

The aim of this paper is to study how the norms of the controls depend on the potential a and the initial
data to be controlled. It is known that (see, for instance, [21]) there exist two positive constants M and w,
independent of a, such that the minimal L?—norm control v corresponding to (1.1) verifies

lelison < Mexo (ov/Tali) | ()] (1) €): (1)

As indicated by (1.3), the norm of the controls may increase exponentially with the L®°—norm of the poten-
tial a. The fact that estimate (1.3) is optimal can be seen in simple cases with constant potentials a (see, for
instance, [7]). Since the growth in (1.3) of the control cost limits practical implementation for large potentials,
it is of interest to see if there are initial data which can be controlled with a lower cost. Following this idea, the
main result of this article shows that, given any T > 2, there exists a constant M > 0, depending only on T,
such that, given any a € L*(0, 1), there exists an infinite dimensional space H; C H with the property that

0 0
[vllz2(0,1) < MH <21)H (<Zl) € 7'11), (1.4)
M

0
where v is the minimal L?—norm control corresponding to the initial data (51 ). Inequality (1.4) shows that

the cost to control the initial data in #H; is bounded independently of the potential a. Moreover, we can give a
characterization of the space H1, which consists of elements from H containing only sufficiently high eigenmodes
(depending on the magnitude of the potential a):

Hl = {Z anén

nez*

an =0 for |n| <N = p|la|| L= 1n2(||a||Loo)} , (1.5)

where p is an absolute positive constant and @,, are the normalized eigenfunctions in H of the differential operator
corresponding to (1.1). Roughly speaking, our result shows that the perturbing potential has a lesser impact on
the controllability properties of the high frequencies and the exponentially large cost of the controls is due only
to the action on the low frequencies. The technique used in this paper reduces the controllability problem to a
moment problem which is solved by constructing a biorthogonal sequence (6,),,c;. to the family of exponential
functions (ei)‘"t)n cz+» Where (iAnt), 7. are the eigenvalues of the differential operator corresponding to (1.1).

We prove that the elements 6,, of index |n| > plla||z~ In*(||a]|r~) are uniformly bounded in a. This allows us
to deduce the desired controllability result (1.4).

We remark that similar results have been obtained in [11], with a different technique and a smaller space
of uniformly (with respect to a) controllable initial data. Indeed, in [11] the number N from (1.5) is of the
order of exp(p||a|| ). Finally, let us mention that the value of N in (1.5) is, probably, not optimal. In fact, we
conjecture that the optimal value of N is of the order of \/||a||r=. It has been proved to be so in a particular
case treated in [13], in which the potential a is constant and the spectrum can be explicitly computed. However,
in [13] the controllability time 7" is not the optimal one and should be taken large enough.

The rest of the paper is organized as follows. In Section 2 we present the spectral analysis of the differential
operator corresponding to (1.1) and we transform our control problem into a moment problem. Section 3 gives
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the construction of the biorthogonal sequence (0,,)mez+ and its main properties. In the last section we prove
the main result (1.4).

2. THE MOMENT PROBLEM

In this section we recall some well-known properties concerning the boundary null-controllability problem for
the linear wave equation with a potential and we characterize the control problem by using the moment theory.
To do that we need the following variational result.

0
Lemma 2.1. Let T > 0 and the initial data (Zl) € H :=L?(0,1) x H71(0,1). The function v € L*(0,T) is a

control which drives to zero the solution of (1.1) in time T if and only if, the following relation holds

T
| vttt e = (s 0,91
' 0 i @° 1 2 21)
—/0 u” (z)pe(0, x)dx <(<,01) € Hy(0,1) x L*(0, 1)) ,
where ( ® ) is the solution of the following adjoint backward problem

pre(t, @) — %z(t,w) a(x)e(t,z) =0  (t,x) €(0,7) x (0,1)
o(t,0) = p(t,1) = €(0,T) 2.)
o(T,z) = ¢°(x) z € (0,1)
oi(T, ) = () x € (0,1),

and (-, ) -1,y denotes the duality product between the spaces H=1(0,1) and H}(0,1).

Proof. If we multiply in (1.1) by @ and we integrate by parts over (0,7') x (0,1), we obtain that v € L?(0,T)
is a null-control for (1.1) if and only if it verifies (2.1). d

Let Ao : D(Ag) — L?(0,1) be the unbounded operator in L?(0,1) defined by

D(Ag) = H2(0,1) N HL(0, 1), (2.3)

and
Agu = —Uyy + au, (u € D(Ay)). (2.4)

Let (, )o be the canonical inner product in L2(0,1). In H}(0,1) we introduce the inner product
1 1
(f,9)1 = / fo(2)g,(x)dx —|—/ a(x) f(z)g(x)dx (f,g € H;(0,1)). (2.5)
0 0

We remark that the usual norm in H{ (obtained from (2.5) with a = 0) and the norm || - ||; are equivalent. We

have the following result.

Proposition 2.2. Let Ay : D(Ag) — L?(0,1) be the operator defined by (2.3) and (2.4) and a € L>(0,1),
a(z) > 0 a. e. in [0,1]. Then the eigenvalues of Ay can be ordered to form a strictly increasing sequence

(fin)nen- satisfying
|\ — n?7?| < Jlal| L= (n € N¥), (2.6)

and the corresponding eigenfunctions (pn)en+ form an orthonormal basis in L?(0,1).

Proof. See, for instance, ([18], Prop. 3.5.5). a
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Since (D(Ap), Ag) is an unbounded, maximal monotone and auto-adjoint operator in L?(0,1) with compact
resolvent, for each a > 0 we can define the fractional space

D(AG) = qu=Y_anpn € L*(0,1) | Y |an[*u2* < 400

n>1 n>1
We note that
D(Ag) = L*(0,1),
D (4F) = Hi(0,1),
D(4,7) = H;'(0,1),
D(Ay) = H*(0,1) N Hy(0,1).

Let us define the space X = H}(0,1) x L%(0,1) endowed with the inner product

<(}2)’(g;)>1702(f1,91>1+<f2792>0 ((ﬁ),(g;) EX). (2.7)

By denoting W = ((f ), equation (2.2) is equivalent with
¢

W, + AW =0
W(T) = WO = (g? ) (28)
where A : D(A) — X is the operator defined by
D(A) = H?(0,1) N H(0,1) x H(0,1), (2.9)
and

A (g) - (AOZ) ((u,v) € D(A)). (2.10)

We have the following result.

Proposition 2.3. Let A : D(A) — X be the operator defined by (2.9) and (2.10). The eigenvalues of the
operator A are given by the family (i\,)jn|>1, where

An = sgN(n)\/Hin| (neZ"), (2.11)
and the corresponding eigenfunctions are
1 L
On = \ﬁsgn(n) < ”in > D (neZ), (2.12)

where |, are given by Proposition 2.2. Moreover, the vectors (¢n)|n\>1 form an orthonormal basis in X.

Proof. Let us first determine the eigenvalues of A. If A € C and @ = (5) € D(A) are such that AP = \® we
obtain from the definition of A that

v = =AU

AO = 7)\211,.
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From Proposition 2.2 it follows that the eigenvalues of A are (i),)|n|>1, where

Ap = sgn(n) vV Hn| (n € Z*)v
and p,| are the eigenvalues of the operator Ag. The corresponding eigenfunctions are given by

1
1 7
¢n = —=sgn(n) | i\, | o (n €Z).
V2 1 g

For any n,m € Z* we have that

sgn(nm) / 1 1 sgn(nm)
(DnsOm)x = o <Mn<ﬂ|n7 Z.)\mtﬂ|m|>1 + <<P|n\7<P|m\>0

2 2
sgn(nm) sgn(nm) sgn(nm) ) sgn(nm)
=4 nly ¥|m 7§nm :7671111 5nm :6nm7
22 < 0%nl> P \>o+ 9 In]m] 22 Inf|m| + n||m|
and the proof ends. O

The distribution of the eigenvalues (\,)nen+ is very important for the controllability properties of (1.1). It
can be shown that there is a gap between two consecutive eigenvalues A, and \,11, which does not depend
of a, if n is large enough.

Remark 2.4. For every |n| > [¥ HGHLOO] we have from (2.6) that

‘)\n+1 - >\n| =V Hn+1] = /Hn| > \/772(’”’ + 1)2 - Ha||L°° - \/7-r2n2 + Ha||L°°
L @t~ 2allze  nr® — o~
T 2n+ Dr+2y/|allpe T nmw 4+ +/lal|lLe

If 0 < 6 < m is an arbitrary number then we have that

2 _ oo
[Ant1 — An| > = lalle= >m—0:=", (2.13)

nm+ /ol re

when |n| SN = [H‘ZHLOO+\/7|1;HL°°(“*5)}.

Let us now introduce the space H = L%(0,1) x H~1(0,1) endowed with the inner product (we recall that the
potential a is a positive function in [0,1]):

<<£> ’ <g;)>07_1 = (f1,91)0 + (45" f2, 92)0 <<£> , (g;) € H> . (2.14)

Remark 2.5. A straightforward computation shows that the family (isgn(n)A\n¢n),,cz. forms an orthonormal
basis in H.

When control problems for (1.1) are studied, the behavior of the derivative of the eigenfunctions in the
extremity z = 1 plays a fundamental role. We have the following result:

Proposition 2.6. We have that

1
sup ~— ¢y, (1) < oo, (2.15)
n>1 )\n
inf | (1) > 0 (2.16)
71121 An ¥n ' '

Proof. See, for instance, [18], Proposition 8.2.1. O
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The following lemma transforms the control problem into a moment problem by using the Fourier expansion
of the solution of (1.1).

0
Lemma 2.7. Problem (1.1) is null-controllable in time T > 0 if and only if, for each initial data (Zl) cH

with the Fourier expansion

<Zf) =3 adisgn(n) A, (2.17)

nez*
there exists v € L*(0,1) such that
T 4 a0
/ v(t)e Pt = V2ih, =—2— (neZ). (2.18)
0 ‘Pin\u)

Proof. Since (¢n)nez- is a basis in H}(0,1) x L2(0,1), from Lemma 2.1 it follows that (1.1) is null-controllable
0
if and only if, there exists v € L?(0,T) such that (2.1) holds for any initial data (Zl ) which is an eigenfunction

0 .
of the operator A. If (Zl) = ¢n, the corresponding solution of (2.8) is given by (f: )(t) = (=T In this
t

0
case, for any initial data (Zl ) of the form (2.17), we obtain that

N sgn(n)— T (i
| vrate e = =25 a) [ e nag

and

1
(0, 90, ) s 13 — / W0(2)55(0, 2)dw = —sgn(n)al e
0

The last two relations give (2.18) and the proof ends. O

The notion of biorthogonality is useful in the study of moment problems like (2.18). We recall that a sequence

(0)mez C L2 (—%, %) is biorthogonal to the family of exponential functions (e“‘”t)HGZ* in L? (—%, %) if

T

D O(t)e Mt = 6y (mun € ZF). (2.19)

_r
2
It is easy to see from (2.18) that, if (6,,)mez+ is a biorthogonal sequence to the family of exponential functions

8
(e“”t)neZ* in L2 (=L, T), then a solution v of (2.18) will be given by

B i)\ne“‘"% o0 _ z
v(t) = V2 gzj 7%(1) 00, (t 2) (t € (0,7)). (2.20)

We remark that the expression in the right hand side of (2.20) is formal. In order to show that it represents
an element from L?(0,7T) we need to prove first that there exists a biorthogonal sequence (6., )mez+ to the family

(e“‘"t) _in L? (—I, Z), to evaluate its L2—norm and to conclude that the series is convergent in L?(0,T).
nez 202
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3. CONSTRUCTION OF THE BIORTHOGONAL SEQUENCE

This section is devoted to construct and evaluate a biorthogonal sequence to the family A = (e**+*) _ _in
L? (—%, %), for any T > 2, where (\,,)necz+ are the eigenvalues of the operator A given in Proposition 2.3. This
will be done in Theorem 3.5 below. In order to prove it we need to introduce some new tools and to show some

previous results.

Firstly, let us introduce some notation. In the sequel, C' > 0 denotes a generic positive constant which may
change from line to line but it is always independent of the parameters of the problem. For f € L!(R), the
Fourier transform of f, denoted by f, is defined by

o) = / et (z €R).
R
Let R > 0. We define the function @ : R — R by
R3 .
o(t) = { P <,52_R2) if <R (3.1)
0 if lt| > R.

The function @ belongs to C°°(R), is non-negative and his support is [—R, R].
As in ([11], Prop. 2) we can evaluate the Fourier transform of $r. Since we need a more precise and explicit
estimate, we present it in detail.

Proposition 3.1. Let R > 0 and & be the function defined in (3.1). With Cr = ($(0))~" let
Dpr(t) = Crd(t). (3.2)

We have that the Fourier transform 53 of @i is an entire function of exponential type R which verifies

dr(0) =1, (3.3)
|Pr(z)| <1  (z€RY), (3.4)
|®r(z)] < 3exp <f\/§) (x > z9 = 256). (3.5)

Proof. For x € R*, we have that

R 3
~ R .

=2CRr <1,

R R3
/0 exp (tQ—R2> cos(tx)dt

and (3.4) holds. Since

R 3 3 4 3
R R 2 R 4
-1
r = /_ReXp (t2 - R2> = /_R P (t2 - R?) = /_12?. P <(12?,)2 _ R2> dt = Rexp (_3R> ’

we obtain that

Let = > 256. We evaluate 53 by changing the contour of integration.



296 S. MICU ET AL.

1
Let e(x) = /1 — 7 < 1 and define, in the complex plane, the curves:
z

" {0, 2\41/5] —C, m(s)=—Re(zr)— Rsi, s¢€ [0, 2\41/5}
Yo : [—€(x),e(x)] = C, ~2(s) =Rs— R% i, s€[—€(x),e(x)]

1 ) 1
Y3 : [—M,O] - C, 73(8) ZRG(J}) +Rsi, sc¢ |:_2\4/570:| ’

Remark that, for any x > 256,

(Re(@))? + (%)2—32 <1—\}5+4\1/5> _ R (1— 4\?}5) < R

Hence, the curves 71, 2 and 73 are contained in D = {z € C : |z| < R}. Moreover, we have that

R
Pr :CR/ &(t) exp(—ixt)dt
-R

—Re(x)
ZCR/ b(t) exp(—ixt)dt—f—CR/

-R 7

D(z) exp(—ixz)dz + CR/ &(z) exp(—ixz)dz

2

R
+ CR/ &(z) exp(—ixz)dz + C’R/ O(t)exp(—iat)dt := I + Lo + I3 + I + I5.
¥3 Re(x)

We evaluate each of the five integrals I;, 1 < ¢ < 5. We have that

—Re(z) —Re(z)
|| = CR/ D(t) exp(—izt)dt| < CR/ D(t)dt.
-R

-R

Since, for t < 0, @ is an increasing function, we obtain that

3
[11] < Cr(1—e€(z)) Rexp <RQ(€21(1)_1)> < CRR% exp(—Ry/x).

From the above inequality and (3.6) we deduce that

< Lo (32 o (BF) < Lo (B)  ame. o

We also have

NG

\Is| = < iexp ( ; ) (x> 256). (3.8)

R
CR/ &(t) exp(—ixt)dt
Re(x)
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We evaluate I. For = > 256 we have that

2| = ’CR/ D(z) exp(—ixz)dz
Y1

= ‘—1?6’1:52'/2\/E @ (—Re(x) — Rsi)exp (—Rsxz + Rxe(x)i)ds
0
§RCR/ |® (—Re(z) — Rsi)|exp (—Rsz)ds
0

1

v 1
=RC / RRe———— —Rsx)d
R ; exp ( e(e(w) e 1> exp(—Rsx)ds

1

Yz
+ RC’R/hﬁ |® (—Re(x) — Rsi)|exp (—Rsz)ds := I3 + I3.
Since, for any z € D = {(a+bi)R | a,b € R, a? +b* <1} we have that
e al e Re ol e R @bl
xp | ——————— || = ex =ex
P\la+biz—1 PA™M @ =02 =1+ 2abi P A @2 =12 —1)2 + 4202

2Rb?
SOP\ T @R o) )

B(z)| <1 (z € D). (3.9)

We evaluate each of the two integrals I3, 1 <i < 2. From (3.9) we have that

|12(2)] =

it follows that

1 1

2 2V . PR
I; = RCR/ |® (—Re(x) — Rsi)|exp (—Rsx)ds < RCR/ exp (—Rsx) ds.
1 1

2V 2z

Since, for s > 0, @ is a decreasing function, we obtain that

2 _ (R _ 11 R
1'2_RCR/1 exp( 2\/a?)ds RCR(?{V:E NG exp 2\/5 (3.10)

2V

For z > 1 and s € [O, ﬁ} we have that

Re;2 < VT (3.11)
(e(x)+si)” =1 3
From (3.11) we have that
I, =RCRr exp | RRe———5—— | exp(—Rsz)ds < RCpg exp | —=+/z | ds
0 (e(x) +si)" —1 0 3

RCg R
— _ . 12
i (-5v) (.12

By using (3.10) and (3.12) we obtain that

|Io| = 121 +122 < R4 R exp (?ﬁ) .
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From the above inequality and (3.6) we deduce that

< e |4 5ve) mon (508) < Lo (-518)  Geme.

In a similar way

|I4] = ‘CR/ P(z) exp(—ixzz)dz
V3

< iexp (—f\/};) (x > 256). (3.14)

Next we evaluate I5. From (3.9) we have that

Is| =|C / D(z) exp(—ixz)dz| = |RC / @(RsRi) exp(z’Rssz )ds
1l =|cn | #(:)expl-i of o "
e(x) 1 R4 -
< RC —Rr—— | ds < 2RC —— . 3.15
< R/—e(m) exp( x2\4/i> s < re(x) exp( 5 Ve ) (3.15)

From the above inequality and (3.6) we deduce that

|15 gzepr;l—;{‘/?SJri\/a’;) R] exp <—f\/5> < 2exp (-fﬁ) (z > 256). (3.16)

By using (3.7), (3.8), (3.13), (3.14) and (3.16) we obtain that

R

~ R

|Pr(z)| = |C’R/ P(t)exp(—iat)dt| = |Iy + Io + Is + Iy + I5| < 3exp (—4\/:E> (z > 256),
-R

and the proof is complete. O

The following theorem gives and evaluates a biorthogonal sequence to a quite general family of exponential
functions and therefore may be of independent interest. Its aim is to show that the norm of some elements of the
biorthogonal sequence can be bounded independently of the small gap existing between the lowest exponents.

Theorem 3.2. Let N > 1 be an integer, A1 = (Vn)i<n<n and Az = (Up)m>n be two increasing sequences of
real numbers with the properties

inf |V, — 1] = >0, (3.17)
7nT,nl§N
VN < VUN4+1, (318)
and

Up 7 Vg Vn#k,1<kn<N. (3.19)

Let e € (0,1) and

400N
N:min{m>N um—uN>0021n2N}. (3.20)
€

Then, for any T > % there exists a biorthogonal sequence (0)m=n to the family of exponential functions

(e¥mt)sn in L2(=T — €, T + €) which is orthogonal to the family (e”"')1<,<n. Moreover, for any sequence
(an)n in 1%, we have that

2
T+e
Tc(e, N T exp(—2
/ > b (t)| dt < # > |am|2+7(2 > laml, (3.21)
—T—¢|m>N T 327 N<m<N 4 (T2 - :*2) m>N

where c¢(e, N) is a constant which depends on ¢ and N but it is independent of v and T'.
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Proof. Let £ € (0,1). From (3.17) and Ingham’s Theorem (see [9]) we deduce that, for every T'> Z there exists
two positive constants Ki(v,T) and Ka(v,T) such that

) > laml? S/_ > ame™nt

m>N m>N

2

dt < Ko(,T) Y am/?, (3.22)
m>N

for every sequence (@, )m>n € 1%. Theorem 4.1 from [14] gives the following estimates for the above constants
47 72 4772 1 2

Ki(v,T T2 - =), K3(v,T) =38 — =, = 3.23

1(7,T) = T ( 2 > 2(7,T) max{ — +72 7} (3.23)

From ([19], Thm. 2, p. 151) and (3.22), it follows that there exists a biorthogonal sequence (¢,),, 5 to the
family of exponential functions (e?»!),,~ y in LQ(—T, T) with the following property

/ 3 bt
-7
for every sequence (b, )m>n € [2.

m>N
We'll modify the biorthogonal sequence (1, )m> v such that it becomes orthogonal to the family (e??); <, <.
For each 1 < n < N we define the function p,, : C — C given by

dt < o Z bm]?, (3.24)

m>N

=8 (F5)  eo),

where 55 is the Fourier transform of the function @< defined by (3.2). We remark that

(%) ’ z—v,
|—’/5 < 28)2>exp<—it N")dt
2 (5
=3 ‘/_1 exp <522 1) exp (—zs;z ;VUH> ds| < eexp (%M) . (3.25)
Hence, p, is an entire function of exponential type at most 55
We denote
N
Piz)=J(1-7a(2) (z€0). (3.26)
n=1
From (3.25) we deduce that there exists C' > 0 such that
|P(2)| < Cexp(e|z]) (z € Q). (3.27)
Moreover, by using (3.4) we obtain that
N ~ (X —vV
z)| < H(l—@%( N")) <1 (z€R). (3.28)
n=1
For every m > N, we define the function ém : C — C given by
n U (2)P(2)
O (2) = )2 2) 2 €Q), 3.29
()=t 2 (zeq) (3:29)
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and let 6,,, be the inverse Fourier transform of @n,

1 L~
—/e“’té?m(x) dz.
R

O (t) =
m(t) 27
We remark that §m is an entire function of exponential type less than T + ¢, since, according to (3.27), P is an
entire function of exponential type € and 9, is an entire function of exponential type 7'

According to Paley-Wiener’s Theorem, 6, has the property that that supp6,, C (=T —¢e,T + ¢). Also, we
remark that, for any m > N, we have that

-~

(V) = b (2 1). (3.30)

Consequently we have that (6,,)m>x is a biorthogonal sequence to the family (e?!),,~y which is orthogonal
to the family (e”*);<,<n in L?(—=T —¢,T + ¢). Nextly, we estimate the norm of this biorthogonal sequence.
From (3.28), (3.29) and Plancherel’s Theorem, for every sequence (@, )m>n € (%, we obtain that

2 2
T+e
1 ~ 1 P(z) ~
ambm(t)| dt = — amBm(z)| do=— am U (x)| dz
) 2 2
A, ~ a
< — = th ()| da / " ihy (8)| dt.
21 Jgr mo N P(vm) — NP(Vm)
From the above estimate and (3.24), we deduce that
2
/T+€ 3" anbn(t)] dt < ! 3 lam * (3.31)
—T—¢|m>N B Kl(%T) m>N |P(Vm)|2

Let us show that, for any m > N, we have that |P(v,,)| > exp(—2). From (3.20) and since N > 1 we have that,
for any m > N,
Vi —Vn  Vm —UN 4001n® N S
N — N T g2

256 (1<n<N).

From (3.5) we deduce that

N
1—9exp (—Z Vm]\_fyn> | = exp (Zln

n=1

N

P = ]

n=1

t-ve (50| ) o0

Using (3.20), we have that, for any N > 1 and m > N,

e VUm — Un 1 1
_ - < — - . .
eXp( NN >N5<18 (3.32)

In(1 —t) > —2t (t € (0, ;)) ,

from (3.32) we deduce that, for any m > N

N
E [VUm — Vn € |Vm — VN
> -18) SR I . S AR I
|p(ym)_exp< 18n:1exp< 1 ~ ))_exp( 18Nexp< 1 N >>

Since
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From the above inequality and (3.20) we obtain that, for any m > N/,
|P(vy,)| > exp{—18N exp (=5In N)} > exp(—2). (3.33)

Since vy, # vy, for N <m < N and 1 <n < N, by taking into account (3.4), it follows that there exists c(e, N)
such that

|P(vm)| > c(e, N). (3.34)
From (3.31), (3.33) and (3.34) we obtain that
2
T+e
c(e,N) 2, exp(=2) 2
ambm ()| dt < ——4 lam|” + ——% |am | (3.35)
/;Tfe ngN Kl(’}/vT) N<%:<N Kl(’%T)ng/\[
The proof ends by taking into account (3.35) and (3.23). O

Remark 3.3. Let us emphasize that the constant in front of the last sum in (3.21) does not depend of N. This
shows that the high biorthogonal elements are uniformly bounded independently of the gap of the family A;.

As in ([18], Prop. 8.4.1), we can evaluate the distance between an exponential function and a family of
exponential functions. Although this result is known, we choose to present it here, together with its proof, since
we need explicit estimates of the constants appearing in this evaluation.

Lemma 3.4. LetT > 0,1 C N and A = (vp)ner C R be a sequence with the property that there exists Cy,Co > 0

such that
T 2
C1_ lan? g/ D ane™t| dt < Cy Y anl, (3.36)
nel =T nel nel
for every sequence (an)ner € 1%, Let u € R be such that
rliréfl | —vn] =d>0. (3.37)

Then, for every e € (0,T] and for every sequence (a,)ner € 12, we have

ez‘ut _ Z anew"t

nel

0'\/01
> VT 3.38
VT +e o (3.38)

L2(—T—¢,T+e)

2 2 . -
where 0 = dﬂg if de € (0, %)
3 if de > 3.

Proof. Let € € (0,T] and let (an)ner be an [ sequence. We consider the functions

q(t) = et — Z anent (te(-T—-¢T+¢)), (3.39)
nel
r(t) = q(t) — 2i€ /_6 e Hsq(t 4 s)ds (t € (—¢,¢)). (3.40)

1 e .
r(t) = Zan (25/ =3 s — 1> et (3.41)
—&
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We remark that

d%e? 7
1 /¢ (n—p) sin(v, — p)e 2 if de € (0’ 5)
i ez Vn ”Sd571 — 71 Z = 0, (342)
2 /. (Vn — p)e 1 7r
- if de > —
2
where for the last inequality the following two estimates are used
z? . 7r
1_sinx> ﬁ if 0<$<§
zx — |1 . s
— if x> —-
m 2
Relation (3.42), combined with (3.36) and (3.41), implies that
T
/|WW&2¥Q§]%R (3.43)
-T

nel

On the other hand, from (3.40), by applying the Cauchy—Schwartz inequality, it follows that

T T 1 T | re
/ |r(t)|2dt < 2/ lq(t)[dt + — 22 / e gt + s)ds
-T

=T —&

T+s
<2/ (t)2dt + = / / (t+5)|? dsdth/ (t)[2dt + = / / )| drds
—e —e T+s
T+e T+e
§2/ (£)2dt + = /’/ \dﬂm<4/ ()2 dt.
—e T—e

The above inequality, combined with (3.43), implies that

2 T+He 2d
Sl < e [ latofae

nel

2
dt

From the last estimate we obtain that

T+e 2 T+e
o) 01/
t)|2dt > >
/—Tfe |q< )| o 802 —T—¢

nel

2
dt. (3.44)

iVpt

ane

In (3.44) we have taken into account that & < T and we have used the following form of the second inequality
in (3.36) (with the same constant Cs)

[

If |3 er anei”"tHLz(_T_E,Tﬁ) > /T + ¢, from (3.44) we have

2
dt <2C5 ) Jan|*.

nel

E an e’Ll/T,t

nel

2 a*C
||q||L2 —T—e,T+e) > 80 (T+5)
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It | anei”"tHLz(,Tfe,TJre) < VT + ¢, from (3.39) we have

E anezunt

nel

> 2T +¢) = VT +e.
L2(—T—e,T+e)

|\Q||L2(—T—E,T+a) 2 HQMHL2(—T—5,T+5) B

VO
2v/2C5

Now we have all the ingredients needed to prove our main result on the existence of a biorthogonal sequence
to the entire family (e**),,>1 in L? (=% — ¢, T +¢), where A, are the eigenvalues given by (2.11).
Theorem 3.5. Given a € L*>(0,1) with a > 0 a.e. in (0,1) and |[a||p~ > 1, let (i\,)n)>1 be eigenvalues of
the operator given by (2.9) and (2.10). Let T > 1, € € (0,1), 6 € (0, 5 ), 70 € (0,7) be given by (2.13),

Since V2—-1> ¢

, from the last two estimates we obtain that (3.38) holds. O

v — | lallze +v/lall=(x - 6)] | (3.45)
™
and 400N
N:mln{m>N|)\m—)\N> ) 1n2N}- (346)

There exists a biorthogonal sequence (1m)|m|>1 to the family of exponentials (ei)‘"t)wzl in L? (f% — &, % + 6)
such that, for any finite sequence (am)|m|>1, we have that

2

F+e T exp(—
p(—2)
/ Z amMm(t)| dt < L(N,T,7o,¢) Z |am|2+—7r2 Z |am?, (3.47)

2
L—e |m|>1 1<|m|<N 47 (1:1 — 2) [m|>N
Y0

where L(N, T, ~vo,€) is a positive constant which depends on e, T, 7o and N.

: 2 T
nj>n I L3 (=5 —

i)\nt) :

Proof. Firstly we construct a biorthogonal sequence (6p)|m|>n to the family Ay = (e
g, % + &) which is orthogonal to the family A1 = (e"*%); ), <n-

According to Remark 2.4, the exponents of the family (e“‘"t) have a gap ~y. Therefore we can apply

In|>N
Theorem 3.2 to obtain that, for T" > % and for every € > 0, there exists a biorthogonal sequence (6y,)}m|>n

to the family of exponential functions (ei’\mt)|m‘>N in L? (—Z — &, % + E) which is orthogonal to the family

_ 2
(€71)1<|nj<n, and we have that

2

T+e Te(e, N T exp(—2
/’ 3 anbn(t) dtSAi@Q——% > \wnPﬁ-———ialA;%rf > laml, (3.48)

T |jm|>N - 7% N<|m|<N A < _ 2> Im|>N
4 Y5 4 g0

for any sequence (a,),, in I, where c(g, N) is a constant which depends on £ and N but it is independent of o
and T.

Secondly, we construct a biorthogonal sequence ((x)1<jkj<ny to the family A; = (ei)‘"t)1<‘n|<N which is
orthogonal to the family Ay = (e“‘mt)lm|>N in L? (=%, Z). For each 1 < |k| < N we define Gy € L* (-%, %)
as follows:

k! —Pp, oMkt ) ( T T ¢
_ ey it te(-t-S,o4°
ez)xkt_PEAze'L)\ktHL2<_%_% 2 272 2

Gr(t) = Z+5) (3.49)

0 it te(—oo-t-Slulist
! Ty Ty 2 ™)
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it it

where Pp, e is the orthogonal projection of e over the closure E4, of the linear span of the family

(ei/\Mt)|m\>N in L2 (f%, %) From the projection’s orthogonality properties we have that, for any 1 < |k| < N,

Qko\k) =1

Gr(Am) =0 (Jm| > N). (3.50)

s
Yo

From (2.13) and Ingham’s Theorem (see [9]) we deduce that, for every Z > there exist two constants

2

2 2
Ki(y,T) =%¢ (TT — %) , Ko(v,T) = 8max{% + %,%} > 0 such that

2

T
2 o [° At < 2 .
K0 D) 3 JenP < [ ] ane™] dr < Ko, 1) Y ol (3.51)

[m|>N T2 ||m|>N [m|>N

for every sequence (a,,)m € I2.
By using (3.51) and the fact that inf |\, — Au| > 70 we can apply Lemma 3.4 to obtain that for each

[m|>N
1<[n|<N
1<|k] <N andz€eR
~ 1 T+ it iArt it
Gu(o)] = [N
||e — I'Es,© HLz(_%_%%_,_%) 272

§ VT ¥¢ - VT +¢
o ||ei/\kt—PEAzei)\ktHLz(_Z_g Z+£) N Z+§@7
27 2:27T72 2 QQW

where o = %%7362 if yoe € (0, )

1 if yoe € [m,00) .
Thus, we deduce that

4 KQ(’YUa T)
V Ky (707 T)’7352

is finite it follows that for every € > 0 there exist K1 (N, ) and Ka(N,¢) such

|Gr(z)| < = K(y0,T,e) (1< k| <N). (3.52)

Since the family (e**»?)
that

1<|n|<N

2

Ki(N,e) > |an|2§/2 > ane™t At <Ky(Nye) Y anl?, (3.53)

1<|n|<N ~3 |1inl<N 1<|n|<N
for any finite sequence (an)n.
From ([19], Thm. 2, p. 151) and (3.53), it follows that there exists a biorthogonal sequence (¥)<|xj<n tO

the family of exponential functions A; = (e“‘"t) in L? (—%, 9) with the following property

1<|n|<N 2
3 1
/ ()2 dt < T sk (3.54)
*% 1 )

We modify the sequence (¥)i<|xj<n such that to become orthogonal to Ay = (ei’\'*lt) - To this aim,

|m|>
for every 1 < |k|] < N, we define the function {; = Wy * Gj. Since supp(¥) C [—%,%] and supp(Gg) C

[—% -5, % + %] it follows that supp({x) C [—% — &, % —l—s}. Moreover, from the fact that (Vz)i<x<n is a
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biorthogonal sequence to the family of exponential functions A; = (ei’\"t)
deduce that, for any 1 < |k| < N, we have

in L? (—£,%) and (3.50) we

1<|n|<N

GAm) =0 (jm| > N). (3.55)

Hence, (Ck)1<|k|<n is a biorthogonal sequence to the family A; in L?(-T —¢ % + ¢) which is orthogonal to the

2
family Ay in L2(—Z —¢, L +¢).
By applying Plancherel’s Theorem and from (3.52), (3.54) we obtain that

2 2

Eh aka(t) dt:i akac(x) dx
_ 27

T
T 7¢ |1<|k|<N Rli<ikl<n

2

1 A T K2(’707T7€) 2 T 2
<o [| 2 1G] do< R [0S a1 | da

1<|kISN 1<[k|<N 1<|k|<N

3 INK2(~o, T, e
~ken T | X k]| X [ ke <HEC0TE) 5,
2

1<|k|<N 1<|k|<N 7T Ki(Ne) 1<|k|<N
for any finite sequence (ax)i<kj<n. Thus, we deduce that

2

T+e 2
[ Y aan] acZ00Rd 5 (3.56)
z Ki(Nye) | Jiin

27F 1<|kISN
for any finite sequence (ax)kecr.
Finally, we can construct the desired biorthogonal sequence to the whole family (eM"t)MZl. Indeed,
from (3.30) and (3.55) we obtain that (7,m)jm|>1 = (Ck)1<|k|<nN U (0m)}m|>n is a biorthogonal sequence to the
T

family of exponential functions (€*#!),, 51 in L? (=% — &, L +¢) . Moreover from (3.48) combined with (3.56),

we deduce that (3.47) holds and the proof of the theorem is complete. O
Remark 3.6. It is easy to see that there exist two positive constants C; and Cs such that

CillallLe < N < Callal|poe- (3.57)
Since, from (3.46) we have that

400N
22

A = An| > In® N > [Av_1 — Anl,
by taking into account (2.6) and (3.57), we deduce that there exist two positive constants p; and py such that

pillallz=?[|a] = < N < poflafz= In? [la] .

4. CONTROL RESULTS

This section is devoted to study how the control norm depends on the potential ¢ in (1.1). The main result
is the following
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Theorem 4.1. Let T > 2. There exists M = M(T') > 0 such that, for any a € L*>(0,1), a(z) > 0 a. e in (0,1)
with ||al|p~ > 1 and ( (1)) € H1, there exists a control v € L*(0,T) for (1.1) with the property that

u
U
w0
[vllz20) <M H <u1> (4.1)

‘ ’ ’
M

where the linear space H1 is defined by
o Uug UuQ o .
Hi = {(Ul) € 7—[’ <u1) = Z anisgn(n)Andn o, (4.2)
In|>N
and N is given by (3.46) from Theorem 3.5.
0

Proof. Given a € L*°(0,1), let (1)}m|>1 be the biorthogonal given by Theorem 3.5. Let <Zl) € H; be given
by

(Zi’) = Y anisgn(n)Augn, (4.3)

[n|>N
and let v € L?(0,T) be the control defined as in (2.20) from Lemma 2.7. We have that

()] - 5 e

In|>N

To estimate the norm of v we analyze the right hand side of (2.20). By using (3.47) we have that
T T N\ eiAn L
iApe*n 2 T
t)2dt = 2y E——a)b, (t— =
[ wora= [T 3 S (1-3)

>N P
where M is a positive constant depending only of T'. From the last inequality and (2.16) we deduce that there

exists M = M(T') > 0 such that
T
JRCCRTES T ST
0 In|>N

2 —~
M
dt< —————— > o),

. /(1
1nf\n|>]\/ %}‘\:)’ [n|>N

The above estimate, combined with (4.4), implies (4.1) and the proof is complete. O

Remark 4.2. The main novelty of Theorem 4.1 is the fact that the constant M which bounds the L?—norm
of the controls does not depend on the potential a, if the initial data belong to ;. Hence, when ||a|| = is very
large, the controllability cost of initial data in the space H; is much smaller that the one of arbitrary initial
data in H. On the other hand, we should notice that the space H; becomes smaller and smaller when ||al|
tends to infinity.

Remark 4.3. From Theorem 3.5 we can deduce as above that, given T' > 2 and a € L*(0,1), a(z) > 0 a. e
0
in (0,1) with ||a||z= > 1, we can find a constant L = L(T, ||a||z=) such that, for each (Zl) € H, there exists a

control v € L?(0,T) for (1.1) verifying

0
llvll200,7) < LH <Zl)H . (4.5)
H
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Moreover, we have that
L(T,[lallz=) < M exp (w|[allL=) (4.6)

where M = M(T) and w are positive constants independent of a. This indicates that, outside the space H1, the
control cost may increase exponentially with ||al||pe.

0
Remark 4.4. There are initial data (Zl ) € H\H; which can be controlled with controls bounded independently

of the potential function a. A trivial example is provided by the initial data

(Z(l)) = Z anngn(n))‘nd)n S le

In|>1
where the Fourier coefficients a,, verify
—1 %
lan| < (L(T [|al|lL=)) (n €Z7). (4.7)

In (4.7) the constant L(T, ||a|p~) is the one from (4.5) and, consequently, there exists a control v € L?(0,T)
for (1.1) uniformly bounded in a. We have chosen to state our Theorem 4.1 in terms of the space H; given
by (4.2), since we think that it is of interest to emphasize that all the sufficiently high frequency initial data
have this uniform boundedness property.

5. FURTHER COMMENTS AND OPEN PROBLEMS

We close this paper with some comments and open problems:

e Possible extensions to other type of equations. Results similar to Theorem 4.1 can be obtained for

other types of linear hyperbolic equations. Indeed, since our principal tool is Theorem 3.2, which refers to a
quite general family of exponential functions (e“’"t) 1> any problem with a spectrum verifying (3.17)—(3.19)
can be treated much in the same way. Roughly speaking, we have to show that the eigenvalues iy, of the
corresponding differential operator have a strictly positive asymptotic gap. This is the case, for instance, of
the linear Schrodinger or beam equations in which a variable potential has been introduced. Perturbations
of the classical one dimensional hyperbolic equations with some integral operators (as, for instance, in [2,5])
can be considered, too. Also, some classes of hyperbolic systems like the ones studied in ([15], Sect. 4) can
be similarly treated.
The properties studied in this paper, characterized by a linear dependence of the controls on the initial data,
are probably not true in the case of nonlinear equations and systems. On the other hand, an interesting
question is related to their validity for parabolic equations. In the case of hyperbolic systems, the presence
of a potential function affects primarily the gap of the low part of the spectrum of the corresponding
differential operator. A direct consequence of this is the increment of the control cost which becomes of
the order of exp(C'y/|lal|L=). It is known that, in the case of the linear heat equation with a potential a,
the control cost may be estimated from above by a constant of the order of exp[C(T||a||L=~ + Ha||i/o§)] (see,
for instance, [3,6,8]). For instance, a positive potential a makes diffusion happen faster and consequently
produces an increment of the control cost. However, by taking into account the strong dissipative effect of
the heat equation, one can easily deduce that the controls of the sufficiently high frequency initial data are
bounded independently of the potential a. Hence, the same conclusion as in the hyperbolic case holds for
the linear heat equation with a potential, but its justification follows directly from the dissipative character
of this equation.
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Multidimensional problems. Generally, the techniques used in this paper are not appropriate for the
study of multidimensional problems where the controls are functions of more than one variable, both temporal
and spatial. However, in some simple cases in which separation of variables can be performed and the problem
can be reduced to a 1-dimensional one, some interesting results concerning their behavior may be obtained.
For instance, if we consider the wave equation in a rectangular two-dimensional domain {2 C R? with a
constant potential function a € R, similar arguments allow to show that the cost to control sufficiently
high frequency initial data is bounded independently of the potential a. If this result extends to potential
functions in separable variables of the form a(z,y) = a1(z)az2(y), (x,y) € 2 or to more general domains is
an open problem. Let us mention that an argument related to the one in Theorem 4.1 allowed us to give a
Fourier characterization of the controllable spaces of initial data and to construct particular controls for them
in the case of the wave equation without potential posed in the two dimensional unit square (0,1) x (0, 1)
with controls acting on one or two adjacent edges. By separating the variables x and y, we reduced the
problem to the one dimensional wave equation (1.1) in the z—variable with a constant potential a = m?n?
depending on the fixed frequency m € N* of oscillation in the y—axis direction. In this particular case we
manage to show a result similar to the one in Theorem 4.1 with N' = om = Z/||al| L~ in the definition (4.2)
of the space H1, where o is any positive constant. Notice that, in this particular problem, N is of order of
V/lla|| . We think that, in the general case of equation (1.1) with variable potential, a similar result should
be true, but this is still an open problem.

Possible applications. The main result obtained in this paper may have a particular relevance for those
models in which one is interested in controlling a limited but high frequency range of oscillations. This is
the case, for instance, of the high frequency narrow band dental drill noise [17] or the microwaves in fiber-
optic communications [16]. According to our Theorem 4.1 one can design control devices active on some
high frequency range of interest with a cost independent of the low frequencies oscillations presented in the
system.
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